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FURTHER THETA EXPANSIONS USEFUL IN ARITHMETIC. 
By M. A. Basoco anv E. T. BELL. 


1. Ina paper with a similar title ł several such expansions for functions 
of one variable are given, all the expansions in the paper being deduced from 
those of the so-called doubly periodic functions of the second kind, 


PEACE DE 
COOK 


where the triple index «Py has the values, ° 


001; 010, 023, 032, 
100, 111, 122, 133, 
203, 212, 221, 230, 
302, 318, 320, 831. 


The complete set of these sixteen expansions (in trigonometric series) seems 
to have been first obtained by Hermite, although some appear implicitly in 
Jacobi’s memoir on the rotation of a rigid body. Another method, due to 
Kronecker, of deriving the sixteen expansions is well known. Misprints and 
other inaccuracies in the final forms have been. carried over to some of the 
standard treatises; for an exact list the reader is referred to previous papers, 
of which only one need be cited.t 

For the full and efficient use of the method of paraphrase (paper gited in 
preceding footnote), it is necessary to have the trigonometric expansions of the 
remaining forty-eight functions l 

Kas SEEI) 
Do (x) Bo(y) ? 

_ where Kav is a theta constant (independent of x, y), which is to be determined 
for a given abe other than one of the sixteen values belonging to Hermite’s 
‘ functions. All sixty-four expansions when used in paraphrase have the 
desirable effect of introducing cross-product terms into the quadratic forms 
appearing in the partitions. This has been amply illustrated in former papers 
for the sixteen quoted values of abc. 
E. T. Bell, Messenger of Mathematics, vol. 54 (1924), pp. 166-176. 
E. 


T. Bell, Transactions of the American Mathematical Society, vol. 2% (1921), 
-30 and 198-219. 
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There remain, then, forty-eight fundamental expansions to be determined. 

The constant Kave in a given instance, it will be noticed, is subject to arbitrary 
choice; a change in the constants, of course, radically alters the nature of the 
arithmetical functions appearing in the expansions. For choosing the 48 con- 
stants Kaye, there are two apparently reasonable clues—one choice being sug- 
gested by a discussion due to Krause,{ the other being indicated if we require 
products of the type 
| dalz +y) g Po(t—y) 
KOAT OLA 


to be bilinear in the squares of the twelve elliptic functions Asn, Ben, Cns,- - - 
of Glaisher, where A, B, O, -> + are the classical constants 2K/z, etc. The 
_ reason for the last requirement is obvious from its interpretation in terms of 
paraphrases. Both methods indicate the same constants. Following the 
suggestion of Krause, Professor D. A. F. Robinson in a forthcoming paper 
in the Transactions of the Royal Society of Canada has given the first (so far- 
as we know) determination of these important series. If an alternative set 
of 48 expansions appears by the second method, we shall have an immediate 
source of arithmetical theorems on comparing with Robinson’s. Further, 
either set can be used in any application of paraphrasing. 

In neither set of 48 expansions has it been possible to refer only to the 
divisors of a simple integer, as is the case for Hermite’s 16. Instead (in the 
present method) we need all solutions in positive integers d, 5, d’, & of 
equations of the form n = dè ++ d’8’, n = d3 + 2d’8’, ete. ; 

Following a method suggested elsewhere { we have calculated the 48 
expansions very simply from the 16. This may be done in two ways, the 
partitions involved being, in most cases, different, so that a comparison of the 
two results yields, at once, a series of arithmetical results. In this paper we 
record the arithmetical forms of the expansions (both sets), and a sufficient 
indication (in § 8) of the means by which they can be recalculated. Although 
no applications are included, it may be mentioned that the complete set of 
64 gives an endless variety of paraphrases involving functions of 2, 4, 6, 8° > 
variables, the functions being both complete and incomplete. 

The 48 functions correspond to the following values of the tripl 
index abe: ; 


} Krause, *Mathematische Annalen, vol. 30 (1887), pp. 425-486 and pp. 516-534. 
į M. A. Basoco, American Journal of Mathematics, vol. 54 (April, 1932), pp. 242- 
252 (p. $42, footnote). 
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110, 213, O11, 312, 
120, 223, 021, 322, 
130, 233, 031, 332, 


000, 303, 202, 101%, 
020, 323%, 222, 121, 
030, 333, 282%. 181, 


300, 003", 102%, 201, 
310, 013%, 112*, 211, 
330*, 033, 182, 281%, 


103*, 200, 301%, 002%, 
113*, 210%, 311, 012%, 
123%, 220%, 321%, 022. 


A star (*) indicates that the function with the starred index can be obtained 
by interchanging x, y in some function already in the table, and hence its 
expansion need not be separately calculated (except as a check). The reason 
for the particular grouping into sets of 12 above will appear if the expansions 
are verified by the method suggested in. § 8. All reductions will be omitted 
and only the final results stated. 


2 The m, n, d, 8, t, 7, notation for integers > 0 of former papers is 
used. Letters with suffixes or accents denote integers of the same respective 
.kinds as those without suffixes or accents; m, r are odd; n, d, 8, t are 
unrestricted (odd or even). The first X in a given expansion refers to all 
m or n (as defined above) in the exponent of g. The second 3 occurs in the 
coefficient of the general power of q, and refers to all solutions, for m or n 
fixed, of the indicated equations (or partitions) at the head of a particular 
set of expansions. ' 

For easy reference we state all the partitions here: 


(I) m= 2m + m; Mtr, Mt, M= tere 
(TI) n = m + n; n= $r, M= bT he = tote. 
(III) m = n + ne; m = tr, nı = dida, Nna = ters, 

2n=2n',+ 2; m=i, n—d, Wi = Uh Na = Eao 
(IV) m==m, + 4n; m= tr, mı = tT, a= daz > 


a 
(V) an = Ina + RNa; n = dò, nı = dð, Nna = dasg. 


A M. A. BASOCO AND E. T. BELL. 


We shall write 
_ Ba(x + 
ave (2, Y) = Kochove (2, Y), Yana (z, y) = oR , 
(—1/h) == (—1)? if h is an odd integer. Since 


pade(Z, Y) = aco (Y, T), 


it is sufficient to state the expansion of one of these functions., The constants 
Kavo are to be specified with the expansions. 


8. There are 20 expansions in which the partition is (1) of §2. All 
are of the form . 
pave(, Y) = 42ga Fave(v, Y; M)), 


the first 3 referring to all m (in the notation explained: in 8 2), the second to 
all integers defined by the partition (I) for m fixed; namely, 3 Favo (T, y; m) 
is the coefficient of g”/*. To state the expansions concisely it is sufficient to 
tabulate Kay, and Fave(z, y; m) for the 20 indices abe concerned. Attending 
to the remark at the end of § 2, we need only the following 13. 


abe © © Rave (Partition (I))- 
(1) 110 Vidd 
(2) 120 W190. 
(3) 130 W000 
(4) 213 I 99, 
(5) 228 Vibha 
(6) 233 990 
(7) 000 W994 
(8) 030 V Doda 
(9) 303 ¥ 9.95 
(10) 333 o Pdh 
(11) 300 W 092 
(12) 033 LAA 
(13) 200 KAAN 


The Fove(z, Y; m) are numbered correspondingly and are as follows: 


(1)  sin(te + ry)ese s — 2[cos{ (rı + te) + rzy} — cos{ (rı — te) & — roy}. 
(2) sin(te + ry) sec e , 

+ 2(—1)™(— 1/7) [sin{ (71 -+ te) @ + ray} — sin{ (rı —t)e — r4} ]. 
(3) sinte ry) , 

+ 2(—1)™(— 1/7) [sin{ (2t + te) x + rey} — sin{ (2t — tz) — tay} ]. 
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(4) (—1/r)cos(ta + ry)cse s 
+ 2(— 1ra) [sin{ (r + ta) + ray} + Sinf (rs) e—a). 

(5)  (—1/r)cos(te + ry)sec s 
+ 2(—1)™(— 1/rır2) [cos{ (71 + te)@ + a -+ cos{ (rı — ta)£ — AT 

(6) (—1/r)cos(te + ry) 
© Æ 2(— 1)™(—1/rir2) [cos{ (24, + a + a 4 cos{ (2t — te) 2 — ray} ]. 


(7) sin tw ese s — 2[cos{ (te + 


(8) (—1/m)sin tz csc g 


— 2 (— 1/ma) [cos{ (te + 


(9) sin te esez 


— 2 (— 1)” [cos{ (tz 
(10) (—1/m)sin tæ ceses 


+ ri)e + 2ty} — cos{ (ta —71)¢ — 2ty} |. 
q1) + tiy} — cos{ (ta — 71) % — ty} l- 


+n)e + 2hy} — cos{ (t — n) e — 3y) ]. 


— 2 (— 1)"(— 1/me) [os (te + 71) + 2t,y} — cos{ (tz — ri) — hy} ]- 
(11) (— 1/r)cos tz sec æ ' 
+ 2(— 1/112) [sosi (te +r) + aan + cos{ (ta — 71) @ — hy Y J- 
(12) (—1/ċ)cos ta sec s` i 
+ 2(—1)™(— 1/rıt2) [cos{ (tz + 71) @ + 2t1y} + cos{ (ta — 71) — Qty} ] 
(18) (—1/r)cos(re:+ ty) 


+ 2(— 1/rır2) [cos{ (2t 


+ ra) t + tey} + cos{ (2ta — ra) — tay}. 


4. There are twelve expansions in which the’ partition is (II). All are 


of the form 


Pave (z, y) 


= Tave(2, y) + 12 P(E Fave(2, ¥3 n)), 


in which Tove(z, y) is a trigonometric term independent of the partition, and 
the rest of the notation is Suona from § 3.. As in §3 it is sufficient to 
tabulate here only 8. 





abe Kave Tanc(#, y) (Partition (II)) — 
(1) O11- Fbad ese T CSC y ; 
(2) 021 VDD. sec © ese y 
(3) , 031 , Vidd cse y 
(4) 312 WG Ds ese @ sec y 
(5) "+ 822 V DoH. sec @ sec y 
(6) . ` 832 VDD sec y ` 
(7) B11. - Ve > CSC T CSC Y S 
(8) ` 022 uv. Paty" ny 


The corresponding P’s follow. 


"sec £ Sec Y. on 


6 M. A. BASOCO AND E. T. BELL. 


(1) sin(%e + 7y)eser-+sin7acscy ` 

— 2[cos{ (rı + 2t2)a + ray} — cos{ (rı —— 2ta) t — roy} ]. 
(2) (— 1/7) (— 1)” cos rz cse y + sin (Ris -+ ry)sec s- 

+ 2(—1)™(— 1/71) [sin{ (71 + 2t2)@ + roy} — sin{ (Tı — t2) £ — r29} ]. 
(8) sin(2tz + ry) + (—1)”(— 1/r)cos 2iz ese y 

+ 2(—1)™(— 1/71) [sin {2¢, + 2t2)@ + rey} — sin{ (2t, — 2t2)4 — roy} |. 
(4) (—1/r)cos(2ta + ry) ese s + sin ra sec y 

+ 2(—1/re) [sin{r1 + Qte)a + roy} + sin{ (rı — 2te) a — rey} ]. 

(5) (—1/r) [cos(2tx + ry)sec s + (— 1)” cos rg sec y] 

+ 2(—1)™(—1/rire) [cos{r1 + 2t2)e + rzy} + cos{ (71 — 2ta) £ — Ty} ]. 
(6) (— fr) [cos(2te + ry) + (— 1)” cos 2tz sec y] 

+ 2(—1)™(— 1/rrr2) [cos{ (2t + 2t2)a + troy} + cos{ (24 — 2t) e — 9)]. 
(7) (—1)*[sin (2é@ +- ry) ese s + sin rx ese y] 

— 2(—1)*[eos{ (r, + 2t2)a + roy} — cos{ (rı — 2t2) a — roy} ]. 
(8) (—1/r)[(—1)” cos(2ta + ry) sec s + cos re sec y] 

+ 2(—1)"(— 1/rır2) [cos{ (71 + 2t2) a + rey} + cos{ (71 — 2ta) — rey} J. 


5. There are 4 a in which the partition is (III). All are 
of the form 


r 


dave (2; 3 y) = Pave (#, y) 
+4 È a” ( È Fave(2, y; m)) + t> q( X Gane (x, Y; 2n)) 


and as before we need list only 2. 


abe Kave Pove(2, y) (Partition III) 
(1) 020 DEUIA sec T 
(2) 310 V9) ese T. 


The corresponding F, G follow. 


(1) Fozx(z,y; m) = sin(re + 2ty)tan x 
F 2(— 1) ®*:[cos{ (2d: + 72) a + 2tay} — cos{ (2d, — r2) — Atay} ] ; 
— Gos (2, Y; 2n) = (—1)% sin 2de ese s — sin (rv + 2ty)tan æ + 
— 2(— 1) #2*'s[ cos{ (2d + r2)e + 2t/2y} — cos{ (2d; — Ta) — Boy} J. 


(2) Faio(2, y; m) = (— 1/7) cos(re + 2ty) cot s + 
+ 2(— 1) (— i/a) [sin{ (2d, + 72)0-+ Otay} + sin{ (2d, —7»)2— 2g}; 
Garol Ya 2n) = (— 1/7’) cos(7’x + 2i’y) cot ~ + (— 1)? sin 2de sec s + 
4 @(—1)8(— 1/73) [sin{ (2d, + r'a) + Way} + sin{ (2d’, — r)a — WY]. 
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6. For partition (IV) there are 8 expansions, of which only 4-need be 
tabulated. All are of the form 


ave (®, y) = 4 gn/?( 5 Pare (2, Y; m) )- 





abe Kave (Partition IV) 
(1) 202 V dzd. i 
(2) 131 OD Vo. 
(3) 132 V 90s. 
( 4) i 2 0 1 VW oP. 


The corresponding F’s follow. 


(1) sin tx(cot «— tan y) 
—2(—1)®[cos{ (t; + 2d2)a + 282y} — cos{ (tı — 2d») x — 232y}]. 
(2) (—1/m)sin ta(cot æ + cot y) 
— 2(—1/mz,) [cos{ (tı + 2dz)a + 282y} — cos { (tı — dz) £ — 28y} ]. 
(3) (—1/#)cos tx(tan æ + tan y) 
— 2(—1/t,) (—~ 1) @[sin{ (t + 2d.) e + 28y} — sin{ (tı — 2d.) a — 23.y}}. 
(4) (—-1/r)cos ta(— tan x + cot y) 
+ 2(—1/n) (—1)%[sin{ (tı + 2d2)e + 28y} — sin{ (tı — 2d2)¢ — 23,y}]. 


7. For partition (V) there are.4 expansions, of which only 3 need be 
tabulated. All are of the form 


aro (2, y) = Toro (2, y) + 4 3 g” ( E Feve(e, y5 2n)), 


where T'gue(z, y) is a trigonometric term independent of the partition. 





abe Kave ` Lave(a, y) (Partition V) 
(1) 222 W995 1 — tan v tan y 
(2) 121 , 09095 1+ tan cot y 
(3) 211 V 93 — 1 + cot x cot y. 


The corresponding F’s follow. 


(1) (—-1)%[sin 2(de + 8y)tan s + (— 1)@sin 2dx(tan y — cotxz)] + 

+ 2(— 1) #*8[ cos 2{(d, + daje + 82y} — cos 2{ (dı — de) a — Boy} ]. 
(2) sin 2(de + 8y)tan e — (— 1) sin 2da(cot s + coty) +, 

+ 2(— 1) %*[cos 2{ (dı + dz)e + ssy} — cos 2{ (d, — de) x — Soy} ]. 
(3) (—1)ésin 2dz(cot y — tan x) + (—1)¢sin 2(de + By) cots + 

— 2(— 1) **4[cos 2{ (di + de) + Sey} — cos 2{ (dı — dz) x — 82y}]. 
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8. It will be sufficient to indicate how one of the foregone expansions 
can be calculated. We have, for example, 





, Pety) gg Volt) _ 
hoes (z, y) = = 0; AOAC ~ Vode E (z) = Vibha Yas (T, y). 

The expansions of the two functions which are multiplied are given in reduced 

form in the papers cited in §1.t Note, however, that we also have, 


oes (2, y) = 5 vote. Poda a = W952 Wars (z, y) 3 
this gives an expansion corresponding to partition (IV) whereas the preceding 
identity gives one belonging to partition (I). We are thus led to arithmetically 
different expansions for the same function, which is, of course, desirable from 
the point of view of the applications. Similarly all 48 expansions can be 
calculated. In what follows we list the expansions obtained by the second 
method of calculation; it will be sufficient to give the value of Fane(2, y; n) 





since Kabo and Tone(x, y) are the same as before. 


9. The expansions corresponding to partition (I) with 


ave(@, y) = 4 I q"? ( X Favo(a, y; m)) 


are as follows: 


abe 


130 


233 


000 
030 


303 


333 


202 


Fave (2, Y; m) 

(—1/m)sin (te + ry) 

+ 2(— 1/71) (— 1/mz) [sin{t,e + (r2 F at if + sin {ise + (72 — Qt.) y} 1. 
(—1/r) cos(rx -+ ty) 

+ 2(—1)™(— 1/rır2) [cos{ree + (te + 24) y} + cos{ree + (t: — 2t,) 9}. 
sin ty esc y — 2[cos{2tw + (71 + ta)y} — cos{2tiw + (Tı — te) y}]. 
(— 1/7) cos ty sec y : 

-+ 2(—1)™(— 1/rite) [eos{2te + (rı + te) y} + cos{2t,a + (tı — te) y}]. 
(— 1/#) cos ty sec y 

+ 2(—I/rite) [cos{2t.e + (71 + te) y} + cos{2te + G — te) y}]. 
(— 1/m)sin ty ese y 

ata mane! Rh ott = yy 


à (— 1/7) cog (tx + ry) sec y 


+2 (—1rire) [eos tae + (re + ns) y} ct costo + (re—r:)y)]. 


+ See also, E. T. Bell, Giornale di Matematiche, vol. 61 (1921), pp. 93-114. 
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(= 1/m)sin (tz + ry)ese y - p Rags * s 

— 2(—1)"(— 1/mp) [eos{ tsa + one Tı)y} — cost tat + (r2— 71) 9]. 
(— 1/7) cos ty sec y i 

+ 2(— 1/772) [cos{2tie + a a te)y) + cos{2t@ + ee DEDE 
(— 1/t) cos ty sec y 

F 2(—1)™(— rata) [ooe(2tve + (r: + ty} + re 4 z — ta)9}]. 
(— 1/m)sin (te + ry)secey  . ; 

+ 2(—1/rime) [sin{ter + (r2 + m1) y} + sin{te + (ra Sani 
(— 1/r)cos(te + ry) csc y y 

+ 2(—1)™(— I/re) [sin {tow + (r2 + 11) y} — sin{ts + (v2 — 11) y}]. 
(—1/r) cos(tx + ty) 

+ &(—I/rrre) [eos {tet + (r2 + 2t1)y} + cos{tee + (r2 — 2h)y)]- 


10. 


abe 


021. 


312 


322 


020 


310 


311 


022 


The expansions in this section correspond to partition (II) with 


dave (2%, Y) = Tave(a, Y) + 4 = q"( È Fave (a, y; n)). 


Pare (2, Y; N) 


011 sin(rg + 2ty)ese y + sin ry esc s 


— 2[eos{ree + (2ta + + 71) y} — cos{ras + (Bta — 71) y}]. 
(—1)*[(— 1/r)cos(re +,2ty) cse y + sin ry sec s] 

+ 2(—1)"(— 1/r2) [sin{r2 s+ (2ta + 71) Y} — sin {rT n (2ta — 71) y}]. 
(— 1)” sin (ra + 2ty)sec y + (= 1/r)cos TY CSC T 

+ 2—1)"(—I/r) [sin(rat + (Bhs + a)y} + sinfe + (Bb —n)y)] 
(— 1/7) [cos (re + 2ty)sec y + (— 1)” cos ry see's] 

e+ 2(—1)™(— 1/rrra) [cos{ree + (2ta + 71) y} + cos{tat + (2ta — 71) y}}. 
(— 1/7) [(— 1)” cos(re + 2ty) + cos 2ty sec <] 

+ 2(— 1)" (— 1/rır2) [cos{ra& + (2t + 71) y} + cos{ree F (2t2 —71) y}]. 
(— 1)" sin(re + 2ty) + (—1/r) cos ty ese x 

+ 2(—1)™(— 1/72) [sin{rie + (2t + Rte) y} + sin{7,7 + (Ri — -2ts) y}}]- 
(— 1)”[sin (rs + 2ty) csc y + sin ty ese s] 

— 2(—1)”[cos{rex + (2t2 + 71) y} — cos{ret + (2t2 — ae 
(—1/r) [(—1)” cos(ra@ + 2ty) sec y + cos ry sec a] 

+ 2(—1)(— 1/rire) [cos{rex + (2t2 +.71)y} + cos{ree +. (2t, —71)y}]. 


“Al 


The expansions given below correspond to partition (III) with 
pare (2, Y) = Tare (£, Y) + 42 q” ( È Fave(z,y3m)) © a 
+ 4B g”( E Gae (2, y5 2n)). 


10 M. A. BASOCO AND E. T. BELL. 
We have for (abe) = (031) or (832): 


— Fos (2, y; m) = (— 1/7) cos(2ta + ry) cot y 
+ 2(—1)&(— 1/7) [sin{2t2e + (r2 + 2di)y} — sin {Rtee + (T2 — 2d,) y}]. 
Gosi (2, Y; 20) = (— 1}? sin 2dy sec y + (— 1/7’) cos(2t’a + ry) cot y + 
+ 2(—1)%(— 1/72) [sin {2t/22 + (2d’1 + a)y — sin{2t/ oa + (7’2— 2d.) y}].- 
— Fasa (2, Y; m) = sin (Rts + ry)tan y 
-+ (—1)&*[cos{2tex + (T2 + 2dı)y} — cos{2ts + (t2 — 2di) y}]. 
Gesa (2, Y; 2n) = — (—1)% sin 2dy cse y + sin (2tg -+ r'y)tan y + 
+ 2(— 1) rS cos{ 2w + (r2 + 2d’1) y} — eos{2t ae + (T2 — 2d )y}]. 


12. The following correspond to partition (IV) with 


Pade (2, y) mm 4 Bg" ( > Fave (2, y; m)). 


abc Fone (&, Y; M) 
110 (cots + cot y)sin ty 
— B[cos{2dau + (28 + tı)y} — cos{2dow + (282 — ti) yY]. 
%20 (—1/r) (tan æ + tan y)cos ty 
' — 2(— 1/rı) (— 1) &*[sin{2dae -+ (282 + ti)y} + sin{2das + (282 — t,)y}]. 
218 (—1/t) (cot æ — tan y)cos ty 
+ 2(—1/t,) (— 1)è[sin{2daæ + (28 + t:)y} + sin{2dew + (28 — t,)y}]. 
223 (—1/m)(— tan s + cot y)sin ty 
— 2(—1/m,) (— 1)%[cos{2dax + (282 + tı)y} — cos{2d;e + (28, — ty) y}]. 


13. Finally, the expansions corresponding to partition (V) with 


pavo(2, y) = Tore (2, y) + 4 2 q” ( Z Fore (2, y; 20)), 
are: 

(abe) Fave (a, Y; 21) 
(222) (~-1)4[sin 2 (de + dy) tan y + (— 1)? sin 2dy(tan s — cot y)] + 

+ 2(— 1) ideta cos 2{dyw +- (81 + do) y} — cos 2{d,w + (8: — de) y}]. 
(121) (—1)*[— (— 1)? sin 2(da + 8y)cot y + sin 2dy(tan æ + tan y)] + 

+ 2(— 1) attr cos 2{die + (8: + de)y} — cos 2{die + (8: — d2)y}]. 
(211) (—1)®[sin 2(da + dy) cot y + sin 2dy(cot v — tan y)] + 

— 2(— 1)***[ cos 2{d,¢ + (8: -+ de)y} — cos {dıs + (8: — de) y}]. 
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CONCERNING CONTINUA OF FINITE DEGREE AND LOCAL 
SEPARATING POINTS. 


By G. T. WHYBURN. 


A point p of a compact metric continuum M is-said to be a point of finite 
degree * of M provided that for each e > 0 there exists an uncountable family 
G of neighborhoods of p in M each of diameter < e and each having a finite set 
for a boundary and such, that for any two neiborhoods U, V of G we have 
either 7 C V or PC U. Similarly, p is said to be of degree « provided « is 
the least cardinal number such that for each e the neighborhoods of G can be 
chosen so that the boundary of each of them is of power =a. (We shall be 
concerned principally with the case where a is an integer.) If X isa given subset 
of M, then p will be said to be of finite degree or of degree « in M relative to X 
provided that, in addition to satisfying the conditions previously stated, the 
neighborhoods of G can be so chosen that the boundary of each of them is a 
subset of X. These notions concerning the degree of a point should not be 
confused with the analogous but distinctly different notions concerning the 
order or index of a point as introduced by Menger and Urysohn. Both con- 
cepts will be used in this paper, but careful reading should enable one to avoid 
confusing them. 

A continuum is said to be of finite degree provided each of its points 
is a point of finite degree. In this paper we shall show, among other results, 
that such continua may be identified with the continua previously studied 
by the author ¢ which have the property that any subcontinuum contains 
uncountably many local separating points f of the given continuum. 


(1) THEOREM. All save possibly a countable number of the local separating 
points of any continuum M are points of degree 2 of M.§ 


*See H. Kamiya, Téhoku Mathematical Journal, vol. 36 (1933), pp. 58-72. 

f See my paper “ Decompositions of continua by means of local separating ‘points,” 
American Journal of Mathematics, vol. 55 (1933), pp. 437-457. 

ł The point p of a continuum M is called a local separating point of M provided 
there exists a neighborhood R of p in M such that p separates R between some pair 
of points of the component of # containing p. See my paper “ Local separating points 
of continua,” Monatshefte für Mathematik und Physik, vol. 36 (1929), pp. 805-314. 

§ This theorem is closely related to Theorem 9 of my paper “ Loca] separating 
points of continua,” loc. cit.; compare also Kamiya, lec. cit., Theorem 18. 
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Suppose on the contrary, that there exists an uncountable set H of local 
separating points of MW no one, of which is a point of degree 2. Then ap- 
plying Theorem 10 of my paper just referred: to, we obtain a connected open 
subset Æ of M bounded by two points a and 8 of H and such that a and 8 
are separated in È by each point of an uncountable subset E of H. Let Eo be 
the set of all points of Æ which are condensation points of B’ Then since 
each point of Æ is a cut point of & it follows by a theorem of the author’s * 
that Fo contains a subset S such that Fo — S is countable and each point of 8 
is a point of order 2 in Ë relative to S. ; 

Now let p be any point of 9 and let e be any positive nae: There 
exists an «neighborhood U of p in.M bounded by two points x and y of 8. 
Let K; be the set of all points in U which separate and y in U. Then 
KOS-U and the set K+ gz- y can be țt ordered in a natural linear order 
from æ to y. Then since æ and y are points of order 2 relative to S and every 
point of § is a condensation point of O and since furthermore K is the sum 
of á Gs-set and a countable set,{-it follows that there exist 0-dimensional 
perfect sets A and B in K such that. if ae A and be B, we have the order 
e<acp<b<y. Clearly there exists a (1—-1) order reversing corre- 
spondence (a,b) between A and B. Then each pair of corresponding points 
(a,b) determines an «-neighborhood -U (a, b) in M bounded by a+ 6; and 
if (a,,b;) and’ (asb) are any two .such pairs and a,.< as, we have 
U (a, b1) D U (az, bz). Thus‘ is of degree 2 in M, Sree to SEE rer 
and our theorem is proven. 


(1. 1) Any point of finite degree or of degr ee n is of the same degr ee in M 
relative to the local separating points of M of degree 2. 


For if p is of finite degree (or of degree n) in M, then for each «> 0 
we have an uncountable family G of e-neighborhoods satisfying the conditions 
of the definition and such that the boundary of each neighborhood is finite 
(or of power =n). Now if we choose the neighborhoods U of GŒ so that 
every point of the boundary of U is a limit point of M — U, as we clearly can 
do, then, every boundary point of a neighborhood of G is a, local separating 
‘point of M. Then since by (1) all save a-countable number of the local 
separating points of M are points of degree 2, it follows that for ‘all save a 


*See my paper in Transactions of the American Mathematical Society, vol. "33 
(1931), p. 456. 

+See my paper, loc. cit., p. 446. | 

See nty paper in Transactions of the American Mathematical ‘Society, vol. 32 
(1930), È 151. 
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countable number of the neighborhoods U of G, F(U) consists wholly of local 
separating points of M of degree 2; and our'result follows at once. k 

Throughout the rest of the paper, if If is a continuum then we shall 
denote by L the set of all local separating points of M and by Q the set of 
all points of LL which are of degree 2 in M. Now from (1) and (1.1) we 
have at once 


(1.2) Every point Q is of degree 2 in M relatwe to Q and L—Q is 
countable. : 


Now since every countable, set which separates a continuum M contains 
at least one local separating point of M,* a slight modification of the-argument 
given for (1.1) suffices to prove "2 


(1.3) Every point of countable degree (i.e., & No) of a continuum M is a 
condensation point of local separating points of degree 2 of M. 


(2) Tuxorem. If p is a point of finite order or of order n in a compact 
continuum M relative to Q, then p is of the same degree in M relative to Q. 


Proof. . Given «> 0, there exists an ¢/3-neighborhood R of p whose 
boundary consists of a finite number, k, of points pı, po,- - `, px of Q where 
k = n in case p is of-order n relative to Q. For each +k there exists an 
«/3-neighborhood V; of p; whose boundary consists of just two points z; and y: 
one of which, 2:,-lies in R and the other in M — B, and these can be chosen 
so that Vi- V; = 0, i£ j, and Vi-p—0. Now since for each i & k, pi is 
of degree 2, it follows that if K; denotes the set of all points separating y; and 
p in vi. then K; is uncountable and, in fact, contains a 0-dimensional perfect 
set A; [see the proof of (1)]. The sets K; are ordered from p; to y; as in (1); 
and clearly there exists a (l1—1—1—----~-1) order preserving corre- 
spondence (as, Æa, @s,°-*, ap) between the sets Ai, Ao,---, Ax, 1. €., a grouping 
of the points of these sets into groups (@1,@2,° * +, ax), a «A, such that when 
ti, 0? € A, and at < a? in Ky, then for each 1k, a < ai” in Kj. It is 
seen at once that each such group (@1,d2,° + >,a) is the boundary of an 
e-neighborhood U(m,: - *, a) of p obtained by adding to R certain points of 
the BA Vi and that a? < a,?, (0, n? €41), implies U (at, ar, -y a) 
C U (a, a”,- - +, 0x7). Thus p is of the same degree in M as its order in M 
relative to Q; and hence, by (1.1), it is likewise of the same -degres in M 
relative to Q. 


* See my paper “ Local separating points of continua,” loe. cit. 
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(2.1) COROLLARY. The points of finite degree or of degree n of a con- 
tinuum M are exactly the points of finite order or of order n in M relative to Q. 


(2.2) (Kamiya, loc. cit.) The points of M of finite degree or of degree 
Sn in M form a Geset. 


(2.3): Any point of a compact continuum M of infinite degree hes in a 
non-degenerate continuum of such points.* 


This is an immediate consequence of (2.1) and of a theorem of Menger’s.t 


(2.4) In order that œ compact continuum M be of finite degree it is neces- 
sary and sufficient that any two points of M be separated in M by a finite 
number of points of Q. 


This can be proven at once from (2) by a simple application of the Borel 
Theorem. 


(3) Tueorem. In order that a point p be a point of finite degree of a 
compact continuum M it is necessary and sufficient that dimp(M—Q + p)=0. 


The necessity of the condition follows at once from (1.2). To prove the 
sufficiency, let us suppose dimp(M — Q + p) =0 and «>0. Then there 
exists an «/3-neighborhood R of p with F(R) C Q. Now for each we F(R), 
it follows by (1.3) that there exists an ¢/3-neighborhood Uz of x such that 
F(Uz) consists of exactly two points of Q. Applying the Borel Theorem we 
obtain a finite number of the neighborhoods Uz, say U1, U2,- - -, Un whose 
sum covers F(R). Then if U = R + 0,4 U: +>- -+ Un it is clear that 
U is an e-neighborhood of p whose boundary consists of m or less points of Q. 
Thus p is of finite order in M relative to Q, and hence by (2) it is also of 
finite degree in M. 


(3.1) COROLLARY. In order that a continuum M be of finite degree it is 
` necessary and sufficient that dim(M—Q) = 0. 


Note. It follows at once from this that if M? denotes the set of all points 
of M of order 2, then dim(M— M?) = 0, because M — M? C M—Q. (See 
Kamiya, loc. cit.) However, examples are easily constructed to show that the 
condition that dim (M — M?) == 0 is not sufficient to make M of finite degree. 


(4) Tuxorsm. In order that a compact continuum M be of finite degree 





* Compare with Kamiya, loc. cit., Theorem 10. 
f See Kurventheorie, Teubner, 1928, p. 128. 
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at a point p it is necessary and sufficient that every subcontinuum of M con- 
taining p contain uncountably many local separating points of M. 


The condition is sufficient. For suppose the condition is satisfied at p. 
Then if p were not a point of finite degree, by (2.2) there would exist a 
non-degenerate subcontinuum NW of M containing p no point of which is of 
finite degree. But this is impossible, since by hypothesis N must contain 
uncountably many local separating points of M; and hence, by (1), it contains 
at least one point of degree 2. 

The condition is. also necessary. For let be of finite degree and let 
N be any subcontinuum of M containing p. Then there exists an uncountable 
family [U] of neighborhoods of p of the type we have been considering such 
that for any Ue [U], 8(U) < 8(N) and F(U) is a finite set of local sepa- 
tating points of M. But clearly for each U we have F(U) -N £0, and hence 
N contains uncountably many local separating points of M. 


(4.1) COROLLARY. In order that a compact continuum M be of finite 
degree it is necessary and sufficient that every subcontinuum. of M contain 
uncountably many local separating points of M. 


Now the property involved in this corollary is readily seen to be cyclicly 
extensible and reducible.* Hence we have 


(4.2) The property of being a continuum of finite degree is cyclicly ex- 
tensible and reducible. | 


Following the notation used in my paper “ Decompositions of continua 
by means of- local separating opints” (loc. cit.), for any point p of a con- 
tinuum M let us denote by Cı (p) the maximal subcontinuum of M containing 
p and containing only a countable number of local separating points of ue 
Then by (4) we have 


(4.3) In order that p be a point of finite degree of a compact continuum M 
it is necessary and sufficient that Ci(p) = p. 


Now it was shown in the author’s paper just mentioned that the de- 
composition of M into the sets [C,(p)] is upper semi-continuous ¢ and that 
the hyperspace C, of this decomposition has the property that any sub- 


* See Kuratowski and Whyburn, Fundamenta Mathematicae, vol. 16 (1980), pp. 
305-331. 
+See R. L. Moore, “Foundations of point set theory,’ American Mathematical 
Society Colloquium Publications, 1932, Chapter V. , 
) 
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continuum of C, contains uncountably many local separating points of Cy 
Thus by (4..1), C, is of finite degree. Thus we have 


(4.4) Every compact continuum M admits of an upper semi-continuous 
decomposition into continua with a continuum of finite degree as hyperspace. 


(The hyperspace reduces to a single point if and only if the local separating 
points of M are countable). 


(5) THEOREM. If M is a regular curve of order = 3, then degree and order 
are identical for all points of M. 


For let p be a point of such a curve M, let k be the order of p and let . 
e> 0. Then there exists an ¢/3-neighborhood R of p whose boundary consists 
of & points pı: * +, pe (k S3), each point of which is a limit point of 
M— R. For each i& k, pı is a point of order 1 either of È or of M — R, 
say of §. Then there exists an, ¢/3-neighborhood V; of p; whose boundary 
contains just one point g; of S and such that V;- F; = 0, i34 j and Vi- p =O. 
Now since no two true cyclic elements of V; can have a common point * and 
since p; is a point of order 1 of 8S, it follows at once that p; and q; are 
separated in Ñ; by uncountably many distinct points. Since all such points 
are local separating points of M, it results from (1) that p; and q; are sepa- 
rated in V; by at least one point 2 of degree 2 (i. e., a point of the set Q). 
It is easily seen then that the points 2,,- + -,2 bound an e-neighborhood U 
of p. Thus p is of order k in M relative to Q and accordingly, by (2), 
p is of degree k. 

In contrast to the theorem just proven, it is notable that there esist 
regular curves of order 4 which are of degree ¢ at every point, where ¢ denotes 
the power of the continuum. For the Sierpinski triangle curve + is an example 
of such.a curve. To see that every point of this curve is of degree c, in view 
of (1.3) we have only to note that its local separating points are countable. 
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*See my paper in the Bulletin of the American Mathematical Society, vol. 35 
(1929), p. 223. 
t See Comptes Rendus, vol. 162, p. 629. 


THE TOPOLOGY OF (PATH) SURFACES. 


By Carts B. MORREY, Jr.t 


‘In the duthor’s recent work on the analytic characterization of surfaces 
of finite area, a considerable number of difficulties were encountered, due to 
the complicated topological structure of the most general surface. The object 
of the present paper is to study this structure and to provide a systematic 
treatment of a number of concepts and results which facilitate the discussion 
of the general surface. 

Before giving a definition of what we mean by a (path) surface, we must 
introduce the notation. We shall use the ordinary notations for the sum and 
product of point sets. If S is any set, we shall designate by 8 the set § plus 
its limit points and by S* the frontier points of S. If P is a point and S a 
set, we write P e S instead of “ P belongs to S” and P&S instead of “ P does 
not belong to 9.” We write 3 C S instead of 3 is a subset of S. By a Jordan 
region r (in m-space) we mean the interior of a simple closed (n — 1)-mani- 
fold; we shall frequently also refer to F as a Jordan region. We designate the 
interior of a circle with center at P and radius r by C(P, r). 

Further, we shall use a vector notation throughout: the letters u and U 
will stand for the codrdinate vector of a point in a set on which a surface is 
represented and the letters v and X for that of a point in the (NV dimensional) 
space in which the surface lies. U(u), «(u), X(U), etc. will be vector func- 
tions in these spaces; U, + U2, x, + £, ete., will denote the sum or difference 
vectors, and || the length of the vector ¢. If P is in the U space, for 
instance, Up will denote the U-codrdinate vector of P. The distance between 
two points P .and Q will be denoted by d(P,Q) or by |up—ue]| or 
| Up — Ua | if P and Q are in the u or U space respectively. All vector 
functions will be assumed to be continuous. 

Now, let z, (u) and X2.(0), wef, Ue R (Jordan regions in n-space), be | 
two vector functions. Let T, T : U = U (u), be a 1—1 continuous (sense 
preserving if desired) transformation of * into È. Define z.(u) = X,[U(u)] 
and Dr(#,,X.) as the maximum of | 4#,(u)—#2(u)| for wef Then we 
define || 2,, X2 || as the greatest lower bound of Dr(zı, X+) for all T. By a 
(path) manifold, M, we shall mean a class of equations « = z(u), such that 
if s, (uJ, and X¥,(U) are any two of the s(u), then || z1, X2 || 0. Any one 
of the equations of the class will be called a representation of the manifold. 


t National Research Fellow (1931-1933). ; 
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It is easy to see that if a (u), X,(U), and (Ñ), UEF, U eR, Oek, then 
| ty Ês | S | tu Xo + 1X2, Ês l, and also that fa, Xa | = | Xe, |. 
Thus if |z, Xl] = || Xa s| = 0, then | m,X,||—0. If n=1, the 
manifold will be called a curve, and if n = 2, it will be called a surface. It 
is clear that a manifold is defined by any one of its representations. This 
definition of manifold is clearly the logical consequence of Fréchet’s ł definition 
of the distance between two surfaces (or manifolds). This may be defined. as 
follows: Let ©, be defined by the equation s= g,(u), wef, and S by 
s ==X.(U), U e Ë; then the Fréchet distance | S,, S2 | = || a1, Xa ||, it being 
clear from the above that this is independent of the particular representations. 
Clearly || S1, S2 || = 0 when and only when S, and S, are identical. 

I shall now merely give information enabling one to define a point of a 
surface. Let S, 9 : s= s(u), wef, be a surface and let uA Uz in F. Then 
the point P, of S defined by «= «(u,) will coincide with P, that defined 
by x = z (u2), if and only if s (u) is constant over a continuum of f containing 
u, and us. The fact that (see § 2) the collection of maximal continua over 
each of which «(w) is constant is an “upper semicontinuous collection (see 
§ 2) of mutually exclusive continua filling up 7,” suggests an intimate rela- 
tion between the structure of a surface and the theory of these collections 
developed by R. L. Moore. With his definition of limit element in such a col- 
lection, it is seen that there is a 1 — 1 continuous correspondence between the 
continua of the above collection and the points of S. Furthermore, it will 
appear later that if s = s (u), u e ř, and s = X (U), Ue È, are representations 
of the same surface, then there is a 1 — 1 continuous correspondence between 
the collections of continua in * and Ë, each one of which corresponds to a 
point of S, so that the definition of identity or distinctness oe two points of S 
is independent of the particular representation. 

By a non-degenerate surface, we shall mean one which possesses a repre- 
sentation s = z(u), wef, in which z(u) is not constant over any continuum 
of # (i.e. the points of S are in a 1 — 1 continuous correspondence with those 
of F). Unfortunately not all surfaces are non-degenerate. To study the struc- 
ture of the general surface, the notion of a “ hemicactoid” is introduced. It 
is shown that if H is a hemicactoid and X(U) is a (continuous) vector 
function defined on it, then (1) there exists a “monotone” transformation 
(carrying only continua into points) U = U (u), uef, of F into H (which | 
transformation also satisfies another interesting condition) and (2) if we 
define z(u) = XY[U(u)], then all the surfaces s = «(w) thus obtained are 


TM. Fréchet, “Sur la distance de deux surfaces,” Annales de la Société Polonaise 
de Mathématiques, vol. 3 (1924), pp. 4-19. 
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identical. We then introduce parametric representations of surfaces on these 
hemicactoids and it'is shown that every surface can be represented on some 
hemicactoid H in such a way that the representing vector function is not 
constant over any continuum of Ë. Some useful theorems about the relations 
between two different representations of the same surface are demonstrated. 
Finally, a criterion, in terms of its given representation, that a surface be 
non-degenerate is developed and it is shown that a surface “bounded” by a 
Jordan curve and represented by a vector function, all of whose ponponents 
are monotone in the sènse of Lebesgue, is non-degenerate. 


1. On continuous curves in gener a In this s we shall iali a 
number of general definitions and results about continuous curves and shall 
develop a representation of a continuous curve which will be of use in later 
work. This representation is entirely analogous to a representation of an 
acyclic (see Definition 14, below) continuous curve developed by R. L. Wilder, 
the arcs of his representation being replaced, in the present one, by simple 
cyclic chains (see below) of the continuous curve, All point sets considered 
in this section will be supposed to be in a bounded portion of Euclidean 
n-space. J 

Definitions 1-16 and Lemmas 1-7 are all either to be found in the litera- | 
ture or are easily deducible from known results. They are merely included 
to furriish‘an adequate introduction to the terminology .and certain of the 
results of modern point set theory. l 


Definition 1. By a marimal set possessing a- given property, we shall 
mean a set which is not a proper: subset of any other set possessing the given 

` property. 

Definition 2. By a component of a ‘pont set, S, we shall mean a maximal 
connected subset of § (i. e. a maximal set possessing the property of being a 
connected subset of 8). 

Definition 3. A set is said to be completely disconnected if all of its 
components are points. 

Definition 4. A point P of a connected set § is said to be a cut point of 
Sif S — P is not connected. Two sets H and K are said to be mutually sepa- 
rated if they have no points in common and neither contains a limit point of 
the other. If H, K, and T are proper subsets of the connected point set M, then 
T is said to separati H from K in M if M —T is ue, sum ofèetwo mutually 


, FR. L. Wilder, se Concerning continuous curves,” Fundamenta Mathematioae, vol. 
7 (1925), p. 365. 
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separated point sets containing H and K respectively. In particular, H, K, 
and T may be points. 

Definition 5.t f A point, P, of a continuum CG, is said to be an end point 
of Č provided that if é is a subcontinuum of Č containing P, then P is not a 
limit point of any connected subset of Č — é. 

Definition 6. A point set D, is said to be open with respect to a set S, if 
D = 8 - G, where G is an open subset of the given n-space. 

Definition 7-8 The point set 8, is said to be connected in kleinen at the 
point P, if Pe S and every subset D, of 8, which is open in g and contains P 
contains a subset d, having all these properties and which is a subset of a 
component of D. 


Definition 8.§ The point set S, is said to be locally connected at the 
point P, if Pe & and every subset D, of S, which is open in § and contains P 
contains a connected subset d, with all of these properties. 

Definition 9.8 A continuous curve is a continuum which is connected 
in kleinen at each of its points. 


Lemma 1. Any two points of a connected subset D, of a continuous 
curve M, which is open in M may be joined by a simple arc which is a 
subset of D. 


Proof. This is a subcase of Theorem 10, chapter II, P. S. T. 


Lemmas 2. A necessary and sufficient condition that a bounded con- 
tinuum M, be a continuous curve is that it should be uniformly arcwise con- 
nected in kleinen, i. e. for every e > 0, there exists a 8 > 0 such that if P and 
Q are any two points.of M at a distance '< è apart, they can be joined by an 
arc of Mf of diameter < e. 


Proof. This theorem is well known. The necessity of the condition fol- 
lows easily from the above lemma and the sufficiency from the Definitions 7, 
8, and 9. 


Lemma 3. A necessary and sufficient condition that a bounded con- 
tinuum M be a continuous curve is that there exists a continuous vector 


7G. T. Whyburn, “Concerning the structure of a continuous curve,” American - 
Journal of Mathematics, vol. 50 (1928), pp. 167-194, §1. This paper will hereafter 
be referred to as W. À ` 

tG. T. Whyburn, “ Concerning continua in the plane,” Transactions of the Ameri- 
can Mathematical Society, vol. 29 (1929) p. 382. i 
i $ R. L. Moore, “ Foundations of point set theory,” Colloquium Publications, vol. 
13, p. 94. We shall hereafter refer to this book as P. S. T. 
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function z(u), uef, F being a Jordan region: in k-space, such that the trans- 
formation x = x(u), carries F into M. 


Proof. This theorem was originally proved for the case that # is an 
interval.f It is easy to see that any k dimensional Jordan region is a con- 
tinuous curve, and also that there exists a continuous transformation of such 
a region into an interval. Hence the above theorem follows. l 


Definition 10 (P.S. T., p. 63 and p. 72). If M@ is a continuum and 
P is a point of M such that there do not exist two points A and B such that 
(1) P separates A and Bin M and (2) P is the only point separating A and 
Bin M, then P is a proper point of M and the set of all points X of M which 
are not separated from P in Mf by a point of M is called a simple lnk of M. 
A simple link containing two points will be called non-degenerate. 

Definition 11 (W., $1). A continuous curve Ñ, is said to be cyclically 
connected if every two of its points lie on a simple closed curve of M. A 
maximal cyclic curve of M is a maximal set C, possessing the properties: 
(1) Cis a cyclically connected continuous curve and (2) ¢ is a subset of Mf. 

Definition 12 (W., $1). By an internal point of a maximal cyclic curve 
G, of M is meant a point of C which is not a cut point of M. * 

Definition 18 (W., §1). A subset F, of Æ is called a cyclic element 
of M if it belongs to one of the following three classes: (a) maximal cyclic 
curves of M, (b) cut points of M, and (c) end points of M. Those of class 
(a) constitute the non-degenerate cyclic elements of M. 


Lemma 4 (P.S. T., chapter II, Theorems 68-70). very simple link 
of a continuous curve M, is a cyclic element of M. Every non-degenerate 
cyclic element of M, is a simple link of M. A necessary and sufficient con- 
dition that a degenerate cyclic element P, of M be a simple link of Ñ is that 
it does not belong to any non-degenerate simple link of ñ. 


Lemma 5.[ Hvery continuous curve is the sum of its cyclic elements. 


Lemma 6 (W.,§1). (1) No two cyclic elements of have more than 
one point in common, (2) the common part of every pair of cyclic elements 
of M is either vacuous or itself a cyclic element of class (b), and (3) the set 
of non-internal points of a maximal cyclic curve of MU is countable. 


tH. Hahn, “Uber die allgemeinste ebene Punktmenge, die stefiges Bild einer 
Strecke ist,” Jahresbericht der Deutschen Mathematiker Vereinigung, vol. 23 (1914), 
pp. 318-322. ee 


+G. T. Whyburn, “Cyclically connected continuous curves,” Proceedings of the 
National Academy of Sciences, vol. 13 (1927), pp. 31-38. 


Ô a 
qin? 


22 | CHARLES B. MORRBY, JR. 


Definition 14 (P. 8. T., p.115). A continuous curve is said p be acyclic 
if it contains no simple closed curve. 

Definition 15 (W., §2). A point set X will be called a simple cyclic 
chain of Æ between two cyclic elements F, and E, of M provided that X is 
connected, contains E, and Wz, is the sum of some -collection of the cyclic 
elements of Ñ, and is such that no proper connected subset of X contains 
E, and E, and is the sum of the elements of such a collection. The elements 
Ey and E are said to be the end elements of the chain. 


Lemma 7.} If A and B are any two points of a continuous curve M, 
K denotes the set of all those points of which separate A from Bin M,. 
and t is any arc in M from A to B, then (1) K4+A-+B is a closed set of 
points of t and (2) each maximal segment S of t— (K 4+ A + B) determines 
aunique maximal cyclic curve of M which contains S. 


Definition 16. X is a mavimal simple cyclic chain of M if it is not a 
proper subset of any other simple cyclic chain of Æ. 


Lema 8.[. Let M be a continuous curve in k-space and C a simple 
cyclic chain of M. Then the point set M—C is the sum of a finite or 
denumerable set of components Mn, where (1) Mn is a continuous curve, 
(2) Hn: O = M,—M, =a single point, (3) Mn: Mn, mn, is null or a 
single point of G, (4) every cyclic element of M containing a point of Mn 
lies in Mn, (5) every arc joining a point of Dn to a point of E — My contains 
the point Mn— Mn, and (6) for each e > 0, there are at most a finite number 
of the My of diameter = e. ` 


Proof. First of all, let M, be one of the components of M — O. If Mn 
contained any limit points of Mn, Mm + Mn would be connected and thus 
m==n. Hence Mn = Mn + Mn: 6 

Now, let M'n be the sum of all the cyclic elements of i which contain 
a point of Ma. Each point Q of Wa — Mn lies in a non-degenerate cyclic 
element of J containing a point P of Mn. Obviously no such point Q can 
lie in Mm, mn, since each cyclic element of M is connected; thus every 
point (if any) of Ma — Mn lies in Č. Suppose Q is such a point; let ep be 
the cyclic element of M’» containing Q, and cg one in G containing it. Then 


7Q. T. Whyburn, “Some properties of continuous curves,” Bulletin of the Ameri- 
can Mathematical Society, vol. 33 (1927), pp. 305-308. 

$ The results of this lemma are contained in Theorems (4.3), (4.4), (4.7), and 
. (6.5) of *Kuratowski and Whyburn, “Sur les éléments eycliques, ete,,” Fundamenta 
Mathematicae, vol, 16 (1930), pp. 305-331. 
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Cp = Co so, from Lemma 6 we conclude that-Q = cr: cq, that Q is a cut point 
of M and is'thus the only point of C-cp. Hence every point of. M’n— Mn 
is a limit point of Mna and M'n = Mn. This demonstrates (4). 

Clearly Wn» is a connected set composed of cyclic elements of W, so that 
by W., Theorems 8 and 11, Ñn is a continuous curve (which demonstrates (1) ) 
and contains all the simple arcs of A joining two points of Mn. It is thus 
clear that M,-C contains at most one point since Ë also possesses these 
properties. Clearly %,:C 0 since any point of Mn can be joined to a point 
of © by an arc of M which has a last point in Mn. Thus Mn: C = Mn — Mn 
=a single point. From this and thi previous sentence, (2), 3), and (5) 
follow. 

Now we have seen. that any arc of Æ joining a point of Mn and a point 
of M— M, must contain the point Qu = Mn — Mn. In each Mn, let Pr be 
as far from Qn as possible. Now suppose there is an infinite subsequence of 
{Ma}, each of which is of diameter = e. Let {Mn,} be a subsequence of this 
so that the corresponding subsequence {Pn,} converges to Po. Clearly 
d (Pays Qn,) = €/2 so that there exists a K such that for k > K, Pm, € O (Po, «/4) 
and Qn, % O (Po, 6/4). Thus none of the Pa, k > K, can be joined to Py by 
an are of Mf lying entirely in O (Pù, e/4) since each such arc must contain Qn, 
But this contradicts Lemma 2. 


THEOREM 1.t Every continuous curve M (in n-space) can be represented 
as the sum of a set M, described below, and a completely disconnected set M’ 
of limit points of M, all of which are end points of M. The set M is repre- 
sented in the form M = Õ, + G2: - - where (1) each Gy is a simple cyclic 
chain of M, (2) for each n, Mn = O, +: - -+ Gy is a continuous curve and 
Ona’ Mn is a single cut point of M which belongs to an end cyclic element 
of Õnn but not to an end cyclic element of Č., and (3) for each e>0 
there exists an N(e). such that, for n>N (e); the diameter of each n and 
of each component of M — Mn+ is less than e. 


Proof. Let d be the diameter of i, P and Q be two points of M such 
that d(P, Q) =d, E and F cyclic elements of M containing P and Q respec- 
tively, and @ 4 maximal simple cyclic chain containing # and F such a chain 
being known to exist by W Theorems 13 and 15. Let {Km} be the sequence. 
of components of M — C. In each Kn, let Pn, be a point as far from 
Qn, = Kn Õ as possible, let En, be a oyeg element of -*containing Pr, 


f The essence of this theorem is to be found in Kuratowski and Whyburn, loc. 
cit., § 8. 
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(this element lies in K,, by Lemma 8), let Fm = Qn, and let Cn, be a simple 
cyclic chain of Ka, containing En, and Fa, as endelements. Now let {Kn,n.} 
be the components of Em, — Cu, for each m; the totality of the Kn,n, are the 
components of Mf —C—3Gn,, since Kan C Kn Also Enna’ Kan, is null 
or a single point of On, Ws mo, and Ring’ Knyn>==0, Wim. Let 
Qmm = Ong * Emn let Pan be a point of Kn, n, as far as possible from 
Qnm, and determine a simple cyclic chain Cis, in Kn jn, as above. Continue 
this indefinitely (i.e. unless 17 — M, for some n). If we order all of these 
Cn, ..., n, into a single sequence {C,} so that Ön- Mn+ 0 and 6,= M, = G, 
it is clear that the conditions (1) and (2) on the set M are satisfied since no 
Ong os, a belongs to an endelement of Č and Km,..., n, bas no points in 
common with # —Kn,,..., n, except a single point of Cais: mea We shall 
show that, for every e > 0, only a finite number of all the Kn, Knijno- °°, 
Ens... ny" °° are of diameter = e and this will demonstrate (3) since each 
Ons, ..., me C Rn... m and each component of if — Ñn is a Kn,...,n, for 
some k. Then it will be clear (using (3)) that every point of Æ — M is a 
limit point of M, and hence, by W., Theorem 11, is an end point of M. By 
P. S. T., chapter II, Theorem 42, this set is completely disconnected. 
Now suppose there were an infinite number of the K’s which were of 
diameter = e œ> 0. By repeated use of the preceding lemma we know that, 
- for each k, only a finite number of the Kn, ..., np 1 Sj S k, are of diameter 
= e Hence it is easy to see that we can find a sequence Kn, D Kisma tr, 
all of which are of diameter = e, each Krn... 7, being a particular one of the 


Lee] 
Kn, ...,n,» Let K = I] Er... %5 K is of diameter = e. Now each Öms ..., 7, 
kel 


is so chosen that it contains a point Px,,..., 3, as far as possible and hence at 


a distance = «/2 from Qi, ..., m= OF,..., T Ot, ..., ma We have seen that 
any are joining a point of Ky,...,%, to a point of Cy, ..., ası Must contain 
Om, ...,m Hence it is easy to see that any are joining a point of K to a 


point of O7,...,7, must contain all the Qz,,..., a, >k. Then let {4} be a 
subsequence of the integers such that 


lim P7,,..., wae Po andlim Qm, ..., 7, Qo 
k->00 
Obviously Poe E, Qoe É, and d(Po, Qo) = «/%. Since every are joining 


Pū, ..., Tıp toePo must go through all the points Qi,,..., Tim M > k, it must 
go through Qo. But this contradicts Lemma 2. 


2. Hemicactoids and correspondences. In this section, we shall intro- 
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duce the notion of a “hemicactoid” and bring out the relationship between, 
hemicactoids and “upper semicontinuous collections of mutually exclusive 
continua filling up” a plane Jordan region: The connection between the 
theory of these collections and the theory of surfaces is suggested by Theorem 1, 
below. 


Definition 1 (P.S. T, p. 28). We shall say that a continuum Ọ, is the 
limit continuum of the sequence {Gn} of continua if i 


(i) all the limit points of a sequence {Pn} of points, Px € Gn, lie in C, and 
(ii) if P is any point of O, there exists a sequence {Px}, Pre Cn, of 
points which converges to P, {nx} being a subsequence of the integers. 


Lemma 1 (P.S.T., chapter I, Theorem 42). If {Gn} is a sequence of 
continua such that there exists a convergent sequence {Pn} of points, Pa € Cn, 
then the sequence {Cn} possesses a unique limit continuum C, which consists 
of all points P satisfying (ii), Definition 1. 


Definition 2 (cf. P. S. T., chapter V, p. 324). A collection G of continua 
is upper semicontinuous provided it is true that if g is a continuum of G and 
{gn} is a sequence of continua of G, each gn containing a point pa such that 
the sequence {pn} converges to a point p of g, then g contains the limit con- 
tinuum of the gn. 

Definition 3. Given an upper semicontinuous collection G of continua, 
a continuum g of G, and a sequence {gn} of continua of G. g will be said 
to be the unique limit continuum with respect to G of the sequence {gn} if and 
only if every limit point of any sequence {pn}. of points where pre gn for - 
each n, lies in g. If there is a sequence {pn} of points, where Pn € gn which 
converges to a point p of g, it is clear from Definition 2 that g will be the 
unique limit element of {gn} (with respect to G). 


Remarks. Using P. S. T., chapter V, Theorems 1 and 2, we see that this 
definition is equivalent to that given in P. S.T., page 326. Clearly, if the 
continua of a collection are all points, this notion of limit element reduces 
to the ordinary notion of limit point. It is also clear that the notions of closed 
set and connected set of elements of G may be defined in terms of limit element. 


Lemma 2 (P.S. T., chapter V, Theorems 4 and 5). A necessary and 
sufficient condition that a set H, of elements of an upper semicontinuous 
collection of mutually exclusive continua be closed or connected is that the set 
of points covered by H be closed or connected, respectively. 
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Definition 4. A correspondence between the elements of two upper semi- 
continuous collections of mutually exclusive continua will be said to be 
topological if it is 1—1 and limit elements are preserved. 

Remark. It is clear that if T, is a topological transformation of Ge into 
G, and T; of G, into G, then Tı’ T is a topological transformation of Go 
into, G, if the G; are all upper semicontinuous collections of mutually ex- 
clusive continua (which may all reduce to points in a given collection). 

Definition 5. A vector function, U = ¢(w), defined on a continuum 6, 
is said to be monotone if it is continuous and for every Uo, the set co of points 
u for which ¢(u) = Uù is null or a continuum. 


THEOREM 1. If (u) is a continuous vector function defined over a 
connected set C which is such that the sets cy of points u of O for which 
p(u) = p (uo) are all closed, then the maximal continua over each of which 
(u) is constant form an upper semicontinuous collection of mutually ex- 
clusive continua filling up C. 


Proof. Let {cn} be a sequence of the above continua such that there 
exists a sequence {pn} of points, pn being in c, for each n, which converges to a 
point p of C and let c be the continuum of the collection which contains p. 
Let č be the limit continuum of {cn} and let geé; peč of course. There 
exists a sequence {np}; Qn, €E Cn, converging to q. Then 


$(q) = lim $ (qn) = lim $ (Pm) = ¢(p), 


and thus ¢(w) is constant over ¢ Hence éC c and thus the given collection 
is upper semicontinuous. 


THEOREM 2. Let G be any upper semicontinuous collection of continua 
filling up a connected set C which is the outer limit of a sequence of continua 
and let T be a transformation of the elements of G into the points of a set K. 
Let U (u) be the vector function defined on C by the condition that U (u) = Up 
when u belongs to a continuum of G which is carried by T into the point P. 
Then a necessary and sufficient condition that T be topological is (1) that 
U(u) be monotone and (2) the collection of maximal continua over each of 
which U (u) is constant is identical with G. 


Proof. Suppose T is topological. Let {un} be a sequence of points of Ọ 
converging to the point to of C, let co be the continuum of G containing to, 
and let c» be that containing un, for each n. From the definition of limit 
element ef-G, it follows that co is the unique limit element of {en}. Hence 
U (uo) = lim U (un) and U (u) is thus continuous. Furthermore, since T is 

noo 
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1—1, every point u of O for which U(w) = U (uo) lies in co Hence U (u) ‘ 


is monotone and (2) is satisfied. 

Now suppose conditions (1),.and (2) are satisfied. Let C be the outer 
limit of the continua O'm, let-O’m C C’ms for each. m, and, for each m, let 
Gm be the subcollection of G consisting of those continua. of G which have a 
point in common with O'm. ` Clearly the set m of points covered by Gm is a 
continuum since it is obviously connected and is closed by P. S. T., chapter V, 
Theorem 2. Furthermore,Gm is upper semicontinuous by P. S. T., chapter V, 
Theorem 1. - Also (1) @ is the outer limit of the continua Gm, (2) the set of 
points Km into which Cm is carried by U == U(u) is a continuum for each m 
and (3) K is the.outer. limit of the Ky». ‘Hence if we show that 
T,.T : U.=U(u), yields a-topological transformation of Gm into Bm for each 
m, the desired result will follow. 

Clearly T is the transformation of the maximal continua of Om over each 
_ of which U(u) is constant into the points of K» and is therefore 1—1, 
U(u) being monotone. The continuity of T from Gm to Km is immediate. 
Now let {Pn} be a sequence of points of Km converging to the point Po (of Km), 
let cg be the continuum of Gm corresponding to Po, and for each n let cn be 
that corresponding to'Pn. Let {pn,} be a convergent sequence of. points, 
Dn, & Cn, The limit point po of this sequence is in Ëm and, since U (u) is 
continuous, U (up) ~ lim U (up) == Up, 80 that po € co Thus co is the limit 

’ -> 


continuum of {cn} in Gm and hence T-is continuous. 


LEMMA 3. A necessary and sufficient condition that a plane continuum 
should fail to separate the plane is that it be representable as the product of a 
sequence {Ry} of closed Jordan regions each of which contains the neat. 

Proof. The condition is obviously sufficient. ids 

Now suppose that the continuum Č does not separ ate the plane I, Then 


any point P cf II— Č can be joined to o by an are, all of whose points are 


at a distance = dp > 0 from Ë. Let Ry be the set of all points bounded by 
the outer simple closed curve of the set Æ» of points at a distance Š 1/n 
from Č; #’, is known to be a region bounded by a finite number of simple 


closed curves. Then 0 = i R,, for any point P in 6 is in each Ry and any 
point P in I—O is siti ‘of Ën for n> 1/dp. 


Definition 6. By a base set we shall mean a bounded cohtinnous curve 
in the plane which does not separate the plane. 


Lemma 4, Let G be‘an upper semicontinuous collection of mutually 
exclusive continua filling up a Jordan region ¥, no one of which separates the 


` 
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plane although some may separate 7. Then G is topologically equivalent to a 
` base set. 


Proof. Let G, be the collection, filling up the plane II, consisting of @ 
plus all the points of II outside F. Clearly G, is upper semicontinuous and 
no continuum of Q, separates H. From a theorem of R. L. Moore,} we can 
find a 1—1 continuous mapping T, T : U = U (u), U(u) monotone, of the 
continua of G, on to the points of I. Let {7*,} be a sequence of simple closed 
curves approaching 7* uniformly, each containing the next and r* in its 
interior. Now evidently 7*, is carried in a 1—1 continuous way into a 
Jordan curve R*, for each n. Now no point interior to r*, corresponds to a 
point exterior to R*, for first, we can find points interior and near to r*, 
which are carried interior to R*, and second, the set of points corresponding 
to rn is connected. Similarly, points outside 7*, go into points outside R*, 
and thus T carries all of 7, into all of R» and all of I—#, into all of 
U — R,, R, being the Jordan region bounded by R*,. Hence each Ën contains 
the next, all contain 7'(#), and any point not in T(7) is outside of Ën» for 


oO 
some n so that T (F) = II Ë.. That T(#) is a continuous curve follows from 
n=l 


the fact that it is the range of values of the continuous vector function 7 (u) 
(see Lemma 3, § 1). 


Definition Y. By a double cone, we shall mean the surface of revolution 
generated by revolving an isosceles triangle about its base as axis. By the asis 
of the double cone, we mean its axis of revolution; this segment is not part 
of the surface. By the end points of the double cone, we mean the end points 
of its axis, and by its verter angle, the magnitude of a base angle of a 
generating isosceles triangle. 

Definition 8. Given a rhombus, we shall designate two opposite vertices 
as “end pownts,” define its vertex angle as half the angle of the rhombus 
subtended at one of the end points, and define its avis as the diagonal segment 
joining its end points. 

Definition 9. By a simple cyclic chain of type A (type B) we shall mean 
a point set obtained as follows: let L be a closed line segment and F a closed 
set on it; replace each complementary interval of F on L by a double cone 
(rhombus) with the same end points, the vertex angles of the double cones 
(rhombuses) being the same. 

Definition 10 (P.S. T., p. 151). By a cactoid, we mean 4 bounded con- 





+R. L. Moore, “Concerning upper semicontinuous collections of continua,” Trans- 
actions of the American Mathematical Society, vol. 27 (1925), p. 425. 
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tinuous curve (in a metric space) all of whose non-degenerate simple links are 
simple closed surfaces. 

Definition 11. By a canonical cactoid (base set), we mean a bounded 
continuous curve in 3-space which may be expressed in the form in Theorem 1, 
§ 1, the O, being all simple cyclic chains of type A (type B). l 


LEMMA 5. Any simple cyclic chain of a cactoid (base set) can be mapped 
in a 1—1 continuous way on a simple cyclic chain of type A (type B). 


Proof.. From the definition of cactoid and from the fact (Lemma 4, § 1) 
that every non-degenerate simple link of a continuous curve M is a non- 
degenerate cyclic element of M@ and conversely, we see that every maximal 
cyclic curve of a cactoid is a simple closed surface. From W., Theprem 24, 
we see that a necessary and sufficient condition that a plane continuous curve 
fail to separate the plane is that each of its maximal cyclic curves is a closed 
Jordan region. 

Now let @ be the simple cyclic chain under consideration and let F, and 
E, be its endelements. Let P; = #; if F, is a point or let P; be an internal 
point (Definition 12, § 1) of F, if F; is non-degenerate, (i = 1, 2), and let t 
be an arc joining P, and P,. Let t be mapped in a 1—1 continuous way 
on a line segment L of the desired length. Let K be the set of points sepa- 
rating P, from P, in 6; by Lemma 7, § 1, all the points of K lie on ¢ and 
E+ P,-+P. is closed. Let 3 be the closed set on L corresponding to 
K 4+ P+ Po By Lemma 7, §1 and W., Theorem 1, each are of t corre- 
sponding to a complementary interval of 3 on L determines a unique maximal 
cyclic curve of Č and Č is the sum of K + E, + E, and all of these maximal 
cyclic curves. Furthermore, if an Æ; is non-degenerate, there is an arc of t, 
with P; as end point, lying in FE; in which case, we say that F; is determined 
by this arc. Now map each of these maximal cyclic curves of © corresponding 
to a given arc of ¢ on the double cone (if @ belongs to a cactoid) or rhombus 
(if @ belongs to a base set) which has the corresponding end points on L and 
the given vertex angle. Clearly this 1 — 1 map of @ on T, the canonical chain, 
is continuous for, by the argument of Lemma 8, § 1, there are only a finite 
number of maximal cyclic curves of @ having a diameter = e, for each e > 0. 

Definition 12. A hemicactoid is a continuous curve in 3-space which is 
the sum of a canonical base, set B, in the (2,y) plane TT and a finite or 
detiumerable set of canonical cactoids Kn, each one of which has exactly one 
point in common with B, is otherwise entirely above H, and has no point, 
not in B, iti common with any of the other cactoids. ` yes 
.. Definition 13. Two hemicactoids are said to be homeomorphic if and 
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only if they can be put into a 1—1 continuous correspondence in which the 
base sets are also in a 1 —1 continuous correspondence. 
The following lemma is immediate: 


Lemma 6. Let Ñ be a hemicactoid E = B+ S Em + M’, (the symbol 


mal 
(co) means that the upper limit may be finite or infinite) the number of 


simple cyclic chains in either B or the totality of the Km being finite. Let 
(1) e> 0, (2) 7 > 0, (3) T be a simple cyclic chain of type A if the totality 
of the Km contains only a finite number of chains or of type B if this is not 
the case, and (4) P be a point of one of the Km not on an end cyclic element 
other than Km-B of-a Km in the first case above, or any point of B* not 
on an end cyclic element of B, (one chain of B) in the second case. Then 
we can find a canonical (i.e. of type A or B) simple cyclic chain Č, homeo- 
morphic to T, which may be attached to M at P in such a way that M+ Ö 
is a hemicactoid and, for p = e, ete) > (1—n)nz (p), and for0<p<e 
ngle) > 0, where nz(p) is the lower boundary, for dc(P, Q) = p of the ratio 
of d(P,Q) to di(P, Q), di(P, Q) being the eee distance along L from 
P to Q. 


Lemma 7. Any cactoid (base set) can be ee ina 1—1 continuous 
. way on a canonical cactoid (base set). 


Proof. Let M” be the given cactoid (base set) and let it be represented 

as in Theorem 1, §1. By Lemma 5, each ©’, can be mapped in a 1—1 
continuous way on a simple cyclic chain of type A (type B). Let C’, be so 
mapped on such a chain C, of unit length and vertex angle < r/4. By 
' Lemmas 5 and 6, we can find a simple cyclic chain G., homeomorphic to C’, 
of length = 1/4 and vertex angle S7/4 which can be attached to Č, at the 
point of C, (not on an endelement of Cı) corresponding to the point 
Œ- Os, in such a way that 0, -++ 2 is a canonical ecactoid (base set) and 
92(p) = 7646.(p) = (1 — 1/2?)m(p) for p = 1/2, and v(e) > 0 for 
0< p< 1/2, m(p) being 7é,(p). It is clear from Lemma 6 that this. process 
may be continued indefinitely with e = 1/n, 7 = 1/n?, the length of Cn S1 [n, 
and the vertex angle of G, <7/4. At each stage, the correspondence between 
i’, and Ma set up by uniting these individual correspondences between the 
‘chains is 1 — 1 and uniformly continuous both ways. Also these unite to give 
a 1— 1 continuous correspondence between M and M’ (cf. Theorem 1, § 1). 
Furthermore it is clear that there exists a continuous monotone function y (p), 
positive for p > 0 and vanishing with p, such that n(p) Sn(p) for each n. 
We shall*slfow ł that this correspondence is uniformly continuous both ways 


{ The argument from this point on is essentially that used by H. M. Gehman in his 
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so that it can be extended to the closures, Æ and M” of M and M’ respectively 
which shows also that Æ is a continuous curve and thus a canonical cactoid 
(base set). 

Suppose the mapping of M onto W is not austerity continuous. Then 
there exist sequences {P;} and {Qi} of points of M and an « > 0 such that 
d(P:, Qi) < 1/4 and d(P’i,Q’:) Ze Let n be so large that the diameter 
of any component of M’ — if’, < «/3. Then any are of W joining P’; and 

` Q’; contains an arc BP, in M, (entirely, by W., Theorem 8) of’ diameter 
> «/3. On the other hand there exists a 8 > 0 such that if d(4, B) < 8, 
A, Be Mn, then d(A’, B’) <«/3. Also, since M has the property that any 
two of its points at a distance <p apart can be joined by an arc of M of 
length S"(p), 77 (p) being the inverse function of (p) and, approaching 
zero with p, we see by W., Theorem 9, that M is uniformly connected in kleinen 
and there exists an æ > 0 such that if d(A, B) < a, A, Be M, A and B can be 
joined by an are of M of diameter <8. Hence if i > 1/«, d(Pi,Qi) < & 
and ene hay can be joined in M by an arc of diameter oo so that the are 


TA in Ñn is of diameter < § and thus the diameter of ÉD i P i< </3, 3, con- 
trary to the third sentence of this paragraph. 

Now, it is clear.that, for every e > 0, there exists an N (e) such that, for 
n > N (e), the diameter.of each maximal connected subset of M — Mn < ¢/3. 
Also, by Lemma 2, § 1, M’ is uniformly arcwise connected in kleinen. Hence 
the above argument can be used to demonstrate the uniform continuity of the 
mapping of W on'‘M. This is what we wished to prove. 


Lemma 8. Let G be an upper semicontinuous collection of mutually 
exclusive continua filling up © and let Gy be the subéollection of G consisting 
of the continua go of G such that no point of go is in a bounded complementary 
domain + of any continuum of G. Then every point P of F is either in a go 
or in a bounded complementary domain of some go. 


Proof. Let G be the given collection and Ge the above subcollection. 
It is clear that if one point of a continuum g of @ is in a complementary 
domain of another continuum of G, all of g is in that complementary domain. 
Now a given point P of F is either in a gọ or is in a bounded complementary 
domain of some continuum g™ of G; either g® e G or it lies wholly in a 


paper “Concerning acyclic continuous curves,” Fromsactions of the American Mathe- 
matical Society, vol. 29 (1927), pp. 553-555 in particular. - . 

tA complementary domain of a continuum @. in the plane IT is a component of 
I—O. A hounded complementary domain of a continuum is an open simplyeconnected 
region. 
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complementary domain of a continuum g® of G which also contains a cir- 
cular disc outside of g@. By a repetition of this argument, we obtain a 
normally ordered set gP, g,-- -,g@g@,---, each gW eG and being 
wholly inside a bounded complementary domain of g* which also contains 
a circular disc outside of g™. Thus this set is denumerable and hence there 
is a first ordinal 8 in Cantor’s second class for which g e Go. This proves 
the lemma. 


THEOREM 3. Any upper semicontinuous collection of mutually exclusive 
continua filling up a Jordan region F is topologically equivalent to a hemi- 
cactoid. We may further require that a monotone transformation U == U (u) 
of F into H carry the subcollection Go of Lemma 8 into the base set B. If 
U==U(u) and U = U,(u) are two such transformations of F into H and 
H, respectively, then there exists a 1—1 continuous transformation l 
U, = Ü, (U) of Ë into H, which carries B into B, topologically and is such 
that U,[U (uw) ] = U (u). 

Proof., Now let G be the given collection and G, the subcollection of 
' Lemma 8. If we form the collection G”, of continua g'o, where each g's is a Jo 
plus all of its bounded complementary domains, we see that no continuum 
of G’ separates II, G’, is upper semicontinuous and topologically equivalent 
to G and, by Lemma 8, fills up * Thus G is topologically equivalent to a 
canonical base set.B. Let U = U (u) yield such a correspondence. 

Now the subcollection of Œ which lies in a bounded complementary 
domain d of some go plus that go is topologically equivalent to an upper semi- 
continuous collection filling up the surface of a sphere, for there exists a 
monotone transformation of d into the sphere which carries d* into a point 
and is otherwise 1—-1. Such a collection is known, from a theorem of R. L. 
Moore (P.S. T., Theorem 20, chapter VII) and from Lemma 7,-to be topo- 
logically equivalent to a canonical cactoid. It is clear that there are at most 
a denumerable infinity of such bounded complementary domains, so let them 
be ordered into a single sequence {dn} and let K’, be a canonical cactoid 
corresponding to dn + go™ (go being the go containing d*a), the corre- 


spondence being given by U == U'n (u). Let K’n = > np + E*n and let the 
C'n,» be ordered into a single sequence {Gm} such that 

Gan (B+ 6 +> + + Em) 0 
` for any m= 0. Now by Lemma 6, we can find a simple cyclic chain Ch, 


of type A, homeomorphic to C, and of length <1, and can join it onto B, 
projecting upwards, at the point of B corresponding to the g, containing the 
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boundary of the da in F corresponding to the cactoid containing bs. Clearly 

B+ 6, is a hemicactoid. Let U (u) be extended to the part dia of dq which 

corresponds to G, so that U = U (u) gives a topological correspondence be- 

tween Go + G- dia and B -+ 6,. By Lemma 6, we can find a GC, homeomorphic 

to HA of length = 1/4, which can be attached to B + G, at the point corre- 

sponding to the continuum of Go + G+ dia which bounds the complementary 

domain of G+ dia (Go being the set of points covered by Gp) in which the . 
continua corresponding to G, lie,t and is such that 


“NBscr0o(p) = (p) = (1—1/2*)m(p), p= 1/2, 
n2(p) > 0, i 0 < p< 1/2, 


where qı (p) = 73.¢,(p). From Lemma 6, it is clear that this may be continued 
indefinitely so that the length of On S 1/n? and qa(p) = [1 — 1/n?]mn-1(p) 
for p = 1/m and m(p) >0 for 0<p<1/n. By the method of Lemma 7 
it can be shown that the C; corresponding to the C; of one of the R’, plus 
the limit points of this set not in any O; add up to a canonical cactoid Kn 


homeoiphic to &’,;, that the closure Æ of the set H = B + ŞS GO, is a hemi- 
7 i=l 


cactoid, that Æ = B+ 3 En, and that U (u) extended as indicated to all 
f n=l 


of ř remains cortinuous and yields a topological transformation of G into H 
and Ge into B, being monotone consequently. 

The remaining statements are immediate, remembering the fact (remark 
after definition 4) that the product of two topological transformations of 
upper semicontinuous collections of continua is again topological and that the 
notions of limit point and limit element in a collection of continua are equiva- 
lent if the continua are all points (remarks after definition 3). 


Lemma 9. Gwen a base set (cactoid) in n-space. There exists an upper 
semicontinuous collection of mutually exclusive continua filling up a Jordan - 
region F (the surface Z of a sphere) which is topologically equivalent to the. 
given point set. In the case of the base set it may be further required that 
no continuum of the corresponding collection separates T and also that every 
non-degenerate continuum separates * In the case of the cactoid, it may be“ 
assumed that each non-degenerate continuum of the collection separates 3. 


Proof. -The lemma for cactoids has already been proved by R. L. Moore 


+ That 411 of the continua corresponding to é, lie in such a bounded confplémentary 
domain follows from the arguments of Lemma 8. í 
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‘(see P. S. T., chapter VII, Theorem 23). We shall give a brief proof of this 
part of the lemma "me the result for base sets, which we shall.now prove. 

Let B (B= B’ + S Ci, where the C; are simple cyclic chains of type B, 
> i=l 

Či: Õ; is at most one point, i54j, and B is completely disconnected as in 

Theorem 1, § 1) be a canonical base set in the plane I, homeomorphie to the 
given base set. Let I— B be mapped conformally on I—&, Ë being the 
the closed unit circle (clearly there is no loss of generality in taking 7 == Ř), 
by the vector function U = U (u), ue M—R&. Now, by Lemma 1, § 3, U (u) 
remains continuous on #* and is not constant over any continuum of R*. We 
shall proceed to extend U(u) to-all of È so that it is monotone, and U == U(u) 
. carries Ë into B in such a way that any non-degenerate continuum over which 
U(u) is constant separates Ë (but not IL) and is carried by U = Ọ (u) into 
a cut point of B. 

Let 3, be the closed sub-set of R* which is carried: into (I — 0,)*. 
is clear from the well known nature of U(u) on (I — È)*, that the end 
points of each complementary interval of 3; correspond to the same point of 
(II— O,)*. Hence join each of these pairs of points by a segment and define 
U(u) to be constant over each such segment; let R, be the convex region 
bounded by the simple closed curve formed by these segments and the points 
of E* not cut off by any of them. If we now define the elements of R*, to 
be the continua of R*, over which U(w) is constant, it is seen that at most 
two of these elements are carried ‘into the same point of (IT— €,)*. Let each 
point ‘of each element of a corresponding pait be joined to each point of the 
corresponding element by a segment, and define U(u) to be constant over each 
such segmerit, Now, the remainder of R, consists of Jordan regions p, such 
that U = U (u) gives a representation of the boundary of a rhombus of 0; 
on the boundary p*;; hence define U (u) to be continuous in each such f, and 
such that U == U (u) gives a 1—1 continuous map of the interior of the 
rhombus on the interior of pı. 

Now, a unique one of the segments on the boundary of R, is hae by 
U = U (u), so far defined, into the unique point C,- Ë, and has the additional 
property that it cuts off all the points of R* carried into points of G.— 01: O2. 
Let 3, be this segment plus the set of all these points of R*. Again, each 
pair of end points of a complementary interval of 3 corresponds to the. same 
point of Č». Join all these pairs of points by line segments and define U (u) 
to be constant over each such segment. Let R, be the convex region bounded 
by all these new segments and 3+. If each continuum of R*, over which U (u) 
is constant be considered as an element, it is again seen that at most two such 
elements are carried by U = U (u) into the same point of G2. Join each point 
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of each element of a pair of corresponding elements to each point of the 
corresponding element by a segment and define Ọ (u) to be constant over each 
such segment. Clearly the rhombuses of C, may be mapped in a 1—1 con- 
tinuous way on the remaining regions of R», as before. 

It is now ċlear that this may be continued indefinitely and that finally 
U(u) will-be defined over all of Æ. It is clear that it will be continuous, 
since, for every e > 0, at most a finite number of the C, and a finite number 
of the rhombuses are of diameter = e. It is also immediate that it is monotone 
and that every continuum of & which is carried into a point of B separates È 
and is carried into.a cut point of B. ` ; 

_ To prove the lemma for cactoids, we first replace the cactoid by a homeo- 
morphic canonical one C, the axes of whose simple cyclic chains form an*acyclic 
continuous curve lying entirely in I (that this can be done follows from 
Lemmas 5 and 6 and the argument of Lemma 7). Now, we map thé-closed’ 
upper half of @ on: the closed upper half of a hemisphere’ by projecting it 
onto Il, forming a canonical base set B, mapping B'on &, and then projecting 
up onto the hemisphere from Ë. We then extend the mapping by making 
a pgint P on the lower half of the cactoid to correspond to that'point on the 
lower hemisphere which is the reflection in IL of the point of the upper 
hemisphere corresponding to the reflection of P on the cactoid. 


THEOREM 4. Given any hemicactoid H, we can find a monotone vector 
function U(u) ‘such that U = U (u) carries F into H. If G is the upper 
semicontinuous collection of continua over each of which U(u) is constant, 

e. the collection corresponding to U(u), and Gy is the subcollection of 
Lemma 8, we may require that U = U (u) carry Go into B. 


Proof. By Lemma 9, we can find an upper semicontinuous collection 
G, filling up F which'is topologically equivalent to B and such that none 
of its continua separate the plane. Let U =U (w) be a monotone trans- 
formation giving such a correspondence. Now order the cactoids of Ë having 
only one point each in common with B into a sequence {K,}. Let us take , 
#=@ (obviously we may take FQ without loss of generality). Now 
R, joins on to B at a point Pus let p, be a point of the continuum of GO 
corresponding to P.. Make a transformation of @ into itself defined as 
follows: each point ps4 p, shall correspond to the point p’ on the directed 
ray pip such thet d(p’, p”) =d(p, p”)/2, p” being the last point of @ on 
the ray pip;’ the point p, will be carried into all the points p’ on the boundary 
of the square d(p,, p) =d(p., p”’)/2, p” being the last point of g on the. 
ray pip’. Now define U (u) outside this square as the transform of” Uo (2) 
and define it inside and on this square so as to be continuous in @ and carry 
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the closed square in a monotone way into K,. That this can be done follows 
from the fact that we may-carry it in a monotone way onto the surface of a 
sphere ‘3, the boundary being carried into a point and then, by Lemma 9, 
we can carry X in a’monotone way into Kı. U,(u) is clearly monotone. 

Now ©, is attached to B at a point Pa (perhaps = P,); let pa be a point 
corresponding under U = U, (u) to Ps, Make a transformation of Q into 
itself similar to the above in which any point p > pz is carried into the point p’ 
on the ray pop such that d(p’, p”) = (1—1/2?)d(p, p”) and p: is carried 
into all the points y’ satisfying d(pe, p) = d(pe, p”)/2, p” being the last 
point of @ on pop’. Define U (u) outside this square as the transform of 
U, (u) and within and on the square so as to be continuous in Q and carry 
the closed square in a monotone way into Æ». Clearly U2(u) is monotone and 
U = U.2(u) carries Q into B + E, + Æ., and the twice transformed collection 
G, topologically into B. 

Let this be continued indefinitely. A simple analysis serves to dee that 
the sequence {U,(u)} converges uniformly to a monotone function U (u) with 
corresponding collection G, that Go = Go, and that U = U (u) carries Q 
into H and Gy ie into B. 


THEOREM 5. Let H be a hemicactoid with base set B and canonical 
cactoids Gm; we have B = 5 By + B’ and Gm = Ş Ön,n + O'm, where the 
nzi n=l 


B’ and O'm are mutually exclusive completely disconnected sets and Ba and 
m,n are simple cyclic chains of types B and A respectively joined together as 
in Definition 12 and Theorem 1, § 1. Now on each By and Gmn, let there be 
determined a continuous monotone transformation Tn® (for Bn) and To 
(for m,n) of each into itself, which carries each non-degenerate cyclic element 
into itself and carries the end points into themselves; we do not assume that 
the transformation is 1—1 necessarily. Then we can find a hemicactoid Hf’ 
with base B’ and cactoids O'm such that (1) there are 1—1 continuous trans- 
formations S ®© of Cmn into Cnn and Sn of By into B'n which are conformal 
(with the obvious conventions at ver tices) between corresponding non- 
degenerate cyclic elements and (2) the transformations [S ®© J" T © and 
[Sn] Tn, defined respectively on C’mn and B’,, unite to "form a con- 
tinuous monotone transformation of H’ into H which carries B’ into B. 


Proof. Let B’, = B,. By Lemma 6, we can attach a simple cyclic chain 
B’, homeomorphic to B, at a point of B’, which is carried by (S1@)77s 
(8, being taken to be the identity) into the point B,- Ba; clearly we may 
assumé that the transformation .S2@ of B, into B’, is conformal between 
corresponding non-degenerate cyclic elements. It is clear by Lemma 6 that 
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this can be continued indefinitely for the By and ‘then for the Gmn arranged 
in a singlé sequence. By arguments already used, all the conclusions may be 
demonstrated. =. ER AN, es S 

3. Monotone transformations in the plane. In this section, we shall 
merely develop a few important theorems about monotone transformations 
of one plane set into another. 


Lemma 1. Let w = f(z), f(z) being analytic in Ro, the nts circle er 
for a possible single pole, carry Ro in a 1—1 conformal way into a simply 
connected region D which may be infinite. Then a necessary and sufficient 
condition that f(z) be continuous on R*, is that D* be a bounded continuous 
curve. If this is the case, no continuum of R*, corresponds to-a point of D*. 


Proof. That the condition is necessary is obvious. 

Let us assume, then, that D* is a bounded continuous curve. Then every 
point of D* is accessible from D.t Thus each prime end f of D* consists 
of a single point. From the results of Caratheodory,{ one immediately con- 
cludes that f(z) is continuous over R*, and that no continuum of R*, 
corresponds to a point of D*. 


Lemma 2. Let U=U(u) be'a monotone transformation carrying a 
Jordan region F, into a base set B, in which no continuum over which U (u) 
‘4s constant separates II. Then we can find a monotone transformation 
U = U’ (u), of the whole plane TI, into itself such that U’(u) = U (u), 
wef, and U = U’ (u) is 1—1 and continuous for ue W —*. 


Proof. If B consists of a single point, the theorem is immediate, for 
we may define G, to be the upper semicontinuous collection of continua con- 
sisting of # plus all the points of I—#. From a theorem of R. L. Moore,§ 
we can find a monotone transformation U = U” (u) of H into itself carrying 
G topologically into the points of IZ, and F into some point U3”. If we define 
U (u) = U” (u) + Ū— U”, (C =U(u), uef), U= U’ (u) satisfies the 
requirements. 

Now if B does not consist of a single point, map H — B in a 1—1 
conformal way on I — F by a function U = U” (w); U = U” (w) is con- 
tinuous on r* and no continuum of r* corresponds to a point of (II— B)*, 
by Lemma i. Now it is well known that there: exists a monotone trans- 
formation of H into ‘itself, which is 1—1 and continuous off of r*, and 


- TR. L. Wilder, loc. cit., pp. 350-351. 
+ C. Caratheodory, “ Die Begrenzung einfache zusammenhiingender Geþiete,? Af gte- 
matische Annalen, vol. 73 (1913), pp. 323-351 and a page 251, especially. 
§ R. L. Moore, loc. cit. (not P. S. T.). 
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carries any upper semicontinuous .collection of continua on r*, none of which 
separates r*, topologically into the points of r*. Now, the collection, of 
maximal continua of r* each of which corresponds to a point of (II— B)* 
is upper semicontinuous and no one includes all of r* or separates r*. Hence ` 
we have such a transformation wv’ = w (u), such that U” (w) = Ọ (u), wer*. 
Hence if we define U’ (u) = U” [w (u)], we M—F, and U’(u) = U (u), wef, 
then U’(w) is continuous and monotone over all of II and satisfies the other 
requirements. 


Definition 1. By the oscillation of a vector function $(w), over a set E, 


we mean the least upper bound of | $(w:) —¢(ue)| for all pairs (us, we) 
‘of points of F. . 


THEOREM 1. Let T: U=U(u), be a continuous monotone trans- 
formation of an open simply connected region r, into an open simply connected 
region R, and let G be the collection of maximal continua over each of which 
U(u) is constant. Then 


(i) no continuum of G separates 1; 

(ii) the points of any closed Jordan region d, are carried by T into 
points of the continuum D—=D-+ D*, where D* =T(d*) and all points 
(if any) of D are separated from œ by D*; 

(iii) if d is any closed region in r, the oscillation of U (u) over d is equal 
to its oscillation over d*; and 

(iv) all the points of r carried into a simply connected open region D, 
of R, form a simply connected open region d, of r. . 

If we replace r and R by closed Jordan regions F and B, in the hypotheses, 
all the above conclusions hold, and we may add that no continuum of G con- 
tains all of r*, 


Proof. (i) is immediate since T is a topological transformation of G 
into È and since by Lemma 2, § 2, the set of points of r neonate to a con- 
nected set of elements of G is connected.’ 

To demonstrate (ii), let P be a point of R which can w joined to a point 
Q of R* by an arc T (open at one end) containing no point of D*. To this 
are corresponds a connected set y, of points of r having no point in common 
with d*. Let the are T be the outer limit of arcs Ty + T2 +*+, where 
Trn > Ty and all have P as one end point. Then y is the outer limit of yz, 
where yn is the continuum corresponding to Iah. Now y is not closed since 
T' is not; hence if y were entirely interior to d*, it would have some limit- 
points in d and from the continuity of U (u), these would be carried into Q 
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which is impossible. Hence 7 lies outside d* so that all the points corre: 
sponding to P lie outside d*. ‘This proves (ii) since Q may be joined to- tò 
by a-continuum containing no points of R, and (iii) follows eeue 
from (ii): ; oh 

` Now it is well known that in any plane -transformation all the points 
of the original set corresponding to an open set in the transformed set form 
a set open with respect to the original set. . Thus, to any simply connected 
open region D, of R corresponds a connected: open region d, of r. Now, let'y 
be a simple closed curve in d; T—=(y) lies in D. By (ii) and the simple 
connectivity of D, it follows that the interior of y is carried te, a subset of D: 
Thus d is simply connected. 3 

The proof of (i) is the same if r and R are replaced by the : Jordansregions 
# and & respectively. Let @ be replaced: by @ and suppose a continuum 4, 
of -@ contains r*. Now #—g is obviously open, connected (by i), and is 
ply: connected, since its boundary is a continuum clearly. Thus we may 
carry 7 F in a continuous monotone way into the sphere, the transformation 
carrying g into a point being 1—1 otherwise. This determines a collection 
G, on the sphere which is topologically equivalent to G, and of which no 
continuum separates the sphere again using (i); From a theorem of R. L. 
Moore (P.S.T., Theorem 19, chapter V), such a collection is topologically 
equivalent to the sphere. But G was given topologically equivalent to Æ which 
“contradicts the above. Thus no continuum of Ẹ contains r*. Having shown 
this, we may extend 7 to the whole of II, 7 being 1—1 for u outside % By 
‘letting 7, be an open Jordan’ region, containing * and by considering the 
extended transformation in this region, we see that the remaining results may 
be easily shown. 


THEOREM 2. Let T,T: U=U(u), wer, be a continuous monotone 
transformation of an open simply connected region r into another open simply 
connected region R. Then there exists a sequence {Tn}, Tn: U = Un (u), of 
1—1 continuous transformations of r into R such that the Un(u) converge 
uniformly to U(u) on each closed subset of r. If we replace r and R by 
Jordan regions F and R respectively, we may choose the sequence {Tn} so that 
the Un(w) converge uniformly on the whole of F. 


Proof. It is clear that we may assume R to be the interior of Q, the 
square (0,0; 1,1). Define C:; as the line V=j/2', Di; as the line 
U = j/2*, caj as the connected set of r eae: to Ci,;, and di; the 
connected set of r corresponding to Di; (i =1,2,- -> 3 fom, 2, >, 2). 


2t-4 21-1 


Now, for each 3, M =r— È cny and karma dij each consist of 2¢ 
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mutually separated simply connected regions y:,; and 98;,; respectively 
(j= 1,+ - -,2*)5 let rt; be the simply connected region (corresponding to 
the open square R+;, of R) yij°8:,;. In each ttj» (j,b==1,- : -,2*—1) 
(i.e omit the last row and column), choose a point p*;x, and, for each j, 
1S 7S 2+ —1, let c; be an open curve which passes through all the p*;x 
inyi; lies entirely interior to y:,;, divides it into exactly two parts, but is 
such that no segment of it divides y;,;; and for each k, 1S k S 2t — 1, let 
dix be a similar curve in ŝi» which has only the point pt; in common with 
the curve ¢;,; for each j. Now it is clear that we may find a 1 — 1 continuous 
transformation of r into R which carries ¢;,; into Ci; and di; into Dij. We 
define 7;, T; : U = U: (u), to be any such transformation. j 

New let p be any point of r, Cp the continuum of the collection corre- 
sponding to U (u) containing it, and P the point of R corresponding to it 
under T. Let 0;*, C2*, Dy*, and Dt be division lines of the i-th division of 
R (= Q) such that, for each i, P is interior to the rectangle R; cut off by the 


0 ` 
lines and such that P = [JĮ R;. Let c;*, d;t, and rê be the sets in r corre- 
4i 


sponding under T to C;?, D,*, and Ri, respectively (j == 1,2); and let é4,,;, 
dinj, and Fim be the corresponding sets under Tn (n = i), the ĉinj and dtn,; 
being among the ¢,,; and daj. Then, for each a, there exists an Nip such 
that, for n> Nip, pece C Fim and hence Py=Tn(p) £ Ri. Hence the 
sequence {U;(u)} converges for each u. Now, if we restrict ourselves to the 
region # with its boundary which corresponds under T to the closed square 
1/2” S u, v'& 1 — 1/2”, we see that the convergence is uniform. For it is 
clear that we can find a 8; > 0 such that if | up — ua | < ŝi, p and q (pP, g Efn) 
are necessarily within some “cluster of four” of the #;%, corresponding to 
four of the Rt; n in a cluster of the form H, and hence within a cluster of nine 
of the pri = Tyr) (Ry). Thus for m > 2, ; 
| Up,, — Uo, | < 8(2)%#/2* if |up— ta] < èi 

4, The representation of surfaces on hemicactoids. In this section, it is 
first shown that, if Æ is any hemicactoid and Y(U) is a continuous vector 
function defined on Æ, (1) there exists a monotone transformation U == U (u) 
of a Jordan region F into H which carries the subcollection Ge of the corre- 
„sponding collection G into B, and (2) if we define z(u) = X[U(u)], then 
s = 2(u) is a surface and all surfaces thus obtained are identical in the sense 
of Fréchet. . This suggests the possibility of allowing surfaces to be represented 
.on hemicactoids. The remainder of the section then treats of the fundamental 
questions of such a theory of surfaces. 
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We have dedined the Fréchet distance || 51, S2 || between two surfaces S, 
and S, in the introduction. The following lemma is an immediate consequence 
of these definitions. 


Lemma 1. (a) [| 81,52] = |] S25: l; (b) || SoS | S [| 81, 8 | 
+ || Se, Ss lls (6) if ISu S || = |] Se, So | = 0, then |] 81, Se |] = |] Sa Se | 
and (d) if lim | S, Sa | = 0 and z = z(u) is any representation of 8, we can 


find representations x = %(u), of Sa such that the zn(u) converge uniformly 
to (u). f 

Definition 1. If lim || 8,8, || —=0, we say that S» approaches S or 
lim S, = 8. a 
n=>00 ` . 
‘Lemma 2. Let T, T: U=U(u), and Tı, T, : U =U,(u), be two 
continuous monotone transformations of F into a base set B, and G and G, 
the collections of maximal continua over each of which U(u) and U (u), 
respectwely, is constant (hereafter, we shall call these collections, the col- 
lections corresponding to-the given monotone transformations). If no con- 
tinwum of either G or G, separates the plane and we define the “ surfaces” 8 
and 8, by 3: U=U(u), Sı : U =U (u), then 8 and S, arè identical in 
the sense of Fréchet. 


Proof. Let T and T, be extended monotonely to the whole of II, each 
being 1 — 1 outside of f. Let B, be a sequence of closed Jordan regions such 


that Ra D Bn for each n and Il Be = B; and let Fn be T> (Ra) and Fin be 


n=i 
T,1(R,). It is clear that the Jordan closed curves 7*, and 7*,, approach 7* 
uniformly and hence also that Sn —> S and Sın —> 8, respectively where Sn and 
Sim are defined ky l 


n : U = U (u), UE Fn, Sin: U = UL (U), WET in. 


But now, by Theorem 2, § 3, there exists a sequence {Tm}, Tm: U = Um(u), 
of 1—1 continuous transformations of #, into Ë» which approaches T uni- 
formly. Thus it follows immediately (from the definition of a surface) that 
Sy = D'n, where S'n : U” == U, U e Ry. Similarly Sin = S'n, so that Sn = Sin, 
for each m. Thus it is easy to see that S = Sj. 


Lemma 3. Let 8,8: v= x(u), wes, be a surface and let ĝ be a con- 
tinuum of T which corresponds to a point of S and possesses a finite number 
-of bounded (simply connected) complementary domains Dy,- *-, Dn. Let 
: C, be a simple closed curve in D, and R, the Jordan subregion of D, bounded 
by Cı. Let T, be a 1—1 continuous transformation of D, into R, and let 
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Sı be represented by t == x, (å), Ler, where s, (8) = 2(u), u and & being 
identical if u is outside Dı, u and ù corresponding under T, if we Dy, or 
ae D,—R, and we D*,, simultaneously. 


Then z, (&) is continuous and S, is a surface identical with S. 
` Proof. It is easily seen that æ, (&) is continuous. = 
Let By™ be a oe ee of open Jordan regions where Ry” C Ry) 


for sack m and Dı = 5 R ™, Let 7,“ be a 1—1 continuous transforma- 
Mal 


tion of R, into Rk,” and suppose that the sequence {7,°} converges 
uniformly to T> on every closed subregion of R,. It is clear that we may 
define for each m, a 1— 1 continuous transformation of D, — R,“™ into 
D,— R, which-is the identity near D*, and which preserves a preassigned 
correspondence between R*, and R*,“, Hence we may define a sequence 
{Lm}, Tm : % == tim(u), of 1—1 continuous transformations of 7 into itself 
which is the identity for u not in D,, is (T1%™)+, for we Ry”, and is the 
correspondence in the preceding sentence for we D, — R,™. If we define 
Lm(U) = T [üm(u)], it is easy to see that {am(u)} converges uniformly to 
z(u). But each of the surfaces Sm, Sm: &==@m(w), is identical with S, and 
by the preceding sentence, lim || S, Sm || = 0. Hence S = Sı. 
m0 


LEMMA 4. Let C be a double cone and X (U) a continuous vector func- 
tion defined on it. Suppose there exist two monotone transformations T, 
T : U = U (u), and Tı, T, : U = U, (u), of ¥ into C, r* being carried by aoh 
into the same podpi of O. Let 8 and 8, be defined by 


S:e=a2(u) = ZALES) Si: e= m (u) = ALENT: 
Then S = S. 


‘Proof. Let G and G, be the collections of continua in f corresponding 
to T and T, respectively and let g* and g“, be the continua of G and G4, 
respectively, which contain r*. Now, clearly (using Lemma 2, §2 and the 
fact that g* and g*, are continua), the regions D = F — g* and Dı = #— g*, 
are simply connected. Now, let U == U2(v) be a monotone transformation of 
the unit circle & into Ë which. carries R*, into the above endpoint and is 
otherwise 1—1 and let Sz be represented on Ro by z= x(v) = X[U2(v)]. 
Clearly there are “induced ” monotone continuous transformations v = v (u), — 
and v = v, (u), of D and D,, respectively, into Ro (= Ry — R*,) such that 
U(u) = U3[v(u)] and U,(u) = U2[v1(u)] for u in D and D, respectively. | 
Now there exist sequences {rn} and {rim}, Tmn | D = Va (U), Tin 2 V=Vin(%), 

‘of 1—1 continuous transformations of D and D, respectively, into Ro, such 


$ 


t 
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that {v,(u)} and {vm (%)} converge uniformly to v(w) and v, (u) on all closed 

subsets of D and D,. Now let {Dm} and {Dim} *be sequences of closed Jordan 

regions such that Dn C Dine and Dim C Dima for each m, and D = 3 Dm; 
+ ` mal 


D, = 3 Dam. Now, let Sm and Sim be defined by 
mal Ans . 
Smiv—=a(u),ueDn, Sim: = (U), we Dim. 


Clearly {Sm} and {Sim} converge to S and Sı, respectively.. Now, for each m, 
let nm be so, large that | vnn (u) —v(u)| < 1/m, we Dm; and 


| vran (U) — o (U) |< 1/m, ue Drm, 


and let Rn and ım be the Jordan regions in Ro corresponding, under tn, to 
Dy and Dym, respectively. Let S’m and S’im be defined by 


Sm : £= taU) =—X{U2[on,(u)]}, we Dn, 
Sim | B= timh) = X{T2[ 01,2, (4) ]}, we Dim. 


Since z(u) = X{U2[v(u) ]} and z, (u) = X{V.[vi(u) ]}, it is easy to see that 
Sm’ and Sm approach the same limit. Since Sp’ = Sp”, So” : © = X[U2(v)], 
ve Rm, and since it-is clear that E"m converges to R*,, we see that {S’m} 
converges to Sz Similarly, {Sim} and {Sım} converge to the same limit, 
{Sim} converging to S2. Thus S = S: = Sı, which proves the lemma. 


Lemma 5. Let the hypotheses of Lemma 4 be satisfied with O being any 
simple cyclic chain of type A instead of merely a double cone. Then also, 
Si — ‘8. 


Proof. First of all, let P and Q be two cut points of any simple cyclic 
chain 0’, of type A and suppose P separates Q from an endpoint F, of OC’. 
Let T” be a continuous monotone transformation of F into C’ in which r* is 
carried into F, and let G’ be the corresponding collection of continua in F. 
Now, using Lemma 2, § 2, we see that (1) the continua g’p and g'g of G’ corre- 
sponding to P and Q respectively, each bound exactly one simply connected 
‘region, say d’p and d'o, (2) g'o C d'p, (8) the region 7p, = d'p — g'a — d'o, 
„between g’p and g'o, is doubly connected, and (4) g'Pp +r, + g'o can be. 
mapped in a monotone continuous way on to the surface of a sphere, g’p and 
g'a being carried into any two distinct points, the mapping being 1— 1 and 
continuous otherwise. Hence; if we replace the part of C’ between P and Q 
by another simple cyclic chain O’p.q of type A with endpoints P and Q, 
we can find an upper semicontinuous collection, Gp, filling up 7”p,¢ so that 
G'p a = A pg t+ fp + g'a and G — G’p.q + Gp. are upper semigotitinuous 
collections topologically equivalent to C”’p,¢ and CO’ — O'ra + C”p.q respec- 
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tively; where C’p,q is the part of C” between P and Q, C’p.¢ 
and G’p.q is the subset of G” filling up 1p,ọ and correspond 
can be done in virtue of (4) above and the fact that a coll 
found on the sphere topologically equivalent to C”’pq i 
correspond to points on the sphere (using Lemma 9, § 2). 

Hence, form Öm from © by replacing each double ec 
< 1/m by its axis, and define Yn(U) on Cm by letting 
Ue: On, and Xmn(U) = X(U’), for U on the axis of o 
double cones of C, U’ ranging linearly over the broken lin 
two equal sides of a generating triangle of that double con 
the axis. In each region in # corresponding to such a doub 
part of @ and G, corresponding to the double cone by an 
logically equivalent to the axis. It is easily seen that the n 
upper semicontinuous. Hence let U = Um(u) and U =U. 
sponding monotone transformations of F into Om; and 1 
defined by 


Smt E= tm (U) =Xn[Um(u)], Sum: £= ym(u) = 


Then it is clear that lim Sm = S and lim Sim == Sı, notic 
m->00 mw 


and {Uım(u)} converge uniformly to U(u) and U,(u), 3 
let m,n be formed from Gm by dividing each interval of Öm 
double cones into n equal parts and replacing each subinterv 
with the same end points and the proper vertex angle. I 
m,n by the relations 


Xma(U) = Xm(U), U £ Üm’ Ümm Xmm(U) = Xna (U), U 


U’ being the intersection, with the axis of Oman of a pla: 
perpendicular to the axis. Now let U == Um,n(u) and 
‘monotone transformations of 7 into Cn,» coinciding with C 
except on regions corresponding to Om — Cm: Cm» and def 


as indicated above. Now, again, lim Sinn = Sm and lim S, 
n> MOO 


we shall prove our theorem for chains © made up entirely 
of abutting double cones from which the general case will 
processes. = 

“We shall prove the theorem for this case by induction 
of double gones. We have proved the theorem when n: 
Suppose the theorem is true for n =k and that C has k 
Let ©," consist of the first & double cones of C, starting fro 
-other end point of Cx, and let gẹ and gu, be the continua 
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to E, under T and Ty, respectively and d» and. dy the regions bounded, 
respectively, by gx and giz. Let Cr be a simple closed curve in dy and Cy, one 
in dy, and let Ry be the Jordan subregion of dẹ bounded by Cs and Ro that 
of dy, bounded by Cy. Let Te be a 1—1 continuous transformation of dy 
into Ry and Ty, one of dy, into Rix. Let (G) and @,(@,) be defined for @ and 
ü, on F? by the relations (8) =s(u) and %,(%,) = 2,(u), where u = å, 
we ?— dy, u and ù correspond under Ty if we dr, or we d*s and ùe ds — Ry, 
simultaneously, an analogous statement holding for u and #,. Then # == #(@) 
and s= (ñ), ù, Q ef, are representations of S and Sı, respectively, by 
Lemma 3. Now, let S% and Sy, be given respectively by s = ay(u) and 
æ = tıp (u), where ; 


te (u) =a(u), wet — dk, ` ælu) =X (Ur); wed, >» 


and z(u) is defined analogously. By Lemma 3, Se and Sy, are also given 
by z =ñ (ù) and +=@,(t,), respectively, where #p(ū) and Z(t) are 
obtained from #(@) and %,(i,) in the way that z(u) and 2,(u) are obtained 
from z(u) and 2,(u), 7—d, and F— dẹ being replaced by fF— Er and 
ř— Rx, respectively. By hypothesis of the induction Se = Sw, so that there 
exists a sequence {7%,n} of 1—-1 continuous transformations of # into itself, 
and hence a sequence {rkm}; Tehn : Ui = Ü ™® (4), of such transformations of 
F — Ry into 7 —~ Rig conserving a given correspondence between Op and Cix and 
such that the sequence {Gy(%)}, defined on *— Ry by &n(%) = a[n (8)], 
converges uniformly on F— Rr to Z(%). Now let o and ox ‘be the surfaces 
defined on # by s = 2’,(u) and s= vw (u), respectively, where 


v';,(u) =a(u), we dh, Velu) = X(Un,), wer — dr, 


_and 2’,4(u) is defined analogously. By Lemma 3, op and o are represented 
on Èy, and Ry, respectively, by «= @(%), Ge Ry, and r= %,(t,), He Ry. By 
Lemma 4, on = c (the part of © and S, corresponding to the last double 
cone of Č) so there exists a sequence {Tkn}, t= @1™ (ù), of 1—1 con- - 
tinuous transformations of y, into Ry. preserving the above correspondence 
between R*, and R*,,, such that the sequence {%,(i)}, defined on 2, by 
Ën (0) = Z [0 (a) ], converges uniformly on y to #(ü). Now, for each 
N, tem and rx» unite to form a 1—1 continuous transformation Trn, 
Thm : U = %, (Q), of f into itself and the above Z, (ū) is seen to be con- 
tinuous over 7 and also given by @(@) = %,[a,~(a@)]. Hence S == S, and 
our induction is complete. 

THEÒREM 1. Let H be a hemicactoid and X(U) a continuous vector 


function defined on it. There exists a continuous monotone transformation 
U =U (u), with associated upper semicontinuous collection G, of a Jordan 
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region F, into H which carries the subcollection Go, of i 
logically into B. If we define x(u) = X[U(u)], then z 
and all.surfaces obtained in this way are identical. 

Proof. The first part of the theorem has been prover 

To demonstrate the last part, let T, T: U = U (u), and 
wef, be two continuous monotone transformations witk 
lections G and G,, which carry the above subcollections 
Let S§ and S, be the corresponding surfaces obtained as a 
sent H by : 

č co 
Ë =B + £ h + H*, 

n=l 
wheres for each n, On is a simple cyclic chain of 
~ n~l 
a: [B + X ;] is an end point of On, and-H* is a com 
jal 
set of limit points of B+ SiGy. Let Ze — B, f, =B 
j=l 

Gin be the subcollections of G and G, respectively, corr 
and T,) to H,, and let Gu and’ Gin denote the respectivi 
‘covered by these ‘collections. Now it is easy to see (u 
Lemma 8, § 2) that G, is a continuum, that every point 
to G, or is in a bounded complementary domain of a co 
that the same statements hold for Gin. Thus, for each n 
collection of continua g’n, each g’, being obtained from ; 
all the complementary domains of Ga which it bounds, a 
larly formed from Gin. Let Tn, Ta: U = Un(u), and Tr 
be the monotone continuous transformations of # into Ha, 
Gin as their respective corresponding collections. Let Sn € 


Sn : © = Tr (U) = X[Un(u)], Sin? ©=2n(u) 


Then clearly the sequences (Uy (u)} and {U.in(w)}, cor 
U(u) end U,(u) respectively, and lim Sn = 8 and lin 


n->00 n> 
if we prove the theorem for the case when the number 
general case will follow by a simple limit process. But th 
case may be handled by induction in precisely the same 
sponding proof in Lemma 5 was carried through. 
The above theorem gives a logical justification for su 
sented” on*hemicactoids. The remainder of this sectior 
certain,essential parts of a theory of such representations: 


Definition 2. The two surfaces x = X (U), U e H,. 
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H being a hemicactoid, will be said to be identical if there exists a continuous 
monotone transformation U = U (v), ve Ë, of a Jordan region Ë into FH, 
with corresponding collection G, carrying Ge topologically into B, and such 
that the surface « = (v). = X[U(v)], ve È, is identical with the surface 
z= g(u), uef. By the above re all the surfaces «= é(v) thus 
obtained are identical. 


Definition 3. The vector function X(UV), Ue H, , # a continuum, is- 
` non-degenerate on H if X(U) is not constant over any continuum of H 
containing two points. l 


Definition 4. The representation z = X (U), Ues Ē, of a striate on 
the hemicactoid H, is non-degenerate if X(U) is non-degenerate on H. 


THEOREM 2. Any surface S, S: s= s(u), wef, can be represented 
non-degenerately on some hemicactoid. If c = X (U), U e Handa = X, (U), 
U,e H,, are two such representations of S, then there exists a. 1 —1 con- 
tinuous transformation U, = U (U), of H into H, carrying B into B, such 
that X,[U,(0)] =X (U). i _ 

Proof. Let G be the upper semicontinuous céllection of maximal con- 
tinua over each of which z(w) is constant. Now, by Theorem 3, § 2, we may 
carry G topologically into a hemicactoid H, by a monotone continuous trans- 
formation U = U (u), which also carries Ge into B; and if U, = U (u) is 
another such transformation, carrying G topologically into a hemicactoid 1; 
and Go into B, then there exists a 1—1 continuous transformation 
U,=0,(U), of H into H, and B into B, such that 0,[U(u)] = Ui (u). 
Hence if we.define X(U) on H so that X[U(u)] = z(u) as can obviously 
be done, we have only to show that X (U) is’continuous and non-degenerate 
in order to prove the theorei. But this is immediate, for, let {Un}, Une F, 
converge to U, and let {gn} and g be the corresponding continua in F. Then, 
by Theorem 2, § 2, g is the limit continuum of {gn} and there exists a sequence 
of points {pn}, Pa € gn, Such that every convergent subsequence converges to a 
point p of g; this proves the Sees of X(U). The non-degeneracy is 
obvious. . 

Definition 5. A oo P; of a hemicactoid H > Is said to be separated 
from the point œ in the plane Il, of B by a set o if. every. connected set in Ë 
containing P and a point of (Il —B)* also contains a point of e. 


THEOREM 3. If c—X(U a5 Ue H, is a non-degenerate representation 
of S, and z = z(u), ueh, is any other representation of S (Ë and. h, hemi- 
cactoids) there exists a continuous monotone transformation U == U (u), with 
corresponding collection of continua G™, which carries h into H, is such that 
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X[U (u)] = z(u), and carries the collection G®, topologically into B, Go 
consisting of the continua of G®, no point of any of which is separated from 
the point in the plane of b by a continuum of GD, If «—=2(u) is also 
non-degenerate, any such transformation is 1—1. The collection G® may 
be taken to be the collection of maximal continua of h over each of which 
x(u) is constant. 


Proof. The last two statements are consequences of Theorem 2. 


Now take G% ag the collection of maximal continua of h over each of 
‘which z(w) is constant and let u = u(v) be a continuous monotone trans- 
formation with corresponding collection T, which carries * into h and Ty 
topolagically into b. Now it is easy to verify the fact that G® is carried 
topologically into the collection G, of maximal continua over each of which 
&(v) =2[u(v)] is constant. Now it is clear that u = u(v) sets up a topo- 
logical correspondence between the points of (11— B)* and those continua 
of T which have points in common with r*, that each continuum of G corre- 
sponds to a continuum of elements of T, that u = u(v) carries a connected 
point set of # into one on h, and that, to a connected set of points of h 
corresponds one such in f. Hence it follows easily that u = u(v) establiskes 
a topological relation between the continua of G™ and Go. Now, let 
U,—=U,(v) be a continuous monotone transformation: with corresponding 
collection G, which carries F into H, and Gy topologically into Bı, and let 
X. (U) be determined (see Theorem 2) so Xi[U:(v)] = é(v). Then, by 
Definition 2, S is given by s= é(v), veř, v = X, (U), Ure Hi, and by 
hypothesis also by v = X(U), Ue H. Hence there exists a 1— 1 continuous 
transformation U=—U(U;), of H, into Æ and B, into B such that 
X[U(U:)] =X:(Ui). By these successive transformations we have set up 
a topological relation U = U (u), of the continua of G® into the points of Æ 
which is easily seen to possess the required properties. 


Definition 6. The transformations U = U (u), obtained this way will be 
said to be induced by the change of representation. 


5. On non-degenerate surfaces. In this section, we consider a very im- 
portant class of surfaces, which from some points of view are the most general 
surfaces to which one would like to apply the name of “surface.” A char- 
acterization of such surfaces in terms of their given representation is developed 
and an interesting subclass of such surfaces is pointed out. 


Definition 1. A surface is said to be non-degenerate if it possesses a 
non-degenerate representation on a Jordan region. etann 


Va ae 
toan 
h. 
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THEOREM 1. If s(u) is non-degenerate: on a Jordan region 7, and 
u=u(U) is @1—1 continuous transformation of a Jordan region R into F 
and we define X(U) =a[u(U)], then X(U) is non-degenerate on. B. 


Remark. In the case of a non-degenerate surface, it is clear that any 
hemicactoid on which the surface may be represented non-dagenerately con- 
sists only of its base set and this of a single rhombus. 


l THEOREM 2. If (i) 8,8: s = X (U), and Sn, Su: £ = Xa (U), U £ R, 
are all non-degenerate.surfaces, (ii) lim || S, S» || = 0, and (iii) s = g(u), 
N00 


uer, is a non-degenerate representation of S, we can find a sequence of non- 
degenerate representations = p(w), of Sn so that the &n(u) approach a(w) 
uniformly. : A 
Proof. Each Sna possesses a non-degenerate representation s= ñ, (U), 
Ue È, on some Jordan region R. From the definition of Fréchet distance, 
it follows that, for each’ n, we can find a 1—1 continuous transformation 


U = Un(u), of F into R such that 
| c(w) —an(w)| < 2 |8, Sal alu) = Fn [Tn (u)]. 
From this and Theorem 1, it is clear that v = z(u) is the desired sequence. 


THEOREM 3. A necessary and sufficient condition that the surface 
5, S : x= z(u), wef, be non-degenerate is that (i) no continuum over which 
z(u) is constant separates 7 and (ii) x(u) is not constant over 1*. 


Proof. If & is non-degenerate, there exists a monotone continuous trans- 
formation U = U(u), of # into the square @ which carries the collection G, 
of maximal continua of # over each of which w(u) is constant topologically 
into the points of @ (using Theorem 3, §4). Now by Theorem 1, § 3, 
no continuum of G separates F or contains all of r*. 

Now suppose these conditions are satisfied by the continua of G. Then 
we can make a monotone continuous transformation u, = u, (u), of F into fı 
which is 1 — 1 inside r and carries the intervals (may reduce to points) of r* 
over each of which s(u) is constant into points of r*,. The collection G, is 

‘carried topologically into a collection Gi, no continuum of which has more 
than one point in common with 1*,, since g, (w) = 2(w) is not constant over 
any interval of r*, and if a g, contained two points of r*, it would separate #, 
and the corresponding g would separate 7. It is clear that £ = q1 (U4), wer, 
is a representation of ©. Let G”, be the upper semicontinuous colbection con- 
sisting of G, plus all the points of I—#,. There exists + a continuoys mono- 


t R. L. Moore, loc. cit. (not P.S.T.). 
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tone transformation U = U, (u), which carries the’ continua of G’, topologically 
into the points of IT. It is clear that +*, is carried into a Jordan curve, which 
we may take to be Q*, by this transformation. By Theorem 1, § 3, every point 
inside r, is carried inside or on Q* and every point of +*, we know is carried 
into Q*. Thus U = U, (u) carries f, into Q for if a point of Q were missed 
it would be necessary for points of r*, to be carried into the interior of Q. 
Thus U = U (u) = U,[u,(u)] carries 7 in a monotone way into Q, carrying 
the continua of G topologically into the points of @. By arguments already 
used, we see that we can define ¥(U) on @ so as to be continuous and 
non-degenerate, and so that X[U(u)]=«(u). Since U =U (u) is the 
uniform limit of a sequence of 1 — 1 continuous transformations of F into Q, 
it is easily seen that v = X (u), U e Q is a non-degenerate representation of S. 


Definition 2. We say that the surface 8, S : x = æ(u), wef, is bounded 
by a Jordan curve C, if z = x(p), per*, is a representation of C on r*, i. e., 
if it is possible to find a continuous monotone transformation P = F (p), of r* 
into another simple closed curve R*, such that there exists a continuous func- 
tion X(P), defined on #* such that (i) X[T(p)] =—z(py and (ii) the equa- 
tion r = X (P) gives a 1 — 1 continuous representation of C on R*. 


Remark. It is easy to see that in this case, the base set of a hemicactoid 
on which g is represented non-degenerately, consists of a single rhombus. 


Definition 3. A function f(x,y), defined on .a region #, is said to be 
monotone in the sense of Lebesgue if, for every subregion d, of F, the oscilla- 
tion of f(x,y) on d is equal to its oscillation on d*. 


Definition 4. The surface 8, S : s= <2x(u), uef, is said to be Lebesgue 
monotone if each of the component functions, st (u), is monotone in the 
sense of Lebesgue. It is easily seen that this property of a surface is invariant 
_ under changes of representation on Jordan regions. 


THEOREM 4. Any hemicactoid on which a Lebesgue monotone surface 
may be represented non-degenerately consists only of its base set. 


Proof. This is immediate, for no continuum over which (uw) is constant 
can separate the plane so that the collection G of maximal continua of 7 over 
each of which z(u) is constant is equal to its subcollection Go. 


THEOREM 5. A monotone súrface bounded by a Jordan curve C, ts 
non-degenerate. 


Proof. This follows immediately from Theorem 4 and the remark after 
Definition 2. f 
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CONCERNING SPHERICAL SPACES.}{ 


By Leonarp M. BuumenrHa.t 


1. Introduction. The n-dimensional spherical space Sn,- consists of the 
points of the surface of an (n + 1)-dimensional sphere of radius r in a 
euclidean space of n + 1 dimensions, with the distance between two points 
defined as geodesic (great circle) distance. A recent paper characterized those 
semi-metric spaces that are congruent (i. e., isometric) with a subset of the ` 
` Sanr If pi, Po’ ` *, Pn are n points of a semi-metric space and we form the 
symmetric determinant A(p1, Pz, **, Pa) = | cos pip;/r |, (4,7 = 1,2,°-+, 0), 
Theorems In, In, IIIn of the paper referred. to may be combined to give the 
following theorem. : 


THEOREM. <A semi-metric space is congruent with’ a subset of Snr if 
and only if, no pair of points of the space has a distance exceeding xr and, 

(i) for every integer k =n-+1 and every k points of the space, the 
determinant A( px, Po,’ ` `, Pe) is positive or zero, 
(ii) the determinant A formed for every n+ 2 points of the space 
vanishes, ' 

(iii) the determinant of every n + 3 points vanishes. 


This theorem gives, essentially, the conditions that n+ 3 points of a 
semi-metric space be isometric with n + 3 points of the S,,r, and no assump- 
tions of a qualitative nature are made concerning the semi-metric space con- 
taining the n + 3 points. 

The object of this paper is to show that if certain simple jaune a con- 
ditions are placed upon the semi-metric space, the chain of determinant 
conditions contained in hypothesis (i) of the theorem are implied by condi- 
tions involving only sets of four points of the space, while hypothesis (iii) 
vis superfluous, being a consequence of hypothesis (ii). A semi-metric space 
satisfying our postulates is shown to be congruent with Sn,- or with the spheri- 
cal Hilbert space of radius 1 according as the dimension of the- -space is finite 
or infinite. 

- It is-to be remarked that the method used. in proving: the fundamental 


t Presented to the American Mathematical Society, March 30, 1934. 

t National Research Fellow. 

§ Blumenthal and Garrett, “ Characterization of spherical’and pseudo- spher ical sets 
of points,” American Journal of Mathematics, vol. 55 (1933), pp. 619- 640. 

{This result has also been obtained by L. Klanfer, of Vienna, a brief gegount of 
whose work appears in the Ergebnisse Pines Mathematischen Kolloquiums; Wien, Heft 
4 (1933), p. 43. ' 
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Theorem 3.3 makes no use of the determinant conditions that express the 
necessary and sufficient conditions that n + 1 points of a semi-metric space 
be congruent with n + 1 points of S,,,. Hence the procedure is applicable 
to those spaces for which analogous determinant conditions are unknown. 
The corresponding theorem is valid for a wide class of n-dimensional spaces 
admitting a rotation about an (n — 2)-dimensional subset.t 


2. A set of undefined elements, for suggestiveness called points, and a 
positive number r form an 8, space provided that to each pair pi, pa of ele- 
ments there corresponds a real number pif, called their distance, satisfying 
the following postulates: 


Postulate A. pipe = 0, if and only if pi = pe. 

Postulate B. Every three elements Pı, po, pa of the space satisfy the 
triangle inequality; i.e., pipe + pips = Pops. 

Postulate ©. For every three elements pı, peo, ps of the space, the sum 
of the three distances they determine does not exceed 2 ar. 

Postulate D. If pi, Po, ps, pa are four elements of the space such that 
some triple contained in the four points is isometric with three points of a 
circle S,,,, of radius r, then the four points are isometric with four points of 
a two-dimensional spherical surface S2,,, of radius r.f 


From Postulates A, B it follows that pip, = 0, and pipe = pop, while 
it is evident from Postulates B, C that the distance of each two’ points of the 
space does not exceed wr. If the distanre of two spomi of the space equals rr, 
the points are said to be diametral. 

A set of points which is congruent § or isometric with a subset of Sy,+ 
is called r-spheric (Sn). It is clear that every three points of S, is isometric 
with three points of Sər. 


LEMMA 2.1. Let p,q be any two non-diametral points of Sr. There is 
at most one point x of K, such that px +- sq = pq and pr = c' pq, e, a con- 
stant, 0 < c <1. 


+I wish to express my thanks to Dr. Kurt Gödel for numerous suggestions given 
me during the preparation of this paper. 

{This postulate may be stated arithmetically in terms of the vanishing of the 
determinant A of the four points provided any one of its third-order principal minors 
vanish. 

The space S, may also be defined as a semi-metric space such that (i) no distance 
exceeds ar, (ii) the determinant A formed for each triple of points is non-negative, and 
(iii) each set of four points of the space satisfies Postulate D. This definition .of 8, 
does not involve explicitly the triangle inequality. 

_ § Two semi-metric sets M, M’ are congruent .or isometric if they may be mapped 
isometrically upon each other. We write M ~ M’. 
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Proof. . Suppose x, s” are two points of S, which satisfy the conditions 
of the lemma, and consider the four points p, x, 2*, q. . The triple p, æ, g-is 
clearly isometric with three points of ‘S;,, and hence, by Postulate D there 
are four points p’, 2, x*’, d of Sar isometric with the points p, v, s*, q. But, 
by hypothesis z and æ* are each between + p and q; hence a and s* are each 
between p’ and q’ and the points p’, a’, z*’, q’ lie on Sir, since p’¢’ = pq < rr. 
Evidently z’ = «*’; then z = 2x* and the lemma is proved. 

A semi-metric space is called convex provided that for each two distinct 
points of the space, the space contains at least one point between them. Now 
Menger has shown that if p, q are any two distinct points of a convex, complete, 
metric space R, then R contains at least one point s that satisfies the condi- 
tions of Lemma 2.1. Since r is a metric space we have, combining Lémma. 
2.1 and the theorem cited above, the following theorem: 


THEOREM 2.1. If p,q are any two distinct non-diametral points of Sr 
and if 8, is conver and complete, then there is exactly one point x of S, such 
that px + zq = pq and px = c: pq, c, a constant, 0-< c < 1. 


Letting c take on all values between zero and one, we call the set of points 
p+4q-+ {a}, the arc pg. Then evidently two distinct non-diametral points 
of the convex, complete space 8, determine exactly one arc joining them, and 
this arc is congruent with an arc of length pq of the circle Sr. The are con- 
sists of the two points together with all the points of S, between them. If 
two points of Sp are diametral, every point of S, distinct from them lies 
between them and hence, in general, two such points do not determine an are. 

_ We suppose, further, that to each point p of S, there corresponds a point 
p of Sr diametral to p; that is, pi—ar. A space S- having this property is 
said to be diameterized. It is clear from Postulate C that 8, can contain at 
most one point p diametral to p. Consider now two non-diametral points 
p,q of S, and let p, 7 be the corresponding diametral points of p, q respectively. 
Then the pairs of points p,q; 7,4; 9, p are non-diametral and hence they de- 
termine three arcs. The set of points O, = are pq -+ are jig + are pg + are pg 
is called a great circle of Sy. A great circle of S, is evidently determined 
by two non-diametral points of S+. 

We may now prove the following theorem: 


THEOREM 2.2. A great circle Cy of K, is congruent to the Sir. 
_ Proof. Let p, q be two non-diametral points that determine.the great 
circle C,, Since pg <ar we have p, q, 3, G~p’, q’, D, Y, where the 


tA point r lies between two points p, g provided p x 1, T x£ q, pr + rq = pq. The l 
triple is said to be linear in the order prq. 
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“ primed ” points are points of S,,,. We have arc pq = are p’q’, are pg = arc p'g', 
arc pĝ arc py, arc pĝ marcy’. If now, æ is any point of C, then 
x is a point of one of the four ares forming Or. Let x’ of Sır be the point 
corresponding to x by virtue of the proper one of the above congruences. -This 
gives a mapping of C, upon Sır. To show this mapping is a congruent one 
let a’ ~ a, y’~y. We wish to show that zy = s'y. 

We observe, first, that if z and y are both points of one of the four arcs, 
then zy = 2’y’ by one of the above congruences of arcs. Suppose that x, y 
are not both points of the same arc and, to fix the ideas, let « be an interior 
point + of the arc pg and y an interior point of are pg. We have 
qy + YB = qP. pq + qP = pp, pi = py + yp. Adding these ‘equalities, we 
obtain pg + qy = py. Since p, 2, q =p’, 2’, Y of D, r by Postulate D the 
four points -p, g, 2, y are congruent to four points p”, g”, £", y” of Sar, and 
since p, q, y are linear, the four points are ‘on S,,. We may make a congruent 
transformation of Sı,» into itself so that p” —> p’, q” —> g, and 2” —> g’. This 
transformation sends y” into a uniquely determined point y*, and we have 
DEty=p, 7,0, y*. : 

Now, gy HYP =g, PY HIP =v. WY py +¥P; adding, 
we obtain p’q’ + gy = p’y’. From the ‘above congruence and the preceding, 
PY + ¢y* = py", while g'y’ = gy = gy*. Hence p’y’ = p’y* and y* = y’. 
Then p, qr, Y S P, T, X, y and cy = vy’. 

A space which is such that every quadruple of its points is congruent with 
some four points of the three-dimensional spherical space Ss,» is said to have 
the spherical four-point property. 


THEOREM 2.3. If the space Bi 4s‘ convex, complete ond diameterized, the 
space has the spherical four-point property. . 


Proof. Let pr, Pa, Ps, ps be four points of S.. If the points contain a 
triple congruent with three points of S,,,, then, by Postulate D, the four points 
are congruent with four points of Sz, and hence, in this case, the theorem is 
proved. j 

` We suppose, now, that no triple contained in the four points is congruent 
with a triple of 81. By Postulates A, B, O, pi, Pas Pa  P'1, P's, P'a Of Sor, and 
Pos Pss Pa © pln, p's, P'a Of Sor. Since papa = papi = p'sp"s, we may 
transform S2,, congruently into itself so that p’; —> p’s, p” —> pa .The point 
pa is transformed into one of two points p, pa! which are images of each 
other in the great circle of Sa, determined by p's, p'a- Denote this circle by 
Sir(p’m p's). We have po, ps, Pa pal, p's, D'a ps", p's, p's. Now p's is 
not on S,,-(p’s, p'a), 80 we may assume the labelling so that p’, pa? are both 


+ If x, y are not interior points of their respective ares, the procedure is simplified. 
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on one of the two hemi-spheres determined by 81,,(p’3, p'a). Then 
p 1p! <p "poll. 
` Let z’ denote the intersection of the arc p hig with Sir(p’s, p's) t- The 
great circle C,(ps, ps) of S- determined. by ps, ps is congruent to Si,+(p’s, p’s)- 
In this congruence, let.2 of S,. correspond to 2’. By Postulate' D, 
Pr; Ps, Pay © ~ ize Ds, Ds, z of Sar. Since Pas Ds, pi. Pis Pa, Pa ~ D's D's, p's 
of Szr, not Kır, a congruent transformation of Sər into itself gives 
Po Psy Day © Z Pr, Ps p's, £“, with w* uniquely determined. But 
D'as P'a UZ Day Pa LX p's, Pa v*, and p's, p'a are. not diametral. Hence 
o* = g’ and we have Pı, Ps, Pa 0 © D's, P's, P's, ev’. In asimilar manner, we obtain 
Pos Pas Ps, © pr”, Ps, Po T. Now pipa S prt + tpz = pie! +2 p = pip. 
Let the are p’, paž, extended, meet Sır (P's, p’s) in a point y’. Let y of 
Sr correspond to y’ in the congruence O, (Ps, Pa) = Sir(p’s, p's). As above, 
we obtain pr, Po, Pa Y © D's, P's, P's, Ys and Po, Po, Pas Y Z pol, p's, D's Y 
Now ppe =| piy— poy | =| psy’ — pol |= pipet. Hence pipt S pipe S pip". 
Rotate the Sz, containing the Sər half a revolution about Si,e (P's, p'a) 
as axis. The point p! is carried by this rotation into the point p.//. Let 
p’ denote any point of its path. Then the function p’:pz is a continuous func- 
tion which takes on the values pip and pip, and consequently all values 
between these two. But pipe has been shown to lie between pip: and p'ip:¥. 
Hence, the S83, contains a point, say p’s, such that pip’ = Pipe, and p's has 
the same distances from p's, p’s as po! or pol’, Hence pr, Po, Pss Pa © P'is P2 D's Ps 4 
of S3,r, and the theorem is proved.{ 


THEOREM 2.4. Let 97,C,? be two distinct great circles of Sr having a 
point p in common. Then the set of points C++ C, can be isometrically 
imbedded in So,r. ` 


Proof. Let pı, po be points of C,, C,” iae distinct from p and 
not diametral to p. By Postulates B, C we have p, Pı, Pe © p’, Pis pe of 
Sore Let Sir, S*1,. denote the great circles of Sar determined by the pairs 
P, Pi; P, p's, respectively. By the preceding theorem, Or ~ Shr. 

ir? = 8°, 7. These two congruences give a mapping of the set C,* + C,? upon 
the set S*,,, + Sir- We must show this mapping is a congruent one. - 

Let z, y be any two points of Ct + C,” and suppose them mapped into 
x’, y respectively, by means of the above mapping. We show that zy = s'y. 


T If p’,, Pal are diametral, any point on S, ,. (p’,, p’,) may be taken ashe point a’. 

{In the proof given abcve of Theorem 2.3 the assumption that the space 8S, is 

diameterized is needed to insure the existence in S, of the great circle O, (Ps Pe), and 

_ hence of the points v, y corresponding to a’, y’, respectively, of S, rP yP) A slightly 

different procedure, however, found by the writer while this paper was in press, estab- 

lishes the theorem without this assumption. This applies also to Theorem 3.3 of the 
following section. 


~ 
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If æ, y are both points of one of the two circles in Sr, then sy = 2’y’ by 
virtue of one of the above congruences. Suppose that v is a point of C,+ and 
y a point of 0,2. By Postulate D we have p, 2, Pu Pe © P”, 2”, Pu p's of 
Sor. Now 9’, p's, P2 © P, Pi Po ~ p”, P's, p's, and hence we may transform 
Ser congruently into itself so that p” —> p’, p'"1—> P p"2—> p's. Since p, 
Pr Ds are evidently not on a great circle of S,, the points p’, p’1, -p’2 are not 
on a great circle of S+, and consequently the above congruent transformation 
sends x into a uniquely determined point x*. We have p, £, Pi, D2 = p’, 2, p's, P'a 
in Sor Now, p, 0,91 p, £, pi Z p, c*, p on Shr Hence 2* = g, and 
P, T, Pr, P2 = P, v, Pi P'a - 

Consider, now, the quadruple p, 2, z, y. We obtain by the usual pro- 
cedure, P, Po, £, Y © P', p's, E, y* OnSo, r. As above, p’, P'o Y © P, Pay Y © Ps P'a y* 
on Sare Hence y* =y and p, po t, y Z p', po, 0,y. Then sy = vy. 

Using the result of Theorem 2.3 it is readily shown that if three great l 
circles of 8, have a point in common, their sum may be imbedded congruently 
in Sgr. ' f 


THEOREM 2.5. Let pı pe, ps be three points of the convex, complete 
‘space Xr which are not on a great circle of Sr. If we denote the three arcs 
they determine by Ais, Aes, Ais, then the set Aiz + As + Ais can be isometri- 
cally imbedded in Ber. 


The proof of this theorem is immediate. We remark that if the great 
circles C,17, 0,73, Crt? exist in S+, their sum may be imbedded in Szr. Since 
in Theorem 2. 5 we are not assuming that S, is diameterized, these great circles 
may not exist. 


3. We define n-dimensional sub-spaces Q,,r of S+, assumed convex, com- 
plete, and diameterized, by recursion. Call a single point a zero-dimensional 


sub-space.Qo of S, and consider n -+ 1 points po, Pı’ * +, Pa of S, which are 
congruent to n + 1 points of Sn, not of Snr. (If n = 1, we assume that 
the two points are not diametral). If the points pı, po,*.- +, pn determine an 


"(n —1)-dimensional sub-space Qn+, of Sr, the union .of the great circles 
{Po; £}, as © ranges over Qn-ır is defined as an n-dimensional sub-space Qn,r 
of 8, with base points Po, pi,°°°;~n. Thus, for n == 1, Qir is'the great 
circle of S, determined by po, pı which has been shown to exist, is unique, and 
is congruent with the great circle Sır of Sn, determined by P'o, p’: where 
Pos Pi © P'e, pr. Tt is obvious that no point of Qn-~1,r is diametral with po. 

This definition assigns a special rôle to the point py. It will be shown, 
however, that the base points uniquely determine the n-dimensional sub-space 
which is, therefore, independent-of the particular vertex “ isolated.” 
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THEOREM 3.1. Let po, pry Po be three points of the convex, complete 
diameterized space Sr, congruent with P'o, p's, P'o, three points of Sar, not of 
Sır. Then these three points determine exactly one two-dimensional sub- 
space Qs, of Sr, with base points Po, Pı, Po, and this two dimensional sub- 
space is congruent with the two-dimensional spherical sub-space S2r of Snr 
determined by the three points P'o, P'i, P'oe Moreover, the congruence of Qer 
with Sor containing the congruence Do, Pi, Pe © P'o, D's, P'a 1S unique. 


` Proof. Let « be a'point of Osr. Then the great-circle O,(p:, p2) of Sr 
contains a point o such that v is a point of the great circle C,(po, o) of Sr. 
By Theorem 2.2, Cr (po, ¢) = Si,r(p'o, 0’).+ Let 2” of Ser correspond to æ by 
means of this congruence. This gives a mapping of Q2,, upon a sub-set of. 
Ber. - : 

If y is a point of Q2, distinct from z, let y’ of Sa,- correspond to y by the 
above mapping. If y is contained in C,(po, o) then zy => s'y’ by the con- 
gruence of great circles. If y is not a point of C;(po, o) then there exists a 
point 7 of C;(p1, pe) distinct from o and such that y belongs to C,(po, T). 
Then po, o, r are three points of S, which are not on a great circle of 8, and 
hence, by the remark fcllowing Theorem 2.5 the sum of the three great 
circles of 8, they determine may be isometrically embedded in Szr. This 
yields xy == æy’ and the mapping is a congruent one. 

Denote by Qs the subset of Sz, into which Qz,- has been congruently 
transformed and let z’ be any point of Sar. Now po, Pi, Pe © p’o, px, p's of 
Sar not Si,r, and g’ is a point of a great circle of S2,, that contains p's and a 
point s’ of the great circle Si,+(p’1, p’2). Let s in Sy correspond to s’ by vir- 
tue of the congruence C,(pi, po) = S17(p’1, p’2). Let x of 8, be selected on 
the great circle C,(po, S) so that po, S, € = P'o s’, 2’. Then x is a point of Qer. 
Now since 02, = 0/2, there is a point z* of sr that corresponds to a of 
OQ, in this congruence. Evidently «* = z’. Then 2’ is a point of Q’, and 
v 25 Sayre 

To show that there is but a single two-dimensional sub-space with the 
points Po, Pı, Pe as base points, denote by Ĉar any other such space formed 
from these points. We have (1) Q2. = Se, and (2) Qs, Sor. Suppose 
x is any point of Sar, distinct from p'o, Pis p’2 and let ® of Qo, % of Qe, be 
corresponding points by means of congruences (1), (2) respectively. Let 2’ 
be on the are p’ys’, where s’ is a point of S,,+(p’x, p’2) and let s of Q2,,, § of Ĉar 
correspond to s’ in the appropriate congruences. Then . 


Pry Pa 8 = Ps P2 z Pr Pa § 5 Tee 
t We have C, (Py Py) 8, (pp p’,) and o’-~o by this congruence. 
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where s,§ are on O;(p:; p:e). Then s= 5, and it follows immediately that 
z = g, for 
Pos 8, 2 © Po S, T Z Po, S, E = Po, 8, T. 


Finally, we observe that the congruence Qz, = Sor containing the con- 
gruence Po, P P2 © P'o 1, P'z is unique, for the contrary implies a congruent 
transformation of S,,, into itself leaving the points po, Pı, pe fixed and which 
is not an identical transformation. This, of course, is impossible. 

The analogous theorem concerning the n-dimensional sub-space is proved 
by complete induction. The procedure employed in the proof of Theorem 
3. 1 is easily generalized and the following theorem is obtained. 


THEOREM 3.2. Let pı (i= 0, 1, :--, n) be n-+1 points of the com- 
plete, complex, diameterized space S, which are congruent with n + 1 points 
pi (t=0,1,--°,0) of Sar, not of Dnr. There is exactly one n-di- 
mensional sub-space Qn,r of S, that has the points pi (i == 0, 1, > +”) as base 
points and the congruence Po, P` ` `, fn © Po P's," ° ©, Pn induces a unique 
congruence of Qu,r with the Snr. 


The existence of the sub-space Qn,- congruent with Sn, depends on the 
space ©, containing n -+ 1 points that may be imbedded isometrically in the 
Snr. By Theorem 2. 3, every four points of S+, assumed convex, complete and 
diameterized, is congruent to four points of S,,-; that is S, has the spherical 
four-point property. We show, by complete induction that this implies that 
such a space has the spherical n-point property for every integer n. 


THEOREM 3.3. The convex, complete, diameterized spare S, has the 
spherical n-point property for every integer n. 


Proof. We suppose that S- has the spherical k-point property for every 
k Sn, where n is a fixed integer greater than three. Let po, Pu’ - -, fin be 
any n4- 1 points of 8, By hypothesis, any k of these points, k= n, are 
congruent with k points of Sw-ır. Now either the given n -+ 1 points are 
congruent with n + 1 points of Sx. (in which case the theorem is proved) ` 
or n points of the set may be selected to form the base points of an (n—1)- 
dimensional subspace Qn-1,, of Sr which does not contain the remaining point. ` 

In this case we assume the labelling so that 


Pos Pos °° 5 Pn © Po P'o ae Dn of Snary. 
not of Sn-2,45 and 
; Pis Pes vo, > Pn ~ Pi Do ere > Pn of Sn-1,1; 
since the spherical k-point property is assumed for k =n. We may transform 


Sn4,r congruently into itself so that pa p’2,° ` +, Pn—> pn. This transforms 


r 
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pı into a point p,*, which has its distances from the n — 1 points p’2,°- `, pn 
determined. Since the points p’2, p’s,- © +, P'an are not on Sy_s,r there are exactly 
two distinct positions for the point p,” on the Sp. containing pi*, p’o,°- +, pn 
We denote the two positions of p,* by p./, pz”; these two points are evidently 
images of each other in the Sa-a determined by P2, p’s,-- -,p'n. We have 


Day Bay? s Dn © Dil, Pa Dn Dl, P'a Dims 
Since p's does not lie on the Sn-ar containing Pa," t, Pns Pop E pop". l 
Assume the labelling so that p'o, p1? are both on one of the two “ hemi-spheres ” 
of S,_1,, determined by Sunae( Be “5 Pad- Then pop < pop. 

The arc} pop! intersects Snor(p’2,°* +, p'n) ‘in a point v’. The 
(1 —2)-dimensional space Qn. with base points pz, pa,* ©,- Pn of Sr is 


congruent to Sn-2,r(p’2, P's,‘ °°, f'n). In this congruence let x of Sr corre- 
spond to z’. This congruence is contained in both of the congruences 
(1) Qn-1,7 (Pos Pas? * `z Pa) S Snape (Po D’2,° * * 5 f'n) 


(2) Qn- (Dr, Pas? Pn) © Sur (pu, pe, °° a Wn) Sn-a,r(pr™, Bta Da) 
By congruence (1), poz = p'or” and by congruence (2), tp: —ap,". Now, 
by the triangle inequality, pop: S poe + opi = plow’ + ov’ pl = pop. 
Again, the are p op:! extended, intersects Sn-zr (P2 © *, p/m) in a point y. 
We have, as above, poy = Pol py = psy where 4 of 8, corresponds to y 
by the congruence Qn-o,r(P2,* * `, Pa) S Sn-or (P2 °°, D'n). Then 


Papi = | poy — pry | = | Poy — piy | = popi. 
Hence Pop! S popi S Pop. 


Suppose the S,,, containing the Reael P'o Pts Di, p'2,' + +, P'an) is rotated 
180 degrees about the Sn2+(p’s,°**, Pn) as axis. This rotation keeps 
. fixed the points p’2,- ` <; p’n, while the point p,’ is carried over to the point 
pi". . Let p's denote any point of its path. Keeping the label of point p'o 
fixed, the function p’op’. is a continuous function which assumes the values 
Pop and p’op! and hence for any value between these two, suchas pop, 
there is a point, say p’x, of Sn,r, such that p’op’1 = popi. Hence 


Por Pis Pos * *s Pr ~ P'o D's; D's, aes > P'n of Snr 
and the theorem is proved. 
© A Let 0 be a point of Hilbert space. “The set {x} of points of the 


tI p' p, are diametral, any point of 8, .(p',,- - -.p’,) may be taken as the 
. point a’. 
If PoP, ae p Peps! ‘or p "Pt the n+ 1 pointe are evidently congrat with 
n+ 1 points of ‘8, . : : 
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space whose distance from 0 is equal to a positive constant r is’ called the 
sphere with center 0 and radius r in Hilbert space, and is denoted by Hr. 

Let p:i p; be any two points of 8, and denote by ai; the angle pip;/r 
radians. If pi, po,- - *, py are any k points of S,, we denote the axisymmetric 
determinant 


1 COS Q12 © * * COS Gx 
COS Zo L + * COS Ook 
COS Gy COS G%2°°* 1 


by Ax(Pr, Pas’ + +> Pr). 
If the space S, is such that there exists an integer k such that the determi- 


nant A; formed for every set of k points of S» vanishes, we say the space 8r 
is indexed. If S, is indexed there is evidently a smallest integer for which S; 
has this property. Call this integer the index of Sr. 

We now prove the fundamental theorem characterizing metrically the 
n-dimensional spherical space Sn,+. 


THEOREM 4.1. The convex, complete, diameterized and indexed space 
S, with index n + 2 is congruent with Sy,r. 


Proof. Since S, has index n + 2 there exists at least one set of n -+ 1 
points of S- for which An,, does not vanish, while Ani, = 0 for every set of 
n + 2 points of S; By Theorem 3. 3, every set of n + 1 points of S; is con- 
gruent with n + 1 points of Sy». Hence, since An, vanishes, every set of 
n + 2 points of S, is congruent with n + 2 points of Sz,r.4 

Consider, now, any set of n + 3 points of S+. Since each set of n +- 2 
points contained in these 4 + 3 points may be imbedded isometrically in Sn,r, 
the n + 3 points are either congruent with n + 3 points of Sn,- or they form 
a pseudo r-spheric (n + 3)-tuple. But each set of n + 3 points of S» is, by 
- Theorem 3. 8, congruent with n + 3 points of Snir; that is, Ang = 0; while 
the determinant A,,, formed for a pseudo r-spherie (n + 3)-tuple is nega- 
tive.{ Hence no set of n -+ 3 points of S, can be pseudo r-spheric and there- 
fore each (n + 3)-tuple is congruent with an (n + 3)-tuple of S,,,. Since 
Sn has the congruence order n + 3, this implies that Sr is congruent to a 
subset of Sn,r- 

Now S, contains a set of n -+ 1 points for which Ans does not vanish. 
These points are, therefore, not congruent with n+ 1 points of Saar and 


l 7 See Theorem II, of Blumenthal and Garrett, “ Characterization of spherical and 
pseudo-spherical sets of points,” American Journal of Mathematics, Vol. 55 (1933), 
p. 632. : 

$ Loe. cit., Theorems Ep, IV,, p. 632. 
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-hence they determine .a‘sub-space Qn,- of S, which is congruent to Snr. Hence 
Sr Z a,r and the theorem is proved. 
The metric characterization of the sphere H, in Hilbert space is given 
by the following theorem. 


THEOREM 4.2. If the convex, complete, diameterized, separable space r 
as not indexed tt is congruent to H,, the sphere in Hilbert space. 


Proof. By Theorem 3. 3, every k points of S, is congruent with k points 
of Sz-1,,; that is, A, = 0 for every integer k. Since S, is separable, we may 
conclude that S» is congruent to a subset of Hr.} , 

Since S+ is not indexed, for every integer k, 8, contains at’ least one set 
of k points for which A, does not vanish and hence is positive. Then 8, is 

‘not isometric with Sn,r for any value of n. ` 

Tt follows readily from the completeness of S, that 8, ~ Hr. 

If each of the n -+ 3 sets of n + 2 points contained in n + 3 points of a 
semi-metric space is congruent with n-+ 2 points of Sar, while the n -3 
points are not congruent with n -+ 3 points of Sy,r, the set is said to form a 
pseudo r-spheric (n + 3)-tuple. From the foregoing theorems it follows that 
a convex, complete, diameterized space S, cannot contain pseudo r-spheric 
sets. Thus, for example, the set of five points Pı, po, * *, Ps, with the dis- 
tance of each pair defined to be r- cost(— 1/3), has each of its quadruples 
isometric with four points of Sz, while the five points are clearly not isometric 
with five points of S2,, As a consequence of our theorems these five points 
cannot be imbedded in a space S» which is convex, complete, and, diameterized. 

It may be observed that the theorems obtained by W. A. Wilson in his 
investigation of metric spaces in which each four points are congruent with 
four points of a euclidean space, are limiting cases of the theorems presented 
in this paper, while Postulate D-is weaker than the sone poir condition 
assumed by Wilson. 


THE INSTITUTE FoR ADVANCED STUDY, 
PRINCETON, N. J. ` 


{t Menger has shown (Ergebnisse Hines Mathematischen Kolloquiums, Wien, Heft 1 
(1931), p. 26) that a necessary. and sufficient condition for a separable semi-metric 
space R to be congruent with a subset of Hilbert space is that for every integer k and 
for every k points P Po + +s Py of R, sign D(p,, Pose + +s Pp) = sign (—1)% or 0, 
where D (P1: Py > +;2,,) is the well-known volume-determinant. We obtain the result 
above by replacing p;p; by 2r-sin p,p,/2r in Menger’s theorem. - 

It may be pointed out that there is a typographical error in the statement of 
this theorem occurring in Menger, “Die Metrik des Hilbert’schen Raumes,” Wiener 
Akademischer Anzeiger, 1928, No. 12, p. 160. os 

tW. A. Wilson, “A relation between metric and euclidean spaces,” American 
Journal of Mathematics, Vol. 54 (1932), pp. 505-517, 
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ON CERTAIN TYPES OF CONTINUOUS TRANSFORMATIONS 
OF METRIC SPACES.* 


By W. A. WILSON. 


1. The literature on topology produced. during the last two decades has 
by its great volume tended to divert attention from the study of geometrical 
properties which are not invariant under continuous transformations. It may 
well be that with more restricted transformations the methods used in topo- 
logical problems can be applied with equal success to the study of non- 
topological properties of geometrical configurations. It is the purpose of ‘this 
articlé to develop some of the characteristics of a certain class of continuous * 
transformations and their application to geometry;—with the hope that they 
indicate the possibility of further progress in the direction mentioned above. 


2. Definition of spread at a point. Let X = {ax} be a metric space and, 
as usual, let ax’ denote the distance between the points x and a. If Y = {y}. 
is another metric space which is the continuous image of X by a transforma- 
tion y = f(x), one-valued and defined over X, there are three possibilities at 
any limiting point a of X. First, there may be a constant m (a) such that, 
if y and y correspond to distinct points œ and a’, respectively, lim (yy’/ex’) 
== m (a) as z and 2’ approach a, (It is understood that either v or x’ may 
coincide with a.) In this case we say that the transformation has a finite 
spread at a and denote the spread by m;(a). Second, it may happen that 
lim (yy’/ex’) = œ ; in this case we say that the spread is infinite at a and 
write m;(a) = œ. Finally, yy’/ex’ may approach no limit as s and 2’ 
approach a, and we then say that the spread is indeterminate at a. 

That the last case can arise effectively is seen in a homeomorphism 
between a straight line and a broken line. Examples of the first two are easily 
invented. We shall be chiefly concerned with transformations for which the 
spread is defined at each point and is constant. 


3. Elementary properties of the spread. From the definition it‘is ap- 
parent that the spread is somewhat analogous to the derivative. In fact, it is 
easy to show that, if v and y are real variables and y == f(x) is continuous 
and differentiable, continuity of f(x) at z =a implies that m;(a) is finite, 


and conversely ; moreover, m;(a) = | f’(a)|. As in the case of derivatives, 
the following properties are deducible from the definition: 


* Presented to the Society, Séptember, 1934. i 
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I. Let y=f(x) and.its inverse s= g(y) define a. homeomorphism 
between the metric spaces X and Y. If b— f(a) and m;(a) esists, finite or 
` infinite, so does m(b). If ms(a) 40 and is finite, mg(b) = 1/ms(a); 
if m;(a) = 0, mg(b) == œ; and if mz(a) = œ, mg(b) =0. 


II. Let X = {x} be a compact metric space and the continuous trans- 
formation y = f(x) have a finite spread at each limiting point of X. Then 
yy /zx is bounded in X. 


III. Let .X = {x} be a compact metric space and the transformation 
y = f(a): have a finite spread m(x) which is continuous in X. Then yy’ /xa’ 
converges to ms(x) uniformly in X. ; i 


’ The proof of I is like that of the corresponding theorem on derivatives. 
If we assume that II fails,’it follows from the compactness of X and the 
continuity of f(x). that there is some point a and points v and 2’ con- 
verging to a for which yy'/x2’—> œ, in contradiction’to the hypothesis that 
m,(a) is finite. If ITI fails, there is a sequence of points {a;} converging 
to a point a and points a, and 2’; such that aim: —>0 and aix’: —> 0, but 
| me (ai) — yiyi / Tizi | exceeds a preassigned positive e This contradicts the 
hypothesis that m;(a;) —> mr (a). ' 


4, Applications to rectifiability. ‘Let us suppose that y = f (x) defines a 
homeomorphism between the metric spaces X and FY. If the spread is finite 
at each point, it is evident by Property II of the previous section and the 
usual definition of length of are, that rectifiable arcs in XY go over into recti- 
fiable ares in Y. If the spread is continuous and for some are in X the limit 
of the ratio of the length of a sub-are av to the distance ax is any constant m, 
as x approaches a, this property is also preserved in the image by virtue of 
Property ITI. When the spread is a constant k 0, the length of the image 
of an arc of length s is easily seen to be ks. (In this case, if intrinsic dis- 
tances * are used, the transformation is one of similitude.) If the spread is 
everywhere infinite, it follows from Properties I and III that the image of 
no rectifiable arc is rectifiable. If the spread is everywhere zero, X can 
contain no rectifiable arc, since the image of such an arc would be a point. ‘ 

On the other hand we can have a homeomorphic transformation with 
a constant zero spread of a metric space which contains no rectifiable arc, 
as shown by the following example. Let Y = {y} be the linear interval 
OSyS1. Let X= {x} be a metric space obtained from Y hy the con- 


* Compare the writer’s paper, “ On rectifiability in metric spaces,” Bullétin of the 
American Mathematical Society, vol. 38, pp. 419-426. i 


64 W. A. WILSON. 


tinuous transformation «= g (y) such that, for any two points y, y and the 
corresponding points v, s’, we have az’ = Vyy. It is easily seen that this 
transformation is a homeomorphism and that X is a simple arc. If y= f(z) 
is the inverse of = g(y), we see that yy’/rr’ = aa’; hence ms(x) == 0 at 
every point of X and mg(y) = œ at every point of Y. . 

The arc X has some remarkable properties. Any n + 1 points a, Q1, ** Qn 
may be arranged so that, if bı =f(ai), bi < din. Setting ri = bibi, we 
have da; == VTi Qola = VTi + T2 Gols = V T F Ta F Tas °°, did, = Vite 
ete. Substituting these values in the (n+ 1)-point determinant Da used by 
Menger * as a criterion of imbeddability in Huclidean space, we find by easy 
algebra that Dn = (—1)%-2"-1r,-72° + +m. Hence the are can be im- 
bedded + in Hilbert space, no n+ 1 of its points can be imbedded in an 
(n — 1)-dimensional Euclidean space, and in particular no three of its points 
lie in a straight line. The curve is extremely crinkly; not only is no part 
of it rectifiable, but, if a, b, and c are any three points in order, abc is a 
right angle. i 


5. Unrestricted regular transformations. The foregoing example sug- 
gests the following definition. Let v= ẹ(u) be a one-valued real function 
defined for w= 0 and subject to these conditions: (a) (u) > 0 if u > 0; 
(b) (0) =0; (c) (u) is continuous; (d) if ui + u: Æ us, then 
p(w) + (ue) 2 o(us). If y= f(s) is a continuous transformation of a 
metric space X into a metric space Y such that, if u is the distance between 
two points in X, the distance between the image points in Y is v == ¢ẹ(u), 
where ¢(w) satisfies Conditions (a) to (d) above, we say that the transforma- 
tion is an unrestricted regular transformation and call (u) the scale function 
of the transformation. 

Such a transformation is regular in the sense that the spread is constant 
(as will be seen soon) and congruent figures go over into congruent figures. 
-~ It is unrestricted in the sense that it can be applied to any metric space. 
A transformation whose scale function satisfies the given conditions except 
for (d) would preserve congruences and might be applicable to a certain 
space X, but not applicable to a metric space containing XY. Simple examples 
of functions satisfying the given requirements are v = Vu, v == log(1+ u), 
and y==sinw for uss x/2 and v= 1 for u œ xr/2. The function v = u? 
does not satisfy Condition (d) and so a transformation involving this relation 


sai Untersuchungen über allgemeine Metrik,” Mathematische Annalen, vol. 100, 
pp. 119, 120. 5 
fle, is congruent with a sub-set of Hilbert space. 
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between distances would be impossible unless for every triple of points in the 
given space |(ab)?— (ac)?|=S (bc)? S (ab)? + (ac)*. . 

Any scale function v = (wu) of an unrestricted regular transformation 
has a variety of properties,* of which the following are important: 


I. It is monotone increasing. 
II. ¢'(0) exists, finite or infinite, and ¢’(0) > 0. 
II. For any value of u, lim sup (Ad/Au) = ¢’(0). 


IV. If the i inverse, u = ay, j A also a scale function of an E 
regular transformation, vjú is a constant. 


Property I is easily deduced from Conditions (a) to (d). To prove 
Property II let M be the upper bound of $(w)/u; then lim 1 sup [o(u)/u] SM. 


If M is finite, there is, for every « > 0, some talas- ü of u for which 
e (ü)/ūù > M—«/2. Now ẹ(u)/u is continuous; hence for some è > 0 and 
any u such that |u—a@|'< 8, ¢(u)/u>M—e. If w'< 8, there is an 
integer n for which | nu — ù| <8. Moreover, by repeated application of 
Condition (d), . 
p(w) /w = o(nw)/nw’ > M—e. 


Hence limi inf [ġ(u)/u] ZM. A similar argument applies if M= o. 


Therefore Y (0) exists and equals M. Clearly M=~0, since ¢(u) > 0 it 
u>0. Property III follows from Condition (d) in the above definition, 
and Property IV is a consequence of III and the fact that $’(0) -y’/(0) =1. 


THEOREM. Let X = {x} be a dense metric space and y = f(x) be an 
unrestricted regular transformation whose scale function is v==o(u). Then 
y = f(x) defines a homeomorphism and its spread is ¢’(0) at each point of X. 


Proof. Theinverse transformation = g(y) is one-valued, since ¢(u) > 0 
for u > 0.- If g(y) is not everywhere continuous, there is a point yo and a 
sequence {yi} converging to yo, such that, if £o = g(yo) and m= 4g(yi), 
LiLo exceeds some positive number & for all values of i. If we let u; = ix, 
we have v; = $ (ui) = p(k) >0. This is impossible, as vj yiyo and 
Yi —> Yo. Hence g(y) is both one-valued and continuous, and the transforma- 
tion is a homeomorphism. 

If a is any point of X, there are points x and g’ in any vicinity of a. 
If we set u == az’, yy /zæ = v/u and, as v and g’ approach a, u->0. Hence 
ms(a) = lim (v/u) — $°(0). : 


* Compare also F. Toranzos, “ über die Funktionel-Ungleichung f(w) + f(y) 
f(a+y),” Rev. mat. hisp.-amer., vol. 2, pp. 109-113. - 
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6. The theorem just proved shows that the discussion of § 4 is valid for 
the class’ of unrestricted regular transformations. Furthermore, if the inverse 
of such a transformation is also regular and unrestricted, Property IV of scale 
functions shows that the transformation is one of similitude. 
This is not, however, universally the case. The functions v= Vu and 
v = log(1 + u), mentioned earlier, are instances in point. Such transforma- 
tions, when applied to ordinary spaces, produce interesting new spaces. For 
example, if ¢’(0) = k 4 œ and the given space is complete and convex, the 
` image is complete and each pair of points is joined by an arc of length k times 
the distance between the corresponding points in the given space, but the 
image is not convex unless the transformation is one of similitude. If we take 

- as the space X a unit square in the plane and apply a transformation. with 
the scale function v = Vu (here $’(0) == œ), the image F is a simple two- 
cell, the images of segments in X of equal length being congruent simple arcs 
of the type described in § 4. It would be interesting to know whether this 
and similar configurations can be imbedded in Hilbert space. 


% Angles and conformality. Let A, B, and C be points in a metric 
space, a = BC, b = AC, and c = AB. Let us call the symbol BAC an angle 
with vertex A and define its value by the formula cos BAC —(b? + c? — a?) /2be, 
taking the value between 0 and +. This definition is possible by virtue of the 
metric triangle inequality. If p and o are two rays * with the common initial 
point A, and B and C are other points on p and g, respectively, we say that ` 
p and o make an angle (p,o) if lim BAC exists when B and C approach A. 
A homeomorphic transformation in which angles between rays are preserved 
will be called conformal. 

In general metric spaces angles defined in this manner obviously lack 
many important properties usually associated with angles and a further in- 
vestigation of the types of spaces admitting these properties and of conditions 
for the existence of angles between rays is needed. We can, however, obtain 
one interesting result without restricting our space. 


THEOREM. Let X and Y be homeomorphic metric spaces and the trans- 
formation of X into Y be an unrestricted regular transformation whose scale 
function p(u) has a derivative continuous at u = 0. Then the transformation 
is conformal. 


Proof. Let A be a fixed point, and B and C be variable points in X. 
Let a == BC, b = AC, and c= AB. Let the corresponding points and dis- 
tances*in Y be denoted by primed letters. To prove our theorem we must 


*Le., topological images of half-lines. 
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show that, if lim cos BAC exists as B and C approach A, then lim cos B’A’C’ 
‘exists and is the same. _ 

For any sequence of positions of B and C converging to A at least one of 
the following three cases for some sub-sequence will occur: (I) a/b—> œ or 
a/e—> œ; (II) a/b->0 or a/c 0; (IIL) a/b, a/c, b/a, and c/a are bounded. 


Case I, Let a/b—> œ. By algebra 
1— cos B’A’C’ = (1/2) [1 + (@ —d’)/e’] - [1+ (w — ¢’)/0’]. 
By the mean: value theorem we have a’ — b’ = (a — b)- (w) and 
d =c p' (u) where a < w <b and 0 <W” <c.. We can then write 
(a —0’)/c’ = [(a—b)/c] + [8 (w) /g(w)]. 
As a, b, and c approach zero, lim [¢’(u’)/¢’(u”)] =1. Since a/b > 0, 
it follows by the metric triangle inequality that lim [ (a — b) /c] = 1. Hence 
we know that lim [1 + (a’— 6’)/c’] = lim [1 + (a—b)/c] =2. In conse- 
quence of the existence of lim (1 — cos BAC) and of lim [1+ (a—b)/c], 
it follows that lim [(a — c) /b] exists. By an argument like that above, we 
then have lim [1 + (a’—c’)/b’] =lim [1 + (a—c)/b]. Consequently, 
lim (1 — cos B’A’C’) = lim (1— cos BAC). If a/c-—> œ, we proceed in 
exactly the same manner. 


Case II. Let a/b— 0 or a/c—>0. The procedure- is similar to that in 
Case I, with the exception that lim [(a—b)/c] = — 1, or lim [(a—c)/b] 


=—1. 


Case III. If a/c, a/b, b/a, and c/a are bounded, it is shown by the, 
metric triangle inequality that b/c and c/b are also bounded. By simple 
algebra we find that i 
2 (cos B’A’C’ — cos BAC) 

== (b/c) [b’c/be’ — 1] + (c/b) [be’/b’c — 1] + (a?/be) [1 — bea? /b’c'a*]. 
Since ¢’(0) is finite and not zero, each bracket converges to zero. On the 
other hand, the ‘coefficients are all bounded. Hence the above equation gives 
- lim cos B'A’ == lim cos BAC. 

Thus we have shown that every sequence of points B’ and C’ which are 
images of points B and C converging to A contains a sub-sequence for which 
lim cos B’A’C’ = lim cos BAC. But it then follows from the theory of limits 
that the same equation is true for all sequences. Hence the theorem is proved. 


8. Smoothness of arcs. Let A, B, and C be points ofan oriented simple 
arc, with B and C on the right of A and the letters so assigned that 4AB S AC. 
If lim [(AB + BC — AC)/AB] =0 as B and C approach A, we say that the 
arc is smooth on the right at A. Similarly we define smoothness on the left. 
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If the arc-is smooth on both sides of A and also for points B and C approaching 
A from opposite sides, with ABS AC, lim [(AB+ AC—BC)/AB] =—0, . 
we say that the arc is smooth about A. In another paper by the writer * 
it is shown ‘that for arcs in a Euclidean space these intrinsic conditions are 
necessary and sufficient for the existence of unilateral tangents and of tangents. 
If the points are in the order A, B, Cand both lim [ (AB -+ BO—AC)/AB] 
== 0 and lim [(AB + BC — AC)/BC] =0, we say that the arc is strongly 
_smooth on the right at A. If the order is C, B, A, we have strong smoothness 
in the left. By application of the metric triangle inequality we can show 
that these conditions imply the condition for unilateral smoothness above. 
If an are is strongly smooth on both sides of A and also smooth about A, 
we calleit strongly smooth about A. It is readily seen from the plane cosine 
law that the conditions for. unilateral strong smoothness are equivalent to 
requiring that angle BAC —> 0 and angle ABC —> ~ as B and C approach A. 
If the are lies in a Euclidean plane and has a tangent at each point B of a 
sub-are AC, it then follows that strong smoothness on the right is equivalent 
to the requirement that the tangent turns in such a manner as to approach 
the right-hand tangent at A as B approaches A. Thus strong smoothness is 
a generalization for abstract spaces of the idea of a continuously turning 
tangent. ; 


THEOREM. Let X and Y be homeomorphic metric spaces and the trans- 
formation of X into Y be unrestricted and regular and its scale function (u) 
have a derivative continuous at u = 0. If a simple arc in X has smoothness . 
of any kind at a point A, its image- in Y has the same kind ofi smoothness 
at the corresponding point A’. 


Proof. Let us take the case that the given arc is smooth on the right 
at A; the other cases are proved in exactly the same way. Let B and C be 
points of the are at the right of A, a = BO, b = AC, c= AB, and eb. 
Let the corresponding points and distances in Y be denoted by primed letters. 

By definition lim [(¢ + a—b)/c] =0 as B and C approach A, whence 
lim [(a—b)/c] =—1. By the mean value theorem a’ — b == (a— b) -p (w) 
and c’ = c: o (u), where a < w <b and 0 <u” <c This gives 
(a — b’) /c’ = [(a— b) /c] : [e (w)/p (w)]. By the continuity of ¢’(u), 

‘lim [¢’(u’) /$’(w’) ] = 1. Hence lim[(a’ — b’)/e’] =lim [(a—b) /c] =— 1, 
and lim [(c’ + a’ — 8’) /c’] = 0, which was to be proved. 


YALE UNIVERSITY, 
New Haven, Conn. 
e 


*“On angles in certain metric spaces,” Bulletin of the American Mathematical 
Society, vol. 38, pp. 580-588. 
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DISCONTINUOUS SOLUTIONS IN THE NON-PARAMETRIC 
PROBLEM OF MAYER IN THE CALCULUS. OF — 
VARIATIONS.* 


By Wirum T. Rem. 


' 1. Introduction. By a discontinuous solution in a calculus of variations 
problem is meant an extremizing arc having one or more corners; that is, the 
derivatives of the functions defining the arc have one or more points of dis- 

‘continuity. The treatment of discontinuous solutions has been largely limited 
to problems phrased in parametric form [see IV and V; the reader is referred 
to V for references to earlier literature on the subject].t In fact, Graves 
[V, p. 834] has stated that “it seems to be necessary to cast the problem in 
parametric form to get an effective extension of the Jacobi condition by meahs 
of the second variation.” 

The present paper treats discontinuous o for the general problem 
of Mayer in non-parametric form, and in terms of the characteristic numbers 
of a boundary value problem associated with the second variation there is given 
an effective extension of the Jacobi condition. Sufficient conditions are then 
established by the method used in the case of extremal arcs by Bliss and 
Hestenes and by Hestenes [VIII and IX]. The reader is also referred to 
the bibliographies at the end of these papers for references to earlier literature 
on the problem of Mayer. For the accessory boundary value problem in terms 
of which the analogue of the Jacobi condition is phrased the boundary con- 
ditions apply at more than two points, but it is significant that this problem 
may be transformed into one for which the boundary conditions apply at just 
two points, and of the type recently considered by the author [VIT; also X, § 6]. 
In view of a recent paper by the author [X], it follows that an analogue of 
the Jacobi condition may equally well be phrased in a manner which is a direct 
generalization of that given by Bliss for the problem of Bolza, and also used 
by Hestenes for the general problem of Mayer [IX, p. 483]. 

In §§ 2 and 4 there are given conditions satisfied by a minimizing arc 
for the problem here considered, while § 3 considers the construction of 
families of extremaloids. The second variation, an analogue of Jacobi’s 
condition in terms of an associated boundary value problem, together with 
the definition and determination of conjugate points, are discussed in §§ 5-8. 
In §9 there is proved an auxiliary theorem which is fundamental in the 


* Presented to the American Mathematical Society, June 23, 1933. 
+ Roman numerals in brackets refer to the bibliography at the end of this paper. 
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construction. of a field of. extremaloids as. defined, in ,§ 10, and, as, used in-§.11 
to establish sufficient conditions for.a strong relative.minimum.._.. 


2. The first necessary condition for 4 minimum, and preliminary 
remarks, The general problem of Mayer as formulated by Bliss [1] is that 
of finding in a class of arcs 


(2.1) y=) GAs an Se Sm) 
satisfying a system of differential equations and end-conditions 

(22) galt y¥I—=0 (WA ymca). 
(2. 3) Palts y (21), 2, Y(22)] =0 “(w= 1, +, pS2n+1)- 
one which minimizes a function of the form l 
(2.4) ` JEn Y (81), 22, Y (22) J. 


As is customary, we concentrate attention on a particular arc F, with 
equations (2.1) and inquire what properties it must have if it is to be a 
minimizing arc. It will be assumed that the functions g, Yu, pa and the 
functions y: (x) defining Ey, satisfy the hypotheses used by Bliss and Hestenes 
[VIII, p. 306]. The reader is also referred to their paper for the definition 
of admissible set and admissible are. 

Suppose that Fıs has r corners for values s == tọ (@==1,---,7), and 
ay < tı <ta <t <tr <z. To make the notation simpler, let to = z, and 
lr = £a. At times,we shall be interested in the component ares of Ei between 


corners. We therefore introduce functions yi¥(«) (y=1,-+-,r-+1) 
defined by 
(2.5) ye) y(t) (tye SBS ty; yA +), 


and denote the sub-arcs of Z;, thus obtained by EY. A one-parameter 
family of admissible arcs 


Pi 


yi = ys(2, b) r (b) < aX t, (b) 


which contains Fiz for b = bo and whose end-values satisfy the equations 
(2.3) may be thought of as a one-parameter family of arcs 


(2. 6) Yi =y (a,b) (tya (b) SaaS tyb); y=1: r1) 


which contains the set y:Y belonging to E, for b = bo, which satisfies with 
the set y’:Y (x, b) the equations (2. 2) on ty- (b) = e S ty(b), and is such that 


en 2) Paleb), y (Eb), b); a(b), (a(b), 0)] — 0 
eb) xe | yi] =p (to(b), b) — y” (tob), b) =O (B= 1, +r). 
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The equations of variation of the differential equations (2.2) are 


(2. 8) dals, M x] == pay i + danni = 0 : (a =1; +", m), 
where the coefficients ¢ay,, ayı haye as arguments the functions (2.1). 
defining Faz- , 

If we set 


é = Tso(bo), 19 == teo(bo), ni = Y(T, bo), (s = 1,2; 0= 1,7, r); 
then the equations of variation corresponding to (2.7) are 


a) Ya[é, 7] = (Yus, + YY in) + (Yus + Yuva iz) Eo 
(2. 9) + Yeni (z) + Yuni (Le) = 0, 

b)  Xe[0 | rn] = {yi (tr) — y'i (tot) } ro + na (tor) — m (t) = 0% 
The corresponding variation of g[#1, y (£1), 22, Y (22)] will be denoted by 
G[é (21), éz 9 (22) ]- 

A set of constants és, rọ and functions yi(x) will be called a set of quasi- 
admissible variations if on each interval ty- < £ < ty the functions i (x) 
coincide with functions 7:7(%) which are continuous, consist of a finite number 
of pieces with continuous derivatives, and satisfy equations (2.8) on 
tyr SUS ty(y=1,---:,r+1). A set of quasi-admissible variations will 
be called a set of generalized admissible variations if equations (2. 9b) are 
satisfied. It follows readily that a set of generalized admissible variations is 
a set of admissible variations as defined by Bliss, if and only if r= 0 
(@==1,---,7r). 

If £60,790, nic (o = 1,°°°:,P+1—p+rm-+1) are P+1 sets of 
quasi-admissible variations, it follows by a method similar to that used by 
Bliss ie p. 691] that there exists a family 


(2. 10) = yi(2, bat + +, Opa), | 
S . +, bpa) Ses ty (81, ° J -, Opis) (y=: f ‘,r-+1) 


satisfying equations (2.2), containing F, for bs = 0, and having the sets 
sc, rgo, gic as its variations along Hi. with respect to the parameters bc. 
_ When the equations (2.10) are substituted in the functions g, Yu, xi, these 
become functions of 6,,---, bp. The following necessary condition may 
then be proved in the manner used by Bliss to establish the first necessary 
condition for the problems of Mayer [I, p. 311] and Lagrange [III, p. 683]. 


I. THE First Necessary Conprrion. For every minimizing arc Ez 
. . 


* Throughout this paper, the repetition of a subscript in an expression wil] indicate 
summation with respect to that subscript over its range of definition. The + and — 
signs attached to the argument of a function will be used to indicate the right-hand 
and left-hand limits of the function at the indicated value of the argument. 
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for the problem of Mayer with corners at x = tọ (@—=1,---,17) there exists 
a function F =dq(@) oa such that between corners of Eis, 
(2. 11) ‘ (d/dz) Fy, — Fy, = 0, a = 0, 


and such that 
(2. 12) By, (22) 93 (x2) — Fy, (21) (a) -+ AoG[E, a(t), Éz n(z2)] = 0 
for every set é, (zı); &,9(%2) satisfying the equations Vp[é., (2), 
én n(£2)] = 0. The multipliers a(x) coincide on each segment ty <E < ty 
with functions aY (x) which are continuous on ty Ss ty; furthermore, 
the functions Fy, F—yiFy, are continuous at the corner points a = tg 
(@=-1,---+,r). 
l This first necessary condition differs from that obtained in the usual 
fashion [IX, p. 480] in that it includes the additional condition that the 
function F — y'iFy, is continuous at the corners of a minimizing arc.* 

If Hy. is an admissible arc which satisfies between corners the equations 
(2. 11), and which is non-singular, that is, at each element (a, y, y, à) of Fis 
the determinant 
F, yy; pay’, 
bpv; 0 
is different from zero, then the functions y;(7) and a(x) are of classes O” 
and ©” at least between corners. In this case Hy. consists of a finite number 
of extremal arcs and is called a broken extremal. A broken extremal such 
that the functions Fy, and F— y'iFy, are continuous at its corners will be 
called an extremaloid. 

The admissible are Fa is, normal if there exist p sets of admissible 
variations és, niv ($s = 1,23; v= 1,: - -, p) such that 
(2.18) | ule, a] | £0. 
Ey, is seen to be normal if and only if there exist P sets of quasi-admissible 


variations ér, Tor, yin (m = 1,: +, P) such that 


Vy [E97] 
Xi [1 | Tr, yr] 


pe 





F 0.4 
Kilt | ra] s 
* The eontinuity of F —y';F yp, has been derived in another manner by Bliss and 
Hestenes, who have also discussed the dependence of the continuity of this function 
upon the continuity of Fp, For abstract of their paper, see Bulletin of the American 
Mathematical Society, vol. 39 (1933), p. 341. 
¥ One such set is obtained as follows: let Tgr =0 (r=1,--+-,P; @=1,---,r), 
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The admissible arc Fs is normal on the. sub-interval x'g” if there exist 
2n — 1 sets of admissible variations Š, yx(z) (k =1,: -.-,2n—1) such 
that the matrix 
nix (2) 
nix (2) | 











has rank 2n — 1. 
The method used by Bliss to prove the corresponding result for the 
problem of Lagrange [IITI, p. 695], gives the following result. 


Lemma 2.1. If a set of generalized admissible variations £s, Tg ni (x) 
` for a normal admissible arc Hy. satisfy the equations Uy[é, 4] = 0, then there 
exists a one-parameter family of admissible arcs 


2.148) p=) ta) SS), (Vets yr $1) 


satisfying the equations (2.7), containing Bız for b = bos and. A hang the set 
Ée, To ni(@) as its variations along By». 


-We have also: 


Lemma 2.2. If E, is an extremaloid, then for every set of generalized 
admissible variations &,79,7i(“) along Ex. the functions.ni(x) satisfy the 
relation 

g= a’ 


(2. 15) l Fyn | =? 


for every set of values x and 2” on 20>. 


It then follows readily that at each corner v == tọ of F, the functions 
ni(z) belonging to a set of generalized admissible variations és, 79, i (2) 
satisfy the equation 


(2. 16) Fy, (to) ni (tr) — Pry, (tot) 71 (to) = 0. 


3. Construction of families of extremaloids. Embedding theorems for 
extremaloids will be obtained by starting with an extremal sub-arc of the given 
extremaloid and showing how to proceed past a corner. We shall assume that 
the given extremaloids Æ> has corners at z == tọ (0==.1,---,7r) and is non- 
singular. Along an extremal sub-are EY,» of Hy, whose equations are of the 
form (2. 5), the equations 


and choose &,,,9;, (7 =l,- - +, p) as a set of admissible variations satisf¥ing (2.13); 
finally choose quasi-admissible variations n; PE R (x) as continuous on q < e 5S ty 
satisfying the conditions 7; PATET TE (ty) = 8,5, and as identically zero on ty L oso, 
(@=1e esr). 
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(3. 1) Fy,(2, Y, YA) = ži palt, Y, y) = 0 
may be solved for the variables y’;, A, in a neighborhood of the values (v, y, e) 
on Y,a The solution of (8.1) has the form 


(3. 2) y'i = Pi (T, Y, 2), Aa = Aa? (2, Yy 2)» 
and has continuous partial derivatives of the first two orders since the first 


members of the equations (3.1) have such derivatives. The system (2.11) 
is now equivalent to the system 


(3. 3) dy OE ial, dzi/de = Fy,[a, y, PY (a, y, 2), AY (a, y, 2) J. 


It then. follows that through each element (£o, Yo, Z0) in a neighborhood of | 
the set of values (x,y,z) on EY, there passes a unique solution 

(8. 4) Yi = Yi (T, To, Yo, Zo), Zi = Z0 (z, Tos Yos žo) ; 

of equations (3.3) for which the functions Y%, Y%ie,Z%, ZYis have con- 
‘tinuous partial derivatives of the first two orders since the second members 
of (3.3) have such derivatives [See III, §6 and VIII, § 3]. 

For (Zo, Yos Z0) in a suitably restricted neighborhood of #',, we then have 
a family of extremal arcs of the form (3.4) for y—=1 embedding Ey. Now 
along this family the corner equations 

Fy [T, Y(T), Ye(L), A (T)] —Fy, LP, Y(T), p, A] =0, 
, FIT, Y(T), Y*a(T), A(T) ] — Ya (T) Fy, [T, Y(T), Y(T), &(T)] 
G2) — FLL, ¥*(2), p,A] + pF dL, (2), pà] =0, 
$a[T, ¥*(T), p] =0, , 
where for brevity the arguments (£o, Yos Z0) are omitted in writing, have 
initial solutions T == t, pi = y'i (tit), Aa = àa (t+), (Lo, Yos Z0) equal to an 
arbitrary element Zoo, Yoo, Zoo OD H x2. Since Hy. is non-singular, the functional 
determinant of the equations (3.5) with respect to the variables pi, Aa, T is 
seen to be equal to a non-zero multiple of the value of Q, at z = f, where 
(3. 6) Q(T) — Prt F yr Fyt — Fr | Vi P yc, 
and the superscripts +- and — denote, respectively, the right-hand and left- 
hand limits at a given value of v. 

Consequently, if we make the additional assumption that Q)(t:) «0, 
the equations (3. 5) have unique solutions p; = p (Lo, Yos Zo}, Aa = Àa (Los Yos Zo), 
T = Ti (To, Yos Zo) having To, Yos Zos Pis Aa, T in suitably restricted neighbor- 
hoods of oo, Yoo, Zoos Yi (tit), Ae(tit), t respectively, and these solutions are 
of class ‘C’ at least. Application of the embedding theorem to the extremal 
sub-are Æ?» now shows that through each element l 


[T (Zo, Yos Zo); Y(T (To Yos Zo) Tos Yos Zo); Pi (To, Yos Zo), Àa (To, Yos Zo) | 
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there passes a unique extremal arc in a. neighborhood, of H*,2, provided 
(Zos Yo, Za) is sufficiently near (Zoo, Yoo; 200). If Q, is assumed to he different 
from zero at each corner of Hy, we may proceed past these corners successively 
and obtain a family of extremaloids 


(3.7) Yi = Vix, To Yo, Zo), Zi = Zi (T, Lo; Yos Zo) (@, STS 2%) 


defined for (x, to Yos Zo) in a neighborhood of the values corresponding to Fiz 
and containing Fıs for (T1, E2, Zos Yoo 20) = (X10, L209 Coos Yoo, Zoo) The func- 
tions Y; are continuous in all their arguments, and. Yi, Yis, Eiso, Aa, Aue are 
of class C” in all their arguments except at the corners; furthermore, the 
corner manifolds . 


(3. 8) K Tg (to, Yos z); y = Yi [To (2o, Yos 20)» Los Yos Zo] (8 is 1, vt yar’) 


are of class 0”. ; ou a 

In the above proof of the existence of the family (3.7) we have assumed 
that the element (Zoo, Yoo) 200) Was on Etiz. If this initial element occurred 
on some other extremal sub-are of Fy it is clear that a family of the form 
(3.7) would be obtained by extending the family past the corners of the 
adjoining sub-arcs successively. l l 

Since each curve (3.7) has an initial set at z = 21) we lose none of them 
if we replace x) by; the fixed value fio Furthermore, on account of homo- 
geneity relations satisfied by the functions of the set (3.7), the family is seen 
to depend essentially upon only 2n — 1 constants [VIII, p. 310]. If these 


constants are suitably chosen and denoted by ¢1,- * *, Cm- the equations 
of the family take the form 
(3. 9) Yi = yi (T, 6), Zi = 2;(2, c) (a S oS 2) 


and contains #,. for special values (#1, £2, C) = (10, 20, Co). In a neighbor- 
hood of the values (2,.c) defining Hi, the functions 

Yis Yiz, Yiaw, Zis Zia, Aa = Aa[@, y (x, c), a(x, e)l, Aas 
are of class C’ in all the arguments except along the corner curves of the 


family, and for the special values (210, Co) the determinant 


Yics 0 


8.10 
( ) Rice Ži 








“is different from zero. Finally, the equations of the corner manifolds of the 
family may be written in the form - 


My(c) : s= tale), yi = yi (tale), e) (0—1, + 5,7) 


and the defining functions are of class O” in a neighborhood of c = ¢. 
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4. Further conditions satisfied by a minimizing arc. The Weierstrass 
necessary condition states that at each element (a, y, y’,) of a normal mini- 
mizing arc Fıs the inequality ` 


(4. 1) E[r, YY, Y, à] 
=F (z, Y Y, à) — F(z, Y YA) (Ya — Vi) Fy, (2, Y: Y, à) = 0 


must be satisfied for every admissible set (x, y, Y’) =Æ (a, y, y’).* The neces- 
sary condition of Clebsch states that at each element (2, yY, Y, A) .of a normal 
minimizing arc the inequality 

Fy (z, Y, Y, A) ILIE; = 0 


must be satisfied by every set (Ili) 4 (0) which satisfies the equations 
dav Ili = 0. The conditions of Weierstrass and Clebsch will be denoted by 
II and ITI, respectively, while IJ’ and IIT’ will be used to denote the con- 
. ditions: strengthened to exclude the equality sign. ' 

At a corner x = tg the corner conditions of the first necessary condition 
iniply 
(4.2) Elite, y (te), Y Gr), Y (tor), Alte) J 

= 0 = E[ te, y (t0), Y (tot), Y (tor), Ate) ]. 

Let P:? (x) be a set of continuous functions such that P:? (te) = y'i: (te) and 
which satisfies the equations palz, yf (£), P (<)] = 0 in a neighborhood of 
== t} By the use of the corner conditions we obtain that the function 
E[a, y(x), y (£), P(x), A(x) ] has at s = ty a left-handed derivative equal in 
value to Q)(¢g).t Similarly, if Q: (x) is a set of continuous functions satis- 
fying Qi° (ts) = y'i (te) and palz, y (x), Q! (x)] = 0 in a neighborhood of 
z = ta, then E[s, y(x), y (x), Q°(x),A(x)] has a right-handed derivative at 
© == ty equal to — Q(t). We have, therefore, the following results: 

If Ey, is an extremaloid along which E È 0, then Q)S 0 at the corners 
of Hyp. 

If Ey. is a minimizing are for the problem of Mayer, then Q'S 0 at the 
corners of Es». 


We have also the following property: 


If Eiz is an extremal are and at an element (£,Y, Y, A) of Ei: the 
E function is non-negative, but vanishes for an admissible set (x,y, Y’) 


° 
* See Graves, “On the Weierstrass condition for the problem of Bolza in the 
- calculus of variations,” Annals of Mathematics, vol. 33 (1932), pp. 261-274. 
t The corresponding result for the Lagrange problem in parametric form has been 
established in the above manner by Hefner [VI]. 
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Æ (x,y, Yy); then there exist multipliers Na such that the set (z, Y, Y'A) 
satisfies the corner conditions with the set (2,9, Y, A). 

The function E[s, y, y’, p,A] is non-negative for all sets p; such that 
(z, y, p) is in R, palz, y, p] = 0, and || day, (2, y, p) || is of rank m. There- 
fore, since p; = Y’; is a set such that. 


(4. 3) efez, YY, Y’, A] =0, 
it follows that there exist constants da satisfying the equations 


(Aa + da) pay, (2, Y Y’) — Aagay'; (z, Y, y) = 0. 
Tf Aa = Àa + da, the set (x, y, ¥’,X) satisfies the conditions 
Fy, (2, Y, x5 À) = Fy, (2, Y y, à); 
and from (4.3) it then follows that the other corner conditions are also 
satisfied. 

In view of equations (4.2) it is seen that along an extremaloid which is 
not an extremal are condition IT’ cannot be satisfied. As a matter of notation, 
however, an arc of the form (2.1) will be said to satisfy condition IT’, if at 
each element (2, y, y’, à) on the arc we have ` 


Ele y, y, Y’,r] > 0 
for every admissible set (x, y, Y”) which is distinct from the sets [z, y, y’(«—)'] 
and [#, y, y (e +)]. 


5. The second variation. Consider a normal non-singular extremaloid 
Ey, with end-values satisfying the equations ya = 0 and which. has. corners 
at c= ty (6=1,---,7r). Let &, 79, 7:(@) be a set of generalized admissible 
variations satisfying the equations Ya[£, 7] =0. By Lemma 2.1 there is a 
one-parameter family of admissible arcs (2.14) containing F> for b == bo, 
satisfying y, = 0, and having the set és, Ta, m(x) as its variations along F12. 
If the equations of this family are substituted in the functions g, Yp Xi; ba 
we obtain * 


(5.1) gsl& nnl = FO] = lén), bos nle) | 
+ EPH | altr) ne) f olem )ae 


where 


Ro = Py yj en's + UP yyy ins + Frum 


HEO | rosn (to), (tor) ] = [r0 {Fo + Fuys} + 2reP ys] ve if , 


* The reader is referred ta [II] for the corresponding calculation of the second 
variation along an extremal are. 
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and Q is a quadratic form in its arguments whose explicit value will not be 
written. 5 

6. The accessory boundary value problem and an analogue of Jacobi’s 
- condition. We shall now consider the problem of minimizing the expression 
g2[£, 7,7] in the class of generalized admissible variations which satisfy the 
equations ¥,[é, 4] = 0, and are normed such that 


(6. 1) oe Og + f "nee 


The formulation of this problem is simplified by the introduction of new 
functions (z) [k = 1,: - -,n(r + 1)] by the equations 


(6.2) Uey-aynst(@) = m (bya + e[iy— ty]) (0S5 1; y=1, r +1). 


The limiting values of the functions y:(x) at the points ~ == tọ are then 
expressible as end-values of the functions u(x) at v= 0 and «1. The 
integrals in (5.1) and (6.1) are seen to become integrals on 0 5 a= 1 of 
quadratic forms in the variables u(x) and their derivatives, and the set of 
m equations (2.8) reduces to a set of m(r + 1) linear differential equations 
in the new variables. Finally, let r+ % additional functions be defined by 
the equations š , 
Urnenas (0) = $s, Urnensesg (0) = To (s = 1,2; ĝ= 1, +, r), 
Wrnins = 0 = w TREN+24G (0 Ssss 1). 
Our accessory minimum problem described above then reduces to the 
problem of finding in a class of arcs 


(6.3) w=w(e) (0S¢S1; ¥—1,---,N=m+r+n+2), 
which ‘satisfy a set of mr-+m+r-+2 ordinary linear homogeneous differ- 


ential equations of the first: order, rn + p linear homegeneous equations in 
the end-values of these functions at s = 0 and s = 1, and the condition 


(8.4) S luma) + f° S S aana la)] [ty — trade = 1, 


one which minimizes an expression of the form 


(6. 5) Io[u] = 22[u(0), u(1)] +f" 2w (a, u u’) de 


In this last expression 9 and w are quadratic forms in uy(0),uv(1) and 
Uy, Wy respectively. 

The boundary value problem consisting of the Woler-Legrange equations 
and’ transversality conditions for this reduced form of the accessory mini- 
mizing problem is of the form recently considered by the author [VIJ, and 
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X, § 6]. If F, is a normal extremaloid which satisfies condition III’, then 
the conditions of Theorem 6.1 of [X] are satisfied and there exist infinitely 
many real characteristic numbers Ay SA, SA; S- + > of the boundary value 
problem. Furthermore, each characteristic number is determined by a corre- 
sponding minimizing property. In particular, A, is the minimum of rA olu] 
in the class of arcs (6.3) which satisfy the differential equations, end- 
conditions, and condition (6. 4). 

It is more convenient for our use, however, 9 write the differential 
equations and boundary conditions of this accessory boundary value problem 
` in terms of the original set of variations és, 79, ni (x) defined on a2. It is 
also advantageous to give the differential equations in canonical form. As is 
customary, let l ; 
Q(z, m 1, u) = 0(&5 9, 7) + paPa(z, 7’). 

Along a non-singular extremaloid Hy, the equations . 


(6. 7) i = Oy, (2, K E L)» Da (2, K 7) =0 
‘have unique solutions ` 
(6. 8) fi = ils, 7, €], Pa = Malz, 9, £] 


which are linear in the variables ni, fi. It then follows that the characteristic 
numbers of the accessory boundary value problem are the values of A corre- 
sponding to’ which there exist sets &,7,9i(%),:(%) which satisfy the 
following conditions : 

(a) the set £s, 79, 71(x) is a set of generalized admissible variations ; 

(b) the functions y: (£), £:(x) ‘coincide on each segment ty- < a < ty 
with functions which are of class C” on ty. = os ty; 

(c) the functions qi, é: are not all identically zero on sıx, and satisfy 
on each segment ty. < Tz < ty the equations 


(6. 9) vi ars H[z, KE é]; af = Oy, (z, K H[z, N él, M[z, K ¿]) — Ani = 0, 2 = 0; 
(d) there exist constants 


dy, deji (w=1,: + +,p30—1,: ++, 7; i=l, oon) 
` which satisfy the equations f 
Yal 7] =0 (=L ph . 
X;[6 | 7,4] = 0 l (4 =1;:+-+,n; 0=1,---,7r), 
Qais + Epp, + (— 1): (ts) = 0, 
(6.10) Qe, +: du®pe, — Aes = 0 (s = 1, 2), ° 


roFy, (tor) + do + &: (tr) = 0, 
rely, (tg) + days + & Cte) = 0, 
He [9 a0] + {y'i(tor) — y's (to doi hey 
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It is to be remarked that if és, 79, qi, € is a solution of the system (6.9), 
(6.10), then the multipliers wa(x) defined by (6.8), together with the 
functions 7/;(%), coincide on ty... < x < ty with functions which are of. class 
C on iyi SeS ty (y—1,-°:°,r7+1).-- 

We have the following important theorem. 

THEOREM 6.1. Let Hy. be a normal admissible arc whose end-values 
satisfy the equations Xu = 0, and which satisfies conditions I and III’. Then 
a necessary and sufficient condition that go[é,r,7] =0 for all sets of gen- 
eralized admissible variations £s, 79, i(%) which satisfy the equations Yy = 0. 
is that the least characteristic number M of the corresponding boundary value 
problem (6.9), (6.10) be non-negative. 


As a corollary to this theorem we have the following result: 


IV. Tsar Conprrion or Mayer. For a normal non-singular mini- 
mizing arc Hy». the least characteristic number à, of the corresponding accessory 
boundary value problem (6.9), (6.10) must satisfy the condition à, = 0. 

As is customary, IV’ will be used to denote condition IV with the equality 
sign excluded. 


7. -Secondary extremaloids. The differential equations (6.9) reduce 
for A= 0 to the set 


(7.1) gi = Hila, m E], Ui =, (2, q, Hla, m E], M[a, 9, €]), Balz m 9) = 0. ; 
This set is called the accessory system of differential equations. We shall 
understand by a secondary extremaloid a set of functions qi (£), (x) and con- 
stants rọ satisfying condition (b) of § 6, which is such that equations (7.1) 
are satisfied on each segment t,..<«'<t,, and which satisfies with asso- 
ciated constants deji the corner equations - 
xi [0 | T, n] = 0, 
Xani lO | t, 9, d] = refy (to) + daji + 2 (to) = 0, 
(7.2)  Xanni[O |1, 9, d] = Tofu, (tot) + doji + i (tot) = 0, 
Xens [O | 7,9, d] = Hr, [| 7,9] + {y's (tor) — y'i (tot) Ydo = 0 
(8 =1,: r). 
Iquations (7.2) are seen to be those of the set (6.10) which apply at the 
points s = tọ with A~=0. l 
The following lemma is of significance: 


Lemma 7.1. If E is a normal non-singular extremaloid having 
Qo £0 at its corners, then corresponding to a secondary extremal are Ñi; &i 
defined, gn one of the intervals tyı 5 sE ty there is a unigue secondary 
extremaloid on v SxS x whose defining functions coincide with ni, éi on 
their interval of definition. 
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In the 3n + 1 equations of (7.2) corresponding to a given value of 6 
the determinant of the coefficients of the quantities Ta, deji; qi (to`), éi (to), 
or of the quantities rg, doji, mi (t+), Ei (tot), is seen to be a non-zero multiple 
of Oo(t,). Lemma 7.1 then follows readily from the hypothesis Q(t) =Æ 0 
and the existence theorem for the system (7.1). 

In particular, it is to be noted that y,==0, ,==2:(x) is a secondary 
extremaloid for which 77 =0 (@=1,:--,7). 


8. The determination of conjugate points. As before, we consider a 
normal non-singular extremaloid Hy. with corners at æ = tẹ (0 =1,:--,r). 


DEFINITION OF CONJUGATE Pornt. A value x, is said to define a point 
3 conjugate to the point 1 on Hy», if there exists a secondary extremaloid 
To = 099, hi = Ui (w), Ei = vi (x) whose functions u;(x) are not all identically 
zero On Tt, and satisfy with constants c, d the conditions 


(8.1) uilt) = 0 = cti (vy) + dui (a+) (cd = 0, c+ d0). 


If æ does not define a corner of Hız the conditions (8.1) become 
Ui (a) = 0 = w lT). 

The following lemma is a consequence of equations (7.2) and (3.6), 
and the proof will be omitted. The results will be used in establishing certain 
properties of conjugate points. 


Lemma 8.1. Let ro, i(%), fi(v) be a secondary extremaloid which at 
a particular corner point «== ty of Eiz satisfies with constants c and d the 
relation 
(8.2) ons (tor) + dns (tor) = 0 (c +40). 
Then ` 
(8.3) 2H[O| dro/ (c + d), nlto), 0] + m (to) ti (to) = cdr Qo (ty) /(¢ + d)?, 
(8.4) 2H[ | crg/(c + d), 0, (tg) ]— m (tor) bi (tg) = cdrg?Mo (ty) / (c + d)’. 
A generalization of the result obtained by Bliss and Hestenes [VIII, , 


p. 315] for extremal arcs in the special Mayer problem for which p = 2n + 1 
is given by the following necessary condition. 


N IVe. Let Ex be a normal non-singular extremaloid, normal on every 
sub-interval z£ of E2, and having. Qo =Æ 0 at each of its corners. If E is 
o minimizing are for the problem of Mayer here proposed, then between 1 
and 2 on Hy. there can be no points 3 conjugate to 1. 


If there were a secondary extremaloid og, i, vi whose functions ui (2) 
satisfied conditions (8.1) but were not all identically zero on a2, then let 


(8.5)  m(2)=u(2) (mn SeSm), p(s) =0 (4 <eXa). 
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In case either wi (v3) = 0 or wi (ast) =0 (i= 1,---,), correspond- 
ing constants rọ would be defined as follows: if ui(as-) = 0 (¢=1,: + -, 2) 
then rg = og if tọ <a, and to = 0 if ty Z z3; if the values ui(2s-) were 
not all zero but, u;(z+) = 0 (t==1,---,n), then ro = cy if tga, and 


tọ = 0 if tọ > z, These values, together with the functions y; of (8. 5) 
and the constants és = 0, would be such that g.[é,7,7] = 0, and would be 
therefore a minimizing set for the accessory minimum problem of § 6. There 
would then exist multipliers ya(x) and functions (s) defined by (6.7) 
which were of class C’ and satisfied with the functions (8.5) equations (7. 1) 
on Poyi sub-interval of 7,2, which did not contain any of the points aa, ty 
(@=1,---,7r). Furthermore, the functions {:(2) would be continuous 
between corners of Fıs and equations (7. 2) would be satisfied by ‘suitable 
constants doji In view of the normality of Hy, on a322, there would then 
exist a constant & such that £;(7) == kzi(£) on xs, and as a consequence 
of the continuity of ¢;(x) between corners of Hi. and Lemma 7.1 it would 
follow that u;(¢) == 0 on 2,23, which is a contradiction. l 
There still remains the possibility of x, defining a corner point tg. of Hie 
` and the functions of neither of the sets ui(as-), wi(zs+) being all zero. In 
this case it would follow from the equations Xi [6* | o, u] = 0 that om ~0. 
With the functions 7;:(x) of (8.5) we would then associate constants És, T9 
as follows: 
és = 0 (s =1,2); tg =o) if 0 < 0*, rto =0 if 0 > O*, Tto = dogs/ (c + d). 
It would then follow from Lemma 8. 1 that 
G2L& T, 9] = Cdo*GQo (tee) / (c +4)? < 0. 
Since this is impossible if W,» is a minimizing arc, the necessary condition 
IV, is therefore established. 

The notation ZV”, will be used to denote the condition that there exist 
no value x on Tı < T ta which defines a point conjugate to the point 1 on 
E2. It follows readily that condition IV” implies IV”. 

Tf 7i bi and a, T: are a pair of secondary extremal arcs on a segment 
ty < «© < ty, then the expression 740: — it; is equal to a constant on this 
segment [III, p. 738]; in particular, if this constant is zero the secondary 
extremal ares are said to be conjugate. Let rg, yi, €; and op, us, vi denote 
the secondary extremaloids on 2%2 whose functions qi, €; and us, v: coincide 
with 7i, č: and di, Ti, respectively, on their interval of definition. From the 
conditions (7.2) satisfied by these secondary extremaloids it follows that the 
function yvi — iui is constant on sız» Hence, if on any segment 
ty. È T< ty the component secondary extremal arcs of two secondary extre- 
maloids are conjugate, then on each segment ty-ı < £ < ty (y = 1, , r -4+ 1) 
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the coraponent secondary extremal arcs are conjugate; two such. secondary 
extremaloids are said to be conjugate. 
The following lemma will be of use in the proof of the succeeding theorem. 


LEMMA 8.2. Let ogj,uij(v) (J =1,---,2) be arbitrary generalized 
admissible variations on T2. Then for arbitrary values of .c and d, 


(8.6) | cues (wer) + duss (wot) | = (+ @)™[0.| aay (wor) | + d | uy (2) J 


(u Sate). 


If z, does not define a corner of F,» then equation (8.6) is trivial. 
If z = ty (@=1,- + +,7) the result may be proved in an elementary manner 
in view of the equations X;[6 | o, u] = 0. 

The following theorem is fundamental. 


THEOREM 8.1. Let Ey. be a normal non-singular exétremaloid which 
has Q0 at its corners, and which is normal on every sub-interval 
Tiga (tı < Ts S Ta). If +93, miz(@) 5 Cag(@) (j =1,; -< n) are secondary 
extremaloids determined by the initial conditions 


malt) =0, yin(@1) = zi (21) (4=1,- -+,n—1), 
| £in(a1)24(21)| 0, Lin (ar) = 0, | 

then a value % 2, defines a point 3 conjugate to 1 on Bs if and only if 
| qiz (287) | + | gay (z+) | =0. ; 


On the assumption that Fy, is normal on every sub-interval 
dig (LX, < gS Xe), Ìt is seen that an are yi = mj (x)b; is identically zero 
‘on 2%, if and only if b; =0 (j =1,:: n). It is also to be remarked 
that if for such a point z, there exist constants c, d, b; such that 


(8. 8) [em (x) + Anis (v+) ]b; = (c +40), 
then bn = 0. This result is immediate, since by Lemma 2.2 we have 


0 = $i (xs) [ones (£37) + dis (£+) ]b; = (6 + d)zi (21) nig (@1) b; 
: $ = (c + d) 24 (21): (#1) ba. 
. Now if a, is a era such that | nis (@s-)|~- | ni (z+) |S 0, there exist 
constants c, d satisfying the relation 


(8. 9) o |m (2r) +d | nes(aee)| = 0 (cd= 0, 6+ d x40). 


As a consequence of Lemma 8.2 there then exist constants b; not all zero, 
, but with ba necessarily zero, which satisfy equations (8.8) with, the values 
c,d determined by (8.9). We have therefore established’ that if the de- 


' (8.7) 
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terminant | 7:j;(7)| vanishes or changes sign at s= z, then 2, defines a 
point 8 conjugate to 1' on Fiz. 

Conversely, it is seen that every secondary extremaloid 79, q1, é: which 
satisfies the conditions y: (%1) = 0 is of the form 


qi = nin(t) bn, i = Cin(2) Dn + 24 (@) bn, To = Tonba. 


If zs defines a point 3 conjugate to 1 on F: there exist constants c, d such 
that | oni; (2s) + dm; (z3+)| = 0, cd = 0, c+ d0, and as a consequence 
of Lemma 8.2 we have | 7i;(%s-)| - | qi (z+) | 5 0. 


9. An auxiliary theorem. In this section we shall prove the following 
auxiliary theorem which is fundamental in the construction of a family of 
extremaloids for the problem of Mayer. 


THEOREM 9.1. Let Ey. be a normal extremaloid, normal on every sub- 
interval 2423, which satisfies conditions III’, IV’, and for which Q'< 0 at the 
corner values t= ty (0 =1,: : -,r). Then there exists a set of n secondary 
extremaloids Soj, Uiz(x), Viz (£) which are mutually conjugate in pairs and 
such that the determinant | Ui; (x)| does not vanish or change sign on the 
interval t1 SE £ S Tz. 


Preliminary to the proof of the above theorem we shall establish two 
lemmas. Consider a system of secondary extremaloids raj, mj (£), tiz (2) 
defined by initial conditions (8.7), and such that ¿in(x:)z: (21) =0 
(h =1,: ::,n— 1). The members of this family are then seen to be 
mutually conjugate in pairs. Furthermore, since W, satisfies the con- 
dition IV’, it follows that the determinant | m; (x)| does neither vanish nor 
change sign on 4, < v= x If the matrices || 79; |], |] mi (£) |, |] éz; (x) |] are 
multiplied on the right by the inverse of the matrix || 7:j;(v2)|| a new con- 
jugate system og;, wij(), vij; (£) is obtained which satisfies the conditions 
Wij (£2) = bij, Viz (22) = Bij = vj (t2) (4,7=1,'--,n). This conjugate 
system has the following properties: 


Lemma 9.1. Let és, Ta yi(@) be an arbitrary set of generalized ad- 
missible variations, and define on a, < t S z, functions aj(x) by the relation 
ni(%) = u; (x)a; (£), where the functions u;i; (x) belong to the conjugate set 
of secondary extremaloids oj, uij (£), vij (£) defined above. Then 


(9.1) . [re — coit; (t9-) ] [ro — coja; (t+) ] = 0 (0=1,: - -,r), 


(9.2) 2HL8| m9] — Loew) oes (e)a (0) 10 
+ Lro — vajas (to-) ] Lro — cosa; (tot) ]Qo(ta) = 0. 
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The equations X;[6 | +, 7] = 0, X4[6 | oz, uj] = 0 are seen to imply that 
if for a given value of 6 the functions a;(tg-) —aj(tgt) are all zero then 
the quantity 77 — 09ja;(to-) is also zero, It also follows that the functions 
us (x | 0) = ui; (x) [as (to) — ai (tot) ] satisfy the relations 

[ro — coit; (te) Jui (tor | 0) — Ero — 0950; (ta*) Jus (tor | 0) = 0. 
Relation (9.1) is then seen to follow as a consequence of the condition that 
E, satisfies IV’. 


To prove (9.2) it is only necessary to verify that the expression on the 
left-hand side of the equation is identical with the rather complicated quantity 


{rol Fy, (to) + Py, (tot) ] — Py, (tot) conte (t+) — Fy, (to) conde (to-) } XLO | 7, 9] 
+ {aj (to) + a; (tot) } {— Xi [8 | r, ldots — Xeni LO | 05, uy, dili Cto) 

+ Xone [6 | 03, Uj, didro} + a (to) {Xn [0 | Tj, Uj, di Jq (to) 

— Fy, (tot) X: [8 | Oj, uj |to} — ToFy, (to Xi [6 | Cj; uj]aj (tot) 

+ ax (tot) { [olin + cont y, (tot) |Xi[6 | oj, uj] 

+ Fy, (to) Xi [6 | on, uxlog; 

+ Uaj (tot) Xons[O | on, Ux, de] 

—Xens[O | on, Ut; de]oo;} 4; (to). 


LEMMA 9. 2. kiss ogo, Us(L), Vi (@) is a secondary extremaloid and 
there is a point x3 on tS t < T such that 


(9. 3) Cui (£37) + dui (st) = 0 cd =0, c+ d0. 
Now define an arc y; by the equations 
m=0 (n Sa< es), m= U(r) (Ts < T5 T) 


and determine associated constants és, tg as follows: és (s = 1,2) arbitrary; 
Tog = 0 if to < Ts, Tg = oo tf to > t3; if v, coincides with a corner point 
tge of Eiz then tg = cogs/ (c + å). Then the set of generalized admissible 
variations és, To, ni(%) so defined satisfies the inequality 

(9. 4) gelé, 7,9] — m (22) Barmi (22) — 2Q[E, n] = 0. 


Consider first the case when 1,'< Ta < £2. It then follows by the Clebsch 
transformation of the second variation [III, p. 738] that 


921, T, 9] = mi (G2) Bizni (£2) + > 2H[6 | 7,9] — q: (©) vi; (@) a; (£) 
+ 2918 x] +f “P wana (ht — W extn) (95 — w p101) de. 


The expression (9. 4) is then seen to be non-negative in view of (9. 1), ( 9.2), 
condition III’, and the hypothesis that Q, < 0 at the corners of Fız. Suppose 
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now that zs = x, Itis to be remarked first that we may assume without loss 
of generality that £:(«,)2:(#1) = 0, since this additional property may be 
obtained by adding a suitable multiple of the set s 0, rg = 0, ņ == 0, 
i (£) = 2; (x), and such modification does not change the value of the ex- 
pression in (9.4). The modified secondary extremaloid, however, is seen to 
be expressible linearly in terms of the members of the family o9;, wij, vis, and 
by direct integration it is found that ga[é, 7, 4] —2Q[£, n] = m (2) Bismi (#2). 
Hence the lemma is established. 

In order to establish Theorem 9.1 it will now be proved that the set of 
mutually conjugate secondary extremaloids Sgi Uu (2), Va (x) having the 
initial values . 


(9. 5) Ui (22) =i Vas (22) = Diz = Bay — 815 


has the property that the determinant | Ui; (x)| neither vanishes nor changes 
sign on z, 22. In the first place, | Uij(ae)| = 1. If now |U (x)| 
were to vanish or change sign for a value #3(a%, © £s < T2), there would 
exist constants a; not all zero such that the secondary extremaloid og = S9ja;, 
ti = Ui 503, vi = Visa; satisfied at z,; the condition (9.3). Then consider 
the set £s, To; i, ti of Lemma 9.2. In case za did not correspond to a corner 
of Faz, it could be proved by direct integration that 


gelé, r, n] — ni (£2) Bijna (£2) — 2Q(E 7] = Dija; — a Bijay = — aiti < 0. 


In case v, coincided with a corner value z = tgs of Hy, then by direct in- 
tegration and the use of relation (8.4) it would follow may 


gal Ty 7] — ni (2) B iini (£2)- —20[6 7] : 
= 0,D 430; — a, Bija; + cdrg?Qo(tge)/(¢ + d)*?, S—aja; < 0, 


in view of the assumption that Q, < 0 at the corners of Hy». In either case 
we would have a contradiction to the result of Lemma 9.2. Hence the 
determinant | U;;(x)| neither vanin nor changes sign on #,=# a, and 
Theorem 9. 1 is established. 


10. Definition of a field and a fundamental sufficiency theorem. 
A field with r discontinuities is defined to be a region Ẹ in zy-space con- 
taining only interior points, having associated with it + corner manifolds 


(10. 1) Me : x=Ty(a,° y An) yi = Yoii[To(a,- i * 5 An), Qn," . “sanl, 
° : (9=1,- k tyt) 


and functions pils, Y), lal, y) (=1, < -,n; a= 1," -, m) with the 
following properties; 
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(a) the corner manifolds Wy are non-singular, have no multiple points, 
do not intersect each-other and each Mt, divides } into two parts; 

(b) the functions p:(z, y), la(z, y) are continuous and have continuous 
first derivatives between corner manifolds sie in $ and approach finite limits - 
cn each side of each My; 

(c) the two limits p; and p;* of the functions p: at a point of a corner 
manifold Mt, are such that the sets p; and p;* always determine directions 
on the same side of Nt, and never tangent to it; 

(d) the sets [z, y, p(x, y)] for (x,y) in § are all admissible; 

(e) the functions 


Fy. [2, Y, p(z, y); l(a, y) I, 
F[a, Y, p(z, y) (z, y] — pi(2, y)Fy [2 Y, p(z, y), I(a, y) J Š 
are continuous in ¥; 
(f) the Hilbert integral 


= f Ploy, p, Jde + (dys — pide) Fy ley, p, 11) 


formed with these functions is independent of the path in Ẹ. At a point 
(z,y) of a corner manifold of Ẹ it is to be understood that the set of vahies 
(z, y, p, l) appearing in the integrand of J* are replaced by either the set 
(2, y, 7,1) or the set (2, y, p*, I+). From (e) it follows that the value of 
the integrand is the same for either set of limiting values. 

It may be proved in the usual manner that in the field between corner 
manifolds My the solutions. of the differential equations 


dyi/dx = pi (x, y) 

are extremal arcs. Condition (e} above then implies that these may be pieced 
together to form extremaloids, which are called the extremaloids of the field. 
The value of J* is seen to be zero along every extremaloid of the field. 

Sufficient conditions for the problem of Mayer here discussed are obtained 
by the same method that Hestenes [IX] has used for the case of extremal 
ares, and makes use of the following auxiliary Mayer problem. On the 
assumption that Fıs is a normal extremaloid which satisfies the necessary 
condition I it is seen that the matrix 


(10.:2) Jay Gua Jag Jura | 


Ppa, Yours Wyre Yine 
has rank p+1. -Let w[as, Yo £2 Y2] (v=p +1, ++, 2n+1) be 2n+1—p 
functions possessing continuous first and second partial derivatives in a neigh- 


borhood of the end-values [2:0, Y10; L20; Yoo] belonging to Fis, vanishing at 
these values, and for these values having the determinant 
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(10. 3) Jay Jun Jas Jine 
Ppa, Yora Ypa ` Yori 


different from zero. The new set of end conditions yp = 0 (p = 1, ++: , 23n + 1) 
defines an auxiliary problem of the type discussed by Bliss and Hestenes 

[VIII], and a minimizing extremaloid F,» for the original Mayer problem. is 

also a minimizing extremaloid for this auxiliary problem. Furthermore, if 

-H2 is not only normal, but also normal on zg, then it is normal with respect 
to the conditions yp =0 (p—1,---,2n-++1) as defined above [see IX, 

p- 484]. : 
For this auxiliary problem of Mayer we may prove by the same methods 
that Bliss and Hestenes have used for extremal arcs [VIII, §7] the fol- 
lowing theorem. 


THEOREM 10.1. A FUNDAMENTAL SUFFICIENCY THEOREM. Consider 
a normal extremaloid E> which is an extremaloid of a field %. Suppose that 
the ends of. By» satisfy the conditions yp = 0 and that there is a neighborhood 
N of these ends in (a1y:%2¥2)-space such that no other extremaloid of the 
field has ends in N satisfying the equations yp =0. If at each point of $ 
the condition 
(10. 5) Elz, y, P(E y), 1 (2,9), y] > 0 


holds for every admissible set (x,y,y’) such that (2,4, y) = (2, Y, p) 
(x,y, Y) £ (2, Y, p*), then the neighborhood N can be so restricted that the 
inequality g(Css) > g(Eı2) is true for every admissible arc Cs, in Ẹ with 
ends in N satisfying the conditions yp = 0 and not identically with Ey». 


Between corner manifolds the inequality (10.5) gives the usual strength- 
ened form of the Weierstrass condition. On the corner manifolds this 
` inequality implies in view of condition (e) above that we have also 
Ela, y, p(x, y), (x,y), y] > 0 for every admissible set (x, y, y’) such that 
(2,9, 9) F (2,9, 0), (YY) A (4 Y, o). 


11. Sufficient conditions for a strong relative minimum. The con- 
struction of a field of extremaloids for the auxiliary Mayer problem defined 
in § 10 is embodied in the following theorem. 


THEOREM 11.1. Let Ez be a normal extremaloid that is normal on every 
sub-interval 2,03 (% < ts S £2), which satisfies conditions III’, IV’, and for 
which Qo = 0 at its corners. Then Hy. is a member of an n-parameter family 
of extremaloids 


(11.1) Yi = yi (T, b1,° + +, Ba), Zi = 21 (a, bas + +, bn) 
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whose determinant | yin, | neither vanishes nor changes sign along Ezz; fur- 
thermore, E12 is an extremaloid of a field X simply covered by the family. 


The oe form. of such a family may be given, as follows. Let 

B(bi,° - >, bn) be the function 
B(b) = zizbi + (1/2) Dis (bi — yiz) (b; — yiz), 

where the constants D;; are defined by equations (9.5) in terms of the end- 
values of the conjugate system of secondary extremaloids Soj, Ui;, Vij de- 
termined in § 9 to satisfy the conditions of Theorem 9.1, and Yiz, Zig are the 
end values at © = Z2 of the set y; (x), zi(£) defining Fi». When in equations 
(3.7) the set (To, Yo, 2) is replaced by the set (20, bi, Bs,) an n-parameter 
family of extremaloids . 
(11.2) Yi = Yi(T, Lz b, Bo) = yi (2, b), Zi = zi (T, T2, b, Bo) = zi (x, b) 
is defined and contains Fy. for b, = Yio. The multipliers Aa (x, b) and corner 
manifolds M, associated with this family are determined by equations (8.2) 
and (38.8). Furthermore, since each extremaloid (11.2) defined by para- 
meter values b; has on it the element (#29, bi, Bo,). it is seen that yin, = ôij, 
Zin, = Di; at z= £o. Hence from Theorem 9.1 it follows that the de- 
terminant | yi» | neither vanishes nor changes sign along the extremaloid Ey. 
of the family (11.2). This family, therefore, simply covers a neighborhood 
of Hs. In particular, let Ẹ be a neighborhood of Fıs which is simply covered. 
by the family, for which the portions of the corner manifolds Wy of the family 
which lie in § satisfy condition (a) above, and such that if the parameter 
values of the extremaloid ree a point (x,y) of % are denoted by bi(2, y), 
then the functions 


(11. 3) pi (2, y) = Yis [@, b (2, y) 1, la (a, y) al a[2, b (z, y)] 
have the sets [x, y, p(x, y)] all admissible. The neighborhood § and the 
functions p:(x, y); la(x, y) defined by (11.3) are seen to satisfy conditions - 
(a)-(e) of § 10. Moreover, on the hyperplane z = Tz the Hilbert integral J* 


is expressible as 
r= f Fpdyi = f Bitiios f dB 


and hence is independent of the path. The integral J* may then be proved 
to be independent of the path in Ẹ by an argument that is a slight extension 
of that used’ to prove the corresponding result for the case of extremal arcs 
[see VIII, p. 823; also III, p. 733]. Hence % is a field as defined in § 10. 

The proof of the following result is the same as for the case of extremal 
ares [VIII, p. 323]: 
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THEOREM 11.2. Let Ey. be a normal extremaloid that is normal on ££, 
and which is a member of an n-parameter family of extremaloids (11.1) 
whose determinant | yin, | neither vanishes nor changes sign along Ers. If the 
ends of Ey, satisfy the conditions Yp =0 (p==1,--+-,2n+1) of the 
auxiliary problem of § 10, then there is a neighborhood N of these ends in 
(ay1Xey2)-space such that Hız is the only eatremaloid of the family with 
ends in N satisfying the conditions yp = 0. 


The following theorem, which states sufficient conditions for a proper 
` strong relative minimum in the auxiliary Mayer problem formulated in § 10, 
is seen to be an immediate consequence of the preceding theorems. , 


THEOREM 11.3. Let Ey. be an are which satisfies the following 


hypotheses: 
H,). Ey, is an admissible arc with r corners and with ends satisfying 
conditions yp =0 (p =1,:: :,23n +1) of the auailiary problem of § 10. 


Hz). Ez is normal, ‘one on every sub-interval x12, of #22, and satisfies 
conditions (I), (TIT), (IV’). 

Hs). Qo Æ 0 at the corners on FErz 

H,). The extremaloids of the family (11.1) determined by Theorem 
11.1 satisfy condition IT’, for values of the parameters b; in a neighborhood 
of the set bi = bio defining Ey». 

Then there are neighborhoods % of Ez im xy-space and N of the ends 
of Ey, in (x1Ystoy2)-space such that the inequality g(Csa) > g (Hie) holds for 
every admissible arc Os, in Y with ends in N satisfying the conditions yp = 0 
and not identical with By. 


The proof of sufficient conditions for a strong relative minimum in the 
general problem of Mayer follows the methods introduced by Hestenes for the 
case of extremal arcs. Use is made of a family of fields depending upon 
n—— 1 parameters which includes for special values of the parameters the 
-field introduced above. In the following discussion it will be assumed that 
E, satisfies the hypotheses of Theorem 11.1. Let Bn(bi,-- -, bn) 
(h==1,:-+,n—1) be functions of class C” and such that the determinant 
| Bo, Bao, | is different from zero for b; == bio. Then the (2n— 1)-parameter 
family of extremaloids l 


Yı = Yi (T, T20, b, Bo + Bro) = y: (a, b, c), 


(1.4) e a, 26(2, 20, B, By -+ Bus) alab) GSS) 


contdins Hy, for (x1, v2, b, C) = (X10, 20; bo, 0). For this (2x — 1)-parameter 
family the determinant 
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Yid; Yiern 0 
Bid; Zien Zi 








is found to be different from. zero for the values (v, b,c) = (20, bo, 0). 
Since the determinant | yı; | belonging to the family (11.2) neither 

vanishes nor changes sign along F,2, the determinant | yi,(z, b, c) | belonging 

to the family (11.4) has the same property, Hence the system of equations 


(11. 5) Yi =y (T, b,c) | 
has a unique solution 
bi = bi (2, y, €) 


in a neighborhood ® of the values (s, y,c) belonging to Fi We shall 
suppose that D is so restricted that for parameter values bi, cn sufficiently 
near to the set Dio, Cho defining F-a the portions of the corner manifolds Dt, 
for the family (11.4) which lie in D satisfy condition (a) of § 10; moreover, if 


aL 6) ' pia, Y c) = Yial@, b (z, Y c), e], 
la (z, Y, €) = Ag[Z, b (T, Y, c) c], 
then the sets [x, y, p(x, y, c)] are all admissible. 

By the same argument as used above we have that on the hyper-plane 
© = Tæ in vy-space the Hilbert integral I* is independent, of the path for 
fixed values of the parameters c». It follows that for each set c» the region § 
of points (x, y) whose elements are all in D forms a field with slope functions 
and multipliers defined by equations (11.6). If in each of these fields the 
Weierstrass €-function with arguments pi, la defined by (11.6) is positive for _ 
every admissible set (2, y, y’) distinct from (2, y, p*) and (z, y, p`), then the 
methods used by Hestenes [IX] for the case of extremal arcs apply to give 
sufficient conditions for a proper strong relative minimum. We have the 
following theorem : 


THEOREM 11.4. Let By. be an arc which satisfies the hypotheses (H3), 
(H2), (Hs) of Theorem 11:3 and the following strengthened form of hy- 
pothesis (H4) of that theorem. 

H*,). The extremaloids of the family (11.4) satisfy condition II’, for 
values of the parameters bi, cn in a neighborhood of the values b; = bio, 

Ch = Cho defining Hy. i 

Then there are neighborhoods § of Ez in xy-space and N of the ends 
of Eiz in (414:%2y2)-space such that the inequality g(Cs4) > g(E12) holds for 
every admissible arc Cz, in & with ends in N satisfying the conditions pu = 0 
and not identical with By». 
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Suppose now that the functions yp are continuous at every pair of distinct 
or coincident points in a neighborhood of those belonging to Fıs. If the ends 
of FE, are the only pair of distinct or coincident points on Fz satisfying the 
conditions yp = 0, then for every ô > 0 there exists a neighborhood Ẹ of Fiz 
such that every pair of points in Ẹ satisfying. the equations yu = 0 necessarily 
has one of the points of the pair in each of the two 8-neighborhoods of the 
ends of E,» Hence by suitably restricting the neighborhood § of Bız we 
obtain the following corollary. 


Gonornary. Let By. be an are satisfying the hypotheses of Theorem 
11.4. If further the ends of Hy, are the only pair of distinct or coincident 
points on Ey, satisfying the conditions yy = 0, then there is a neighborhood 

“Y of Ey. in xy-space such that the inequality g(Css) > g(E12) holds for every 
admissible arc Cz, in % with ends satisfying the conditions yu = 0 and not 
identical with Fiz. 


In conclusion, it is to be remarked that in Theorems 11.3 and 11.4 
the condition II’) has been assumed to be satisfied along the members of 
certain particular families of extremaloids. Let Æ denote an arbitrary 
extremaloid with equations (2.1) which has a corner for e == t, and for 
which Q'< 0 at this corner. The results of § 4 imply that there are sets of 
elements (2, y, y’, ¥’,X) for which the set [2, y, y’, à] is in a given neighbor- 
hood of either the set [¢, y(t), y’(¢—),A(¢—) ] or the set 


ahy (t+), rAé+)], 


and for which Efx, y, y’, ¥’,A] <0. Consequently, for the non-parametric 
problem it seems necessary to phrase the strengthened Weierstrass condition 
in the manner indicated above. In this respect, therefore, the statement of 
sufficient conditions for a strong relative minimum is more cumbersome for 
non-parametric problems than for the corresponding parametric problems 
[see IV, § 5]. 


` Remarks. [Added to proof sheets, November 24, 1984.] 


In a recent paper Hestenes has proved sufficiency theorems for an extremal 
arc in the problem of Bolza assuming no normality conditions aside from the 
existence of multipliers of the form ào = 1, a(x), by modifying the usual 
form of the Mayer condition. Hestenes’ methods may be extended to establish 
corresponding theorems for the problem’ of discontinuous solutions here 
studied,* Indeed, such sufficiency theorems may be established by the same 


* Transactions of the American Mathematical Society, vol. 36 (1934), pp. 793-818. 
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method as used above. This fact is a consequence of a result that has recently 
been established independently by Morse and the author.* 
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ON THE INVERSION FORMULA FOR FOURIER-STIELTJES 
TRANSFORMS IN MORE THAN ONE DIMENSION. 


By E. K. HAVILAND. 


An inversion formula for Fourier-Stieltjes transforms in one dimension, 
given by P. Lévy,* has been extended to more than one dimension by V. 
Romanovsky + in a formal treatment. It is the purpose of the present paper 
to give an exact proof of this formula. For simplicity, the proof is given for 
the case of two dimensions, but its extension to n-dimensions is given by 
precjsely the same methods. 

It is known ł that if a function f(z, y) is 


(i) bounded throughout the entire (zy)-plane, 
(ii) of bounded variation in every finite region of the plane, 
(iii) absolutely integrable over the entire (ay)-plane, 


then to the formula 

(1) B(s,t) = (2) ff" Fay) exp [ile + ty) Jaedy 
there corresponds the inverse formula: . 

(2) fu, v) = (SSZ ) a6, t) exp [—a(us + vt) ]dsdt, 


where the latter double integral is to be considered as a Cauchy principal 
value, as indicated by the parenthesis, and (u,v) is any continuity point of 


f(u, v). 
Accordingly, we proceed to show that if ¢(2) is a distribution function,§ 
and F(s, y) is the corresponding point function, then || 


* P. Lévy, op. cit., pp. 166-167. References are collected at the end of the paper. 

+ V. Romanovsky, loc. cit., pp. 36-40. 

t Cf., e g, V. Romanovsky, loc. cit., pp. 36-38; also S. Bochner, op. cit., p. 202, 
Theorem 66. These authors do not give the theorem precisely in the above form, but a 
proof of the latter may be obtained by the use of their methods together with certain 
analogues of the Second Theorem of the Mean given by W. H. Young, loc. cit., p. 290, 
equations (23), (24), (25) and (26). ` 

§ The monotone absolutely additive set fynction ¢ (#) is said to be a distribution 
function if 0 < ¢ (E) <1 and $ (8) = 1, where S denotes the whole (#y)-plane. Of. 
E. K. Haviland, loc. cit., p. 627. | } 

TOf. J. Radon, loc. cit., pp. 1304-1305. : 

Me R+ Pe, represents the vector addition of ‘the quadrant R and the point - 

= ($, n). 
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(3) g(z, y) = G(x, y3 &7) 
= $(B + Pen) —$o(B + Peo) — o (E + Pon) + 4(B) 
=F (s+ éy +1) — F(s + éy) — Fln ytan) + F(2,9), 


where R: (— œ <u <r; — 0 <v:< y), as a function of x and y, fulfills 
conditions (i), (ii), (iii) above. 

That G(x, 4; 7) is bounded for all (x, y), é and y , being fixed, is seen 

.at once from the fact that ¢ is a distribution function, in which case 
|@| <4. 

That G(s, 3&7) is of bounded variation with respect to (s, y) may be 
seen by examining its four terms separately. In the first place, F(a + é y +7) 
is a monotone function of (2,y); for if % >a, Y2> Yy and Ry: 
(— œ% <T < ti; — o <y <y), s 


F(a +é, Y2 +a) — F(a: +é Yy Han) — F(a tHE ytan) + F(a +6%+7) 
= (Raz + Pin) — ġ (Ra + Pen) — $( Fis + Pen) if eB t Pes) 
= o (E1 + Pen) 20, where Hy: (a S@< m3 pE Y < Y2) 


since ¢ is a distribution function. Similarly, F(s + é y), F(z, y +7) and 
F(a, y) are bounded monotone functions of (æ, y), so that G (z, y; é, 7) is of 
bounded total variation throughout the (x, y)-plane.* 

To prove G(2,y3;& 7) absolutely integrable throughout the (x, y)-plane 
for fixed € and y, we observe that + 


ffi G2, 9381) | dedy — = li ocr | 
i aa le 1) — Plesy +n) + Fey) lady 
= S S E Pi y)dedy— f f P(e, y)dedy 
-Í i i F(a, y)dcdy + f T F(a, say | | 
-a { SUSE-S] renew E-S 1 rania} 
+ {Sa SO] ren 
i, ie ~f"| F(a, y) dedy } 


i s me statement by B. H. Camp, lov. cit., p. 45 that a bounded monotone function is 
not necessarily of bounded variation in the sense of Hardy or Radon is incorrect. 
t That the double and iterated integrals given below exist and are equivalént may 
be seen by consulting, e. g, E. W. Hobson, op. cit., pp. 481 and 483. 


+ 


$ 


it 


l 
H 
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H 


Ea { SS Pert) — Fe, y + c) Jde 


z f f rs +4) —F(z,y k c) ]dzdy \ 


{ [fe -Í |S Pesta — F(z, y + c) ]dedy \ 
{ [ff PP eydy oady } 


£ 
H+ f ("Re +by+ a) — Pleyte) 
—F(2+a,y-+ d) + F(a + a,y + ¢) |dady. 


Butas F(x,y) is the point function associated with the distribution function 
` (E), the integrand —> 0 uniformly with respect to (m,y) in (0&7 £é; 
0=yZ7) as a4,b>-+ œ or —— œ, c and d being arbitrary; or as 
c, d—> + o or >— œ, a and b being arbitrary. Hence 


| 
+ 


I 
It 


+0 +00 
S- f lay) | dedy < + o, qed. 
-0 J -0 


The Fourier-Stieltjes transform A(s, t; $) of the distribution function 
(E) is given by * 


Alst) = ff exp Eler + ty) dard E) 
=f [exp [ile + ty) dau (@ 9), 


where F'(z,y) is the point function corresponding to the absolutely additive 
set function’ @ and s and ¢ are real. It follows that if s s40, t0, 


A(s, t; $) (is) * (it) [exp (— isé) —1] [exp (— itn) — 1] 

i { S f. alee + Hy 1) den) 
SE (Sex [i{s(a — £) + ty}]doyd (B) 
=S So li{se + t(y —n)}]dap (E) 


* The integral is the limit as the rectangle RS, the entire (v, y)-plane, of 
f Sr exp[i (sx + ty) ]d,,,¢(H), the latter being defined by J. Radon, loc. cit., pp. 1322- 
1324.. The second and third members of this equation represent merely different 
notations for the same integral. 
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+ S [exp lile + ty) daB) Y 


= (8) ff oxp [ifor + ty) delo (E + Pen) 
| —$(E + Pe) —$(E + Po) + (FI, 


so 


(4) A(s, t; p) (is) (t) [exp (— isé) —1] [exp (— tty) — 1] 
*+00 +00 nR 
=— (sty f S exp Lise + ty) dena (29) 
; -0 J -0 : 
by the preceding footnote and by equation (3). If we set 
(5) exp [t(s + ty)] =f(#,9), i 
we obtain by the partial integration formula of W. H.. Young: * 


(6) (st) M COLS Oa M COLTON 
= (st) { f ræ cdgl e) + f "Fa va an) 
— [F(a a) deg(é, a) — f O y) deg, 9) 


+ [fo d)g(b, d) — f(b, c)g(b, c) — f(a, d)g(a, d) + f(a, c)g(a, c)] \. 


We shall show that as a; ¿c —> — and b, d—> + œ, all terms on right of the 
preceding equation vanish. By the one-dimensional partial integration formula: 


(st) f. Pæ 0)deg(t.0) =— (st) f g(a jdete 0). 


+ (st) [g (2, c)f (a, Da 
Now from (3) it is seen that 


(7) - g(t) ee eee 


Ze (OSu<é;0S0<7y) or (ESu<0;7S0 <0) or (OSucé; 
Sv<0) or (ES u< 0; (Sv <7), depending on the signs of é and y.. 
in the two former cases, g(s, y) is ‘non-negative ; ; in the two latter, it is 
non-positive. Since $ is a distribution function, there exists a rectangle J 
so large that 0= ¢(S—J) <<«/4, where 8 is the. entire (s, y)-plane. 
Accordingly, if (#,y). is. so distant that Q- Poy lies outside J, 
* Of. W. H. Young, loc. cit., p. 282. 
7 
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OS p(Q -+ Pay) <<«/4; from which fact it follows, as | F(z, y) | = 1, that 
there is an M, > 0 so large that if |a|, |b], |c|, |d| >M, 


| st | |.Lo(a, ¢) f(a, ¢) 22? | 
= | st |= | G (b, 63 & 0) f(b, c) — G (a, 65 & n) f(a, 0) | < 6/2. 
Again, 


| (st) COCO COOL 
=t f Etg eH) — Ele he) Fact) +(e, c) Jde 


=+ [SS Pee — Pa ole 
=a [ S S] Peete o) 


-=f [Fb +a, cy) —F(b+2,0) 
— F(a +s, e-+) +Fla+z, c) |da. 


Thus, as ¢ and y are fixed, the integrand can, for all æ in [0,é] be made 
arbitrarily small by taking |c | sufficiently large. Consequently, as ¢40, 


| (31) fg, c) def (x, c) | < «/2 if | c| > Mo, say. 


Therefore if |a], |b], |c], |d] are all > max (Mi, M2), 


| st) f Pæ cagla) | <e 


Precisely similar reasoning shows that 
b i d 
| (5) f. (æ, d)dag (2,8) | <6 | (8) f F(a yagla) |<< 


d 
and | c= f fb y)dyg(b, y) | <e if lal, |b], |c], |d| are sufficiently 
large. Finally, for fixed s, tÆ 0, 


| (st) LF (8, 4) 9 (b, d) — f(b, c)g (b, c) — f(a, d)g (a, d) + f(a, c)g (a, c)} | 
S| st|>{|9(6,4) |+ Ig, c) | +] 9(a, 4) |+|9(a,¢) |}. 


From equation (7) it can be seen that the foregoing expression may be made 
arbitrarily small by taking |a|, |b|, |e], |d| sufficiently large. Hence 
for dll fixed s,¢5£0, the right-hand side of (6) vanishes as a, C—>— © 5 
b, d—> 4+ œ. The left-hand side then becomes 
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wf Fae dete) — tf" Henkie), 


or by virtue of (4) and (5) a 


f. Ta g (z, y) exp [i(sa + ty) ]dady 
+ (és)(i#)2A(6, #54) [exp(— isé) —1] [exp(— it) — 1]. 


As the limit as s+ 0 and/or t— 0 of the left-hand side of (6) exists, the 
same is true of the right-hand side, so that we have for any fixed s, t: 


_ , (@x)*(is)*(i#) 7A (s, t; $) [exp (— isé) — 1] [exp (— itn) —1 


= (21)? (°? SUYE, v) exp [ilse + ty) ]deay, 
Then by (2): ` 


(8) glo) = (2) fF Jast 9) 
[exp (— isé) — 1] [exp (— ity) — 1] exp. [— i (us + vt) ]dsdt, 


where g(u, v) = G (u,v; én) = (Q + Pw). This is the required inver- 
sion formula. It has been proved under the assumption that (u,v) is a 
continuity point of g, and the latter will certainly be thé case if Q + Pw 
is a non-singular * rectangle of ¢. Moreover, it is known that the non-singular 
rectangles of are everywhere dense, so that ¢ is essentially determined by 
the inversion formula.* 

With the help of (8) and the multiplication rule for Fourier-Stieltjes 
transforms,t one can prove the Continuity Theorem for Fourier-Stieltjes 
transforms: |} If {An(s, t) = A (s, t; $n) } is a sequence of Fourier-Stieltjes 
transforms of distribution functions such that the sequence converges uni- 
formly in every finite rectangle of the st-plane to a function A(s,#), then 
A(s, t) is the Fourier-Stieltjes transform of a distribution function ¢ and 
$n — @ ov all non-singular rectangles of the latter. 


* Cf. E. K. Haviland, loc. cit., p. 628. 
+ For a proof of this rule, cf. E. K. Haviland, loc. cit., p. 651, Theorem V. In the 
proof of this oe it is to be noted that the last line on p. 652 should read 


ee > {y (Re) — $ pa (Re — P35) $2(E5)} | <«/2” 
and EEE N the E E with respect to k at the ap of p. 653 should be 


taken beneath the absolute value sign. It is to be ‘noted that SB, need noe extend 
j=l 


, beyond J. 
{The one-dimensional case of this theorem is treated by P. Lévy, op. cit., the two- 
dimensional case by V. Romanovsky, loc. cit., p. 41 and by S. Bochner, loc. cit., II, p. 403. 
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Finally, if A(s, t; $) is absolutely integrable, it is possible to differentiate 
with respect to é and beneath the integral sign in (8) and the resulting 
second mixed derivative is a continuous function of é and q in any finite 
region of the (&)-plane. As . 


$Q + Pw) =F (u+ év +n) — F(u +é v) — F(u,v +7) +E (uv), 


we may then infer, on setting u = v = 0, that $ (F) is absolutely continuous 
and that the point function. F (æ, y} corresponding to ‘it pores a continuous 
mixed derivative °F /dxdy: . i 
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A NOTE ON THE DISTRIBUTION OF THE ‘ZEROS OF THE 
ZETA-FUNCTION. 


By AUREL WINTNER. 


The results of Littlewood * on the remainder term. of the prime number 
theorem depend upon a close connection between the distribution of the prime 
numbers on the one hand and the cyclical distribution of the sequence 


(1) yrs (O<ynSyrS--:) 


on the other hand, where pı = bı + iyı, p2 = B2 + iyo: > > denote the zeros 
of £(s) in the upper half-plane. While for the purposes of Littlewood only 
a consequence of the Dirichlet approximation theorem is relevant, it seems 
to be worth while to determine the asymptotic cyclical distribution of (1). 
The object of the present note is to point out the fact that the sequence (1) 
is asymptotically equidistributed { to modulus c, where c is any non-vanishing 
real number. In order to simplify the formulae we shall choose c = 1; it will 
be clear that the proof holds for any c. 
We have to prove that 


(2) K(n;2)/n>& (n> œ), 


where æ is any point of the interval OS a <1 and K(n;a) denotes the 
number of values & satisfying both inequalities 


(3) no kEm ywSe. 


The truth of (2) would follow in virtue of the Riemann-Mangoldt asymptotic 
formula from a known general lemma f if we knew the sequence of the 
differences yx — ys to be a monotone sequence. In reality, we do not even 
know that yr+ı — yx = 0 is impossible, and the numerical results of Gram § 
show that the sequence of the differences yx — yr is not monotone, at least 


* Of. A. E. Ingham, “The distribution of prime numbers,” Cambridge Tracts, No. 30, 
London, 1932, pp. 96-104. 

+ “ Gleichverteilt ” in the sense of Weyl. Cf. G. Pólya and Q. Szegö, Aufgaben und : 
Lehrsdétze, Berlin (1925), vol. I, pp. 70-73. bg 

ł Ibid., p. 72. 

§ J. P. Gram, “Note sur les zéros de la fonction f(s) de Riemann,” Acta" Mathe- 
matica, sok 27 (1903), p. 297. 
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if small values of & are not discarded. For the proof of (2) one does not need, 
however, anything but the Riemann-Mangoldt asymptotic formula in its 
roughest form, viz. i 


(4) N(T) ~ L(L/2r) (T> ~), 
where 
(5) L(T) =Tlog Tf 


and N(7’) denotes the number of values & satisfying the inequality 
(6) l ye ST. l 
By the definitions (3) and (6) of K (n; s) and N(T) we have the identity 


E(N(T);2) —N(1-+2) —N(1) +N +8) N) + 
+ N([T]—1 + 2)—N([T]—1)+N(min{T, [T]+ 2})—N(IT]) 


so that 
i [7] 

(7) E(N(L) 32) = 2 {N(x +2) —N(k)} +0(N(T)) 
in virtue of (4) and (5). Now (4) implies by a well known limit theorem that 

IT] IT] 

2 N (k + 2) —N (k) } ~ 2 {L( (k + s) /%) — D(k/2n)} 
for every fixed æv. This is easily seen to be 

T 
~ f. (ECCE +E) /2r) —L(k/2n)} dh, 


i ' [7] 

hence ~ eL(T'/2r) in virtue of ’Héspital’s rule. Thus the sum > occurring 
kel 

in (7) is ~@L(T'/2r), hence = aN (T) + 0(N(T)) in virtue of (4). Con- 
sequently K(N(T);x) ~«N(T), which is the same thing as (2). 
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PARALLELISM AND EQUIDISTANCE IN RIEMANNIAN 
GEOMETRY. 


By R. M. PETERS. 


It is the purpose of this paper to generalize to-Riemannian spaces the 
concepts and some of the resuts given by Graustein * for classical differential 
geometry. The angular spread, measure of the deviation from parallelism, in 
the sense of Levi-Civita, of one of two families of curves on a two-dimensional 
surface with respect to the other, becomes in Riemannian space the associate 
curvature of one congruence of curves with respect to another. The concept 
of distantial spread as a measure of the deviation from equidistance of the one 
family of curves with respect to the other suggests two corresponding spreads 
in Riemannian space: first, the distantial spread of a family of hypersurfaces 
with respect to a congruence of.transversals; secondly, the distantial spread 
of one congruence of curves with respect to another. The latter concept is 
developed here only for the case when the curves of the two congruences lie 
on two-dimensional surfaces. 

The paper deals with the relations between associate curvatures and 
distantial spreads and the conclusions which they imply concerning the con- 
nection between parallelism and equidistance. 

It is assumed throughout that the linear element of the n-dimensional 
space V, is defined by the positive definite quadratic form ds? = gi;dz‘da/, the 
z's being the codrdinates of the Vn, and the gi;’s real analytic functions of the 
z’s. The curves and surfaces considered are always assumed to be real and 
analytic. 


1. Associate curvature. If O is a curve in Vn represented parametrically 
in terms of its are by the equations vt = gt (s), and At are the components of 
a unit vector defined at each point of C, the associate curvature of the vector 
àt with respect to the curve C is i 
(1) 1/r = (gimp) % 


* Graustein, “Parallelism and Equidistance in Classical Differential Geemetry,” 
Transactions of the American Mathematical Society, vol. 34 (1932), pp. 557-593. 
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where : 
(2) pi = (dak /ds) Me 


Alx being ‘the components of the covariant derivative ‘of the vector At with 
respect to the fundamental tensor ga > 

The associate curvature 1/r is a measure of the deviation of the vectors 
d* from parallelism with respect to C in that its vanishing is the condition 
for parallelism. i 

The vector aê is known as the associate curvature vector of the vector A* 
with respect to the curve O; it is orthogonal to the vector A‘. 

- If the vectors à? are, in particular, tangent to C, pê and 1/r become 

respgctively the principal normal vector and (first) curvature of C. 

That the associate curvature of the vector At with respect to C is based 
essentially on angle is evident from the fact that it can-also be defined as 


(3) 1/r = lim Aé/As 
As>0 


where .Af.is the angle between the vector A‘ at a point P’ : (s + As) of C 
- and the direction at P’ parallel with respect to C to the vector A‘ at P : (s). 
The possibility of this definition was suggested by Bianchi* and carried 
through by Lipka ¢ for the special case of the curvature of O. 

Instead of the single curve O, we shall consider ordinarily n linearly 
independent congruences of curves Cr, (k= 1, 2,: +, n), with unit tangent 
vectors Ax|* = dzt/dsr, Sk being the arc of the curves Cy. Then the associate 
curvature vector of the vectors \x\* (tangent to the curves On) with respect to 
the curves Ok is 


(4) Pane? = Any Anta 


We shall call this yector the associate curvature vector of the curves Cn with 
respect to the curves Cr, and its length 


(5) , L/T = (Gispan| prt) 
the associate curvature of the curves Or with respect to the curves Or. 


2. Equidistance of families of hypersurfaces with respect to congruences 


* Bianchi, “Sul parallelismo vincolato di Levi-Civita nella metrica degli spazi 
curvi,” Rendiconti della Reale Accademia di Napoli, ser. 3a, vol. 28 (1922), p. 161. 

{@sipka, “Sulla curvatura geodetica delle linee appartenenti ad una varieta 
qualunque,” Rendiconti della Reale Accademia dei Lincei, ser. 5, vol. 31 (1922), pp. 
353-356. 
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of curves. Let fy (a1, £? - ©, 2") = cz, (k=1, 2,- - +, n), be the equations of 
n independent families of-hypersurfaces Se in Vn. ‘These hyper inter- 
sect in n linearly independent congruences of curves Cn, (h=1, 2,---, ”), 
of which dnl? = dax'/ds, are the unit tangent ‘vectors. The hypersurfaces Sz 
of the family fe == c» contain the n—1 congruences Cx, (h = 1,2, © +, n} 
hk), the curves Ox being transversals of these hypersurfaces. ` 

Let d; be the distance, measured along an arbitrary curve A between a’ 
hypersurface Sz : fe == fx and a neighboring hypersurface Sx : fe == fx? + Afi, 
and take the logarithmic directional derivative of d in the PAS direction 
of a curve, Cr lying in the hypersurface Sx: fe = fx. The limit of this 
derivative when Af, approaches zero is defined as the distantial spread of the 
hypersurfaces Sx with respect to the curves Or, measured along the curveseCi: 


(6) 1/bme = lim ô 10g di 85 (hk). 


If s, is the directed arc of an individual curve Ck, 
(7) dsr = (Afi:/8s.) dfr 


where Of;,/0s, is the directional derivative of f, in the positive direction of the 
curves Cy. Hence, we.obtain as the value of the foregoing limit 


(8) 1/br = — 0. log | Oft,/ Osx | / 98h; ; (h Æ, k). 


If 1/bw = 0, (h = 1,2, >- n; hk), then ôfr/s is a constant along 
each curve Cr, (h 34 k), and hence is a function. of fy. Then, dsi, as given by 
(7) is an exact differential of a function F (fx), and s= F (fr) is the common 
directed arc, measured from a fixed hypersurface Sw, of all the curves Or. 

Noting that this argument may be reversed, we conclude that the distantial 
spreads 1/bu of the hypersurfaces Sy with respect to the curves Or in the 
directions of the curves Ci, hÆ k, all vanish if and only if the hypersurfaces 
Sz are equidistant with respect to the curves Cz, in that each two of them cut 
segments of equal length from all the curves Cy. Thus the quantities 1/bu 

-are actually measures of the deviation from equidistance of the aaa 
Sx with respect to the curves Ok: 

Let f denote the angle between the normal at a point P to the hyper- 
surface S, through P and the direction of the curve C; through P. Since 
Of;,/Os, = (Afu) cos On, Where (Afe) = (gfe ifea) is the magnitude of 
the gradient of fx, we have 


Lbr = — (Afe) ” sec 6; 8 (fury ià) /OSn 


= — (Arf) sec Or (far, adn) *) gAn 
= — (Afe) sec Or frj izAn And + fe, sant An 
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fep ajàn An = Ofel jAnj7/O5% — frj gAn, int 


since ferii == fejji But fej gànt = 0, (h = 1,2,- -3m3 hk), since the 
vectors An]? lie in the hypersurfaces Sx. Hence, using formula (4), we con- 
clude that 


(9) COS O/ bre = (Afr) fej, i (parj? — urn) e 


Since any two congruences of curves Ch and Cx lie in a two-dimensional 
surface, the vector wjt — uxa? at a point P lies in the surface containing the 
curves Cr and C; through P,” and hence can be written as a linear combina- 
tion of the vectors Ay\* and Ax) 4. 


(10) Bii, — pany? = nàn? - adie’. 
From (9) and (10) we conclude 


THEOREM 1. The hypersurfaces Sy are equidistant with respect to the 
curves Cy if and only if the vector which is the difference between the associate 
curvature vectors of the curves Ca and Cy with respect to one another lies 
always along the curves Cr for h==1, 2, n; he&k. 


In particular, if all the congruences of curves Cr, (h==1, 2,---°,0; 
h£ k), are parallel with respect to the curves Cx, and if the curves Cy are 
parallel with respect to all the congruences of curves Cz, then the hyper- 
surfaces Sy are equidistant with respect to the curves Ok. 

From (9) also follows 


THEOREM 2. A necessary and sufficient condition that the hypersurfaces 
of each family be equidistant with respect to the congruences of curves not 
contained in them is that the associate curvature vectors of each two con- 
gruences of curves with respect to each other be identical. 


As a corollary, it follows that if the curves of each congruence are 
parallel with respect to the curves of every other congruence, then the hyper- 
surfaces of each family are equidistant with respect to the congruences of 
curves not contained in them.t 


3. Distantial spread of one congruence of curves with respect to a second 


e 
* Struik, Grundzüge der mehrdimensionalen Differentialgeometric, 1922, p. 53. 
{*Bhis corollary has been proved directly by Corbellini, “Di una classe di varieta 
caratterizzate per mezzo del parallelismo,” Rendiconti della Reale Accademia dei 
Lincei, ser. 6, vol. 4 (1926), p. 94. 
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congruence. Let us suppose, as before, that we have n independent congruences ' 
of curves Ch, (4 =1,2,:-+,2), with unit tangent vectors |‘, which are 
the curves of intersection of n independent families of hypersurfaces Sr, 
fala, gt, + >, a") = Cr, the curves Op being taken as the transversals of the 
hypersurfaces Sz. . 
On each of the two-dimensional surfaces determined by the n-2 equations 
fie, ((=1,2,-+-+,0; th, k), there are, then, œt curves Cr, defined 
by the equation fa cn, and œt curves Cr defined by the equation fr cx. 
Considering the curves Cn and Cw on an arbitrary but fixed one of these sur- 
faces, we form the logarithmic directional derivative in the positive direction 
of the curve Cr : fx== fx, of the distance, measured along an arbitrary curve 
Cx, between the curve On and a neighboring curve On : fe =fr" + Afr eand 
define the limit of this derivative when Af, approaches zero, as the distantial 
spread of the curves Or with respect to the curves Cr. 
It is readily shown that this distantial spread is given by the formula 
(8) and hence is identical with the distantial spread of the hypersurfaces Sx 
with respect to the curves Oy in the direction of the curves Ch. From (8) it 
follows that the curves Cn are equidistant with respect to the curves Cx in 
that on everyone of the two-dimensional surfaces in question each two curves 
Ch cut segments of equal length from the curves Cy if and only if the distantial 
spread of the curves C; with respect to the curves Ox vanishes identically. 
Since (9) is equivalent to (8), we have as the values of the distantial 
spreads of the curves Cn and C; with respect to one another: _ 


(11) cos O,/ bre = (Afr) feji (waxy? =~ pant) 
cos On/ Orn = (Afr) Afh, i (pny? a prn) A 


Substituting the expression (10) in formulas (11), we find 


ar = — 1/brr, lk == 1/dnx, 
and hence 


(12) uret — pert = — (1/brn) Ant F (1/b rx) Aet. 


From this fundamental relation we obtain immediately the following 
theorems: 


THEOREM 3. If the curves of each of two congruences are parallel with 
respect to the curves of the other, then the curves of each congruence are 
equidistant with respect to the curves of the other. 


THEOREM 4. If the curves of each of two congruences are equidistant 
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with respect to the curves of the other, then their associate curvature vectors 
with-respect to each other are identical... 


THEOREM 5. If the curves of each of two congruences are equidistant with 
respect to the curves of the other, and if the curves of one congruence of curves 
are parallel with respect to the other, then the curves sof the: sconna are par allel 
with respect to the curves of the first. 


Using ‘Theorem 4 and remembering that the -associate curvature vector 
of the curves G} with respect to the curves Ox is orthogonal to the curves Ch, 
we have the following result: 


THEOREM 6. If at each point P the associate curvature vectors of the 
cures of each of two congruences with respect to the curves of the other lie 
in the plane determined by the tangent vectors to the curves at P, then a 
necessary and sufficient condition that the curves of each congruence be parallel 
with respect to the. curves of the other is at they be aiai with respect 
to the other. 


4. Case of an orthogonal system of hypersurfaces. Let us consider a Va 
admitting an n-tuply orthogonal system of hypersurfaces Sw, fe== cx, (k= 1, 
2,-++,m).. The curves of intersection Cs form an ennuple of mutually 
orthogonal normal congruences. l 

Since urn Avj: = 0, and since the directions of the curves Ox coincide with 
the normals to the hypersurfaces Sz, we have feinn? = 0. Formulas (11) 
then become 
(13) 1/bi = (Arf) fei, iune? = Day conn t, 

1/brn = (Arfan) fhi ipen]? = Anjpapen* 


Expressing the associate curvature vectors uns| and yxn)* in terms. of the 
coefficients of rotation ypgr of the orthogonal ennuple of curves Ox, we have 


Enk? == Aw FAny 4g = Ant D ynredr Asji = D YurkAry*, 
Ts | a * 


prn, = Ann tg = Any D yursde As i == Dl Yerri? 
hs T 


or . , 
(14) fan)? = — D) Yriràr i’, 
pnt = — 3 yrandr* 
y x T 
Furthermore, 
(15). L/P = È Yri 1/1? en = È Y ret 
r T 


The formulas for the principal normal of the curves Cy, 


PARALLELISM AND EQUIDISTANCE IN RIEMANNIAN GEOMETRY. 109 
(16) pay = — D yrr’; 
r ' 
and for the first curvature of these curves, 
(ay). O Urm Eyr 
r 
are special cases of formulas (14) and (15). ` 
. From (14) we have the. following result: 


` THEOREM 7. A necessary and sufficient condition that the curves Cn be 
parallel with respect to the curves Ox is that ` 


yr == 0, (r= 1, 2, <n). 


As a special case of this theorem we have the condition that the curve Or 
be geodesics: * ; : , 
Yrs = 0, (r=1, 2,7 77,0). 


Formulas (14) through (17) and Theorem 7 hold for any orthogonal 
ennuple of congruences whatsoever. In this particular case, since the con- 
gruences of curves are all normal, the coefficients of rotation yrs vanish for 
values of r, h, and k all distinct. Hence formulas (14) become 


(18) - 7: Prk, = Yrke, Bien? = -yenrAnyt - 
Putting these values in equations (13) we have 
(19) L/dr = yank,  1/ Dien = yain. 


Since ysm» (‘which'is the negative of yms) is the orthogonal projection on Oh 
of the first curvature vector of Cx, we have 


THEOREM 8. The distantial spread at a point P of the curves On of a 
congruence with respect to the curves Oy of another is the negative of the 
orthogonal projection of the first curvature vector at P of the curve Or on the 
tangent at P to the curve Or.. 


i Formulas (18) can now be rewritten as 
(20) pay? (1/Ban) Any majt = (1/Bin) day 
Hence we conclude the following theorems: 


THEOREM 9. The absolute value of the distantial spread of the curves 
of one congruence with respect to the curves of a second is equal to the associate 


* Eisenhart, Riemannian Geometry, p. 100. 
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curvature of the curves of the first congruence with respect to those of the 
second. 


THEOREM 10. If the curves of one congruence are equidistant with respect 
to the curves of another, then the curves of the first congruence are also parallel 
with respect to the curves of the second, and conversely. 


THEOREM 11. The associate directions of the curves of one congruence 
with respect to the curves of a second coincide with the direction of the latter 
curves. 


From formula (18) it follows that 
- L/1?n == Yre, (FI). 
Summing over h, omitting the value h= k, we have by formula (17) 


> Vr n= x Yis = 1/ p°% 
t 
Hence s 


(21) = 1/B7 nn = z 1/7? = 1/p*x. . (h k). 

Considering this result from the point of view of the distantial spread 
of the family of hypersurfaces Sy with respect to their orthogonal trajectories 
Cx, we note that three properties are involved here: 


(a) The hypersurfaces S; equidistant with respect to the curves Cy. 

(b) The curves Cp geodesic. 

(c) The curves Cr, (A=1, 2,---,n; h=Ak), parallel with respect to 
the curves Cx. 

From (21) we have 


THEOREM 12. If one of these three properties is valid, then so are the 
other two.* 


5. Oblique system of hypersurfaces. We return to the general case when 
the n families of hypersurfaces are not orthogonal, and introduce the notation 
i/pm: for the projection of the associate curvature vector pow}? ON Ax*. Multi- 
plying equation (12) first by gi;Ax)7, and then by gi;Ax\4, summing over ¢ and , 
we obtain the relations 
(22) , 1/pux == 1/bix — cos OQnn/ din, 

1/ Pen = — cos Onx/bax + 1/dxa, 


Sy ces 
* This result for the case when property (b) is given is not new. See Eisenhart, 
loc. cit., p. 57, Such families of hypersurfaces are said to be geodesically parallel. 
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where Om, is the angle between the curves Cr and Cy. Solving these two 
equations for 1/bm; and 1/bxa, we find 


(23) sin? Qn. /ba = 1/ pan + cos Onn/ pin, 
sin? OQn,/bin = COS Qnx/ Pix + 1/ Për 


These results show that we have to deal with the following four properties 
of two congruences of curves: 


Curves Cx, equidistant with respect to the curves Cy: 1/bia = 0. 
pee direction of the curves O» with respect to the curves Cy 
(A) orthogonal to the curves Cy : 1/pax—=0. f 
Curves Cx equidistant with respect to the curves On : 1/brn = 0. 
T direction of the curves Cs with respect to the curves Onr 
orthogonal to the curves On : 1/prn = 0. 
From equations (21) and (22) we conclude: 


THEOREM 13. Two non-orthogonal congruences of curves which have any 
two of the properties (A) have the other two also. 


The curves Ca and C; may form an orthogonal system of curves ‘without 
the families of hypersurfaces being an n-tuply orthogonal system. For such 
curves we have: 


THEOREM 14. Two orthogonal congruences of curves having one of the 
first two properties (A) and one of the last two have all four properties. 


Finally we have 


THEOREM 15. If the distantial spreads of ‘the curves of each congruence 
with respect to the curves of the other are equals or negatives of each other, 
then so are the projections on the curves of each congruence of the associate 
curvature vectors, with respect to those curves, of the curves of the other 
. congruence, and conversely. 


Using the quantities 1/pn, and 1/pxn we can express the components of 
the associate directions as follows: 


sin? Quam? = — (CO8 Onn /Pae) Any? + (L/pan) det + vay), 


24 : : ; 
(23) sin? Qruprnj? = (1/pen) Anji — (COS Qrr/ Pen) Arj? + ven’, 


where vijf = maj is the common component of the associate directions 
orthogonal to the plane of Anji and Ax). ; nos 


RADCLIFFE COLLEGE. 


ON A RATIONAL SURFACE OF ORDER 12 IN 9-SPACE AND 
ITS PROJECTIONS. 


By.B. C. Wone.. 


1. Introduction. The quadratic transformation * 
(1) ; pij = Titj ` [i j = 1,2, 3, 4] 


where 2, 2, Ta, V4 are the homogeneous coérdinates of a point of a 3-space 
Sg and 214,° * +, Z4 are those of a 9-space So transforms the points of §; 
into the points of an octavic variety V38 of order 8 and dimension 3 in Sy. 
To a plane of Ss corresponds a Veronese quartic surface + lying on V and 
to a quadric surface of S; corresponds a section of V,° by a hyperplane of 8y. 
Of interest is the surface 2 of order 12 on V; which corresponds to a general 
cubic surface F° of S5.. It has 27. conics whose relative positions can best be 
studied by reference to the relative positions of the 27 lines on F’. By repre- 
senting F° upon a plane ¢ by means of the oo? cubic curves through six 
general points P,, Ps,- © +; Pe of œ, we see that 4 can be represented upon 
$ by means of the oo® sextic curves with six nodes at P) [A = 1,2;- «+, 6]. 
If we let (yı: Y2: ys) be the codrdinates of a point of ¢ and 
(pi : po : ps™) be those of the six points Py, we may take the equations 
8 - 
Filh Yo? Ys) = 2 Urny Ym = 0 [i = 1,2,3, 4] 


where 
fil + po™ + p) =0 


to be the equations of four general cubics of the o*-system | c*| of cubics 
passing through the six points P, in ¢. Then the equations 


(2) yi La i Va | La = fi : fo: fo: fa 


are those of the cubic transformation which transforms a point of ¢ into a 
point of F°. They are the parametric equations of F”. 


* This transformation was mentioned in B..C. Wong, “A hypersurface of order 2r-1 
in r-space,” American Journal of Mathematics, vol. 54 (1932), pp. 293-298. It was used 
by W. G. Welchman in his paper, “On elliptic quartic curves with assigned points 
and chords,” and by J. A. Todd in his paper, “ Some enumerative results for elliptic 
quartie curves,” Proceedings of the Cambridge Philosophical Society, vol. 27 (1981), 
pp. 20-23 and 538-542 respectively, to solve certain problems on elliptic quartie curves. 

{ Bertini, Projective Geometrie Mehrdimensionaler Räume (1924), Chapter 16. 


112 


A RATIONAL SURFACE OF ORDER 12. i 113 


Now the equation of.a general sextic curve of the œœ?-system | c*| of 
sextic curves having the points P) for nodes is of the form 


4 
= Aasfif; = 0. 


This sextic.c® has for image in S; the sextic curve O° in which F° is met by 
the quadric surface 


4 x 
i > A ijtiti =Q. 
1 


Now corresponding to C° is the curve I™* of order 12 which is the intersection 
of $? and the hyperplane 


ý ; 
È Aijtig = 0. R 
1 + 

Then I? is the image of c° in # under the correspondence, whose equations are 


ovis = fifj. 


These are also the parametric equations of 6". 

If we now project ¢'* from a general 5-space of Sa upon a 3-space, in 
particular the 3-space S; containing F°, we have for projection a surface &’ 
which is represented upon ¢ by the sextic curves of a certain oo%-system 
|o |’ of | c*|. If the center of projection is in a particular-position relative 
to 61”, the projection will possess particular properties or will be of lower order, 
say 12—v. The properties of these different projections can be described 
without diffculty.. The question arises as to how to choose the center of 
projection so that the curves of | c° |’. will be the Jacobians of the nets of 
cubics of |c? |. If the selection is properly made, the surface %2? will be 
reciprocal to F°. The sextic curves C°, which are the images: of the curves of 
| cë |’ under the transformation (2) and which. have for images under the trans- 
formation (1) the sections of 6% by the hyperplanes of Sy through the center 
of projection, will be the intersections of F° and the polar quadric surfaces of 
all the points of 8, with respect to F°. 

In what follows we shall, after describing very briefly some of the various 
projections of 61, determine the 5-space Ss for center of projection so that 
the projection ©’! will be reciprocal to F°. Then, as a special case, we shall 
obtain the Steiner’s quartic surface from the ©’? corresponding to the four- 
nodal cubic surface in Są. Finally, we shall obtain from the same 8% a 
surface reciprocal to a certain nonic surface whose equation is 


2,8 A a3 p w Lg 1/3 — 0. 


14 <- B. C WONG. 


2. Properties of P. If the 5-space Ss, the center of projection, has 
v [(0=v= 6] general points in common with the ®” corresponding to a 
general cubic surface F° of Ss, the projection of ®'? is a surface P?” of 
order 12—v. It has a double curve of order b == (v?—21y + 102)/2, 
j = 42— 4, pinch points and t= (10 —v)(9—v)(8—yv)/6 + 3(v—7) 
triple points. It is of class m == 33 for all permissible values of v. If y—0, 
then, for $12, b = 51, j = 42, and t = 99. Now let Ss be incident with p 
planes, each containing a conic of $, and keeping v==0 we see that the 
double curve is composed of a curve of order 51 — p and p lines on each of 
which are two of the 42 pinch points. 

Now let Ss contain a conic of 4 and have y [0S v3] general 
points in common with °, and we have for projection a surface =” 
of “order Y—v and class 20 on which lies a double curve of order 
b = (/?—11/ + 26)/2. There are j= 4(4—+v) pinch points and 
t = (2 — v’) (3 — v) (7 —v)/6 triple points. For y ==3, we have the 
familiar rational quartic surface with a double line.* If Ss contains two 
non-intersecting conics of ®'*, then the projection is a quadric surface; but 
if 8; contains two intersecting conics, the projection is a quartic surfdce with , 
a double conic.+ Finally, if S, contains an elliptic sextic curve of ®'? or 
contains three conics of ®!? which are incident in pairs, the projection is a 
general cubic surface. l 

The results above can be verified easily by considering the representation 
of each of the projections ‘upon the plane ¢ or by means of known formulas 
concerning rational surfaces.{ 


3. The determination of Ks so that $? will be reciprocal to F”. Denote 
the 27 conics on !* by the symbols a1,- - `, a, Bot * +, Bey Yi» Yis’ © ‘3 ¥s6 
in conformity with the double-six notation ai,:-+-+,@, but +, be, 
C12, C13, © `, Coo for the 27 lines on F. The 27 conics are such that -each 
intersects 10 others each in one point and that they all form 45 triples, the 
members of each triple being incident in pairs. The planes of non-incident 
conics are skew. 

Consider, in particular, the conic yi; It intersects ym: in the point 
Yiz’ yer and ymn in the point yij’ ymn [1 AIA k l 36 mn] while yr 
intersects ymn in the point yrı` ymn. Denote the plane of .these three points 
by (Yis Yst’ Ymn). By permuting the subscripts we obtain 15 such planes. 
Now yi; intersects the conic æ; in a point yj: a; and the conic £;-in a point 





* Jessop, Quartic Surfaces, Cambridge Press, 1916, Chapter Vi. 
fTbid., Chapter IV. 
$ Cayley, Collected Mathematical Papers, vol. 8, pp. 388-393. 
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yij° 8; while a; and 8; intersect-in a point «;- $j. Denote the planes of 
these three points by (yi; %:°8;). Thus, we get 30 planes of this type. 

. Now the points on each of the 27 conics corresponding to the points on 
each of the 27 lines of F°, where the planes through the line are doubly tangent 
to F%, are paired in involution. To the involution on y:; belong the three 
pairs of points yi; ` Ywl, Yij ` Ymn3 ‘Yi * Ykm, ij Yin; Yij' Yoon; Yij` yım and also 
the two pairs yiz + @:, viz Biz yes %, Yij' Bi. The lines determined by all 
these pairs are all concurrent at a point C4;,, the center of involution. In a 
similar manner we obtain the centers Ow: and Omn of involution for the 
conics yı and ymn respectively. These three points Cij, Oki, Omn lie on a 
line which may be denoted by Ci; Oki’ Onm and this line lies in the plane 
(vis "yet" Ymn). There are 15 such lines. Let the centers of involution 
on the conics «i, 8y be denoted by Ai, Bi respectively. The three points 
Cii, Ai, B; lie on a line Ci;- "As - B; of the plane (yı; ` æi’ Bj). There are 
30 such lines. 

The 27 points Ai, Bj, Ci; and the 45 lines just obtained form a coh- 
figuration such that each point is on five lines and each line contains three 
points. Now we wish to show that this configuration lies completely in a 
5-space. Consider two skew lines, say Cie'Csa° Css and Ois: Cos: Cas, of 
the configuration. They determine four other lines, namely, C2° Cus Css; 
Cais * Ose * Coa, Osa * Cos * Crs, C24 ' Cas* Cig. All these six lines lie in a 3-space 
S;. Now choose a line through one of the nine points already in Ss, say the 
line Cy. Ceg* Cas which meets S, in the point Cis. This line determines with 
S, a 4-space S4. Now it is easy to see that this 8. contains all the 15 lines 
of the type Cis’ Chi: Cmn. But the line Ci.:A1- Be, having the point C1. 
in common with S,, determines with it a 5-space Ss. In this Ss are obviously 
the lines Cys: A1° Bs, Cig: As: Bi, Cig: Ax’ Ba, and the rest of the 30 lines 
of the type Ci;- Ai: Bi.. 

This is the very S; we have been sos Taking it as the center of 
projection, we see that the 27 double lines on the projection %2 come from 
the 27 conics of $? and that the 45 triple points come from the 45 triples 
of points on $? of which 15 are of the type yi’ Ykly Yij ` Yımn, Yki ` Yann and 
80 are of the type yij° Qi, Yiz’ Bi, %° Bj. There is no need o describing the 
Propertice of ©? ‘as they are already familiar.* 

YT a The Steiner’s quartic surface. As a very special case we consider 
the 17 in Sy corresponding to a four-nodal cubic surface F’. Let F° have 
the equation . i ‘ ` 

ET * Salmon-Rogets, ‘Analytic Geometry of Three Dimensions, 5th ed., vol.’ 2, Chapter 
XVIIa. 
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fay + ae + 1/23 + 1/t = 0 


or the equations 


Gy Ea: Zg: ta = 1/y1 : 1/y2 : 1/9 : 1/ya 
where - 3 i 


Y F Ye F ys + ys 0. 


The base points of the cubic curves of representation in ¢ are the six vertices 
of the quadrilateral yi, Y2, Ys; ys. Regarding 


. fi = YYY = 0, 
i fe = Yayay = 0, 

8 . 
(3) fs = Yayıy2 = 0, 
f a == YY 2Y = 0 


as four independent cubies of the o*-system | c° |, we have 


(4) x Aisfif = Asy Y Y? + AYY Y? + Assy YPY? + Asay YY? 
+ YYY Ya (ArsYa¥fs + ArsYsYo -+ AssYrYe 
+ AsH Ye + Asy Ys + ArH) = 0 


for the equation of the oo°-system | c*| of sextics having nodes at the base 
points of | cè |]. The equation of @*? may be written 


otis = 1/yiy;. 
Now it is easy to see that ®¥ has four conical points given by 
Tu = l, Lij = Trj = Fy = 0 [i= 1,2, 3, 4]. 


Projecting 6? from any 5-space containing these four conical points upon Ss, 
we obtain a Steiner’s quartic surface. But we wish to project from a particu- 
lar 5-space so that the projection will be the exact reciprocal of F”, that is, 
will have the equation 


4 +. Lh + tgh + 24% = 0. 


There are nine conics on © of which six intersect three by three on 
the conical points and the remaining three are incident in pairs. Denote 
the first six conics by fiz, Bis," * *, Bsa Where Bi; passes through the conical 
points 


X Gi (Gis - L, Zij = Ury = Ur = 0) and X55 (453 = 1, Tij = Trj = Ter = 0) 


and the other three by yız,34, Yıs,42; Y14283 Where yij,ar is incident with 84; 
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and Sx. The points on each of these three conics, corresponding tọ the points 
on each of the three coplanar lines of F* not passing through the nodes where 
the planes through the'line are doybly tangent to F°, are paired in involution. 
Let Cas C13,42, Cx4,2 be the centers of involutions on the conics 12,34, 
Yis,42, Yı14,23 respectively. They have the codrdinates, as a little computation 
will show, 


i Tırı | Log | Leg | Taa > Vig | Ega I Tyg | Tag > Lyg | Tog 
Oiza (0:0:0:0:0:0:1: t: —1:—1), 
Casa (0:0:0:0:1:1:0:0:—1: —1), 
Orson (0: 0:0:0: 1: 1:—1:—1:0: 0) 


These three points evidently lie on a line. Now the 5-space containing 
the four conical points and this line is the S, we desire to have for center of 
projection. Every hyperplane through this Ss has an equation of the form 


(5) Aizti + ERZ -+ Arst + Agen + Aistis + Aastas = 0 F 
where 


Axe + Ase = Ais + Aa = Ax -F Aas. ° 
Now let 


Aye: Aga: Aig: Age: Ars: Aas 
= Ug $- Us | Uy F Ue : Ug + Uo: Uy + Ug | Ug FUs 2 Uy Ug 


and equation (5) becomes 


(us + Us) Tas + (u + Ua) Tas + (us + Ue) Tis -} (u + Ug) Taz 
5 . + (Ua F Ug) C14 + (Ua + Ua) Log = 0. 


` Putting these values of the coefficients and also A; =0 in equation (4), 
we have, after reduction, 


x 


Uys” + UY? + Usta? -+ Usa? = 0 


for the equation of the Jacobians of the nets of the oo-system | cè | of cubic 
curves representing the four-nodal cubic surface F°. These Jacobian conics 
represent the plane sections of the Steiner’s quartic surface whose equation 
is evidently 

Th H- th + 2% + 2,4 == 0. 


5. The © reciprocal to a certain nonic surface. The totality of cubic 
curves in the plane ¢ may be taken to represent the normal rational sutface 
F° in So. Projecting F° from a certain Ss upon Ss, we obtain a surface F” 
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which may be represented upon ¢ by the system of cubic curves given by the 
equation 
i Ay? + Ay + Asy + Aya? = 0, 
where ; : a 
Yı F Y2 + Ys + ys ==0, 


and therefore has the equation 
s, + r’ + g + a =0. l 


Consider again the $1? corresponding to the four-nodal cubic surface F°. 
In order to obtain a Steiner’s quartic surface for projection we took for center 
of projection an S; containing the four conical points of 6**. Now suppose 
we take for center of projection the 8;.determined by the six vertices other 
than X: of the codrdinate simplex given by the codrdinates 


t= 0, Tij =l, Tix = Tjk = Mr =. 
The œ hyperplanes through this Ss have for equation 
Antu + AoT + Laats + Ass€as = 0 


and the Jacobian sextic curves of the nets of the oo*-system of cubic curves 
given by (6) have for equation 


Anah? + Az2/Y + Ags/Ys" + Aaa Y = 0. 


These sextics are the curves of representation upon ¢ of the projection 6’! 
of © reciprocal to F°. The equation of ©"? is evidently 


oy + rh + ag + ot = 0. 


The properties of F° have been studied recently by A. R. Williams * and 
those of $^? can be easily deduced either by dualizing F”? or from its 
representation upon ¢. 
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' œ Analogues of the Steiner surface and their double curves,” Bulletin of the 
American Mathematical Society, vol. 39 (1933), pp. 621-626. 
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REDUCIBLE EXCEPTIONAL CURVES OF THE FIRST KIND.* 


By S. F. BARBER + and OSCAR ZARISKI 


Introduction. In a birational transformation between two surfaces to 
certain curves of one of the surfaces may correspond simple points of the other. 
Such curves have been called exceptional curves. Exceptional curves have been - 
subdivided into those of the first or second kind according as a point of the 
curve is not or is transformed into a curve of the other surface. The ones 
previously considered have either been irreducible or consisted of at most two 
components. A treatment of reducible exceptional curves with components 
all simple is found in (t, Chap. II, 6). We shall consider exceptional curves 
of the first kind with s irreducible components, each counted a certain number 
of times. This case arises when the birational transformation possesses in- 
finitely near fundamental points on one or several irreducible algebroid 
branches. 

In the sequel we shall use some fundamental notions of linear systems of 
curves on- an algebraic surface and the theory of singularities as developed by 
Enriques (°; pp. 327-399). 

Sections 1 and 2 of this paper are devoted to definitions and the deriva- 
- tion of the virtual degree and genus of an exceptional curve of the first kind ; 
the presentation here is parallel to but more complete than that found in 
(*, Chap. IT, 6). In sections 3 and 4 we introduce s fundamental points of 
the birational transformation, mentioned above, on that surface where the 
given exceptional curve has been changed into a point, and limit ourselves to 
the case in which these fundamental points lie on a single irreducible algebroid 
branch. In 5. we consider the correspondence between the irreducible com- 
ponents of the given curve on the one surface and the immediate neighborhood l 
of each of the fundamental points on the other surface. In 6 we determine 
the multiplicities of these fundamental points on branches of lowest order 
passing through the first « («<= s) of them. In 7 we describe the inter- 
sections of the irreducible components of the given exceptional curve, using 
extensively the notion of proximate points introduced by Enriques in his 
theory of singularities (*, p. 381); in 8 we study the classification of the s 
fundamental points as free points or satellites when the intersection numbers 


ee 
? 


* Presented to the Society, March 30, 1934. 
}{ National Research Fellow. 
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of the components of the exceptional curve are known. In 9 we, extend to 
reducible exceptional curves of the first kind the. characterization of. irreducible 
exceptional curves of the first kind as found in (+). Finally in 10 we consider 
the situation when the‘fundamental points lie on ‘several irreducible algebroid 
branches. 


1. Definitions. Let F be an algebraic surface in Sp, free from singularities, 
and let % be a linear system of cutves C on F, of dimension r. We shall say 
for brevity that a curve L on F, irreducible or not, is a total fundamental 
curve of X, if L is a fixed component of a linear subsystem, 7, of 3 and 
if the curves of this subsystem do not have other fixed components outside Z.. 
Weeshall adopt the following 


Definition, (*, Chap. II, 6). A curve L on F is an exceptional curve if 
there exists on F a linear system % of curves © such that 
(i) Xis irreducible, simple, of dimension r = 3; 
(ii) DL is a total fundamental curve of 3; . 
(iii) The œ curves Cı, which together with L give total curves of 3, form 
a linear system %, of effective degree one less than the effective degree of 3. 


We recall that the effective degree of a linear system is the number of 
variable intersections of two curves of the system. If the system is of dimen- 
sion r, its effective degree is =r—1. It follows that the system $, is 
necessarily irreducible, since by (ii) it is free from fixed components and by 
(i) (r= 8) and (iii) it is of positive effective degree ang therefore cannot 
be composed of the curves of a pencil. , 

If it is possible to find the above system X in such a manner that it should 
have no base points on L, then L is called 'an exceptional curve of the first kind. 
If this is not possible; L is called an exceptional curve of the second kind. 

If we refer the «7 curves O of X to the hyperplanes of an’ S+, we obtain 
in S, a surface F birationally equivalent to FP, since 3 is simple. This surface 
is of order n, where n is the ‘effective degree of 3, and its hyperplane sections 6 
correspond to the curves C of X. In this correspondence to the subsystem 
3ı + L of 3 there corresponds the system of hyperplane sections of F on a 
fixed point O of S,. This point O is on F, since the effective degree of 3, is 
less than the effective degree of 3, and is a simple point of F, since by (iii) 
two hyperplane sections of F on O have n— 1 variable intersections. Thus 
in the birational correspondence F between F’'and' F the curve L (irreducible 
or not) is transformed into a simple point O of F (a fundamental point of T-Y 
and this is in agreement with the usual definition of an exceptional curve. 
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It is one of the purposes of this paper to study the nature of the correspondence 
between L and the neighborhood of O when L is reducible. 

The fundamental points of T (on F) are at the base points of 3. Hence 
an exceptional curve L is of the first or of the second kind (see above defi- 
nition) according as it is or is not possible to transform Z into a simple point 
of a surface F, birationally equivalent to F, in'such a manner that no point 

` of L is at the same time transformed into a curve of F. 

‘In the sequel we shall be concerned only with exceptional curves of the 
` first kind. We observe, however, that the properties: of exceptional curves of 
the second kind can be deduced from those of the first kind. In fact, it is 
always possible to transform birationally 7 into a surface F in such a manner 
that the transformation should possess no fundamental points on F and that 
to & there should correspond on F a linear system X, free from base points. For 
this it is sufficient to.refer ‘the sections of F by hyperquadrics on a base point 
of 3 to the hyperplanes of a linear space and to apply this procedure suc- 
cessively to the transformed surfaces until all the base points of 3 disappear. 
To the exceptional curve L there will correspond on F an exceptional curve È 
of the first kind. However, in general E will consist of the transform proper 
of L and of the fundamental curves of the eanetormiation on F, arising from . 
the base points of X. 


2. The virtual characters of an exceptional curve of the first kind. 
Theorem 1 (4, Chap. II, 6). If L is an exceptional curve al the first kind, 
then (L?) =—1 and [L] = 0.* ; 


Proof. Let H denote the set of effective base points of 3. We have 
(C-L) = ((Ci + L)-L) =0, since L, a total fundamental curve of 3, does 
not have variable intersections with a Q and since no base point of X is on L. 


Consequently (C,:L) =— (L°). Now C, + L is the limit of an irreducible . 


curve C and hence C, and L must have-at least one point in common (Principle 
of degeneration of Enriques 2). It follows that (C1: L) >0 and hence 
(L?) <0. We also havet n = (0?) » = (CY)x + 2(G4-> LD) + E) 
= (C,?)”— (L*). From the hypothesis that the effective degree ‘of 3, is 

n— 1, it follows that (C:7)y =n—1,{ and that consequently (LZ?) =—1. ` 


* (L°) is the virtual degree, [L] the virtual genus. In evaluating these characters 
of L, we consider L as vir tually free from base points. 
+ (0?) x denotes the virtual degree of O with respect to the assigned set °H of base 
pointes in this case the effective degree of Z. 
+The set of effective base points of =, certainly includes H, since O,-L= 0. 
A priori we cannot exclude the possibility that 2, may. possess accidental base points, 
whence the necessity of using the inequality sign. 
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It follows that (L°) == — 1 and incidentally 
(1) (C?)x=n—1;° 
(2) (C E) = 1. 


We observe that from (1) it follows that H is also the set of effective base 
points of 3, and hence [Ci] gives the effective genus of C,. Since the curves 
C, correspond to the hyperplane sections of ‘on a simple point O, it follows 
that [Ci]x —([C]u. Furthermore 


(Clee oad (aaa res oe es: 


Hence [L] =0, q.e. d. 

The exceptional curve L may be reducible and some of its irreducible com- 
ponents may occur in L to a certain multiplicity. Let then L = kDn + kaLz 
+e e e kaDs, where Ly, La, > +, Ls are the distinct irreducible components 
of L and where kı, ke,- * +, ks are positive integers. From (2) it follows that 
C, intersects one and only one of the components L; and that this must be ‘a 
simple component of L. Choosing our notation properly we may assume that. 


(3) Genren (esta (Gee Be 2,8), 
(3’) k=l. 

Since (0 - Li) = 0 (i= 1,: > -,s), it follows that 

(4). (LL) =—1, iy ed (i= 8), 


all curves L; being considered as virtually free from base points. The relations 
(4) can be rewritten as follows: 


(hie Shek) 4; 
(5) aa 
(Li: Da) + È k (L: In) = 0 ` (j =32,: ‘ -,8). 


We observe that the curve Lı + LZ. -+---+ Ls, must be connected, i.e. 
it cannot be represented as the sum of two curves having no points in common, 
This follows‘immediately from the fact that C, meets only the curve L, and 
that C, L is the limit of the irreducible curve C. Since (L; L;) 20, 
it is j, and since, by the preceding remark, for a given value of i one at 
least*of the intersection numbers .(L;-Z;), 1347, must be positive, it follows 
from (5) that the virtual degree (Li?) of any component Li of L is negative. 
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Applying the well known formula, for the virtual genus of a reducible 
curve, we find ‘ 


[L] — È kipi + X [hs (ki —1)/2] (Li)? 


+ (1/2) = Š bak (Zi: 1) — Bh + 1, 
l Ta 
where p; = [L:]. By means of (4) or the equivalent relations (5) this 
expression of [L] can be simplified : , 


[L] = 3 r aa (1/2) > ky (L,?) —> ki + a 


Since by Theorem 1 we have [2] =0 ‘and since kı =i we arrive at the 
toleving relation : ES 


(6) ` E 


3. The fundamental points in the first neighborhood of O. We now 
“proceed to study the system %,, the residual of 3 with respect to L. By (3) 
the curves L», - -, Ls are fundamental curves of 3,. On the contrary L, is 
not a fundamental curve of 3,, since (04: L1) = 1, and since the intersection 
of C, and L, cannot be a fixed intersection, because by (1) the effective base 
` points of ¥, coincide with those of X and are all outside L. Let us assume 
for the sake of generality that La -+> - -+ Ls consists of several connected 
curves LY, L9,- LO, aoe two by two no points in common (maximal 
connected components of La +: + +-+ Ls). Hach ZL jg then itself a funda- 
mental curve of 3,. Let us consider for instance E® and let us denote by 32 
the residual system of 3, with respect to L™. Let 0; denote a generic curve 
of 3}. What are the possible fixed components of $? ZL, is not a fixed 
component since it is not fundamental for 3,. Neither can any component 
of LY, +> 1, be a fixed component of 3.. In fact we have (C1- La) 
= ((C, + EY) -L,) =1, and since (Z™-LZ,) > 0 (the curve Lı + -+t + Le 
is connected), and (C2: Lı) cannot be negative, it follows that (C.-L) = 0 
and incidentally that 


(7) (L® 7 L) =i. 


If any component of L‘, i > 1, were a fixed component of 32, then the whole 
curve EL would be a fixed component of 32, since it is a fundamental curve 
of 3. We would have then C = L +O, and (€,:L,) =— (L0 La) s 4 0, 
and this is impossible since L, is not a fixed component of 3. ` 

` Thus the only possible fixed components of 3, are either the irreducible 
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components of Z% or irreducible curves which are: not’ components of L. 
We can, however, avoid this second possibility by replacing the system 3, 
by the system 3“, which corresponds on F to the system cut out on F by the 
hyperquadrics (instead of by the hyperplanes) passing through the funda- 
mental point O. This system 3 contains all the reducible curves C + Ou 
and it is obvious that the preceding conclusions apply as well to & as to 3. 
The curves of 3 which contain L™ as a fixed: component do not automatically 
possess other fixed components which are not components of L, since among 
these curves we find in particular the curves L + 20;. We conclude that the 
system 3, just defined, possesses a total fundamental curve of the type 


(8) LY = he La + kV La $e the OLe (9S8), 


where La +` - --+ Le ==L™ and where ky ,- - -, ke are positive integers. 
In a similar manner the remaining maximal connected components L™,--+; DO 
of La +--+ > -+ Ls give rise to total fundamental curves L®,- + -, LO of 3, 
where L‘ is made up of the irreducible components of Z, each counted to 
a proper positive multiplicity.. 

, We have seen before that the curves OR of 3 meet L, in one variable point. 
These curves correspond to the hyperplane sections of F on O. ‘The curves 0; 
passing through a fixed point of L, form a subsystem of 3, of effective degree 
less than that of %,, and hence correspond to the sections of F by hyperplanes 

through O and through another point O, of F, at finite distance or infinitely 
` near O. However, the point O, cannot be at a finite distance from O, since 

L does not carry fundamental points of the birational transformation between 

F and F and therefore to'every point of the curve L there corresponds an 

unique point of F. This point must coincide with( or be infinitely near) O, 

since the curve L is carried by the transformation into the point O. It follows 

that the curves C, on a fixed point of L, correspond to the hyperplane sections 
of F passing through O and touching there a fixed tangent line of F., Since 

the curves C, meet L, in only one point, which varies as C, varies in 3, 
it follows that there is a (1,1) correspondence between the points of L, and 
the tangential directions of F at O. The irreducible component Lı of L thus 
corresponds to the first order neighborhood of the point O on F. Incidentally 
this shows that L, is a rational curve. l 

We can be more precise and show that not only is L, a rational curve. but 
that Lı is free from multiple points, i. e. pı = [Li] = 0. The system 3; cuts 

out on L; a g. If L, had a point of multiplicity > 1, the subsystem of 3, 

through this point would, then contain Ly- -as a fixed part, and this is im- 

possible, since L is not a fundamental curve of %,. This property, extends 
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similarly to the curves L; (t==2,---,s). In fact, it will be shown in the 
next section. that any curve Lj. (t= 1,2,00, s—1) plays..the rôle of L, 
for a conveniently defined exceptional curve L‘ of the first kind [formula 
(16)]. Hence p; = 0 (i= 1,2,- > :,s), and (6) becomes 


(6°) Shi [(L2) +2] =1. 


The above considerations apply to the system 3% as well as to 34. Let 
Cm denote a generic curve of 3. We have CY = C -+ Çı and hence the 
following relations, similar to the relations (3), hold: 


(9) (CM -T,)=1, (0®- L) =0 (i= 2+ + +48). 


The curves C’ meet L, in one variable point, and those which pass through 
a fixed point of L, correspond to the sections of F by hyperquadrics passing 
through O and touching there a fixed tangent line of F. Let us now consider 
the curve L™, given by (8). In view of (7), L® meets Lı in one point, 
say PW, Let 0,™ be the point of F, infinitely near O, which corresponds 
to P™. The curves C® of 3, which are constrained to pass through P™, 
necessarily contain the whole curve L™, since L™ is a fundamental curve 
of 3. The residual system, which we shall denote by 3.%, is irreducible, 
since it does not possess fixed components (L® is a total fundamental curve 
of 3) and is not composed of the curves of a pencil (the system 31‘? 
contains partially the system 3). Moreover 3, is of effective degree one 
less than that of 3, since the curves of 3,‘ correspond to the sections of F 
by the hyperquadrics through O and 0,™. Hence L is itself an exceptional 
curve of the first kind. In the birational correspondence between F and F 
to the curve 7 corresponds the point 0,” infinitely near O. The exact 
nature of this correspondence is yet to be investigated. 

In a similar manner it can be proved that the other total fundamental 
curves L@), L®,- +--+, L° of ZV are exceptional curves of the first kind and 
that they correspond to points 0,%, 0,,---,0, on F, infinitely near 
and in the first neighborhood of O. 

The points 01%, 0,,- - -,0, are distinct. In fact, the point 0: 
corresponds, in the (1,1) correspondence between the directions on F about O 
and the points of Z,, to the intersection P™ of L® or, what is the same, 
of L@) with Lı. These intersections P™,P®,---,P© are distinct, since 
the curves LY, L,-- +, £° have two by two no points in common, , 

We now prove that (7) can be replaced by the stronger relation: 


(10) (EO) +1) =1. 
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In fact, if C,™ denotes a generic.curve of %,%, so that OY = 0,% + L®, 
then it follows from (9) that (Li -0,%) = (L: 0™) — (i: E®) 
==1—(L,-L™), Since (L,-0,%) =0 and (L: EO) > 90, ey? follows. 
We also have incidentally 

(10’) (CO, - Ly) = 0. 


Similar relations hold for L, L®,- --,L, 


4. The successive fundamental points 0;01,- + -;Os+. 0f T. The points 
0,™, 0,;,- + +, 0,,:defined in the preceding section, are clearly to be con- 
sidered as fundamental points, infinitely near O, of the birational trans- 
formation between F and F. The considerations of the preceding section also 
shdw that the presence of two or more distinct fundamental points on F in the 
first neighborhood of O corresponds to the case in which the curve La + ‘+ Ds 
‘is not connected and consists of two or more maximal connected eer 
If then we wish to consider first the simplest case in which there is only one 
fundamental point infinitely near and immediately following O, we must 
assume that Da +> - > -+ Ls is connected. Let us make this assumption. Then 
the system 3 possesses a total fundamental curve L™ of the type: 


(11) LO) = Ia + kV Lg + + te hee Le, 


where kz, ks,- - +, hs are positive integers. The fundamental point on 
F, infinitely near O, will be denoted by 0,. We may apply to thé system 
3 and to the exceptional curve L® the results derived in section 2 for % and 
L. Thus, choosing properly our notation, we have the following Telations, 
analogous to the relations (3), (3°) and (4): 


(12) (0. -Ie) el, (04+ Ds) =0, ‘(d= 8, +5 8)5 
ax) k = 1; 
(18): (L® -La) =—t; (LO) Lieb; (Cen Sonar) ie 


The system 3 corresponds to the sections of F by the hyperquadrics 
on: 0, and. the system 3,“ corresponds to the sections of F by the hyper- 
quadrics on O and O;. Let us transform birationally F into a surface F, by 
referring the above hyperquadrics on O to the hyperplanes of a linear space, 
There arises a birational transformation T, between F and.#, in which to the 
system "3m corresponds the system of hyperplane sections of #,. In “the 
trassformation between # and #,, which is locally quadratic at O, the first 
neighborhood of O is spread out into-the points of a straight line; to the point 


REDUCIBLE EXCEPTIONAL CURVES OF THE FIRST KIND. 127 


(direction), O, there will correspond a point 0’, of this line; and it is clear 
that the system 3, goes into the system of hyperplane sections of F, through 
O’. For the birational transformation T, between F and F,, the system 3 
and the exceptional curve L® play. the same role as 3 and L played in the 
‘transformation T between F and F. If .s > 2, the transformation T, will 
‘necessarily possess on F, fundamental points infinitely near 0’, and hence 
the transformation T will possess on F fundamental points in the second order 
neighborhood of O. The number of these fundamental points nee the 
number ‘of maximal connected components of- the curve’ Ls +--+ -+ Ds. 
Again, if we wish to consider the simplest case in which T possesses on F 
only one fundamental por O> in the second order neighborhood of O, we 
must assume that. La -+-- -+ Leis connected. 

Considering the system 3%‘) which corresponds on F to the sections of 
F, by the hyperquadrics on O’, (this ein contains all reducible curves 
COM 4 C,™) and assuming that L; +--+ Ls is connected, we have that 
&® possesses a total fundamental curve of the type 


i L® Skay ++ + + ha Le, 


‘and that L® is an exceptional curve of the first kind. If 3, denotes the 
residual system of 3 with respect to LD and if C and 0,@ denote generic 
‘curves of $ and 3, respectively, then, with a proper choice of notation, 
we have the following relations similar to (12), (12’) and (13) : 


(14) ` (Co +Ln)—1,° (Ci + Ly) =0 (i= 4,-++,8); 
(GP) | k=l; 
(15) (L® - Ia) =—1, (LY. Ly) =0 (i=4,- +58). 


If s > 3 the. transformation T between F and F. possesses on # funda- 

mental points in the third order neighborhood of O. (arising from fundamental 
points of T, on F, in the second order neighborhood of 0’,) and there is but 
one such fundamental point if and only if L4 +- - -+ Ls is connected. 
i The general procedure is now deanna and serves to define the 
fundamental points of T on # in the 1st, 2nd,- - -, (s— 1)-th order neigh- 
borhoods of O. We assume at present that each fundamental point O, in the 
i-th neighborhood of O (i < s— 1) is followed by just one fundamental point 
Oinin the neighborhood of order i+-1. With these’ assumptions, 7 meee 
on F in.addition to O other s—1 successive fundamental points O;,- - SCi 
infinitely near Ou, lying on. one irreducible algebroid br anch of origin es 

We may.define by induction the’ systems J, 3,0, the ‘exceptional curves 


ld 
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L®. (i= 0,1,:+-+,s—1) and state their properties as follows. EL is a 
total fundamental curve of 3“ and we have 


(16) LO =k Lin + ROL ++ + ks Le, 


442 


where the k’s are positive integers. 3%,‘ is the residual system of 3 (of 
dimension one less than X) with respect to L“. We have the following 
relations, similar to the relations (14); (14’), (15): 


(17) (G+ Lia) =l (P-L) = 0 (fi +2,-- +5 8)5 


GY) Rg = 


(18) (L® Lia) =— 13 (DO -Ly) 0° (jit 2+8). 
Here C and 0,“ denote total curves of X and 3,‘ respectively. The 
curve Lis +: + : + Le is connected. The system 3‘*» is the minimum linear 


system containing as total curves all reducible curves C + 0,™. 

Let F; be the birational transform of the surface F obtained by referring 
the curves of 3” to the hyperplanes of a linear space, and let T; denote the 
birational transformation between F and F; (F, =F, 3 —=3, T, =T). 
The system 3,‘ corresponds by T; to the system of hyperplane sections of F; 
on a fixed point O;‘”, while the curves of SCH) correspond to the sections 
of F; by the hyperquadrics through 0;“”. It is clear that Fin is a birational 
transform of F;, obtained by referring the sections of F; by the fhyperquadrics 
through O;“ to the hyperplane sections of Fi. In this transformation, 
which is locally quadratic at Oi“, the point Of, corresponds to a direction 
about O,. The points 0, = 0, ot 0,),- 0 are the transforms 
of the s fundamental points O,01,- * +, Os-. on F by the above successive 
locally quadratic transformations and serve to define the position of the funda- 
mental points O,0,,- © +, Oc. on F on algebroid branches: every branch on 
F passing through O,0,,- -~,0; corresponds to a branch on F; passing 
through-0,, 

The following intersection formulas will be useful in the sequel and 
are obtained by applying the formulas (10) and (10’) to the exceptional 
curves L® : 


(19) (L° - Li) =1; 
a9), (C, - Ia) =0 E REET E pP 


_« Remark. Our notation implies a definite ordering of the irreducible com- 
ponents Ly, La’ © >, Ls of L. From’ (19) it follows that each curve L; 
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intersects one. and only one of the curves Liu’ * > Dog. Tf Lisa (% > 0) 
is the curve which L; intersects, then (Li: Lise) =1 and Lia must be a 
simple component of L. It does not, however, necessarily coincide with the 
simple component Lin, as we shall see in the sequel. At any rate, all the 
intersection numbers (L;:L;), +544, are either 0 or 1. 


5. The correspondence between Li and the immediate neighborhood of 
Oi... It has been proved in section 3 that, in the birational correspondence T 
between F and F, the irreducible component L, of L corresponds to the first 
order neighborhood of the fundamental point O on F. In a similar manner, 
in the birational correspondence Ti-ı between F and Fi the irreducible com- 
ponent L; of L- corresponds to the first order neighborhood of the funda- 
mental point Oe on Fi- Hence, to a branch 8), on Fi of origin see 
and possessing at OC a principal tangent line distinct from the singular 
direction at OP (thab direction to which there corresponds the point 04‘? 
- on F,), there corresponds a branch yi-ı on F meeting Li at point P4. ` The 
branch 8;., arises, by the sequence of locally quadratic transformations applied 
to F,F,,---, from a branch Fi-ı passing through O,0.,-- +, Oia but not 
through O;. Hence we have the following ; 


THEOREM 2. To a branch ¥i-. on F, passing through O, On" + +, Oia 
but not through Oi, there corresponds a branch yi-1 on F meeting Li. As we 
approach on Ẹ the point O along such a branch Fi-ı the homologous point on F 
approaches a point P; on Ly. This point P, varies as the point on Yi-ı which 
immediately follows Oi-ı varies. 


It will be noted that an apparent discontinuity arises as Y:-ı approaches 
a branch 7; passing through O, On’ © -, Oia and Oi. The branch yi, which 
corresponds to 7; on F, is a branch meeting Lis, but not necessarily Li. The 
real situation is the following: as 7;-1 approaches a branch 7, the corre- 
sponding branch yi-ı on F approaches a locus which degenerates into the 
curve L and into the branch yj. , 

Another paradoxical circumstance is the following. We have seen that 
there is a (1,1) correspondence between the points of Lj and the points on 
F infinitely near and immediately following Oi,. Among these points there 
is the fundamental point O,, and it seems natural to expect that the corre- 
sponding point on L; is a common point of L; and Li. However, this is not 
always the case, as it may well happen that L; and Lis, do not intersect at all. 
We shall deal with the general case in the next section. Here an example.may 
suffice. Let s—3 and let the fundamental points O,0,, Oz on F lie on a 


9 
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cuspidal branch. The general results of the following section show that in this 
case we have: D= L, +4 Lo + 23Ls, (Li: Le) =0, (Li: Ls) =1, (Lat Ls) =1 
and incidentally (L?) =-— 8, (L2) =—2, (L) —=—1. Thus the curve 
Lı does not meet Lz, although there is a point on L, which corresponds formally 
to the direction O O.. This point is the intersection of L, and Ls If we 
consider a branch on F passing through this point and if we assume for 
simplicity that this branch is linear, we find that the corresponding branch 
on F passes triply through O and simply through O, and Oz. 


6. The geometric significance of the coefficients ki. A branch 7-1 on 
F of smallest order, passing through O,0,,-- `, Oi- arises from a linear 
branch ô:-ı on Fi, of origin OH and possessing at OY a generic tangent 
line. To such a branch there corresponds on F a linear branch y;-, of origin 
Pi- a generic point of L; and therefore not on Lj, j ~1.* It is well known 
from the theory of singularities that branches Fi-ı of lowest order are also 
characterized by the fact that such a branch Fi-ı passes simply through O14 
and that the points which follow O;.. on FYi-ı are all free points. (°, pp. 365- 
366, 372). 

The orders of multiplicity with which Fi-ı passes through the points 
O, On: © +, Oi can be obtained as follows. The order of the multiple point 
Oj-1 (j Si) equals the multiplicity with which the branch 8, which corre- 
sponds on the surface F; to ¥i-1, passes through the point Oe; its origin. 
We may assume that 8 is the branch of some irreducible algebraic curve D on 
Hj, and that D does not possess other branches of origin OU”, distinet 
from è. Then we may calculate the multiplicity of D (i.e. of 8) at On” 
as the difference between the number of intersections of a variable hyperplane 
section of F; with D and the number of variable intersections with D of a 
hyperplane section through OP. Going back to the surface F we see that 
the required multiplicity equals (09 - D) —(C,9--D), where D on F 
is the transform of D on Fj... Now OUP == 0,9" 4+ LO- and hence 
(C9 - D) — (C149 + D) = (LU - D) = kG, since the branch yi-1, and 
hence also D, has a simple intersection with the curve Lu, does not meet any 
other irreducible component of DU, and since L; is a k;--fold component 
of LG, We thus have the following 


THEOREM 3. The fundamental points O,0,,- +--+, Oi- (iS 8) .on F lie 


*The truth of this statement follows immediately if we recall that to the sections 
oft’: by hyperplanes through 0‘) there correspond on F the curves C,(i-1) of the 
system 2, (i-1) and that by (17) (0 0-0 . L;) =1. 
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on a branch Fi- of lowest order, passing through these points with the multi- 
plicities li, kz™®, ky ,- > +, ky? = 1. 


As a corollary we have the following inequalities: 


(20) ky Shp? Sg Se ZS 1. 


In particular the branch of lowest order passing through all the s fundamental 
points O, O1,* * -, Os-ı has at these points the multiplicities ks, ks, ks”, 
+, ke) = 1 aes 
The branch 7; passes through O, 01,- © -, Oi. and in addition through 
Oi. The multiplicity of any point O;, 7 S i— 1, on this branch cannot be 
less than its multiplicity for the branch Fi-ı of lowest order passing thrqugh 
O,01,: + +,O:4. Hence we also have the following inequalities: 


(21) hiw < ban) < eu ++ Sl kh, 


7. The determination of the intersection numbers (Li-L;). In his - 
theory of plane singularities, Enriques (*, p. 381) has introduced the notion 
of proximate points on an algebroid branch. Let O, O1- ',Os-ı be a 
sequence of infinitely near points on an aur branch y, and let v; be the 
multiplicity of O; on y. We have for any i, vi Z vin. If vi = vin, then the 
set of proximate points of O; on y consists by definition of the single point 
Oin If vi > vin and if vi = hvi + (0S < vin), then it can be proved 
(3, p. 381) that O; is followed immediately on y by h successive vi.:-fold 
points Ois, Oise, © >, Oin and by one v-fold point Onni (1 +2+1Ss—1), 
if *>0. These 4-+1 points constitute the set of proximate points of O04. 
If y = 0, the set of proximate points of O; consists of h points Ona’ © +, Oist 
From the above definition one deduces the following fundamental property 
of the set of proximate points of a given point: the multiplicity of O; ony 
equals the sum of the multiplicities of its proximate points. 

We shall have occasion to use the following property of oink points: 


THEOREM 4. If Oisa is in the set of proximate points of O, on a given 
branch y, then it also belongs to the set of proximate points of O; on any other 
branch passing through Oia (and hence also through O;). 


This theorem is implicitly contained in Enriques and follows from the 
construction of the branches of lowest order passing through a given set of 
successive infinitely near points O, On <, On Ois,:**,Os1 on a given 
branch y. If 0:.:,: + +, Ong is the set of proximate points of O; on ¥, it is 
found that on a branch of lowest order passing through O, 01,- * >, Os. the 
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set of proximate points of O; consists of the set On’ © +, Ong if s—1>i+ 8, 
and includes the set Oi, © `, Os-1 i£ s—1Si+8 (4, Chap. I, 2). From 
this the above theorem follows immediately. We shall now prove the following 


THEOREM 5. Let ys-ı be the branch of lowest order which passes through 
the infinitely near fundamental points O, O., ‘++, Os on F and let the set 
of proximate points of Oin on ys- (i< s) consist of a; points Oi, Ois 

"sy Oiras” Then (L * Disa) == 1, (Li 7 Lj) = 0 af j > 4 and j£ 4 + hee 
Moreover the virtual degree (L:?) of Li equals — (1 + a). 


For the proof we observe first of all that it is sufficient to prove the 
theorem for i= 1 (Oi. = 0, L; = Lı), for then we may apply the result 
to any exceptional curve LY and to the sequence of fundamental points 
Ou, OD,- -, OHP on Fia of the birational correspondence between F 
and Fi... These points lie on a branch of lowest order, which is the transform 
of the branch ys-ı, and the proximate points of O}*? are clearly the points 
Ose,» +, OD, DTA 

We first prove the theorem when g = 1, i.e. when the set of proximate 
points of O consists of the single point O. By Theorem 3 we have then 
kg = ks. Applying Theorem 4, we see that the set of proximate points 
of O on any branch yi-1 of lowest order passing through O, 04,- * -, Oi-1 will 
consist of the single point O,, and hence, again by Theorem 8, we have 
kb, = k; (t= 2, 8, < -,8), i.e. L= Lı + DL. By (18) we have (L: La) =0, 
(L® - La) =— 1, hence (L: Lay = 1 and this proves the first part of the 
theorem. We also have (ZL: Li) = (L?) + (L® - La) and by (18) and (19) 
(L: L) =— 1, (L® - Lı) =1. Consequently (L,?) = — 2, q.e. d. 

By section 4, Remark, L, meets only one of the curves Ls, * +, Es and 
the corresponding intersection number is 1. To prove our theorem for «@ 
arbitrary, « > 1, we shall assume that (Z1- Lan) = 1 and we shall show that 
then the set of proximate points of O on the branch ys-ı consists of the points 


0i,- © +, Oa and that (Ly?) =— (1+). 
We have (L® - Lı) =k) and hence by (19) kG’ ==1. Using the 
inequalities (20) we find k = kS) —---=:h) —=1, and from this it 


follows, in view of the inequalities (21), that all the coefficients 4,” 
(j=1,2,---,¢, t—=—p+1,---,a-+1), are 1. For the sake of clearness 
we write the simplified expression of the curves L, U,---,L@: 

* Here necessarily i + e; — l1 S s—1 because on a branch of lowest order through 


a giveñ sequence of infinitely near points O, 0,,--+, O,_,, the set of proximate points 
of any point of the sequence except the last point O,_, is contained in the given sequence. 
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L = Lı + La + kL; +: E +A kala + kar ari + karz Lar +: a 


LO = Le + L; + Fok + La -+ Lan + ce Lave + pane 
Led = La + Lan + kP Lasz MORS 
Lo = i Don HES Lanti 


We have replaced ke by 1, since ks and k,™ (= 1) give the multiplicities of 
O and O, on the branch of lowest order passing through O and Q., and hence 
clearly k = 1. From Theorem 3 it follows that the branch ya of lowest 
order passing through O,0,,---,0O, has at these points the multiplicities 
kaw, 1,: + °,1. Consequently on this branch the set of proximate points of O4, 
1SiSa—1, consists of the single point Oi. It follows by Theorem 4 
that also on ys. the set of proximate points of 0,, where now 1 SiS a@—2, 
consists of the single point Oi. Since we have already proved our theorem 
for the case æ = 1, we conclude that the following relations hold: 


(22) (Li j Lin) =] 
(22) (L?) =—2 (i=2, 3, +, a — 1). 
By (18) we have (L; Lı) =— 1 and (L: L:)=0,i>1. Using the 


relations (22), (22’) and recalling that by section 4, Remark, each curve Li 
intersects only one of the components L;, j > i, we find 


(23) (Ly?) + kan =— 1; 
(23) — 2k: + kg = 0; 
(23”) kia — 2hi + kin = 0 (t==3,-°+-,a—1). 


Since k, = k —1 the relations (23°) and (23”) give the following values for 
keg, last + +, ka: 
(24) ks = 2, ka= 3, © + hg = a — 1. 


The curve La intersects one (and only one) of the curves Las, Lasst © t. 
Let (La' Larn) =1, j Z1. From (L? La) =0 (t=1,2,:-+-,a—2), 


(L@) . La) =— 1 and (L - La) = 1 we derive the following relations: 
(25) 1+ (Lè) +h —=0 (i=1,2,: : +, a— 1); 
(25°) k = 1. 

From these relations it follows that ka =k au ae Sate OD and 
k = keD m > "= kos — 1 by (20). Hence the branch yası of 


lowest order passing through the points O, On, - >, Oasj-. has at these ‘points 
the following multiplicities: Oren, O,*, O,- © +, O%a1, Oat, ` ++, O*asj-1, Where 
we have put k = ko. We also have (L- La) = 0 and hence from (24) 
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(a —2) + (@—1) (La?) + ban = 0. 
Substituting for (La?) the value —&—1 from (25), we find 
kary = (&—1)k +1. 


This value of karj Shows that on the above branch ya+j-ı the set of proximate 
points of O consists of the points On O2,* * *, Oa. By Theorem 4 it follows 
then that also on the branch ys-ı the points O1,- - -, Oa constitute the set of 
proximate points of O, and this proves the first part of the theorem. 

We have already observed that the branch ya of lowest order passing 
through the points O, 0,,- - >, Oa possesses at these points the following multi- 
plicities: O*¥en, O,7,---,0,'. Also on this branch the points O,,°--, Oa 
‘must constitute the set of proximate points of O. Hence kan =« and by 
(23), (Ly?) =— (1 +2), q. e. d. 


Remark 1. By Theorem 1, the curve Ls is of virtual degree — 1 because 
Ls = L, i.e. Ls is itself an exceptional curve of the first kind. 


Remark 2, The preceding theorem shows that the intersection numbers 
(Li: L;) are completely determined by the characters of the branch ys-ı of 
lowest order passing through the infinitely near fundamental points 
O,:-++,Os1. Conversely, it is not difficult to show that the intersection 
- numbers (Li: L;) completely determine the characters of the branch ys, 
i.e. the multiplicities of the points O,01,: + +, Os-1 on this branch. In fact, 
— (£L,?) — 1 gives the number of proximate points of O; (i < s— 1), and 
hence the multiplicity of O; on ys-ı can be found if the multiplicities of the 
points Ois, Oise," + +, Os. are known, because the multiplicity of O; equals 
the sum of the multiplicities of the proximate points. Since the multiplicity 
of Os- is 1, the multiplicities of Os-2, Os-s,: © - can be determined step by step. 

In a similar manner the multiplicities of the points O, O1,- - +, Oi- on 
the branch yi, of lowest order containing them can be determined. Hence, ' 
by Theorem 3, it follows that the intersection numbers (Li-L;) determine 
uniquely all the integers ki. 


Remark 3. The determinant A; = |(La:Lg)| (a, 8 =i,i+1,--+-,8), 
equals (—1)*-#4.. In fact, if we multiply in A, the second column by kz, 
the third column by ks- --, the s-th column by ks and add to the first 
column, we find, in view of equations (5), A, = — As. In a similar manner 
we find A,==—A,=Ay=---=+A,. Since A; = (L?) =— 1, the 
staferhent follows. The equations (5) determine the integers k; in terms of 
the intersection numbers (L;-L;). This is in agreement with the preceding 
remark. 


’ 
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8. Free points and satellites. Our analysis of reducible exceptional 
curves runs parallel to the analysis of plane singularities due to Enriques. 
It illustrates very concretely, by means of the intersection properties of the 
components of the exceptional curve, the notions and conventions used in this 
theory, as for instance. the notion of proximate points. Another concept, also 
due to Enriques (*, pp. 365-366, 372), is that of free points and satellites 
in a sequence of infinitely near points on an algebroid branch. We shall now 
show that the knowledge of the intersection numbers (Li' L;) allows us to 
decide whether the fundamental point O; on ys-1, which corresponds to a given 
component Lis of L, is a free point or a satellite. For this we quote a few 
properties relative to the classification of the points O, 01,- * +, Oss into free 
points and satellites (t, Chap. I, 2). ~ 

Let Ons, Ono) * °, Orr be a sequence of free points such that Os (if 
One FO) and Omi (if &4+1<s—1) are satellites, and let v; denote the 
multiplicity of O; on ys-ı Such a sequence enjoys the following characteristic ` 
properties : 

(a) Vig = Vee = ' = Vesta} Weel L vita except when k +]—s—1, 
in which case ve-1 = var = 1. 

(8) If Orn is distinct from O, then k = 2 and vı = w. Moreover if 
Vie = Vea 9 = ete ON me Ei, then v4 = inn. l 


Recalling the properties of proximate points quoted in section 7, we 
conclude from (@) and (8) that 


(1) Every satellite is the last proximate point of at least one point 
preceding it. 

(2) If Or is a satellite followed by a free point Ox, then O; is the last 
proximate point of two points Ox. and Oz, preceding it, and conversely. 

(3) The last proximate point of any point O; is never a free point 
followed by a satellite. 

From (1), (2) and (3) there follows 


THEOREM 6. If Lis does not meet any curve L;,7 <i+1, then O; is 
a free point followed by a satellite Oin, and conversely. If Lis. meets two 
of the curves Lj, j < i+ 1, then O; is a satellite followed by a free point Oin, 
and conversely. 7 


This theorem characterizes the last point of a sequence of satellites 
followed by free points and the last point of a sequence of free” points 
followed by satellites and hence enables us to find out the division of the tet 
O, 01, + +, Os-+ into free points and satellites from the intersection properties 
of the curves La, L2,- + -, La. ‘ 
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We add a few remarks concerning the (1,1) correspondence between the 
points of Lin and the points of the immediate neighborhood of 0; (points in 
the neighborhood of order i+ 1 of O). It is not difficult to show (*, Chap. 
I, 2) that the simple infinity of points immediately following Oi contains 
one satellite, if O; is a free point, and two satellites if O; is itself a satellite. 
What point or points of Lis correspond to this satellite or these satellites ? 
To answer this question it is necessary to observe that if Öm ig a point in . 
the immediate neighborhood of 0;, then the branch of lowest order passing 
through O, 01,° - +, On Ois is of the same order as the branch y; of lowest 
order passing through O, 0,,- - -, Oa if.Ois. is a free point, and is of higher 
order than y: if Õis is a satellite. A branch y: corresponds to-a linear branch 
on F, meeting Lis in a generic point. We obtain:on F a branch of higher 
order than y; if and only if that linear branch intersects Li+ in a point where 
Lis. intersects some further component of L. Recalling that the fundamental 
point Oi, corresponds formally to the intersection of Lis with a curve Ly, 
j >%4+1 (section 5), we conclude as follows: if O; is a free point and Oin 
is a satellite, then this satellite corresponds to the intersection of Lin with 
an Lj, j>%-+1 (it should be noticed that in this case, by Theorem 6, 
Lin does not meet any curve Lj, 7 <i+1). If O: and Oi are both free 
points, then, by Theorem 6, Li+ı necessarily intersects one and only one curve 
Lj, 7<t+1; to this point of intersection corresponds the satellite which 
immediately follows O;. If O; is a satellite and Oin is a free point, then, 
by Theorem 6, Li, meets two curves Lj, 7 <1-+1, and the two points of 
intersection correspond to the two satellites in the immediate neighborhood - 
of O;. Finally if O; and Oin -are both satellites, then by Theorem 6 Li meets 
only one curve Lj, 7 <%-+1, and the point of intersection corresponds to the 
second satellite, distinct from Oi, which immediately follows 0;. 


9. Characterization of reducible exceptional curves of the first kind. 
It is known (+) that the conditions which characterize an irreducible excep- 
tional curve L, of the first kind, on a surface free from singularities, are the 
following: (L,?) =—1, [Z,] = 0, these characters being evaluated on the. 
assumption that L, is virtually free from base points. The curve L is rational 
and free from singularities, because, if L, had singularities, the virtual genus: 
[L] would be positive. 

We show that the properties of the intersection numbers (Li -L;), derived 
in, the preceding section, together with the relations [Zi] 0, proved in 
section 8, characterize these reducible exceptional curves of the first kind, 
which arise from birational transformations possessing a sequence of infinitely 
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near fundamental points lying on an irreducible algebroid branch. In exact 
terms we prove the following 


THEOREM Y. Let La, La, © +, Ls be a set of irreducible curves, virtually 
free from base points and of virtual genus zero, on a surface F free from singu- 
larities, and let there exist an arrangement of these curves, for instance the 
one written above, such that the following conditions are satisfied: (i) each 


curve Li meets one and only one of the curves Lis,’ ` +, Le which follow Li; 
(ii) if Li meets Lisa (0 <8), then (Li- Lisa) =1, (Li?) =— (14 &) and 
(Ling? Laja) = 1 (G =1,2,° + -,a— 2); (iii) (Le?) =—1. Under these 


conditions a convenient combination kL, + kaL +: +++ ksLe (hy = kz = 1) 
with positive integral coefficients is an exceptional curve of the first kind. 
The assumed arrangement Lı,- > +, Ls is uniquely determined and so also are 
the integers ky. 


Proof. Since the theorem is true for s= 1 (+), we shall prove it by 
induction, assuming it to be true for s— 1. Since, by hypothesis, [Zs] = 0 
and (Ls?) =— 1, Ls is an exceptional curve of the first kind. There exists 
therefore a birational transformation of F into a surface F, in which to Ls 
there corresponds a simple point O of # and which does not possess funda- 
mental points on Ls. It can also be assumed that the transformation possesses 
no fundamental points on F, that Ls is the only fundamental curve of the trans- 
formation on F and that F is free from singularities.* Let Za, L2,- + -, Le. be 
the transforms of L.: >+, Lsn on F. The virtual degree of a curve is 
invariant under birational transformations. However, if a given L; meets De, 
then L; passes through the point O simply, since (L; Ls) = 1, and this point 
must be considered as an assigned base point of LZ; (*, Chap. IT, 7). If we 
understand by (£;?) the virtual degree of LZ, virtually free from base points, 
then (Li?) = (Li) if (Li Ls) = 0 and (L) = (L?) + 1if (Zi: Ds) 1. 

With these preliminaries we proceed to prove that the ordered sequence 


of curves Ly, L2,: - +, Ls. on F satisfies the conditions for an exceptional curve 
stated in the above theorem. From (i) we deduce that (Ls-1' Ls) = 1 and by 
(ii) (Ls) = — 2. Hence (£751) = (L%s1) +1——1 and this shows 


that the condition (iii) holds. To show that the conditions (i) and (ii) are 
satisfied, we make the following self-evident remarks: 


* The defining linear system = on F associated with the transformation, i.e. the 
system which goes into the system of hyperplane sections of F, may be assumed to be 
free from base points and non-singular (*4, Chap. IV, 4). If the transformation possesses 
on F fundamental curves other than L, and hence fundamental points on F distinct 
and necessarily at a finite distance from O, these fundamental points can be trans- 
formed back into curves by means of a sufficiently general linear system on F, free from 
fundamental curves and free from base points outside these fundamental points. 
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(a) If (Li-L) and (Lj: Ls) are not both 1 (i,j < s), then (£;- y) 
= (Li: L;). 

(8) If (Li . Ls) — (L; -Ls) == 1, then (Li . Ej) = (Li , L;) + 1. 

We consider any curve Li, i < s—'1. Let (Li: Liua) = 1, (Li: Lj) = 0, 
j>i and jAita. If itasés, then by (a) (Li'Īua)=1 and 
(£;-£;) =0 if j >i and i4 a. Moreover by (a) applied to the case 
i= j, it follows that (Z) = (L) ——-1—«. Ifi+a=—s, then by (8) 
(where now ĵ == s — 1) we have (Li Ls-1) = 1, since (Li: Ls-1) == 0. More- 
over by (ii) we have (L;- Ls) = 0 (j =i + 1,: - -,s—2), and hence by («) 
(Li: Ej) =0 (j=1+4+1,: + -,s—2), since (Li: L;) =0. We also have by 
(8), when we put i = j, (Lè) = (L?) + 1 = — (s—1t) —1+41 
= — (s—i—1)—1. We have thus proved that every curve I; (i= 1,2, 

+ -,S— 2), meets one and only one of the curves Z;, j >i, and that if 
(Li: Liza) = 1, «> 0, then (2) —=—a—1. Finally if (Li: Lin) = 1, 
then by (ii) (L;i: Ljan) =1 (j=i +1,- -,i1-+a—?), and consequently 
(L; Lj.) = 1 for the same values of j. Hence all the conditions (i), (ii), 
(iii) are satisfied by the ordered sequence Ža, > + +, De-i- 

From the hypothesis that our theorem is true for s— 1, it follows that 
a proper combination Z = kl, Ho Îs-ıÕs-ı of the curves LZ; is an ex- 
ceptional curve of the first kind. There exists then a linear system 3 on # 
possessing L as a total fundamental curve, satisfying the conditions (i), -(ii), 
and (iii) of the definition given in section 1 and having no base points on L. 
It is seen immediately that the curves L4,’ <, Ds are fundamental curves 
of the system 3% on F which corresponds to 3, that a proper combination 
kıLı +- --+ksLs of these curves is a total fundamental curve of & 
(since by the conditions (i), (ii), (iii) of the preceding theorem the curve 
Lı +: -+ Ls is connected) and that X satisfies the conditions (i), (ii), 
(iii) of the definition given in section 1. It has been proved already (section 7, 
Remark 2) that the integers k; are uniquely determined. It remains to prove 
that the arrangement L, [2,- - -, Ls is uniquely determined. Let us assume 
that Dip Li,,- * +,L4, is another arrangement satisfying the conditions (i), 
(ii) and (iii), where i, 42,+ - -, is is a permutation of the indices 1, 2,* © +, s. 
Since by (iii) (Li,?) ——-1 and since by (ii) Le is the only curve whose 
virtual degree is — 1, it follows that L;, coincides with Ls.’ We shall therefore 
assume that i = j for j—«a,a+1,---,s (1< as), and we shall prove 
that i fars=a%—1. Let ig==a—1, and let (Lo+- Lavy) = 1, y Z 9, by (i). 
We have, by (ii), (D'a) =— (2 +y), and by the same condition (ii), 
applied to the arrangement Lis Lin’ * *, Digs, La, Las, ', Le, we have 
(La1) = (Luig) =— (a+y—B+1). Hence 2+ y—a+y—#+1, 
or B==a-—1, q.e. d. 
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10. Fundamental points on several irreducible branches. In the previous 
sections we have treated the case of a birational transformation with a suc- 
cession of infinitely near fundamental points on a single irreducible algebroid 
branch. We found it necessary to assume that the curves Zi +° +- + Ls 
(t=1,--+-+,8) were connected. When these curves were not connected we 
saw in section 3 that the aggregate of fundamental points would not lie all 
on one branch. It is the purpose of this section to consider this latter case. 

The curve L,-+-- +--+ Ls is connected (see 2), but we shall suppose that 
Ing ++--+-+L, breaks up into p (=1) maximal connected components 
L®,---+,£%, having two by two no points in common (see 3). Then on 
the surface F, in the first neighborhood of the point O, we have the p distinct 
fundamental points 011,:- +, Op, of the transformation T>. We shall fix 
our attention on one of these, say O,,. In the immediate neighborhood of 01,1 
'‘T-1 may have several fundamental points, among which there may or may not 
be the * proximate point of O following 01. We shall suppose that T= has 
a fundamental point 0,2, immediately following 0;,, which is a proximate 
point of O. Then in the immediate neighborhood of 01,2, T* may have several 
fundamental points, among which there may or may not be the proximate 
point of O following O,,.. We shall suppose that T! has a fundamental 
point O,,; immediately following O,,2, which is a proximate point of O. We 
continue in this way to define the sequence of points O, O13,° ° +, Ono such 
that each point is fundamental for 7+ and that O,,; is the proximate point 
of O immediately following Ori- (i= 2,-°-,0). 

We shall suppose that the fundamental points of T= which follow 01,0 
include no proximate point of O. From the preceding sections it follows that 

_the immediate neighborhood of each point of the sequence O, 011,° © +, Ono 
is represented in (1,1) fashion by the points of irreducible components of L, 


namely La, Lnu'' +, Lao respectively. Consider now a linear system of 
curves on F, cut out by a system of forms of a sufficiently high order, having 
base points only at the points O,011,°: -, Ono and free from fundamental 


curves on F, By relating the system ® to the hyperplanes of a linear space, 
‘we induce a transformation T” and transform F into a surface F”; from the 
‘considerations in sections 1-9, it is clear that F” has an exceptional curve of 
the type treated in those sections. W’ is the transform of F by the product 


* We say “the proximate point of O,” because it can be easily shown that there 
is only one such point in the immediate neighborhood of O. More generally, it is 
not difficult to prove that if 0; Opp tts 0, (B > 0) isa sequence of successive 
points in the neighborhoods of order i4,4+1,---+, i+ of a point O, such that Tg 
is a proximate point of O,, then there is one and only one point O, immediately 


following 0, „æ Which is a proximate point of O, oe 
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T-T’, and this transformation is free from fundamental’ points on F. The 
exceptional curve on F” consists of the curves Ii, L’1,1,: ° +, Daa, the trans- 
forms of Z,,---,Z1,¢ on F; the remaining components of L on F are 
replaced by points of F”. 

Now in the exceptional curve on F, L’, must intersect L’,,¢ by Theorem 5, 
since on F Oo is the last proximate point of O. Does this imply that 
the corresponding curves L, and L,,c on F intersect? Let us assume that the 
intersection of I/, and L’, arises from the intersection of L, and La, on F 
with a curve Lg which has been replaced by a point on F’ and let Og be the 
fundamental point on # whose immediate neighborhood is in (1,1) corre- — 
spondence with the points of Lg. This point is not in the sequence 
O, O11," +, Ozo, since Og is transformed by T” into a point of F’. On the 
other hand the fact that LZ, and Lg intersect implies that if LY 
(j =0,1,: > -,o— 1) denotes the exceptional curve on F which corresponds 
to the point 01; (0,,;==0, LD = L), then Lic and Lg belong to one and 
the same maximal connected component of LP — L,;, i.e. to DY, Hence 
there exists a branch passing through O, - -, 01,0; Oy,- > +,Og. Set up a 
transformation 7”, as T” was determined, possessing only O,---,Og as 
fundamental points and transform F into F”; FP” has an exceptional curve 
of the type considered in sections 4-9. In this exceptional curve denote 
by L;” the transform of L; on F. Then (L£%,- 01,0) == 1 by Theorem 5 and 
(L,”- Lg) = 1 since (Lı: Lg) 1 on F and since the transformation TT” 
is free from fundamental points on F. But this is impossible, since L,” 
cannot meet two distinct irreducible components of the exceptional curve on F”. 

Hence we must have on F, (Lı: Lao) =1. This constitutes an ex- 
-tension of Theorem 5 in whatever way the maximal connected components 
of Li-+- +--+ Le (¢=2,--+,s) may decompose. In all cases we have 
shown that L, intersects that curve which is the map of the immediate, neigh- 
borhood of the fundamental point, which is the last proximate point of O. 

In. Theorem 5 we were also able to derive the virtual degree of DZ, and 
hence the virtual degree of any component of L; we found (L?) =— (1 
+ number of proximate points of O); we wish to prove this for the present 
case when the fundamental points lie on several irreducible branches.” 

The curve È = L, +: + -+ Le is connected, but Le +' + : -+ Ls breaks 
up into p È= 1 maximal connected components £,---,Z; L, meets E® | 
(8 = 1,: ++, ) in one point each, and each £ gives rise to an exceptional 
curve L‘*) and to a fundamental point Og, in the first neighborhood of O. 


8 

* The set of proximate points of a given point O, when several branches pass 
through O, is by definition the set of all the proximate points of O on the different 
branches through O (4, Chap. I, 2). 
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We shall fix our attention on one of these points, say O11, and on the corre- 
sponding curve Le = l, ajae -+ 2L. The intersection (L, LY) =1 
arises from the intersection of L, with some curve Lg, of L™ such that 
(Li: Lag) = 1. Now LY — L, decomposes into several maximal connected 
ae one of which contains Lea; let this component be L® == Lz, 
+--+ e -H La +++ +3 we have (Dz: be) = 1 [as (Z,-£) =1] ‘and IE 
gives rise to a fundamental point O,,2 in the immediate neighborhood of On: 1. 
Then Dea Leo, breaks up into several maximal connected components, one 
of which contains Lea; let this component be a = La +++ > H La + -:. 
As before, there is a fundamental point O., in the immediate neighborhood 
of Oi, We continue in this manner and come finally to a fundamental curve 
L Ka) = Dag + +++ and this gives rise to a fundamental point Oa in the 
neighborhood of order « of O. From the proof in the earlier part of this 
section it follows that O,,, is the last proximate point of O after 0, among 
the fundamental points of T=. 

The proof cf section 5 extends directly to show that the immediate 
neighborhood of Oza is in (1,1) correspondence with the points of the curve 
Laa; then the proof of section 6 follows and shows that the branch of mini- 
mum order through O,011,- * +, Oia has at these points the multiplicities 
kaas k, ++, kl@ — 1, where these values are the coefficients of Leg in the 
exceptional curves L, LY, LO Lo, derived from the fundamental 
curves Ë, LW,- Lo, But oat “by (10) of section 3. Therefore 
ko = = = = L Since the multiplicity of a point is equal to the sum 
of “the multipli stic of its proximate points, we have at once ka, =&. We 
apply this procedure to the curves L‘® (8 =1,---, ), and from the relation 
(L: Lı) =—1 we derive in all cases the desired result: (Z,7) =— (1 
-+ number of proximate points of O). As in Theorem 5, the proof extends 
to the other irreducible components of D. 
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THE TOPOLOGICAL TRANSFORMATIONS OF A SIMPLE CLOSED 
-CURVE INTO ITSELF. 


By E. R. van KAMPEN. 


` I. The theory of a topological transformation of a simple closed curve 
into itself has been developed first of all by Poincaré (a), who needed it for 
his investigations on the differential equations on a torus. Later P. Bohl (b) 
formulated a result closely related to the sufficiency in our (13). Then H. 
Kneser (c) and J. Nielsen (d) gave improved proofs of the existence of the 
number r (8) and of the transformation functions y = g(x) and e =h (y) (V). 
In this paper we have. used Nielsen’s proof that was published in the Danish 
language. Denjoy (e, f) found his sufficient condition for the transitive case 
(15) using continued fractions. Kneser (g) published a theorem equivalent 
with the necessity in (13). Wintner and Lewis (h) laid the foundation for 
(14). The papers a, b, f, g consider the question as a problem for differential 
equations on the torus. 

‘In this paper we give the theory for a simple closed curve only, con- 
. siderably simplified and completed on several points. The consequences for 
the solutions of a differential equation on the torus are immediate. The 
examples that have been assembled will not be repeated here. An account 
will be found in Denjoy’s paper. 


II. We consider a simple closed curve C and on it a coördinate x taking 
all real values, such that two values of x correspond to the same point of C 
if and only if their difference is an integer. 

If a topological transformation of C into itself changes the orientation 
of C then the transformation has exactly two fixpoints and interchanges the 
two arcs determined by the fixpoints on C. We exclude this case completely. 

Any other topological transformation T of C into itself can be determined 
by a monotonically increasing continuous real function f(x), satisfying the 
relation f(x +1) —f(r) +1. However if T is known the function f(s) 
is not uniquely determined but can be replaced by f(s) + n, where n is an 
arbitrary integer. We can consider f(x) as a topological transformation of 

- the line of real numbers into itself. 

If we denote by T” and f” the n-th powers of the transformations T and f, 
then, we can represent T” by any of the functions f*(x) + k, where k is an 
arbitrary integer. 
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If p is any point of C and z any real number we will sometimes write 
‘pn for T”(p) and £a for f*(z). As T” is again a topological transformation 
of C into itself, f” (x) will be the same type of real function as f(z). 


III. In this section we introduce a real number r characterizing in a 
very definite topologically invariant sense the average size of the transforma- 
‘tion affected by T on the points of C. 


` (1) The limit Pan (1/n)}£n = 7 exists and is independent of x. 
n|% 


As soon as we know that the limit exists for a particular value of v, then 
the rest of the theorem is very simple. For 


| n—Yyn|<|x—y|+1, so nn ln) eee) 0 ü 

If some power T™ of T has a fixpoint with the coördinate y, then we can 
find an integer p such that Ym =y + p. .Using the formula f”(s +1) 
= f™(x) + 1 we can prove by induction Yman = y + pn and a simple limiting 
process shows that in this case 7 exists and is equal to the rational number p/m. 

If no power of T has a fixpoint then no integers m and p and real number 
æ exist such that tm =æ + p. Thus we can find corresponding to any integer 
m an integer p such that p+a<tm<p+ae-+1, for all real z. In fact 
we only have to find the value of p for one particular value of æ and then the 
inequalities are true for all x because the corresponding equalities never take 
place. Applying the inequality for s = 0, Om, Osm,* °°, Qmem-1) and adding 
we find: 

np < Om <n(p +1). 


Comparing this with the original inequality for « = 0 we can prove: 


1 1 
EAE Omn See ae On 
mn n 


1 
<Tol' 








It is clear how this reasoning has to be rearranged if n is negative. If we 
interchange m and in the last formula we can conclude: 
1 


1 1 1 
a Sa Tal? 





from which the existence of r follows immediately. 
(2) + is irrational if and only if no power of T has a fixpoint. 


If + is the invariant of f(x), then rm + k is the invariant of f(z) + k. 
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So if r is rational we can find a power S =T” of T and a corresponding 
function g(x) = f”(x) +h such that eee (1/1) 9*(0) = mr + k =0. 


Supposing at the same time that § has no Aapomnts we can assume for reasons 
of symmetry that g(a) > @ for all x. This makes gn(0) an increasing func- 
tion of n. But we must have gn(0) <1, otherwise we could conclude 
.mr +k >1/n. So the sequence g,(0) has a cluster point æ and x must neces-_ 
sarily determine a fixpoint of 9 contrary to our supposition. So r must be 
irrational if no power of T» has a fixpoint. From now on we will suppose’ 
that r is irrational. 


(3) The number systems nz + m and a, + m are in a one-to-one monotonous 
correspondence. 


Here «x is arbitrary fixed, m and n take all integer values. We note first 
that the particular value of æ chosen has no influence on the order of the 
elements in Zn + m. This depends on the fact that £n — sp can never take 
an integer value. Choosing z = 0 we have to prove that On + m < 0-1 
and nr + m < kr +1 are equivalent inequalities. The first can be brought 
into the form 0n4<J—~m. Asin the proof of (1) this leads to r(n —k)<1— m 
_And the conclusion is reversible because On- > 1—-m would lead to- 

t(n—k) >l— m. 


(4) The residual class of + modulo one is a opalogiei invariant of T and 
the oriented curve C. 


We know that the systems of numbers nz + m and 0n-+ m are ordered 
the same way for each codrdinate system of C. If we normalize the functions 
of x. belonging to different codrdinate systems with the same orientation 
by the condition 0< 0, < 1 then the order of the system 0,-+ m does 
not depénd on the codrdinate system chosen. But then the same is the case 
for the system nr +- m, so the residual class of r modulo one does not depend 
on the codrdinate system. l 


IV. We now consider the set P = {pn} formed by all transforms p, of p 
and the set Æ of all cluster points of P. 


(5) „E is invariant under the i OOT T and independent of p. 


The first part is obvious begause P is ‘invariant under T. The second 
part follows very easily from the following statement: 


(6) The two closed segments e and e determined on C by two points pm and 
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pm of P both contain at least one of the transforms qi of any point q of O. To 
prove this for e we consider the finite sums e+ 7™"e + Tomme t>. 
+ Time, As r is irrational, so different from zero, these sums of adjacent 
intervals must fill C completely if k is sufficiently large. So one of the intervals 
Tire must contain q and e must contain gim-m)- 

If now the sequence pe, converges to 7, then there must be a sequence of 
transforms qs, of q converging to the same point r, so Æ is independent of p. 


(7) E is perfect and either equal to C (transitive case) or nowhere dense 
on C (intransitive case). 

As F is closed the first part follows from (6) if we take q to be a point 
of E. The second part follows from the fact that P is on C either everywhere 
dense or nowhere dense. If P is dense in an arbitrary interval of C then we 
can assume that interval to be e of (6). As a finite number of transforms of 
that interval fills C completely P must be everywhere dense on C. 


V. We now make a closer study of the sets of numbers A = {nr + m} 
and B = {a’, + m} mentioned in (3). We take for 2’ in a’, + m a fixed but 
arbitrary number corresponding to one of the points of F. : 

We are going to define a real function y = g(s). For any number in B 
we put the function equal to the corresponding number in A. Because of (3) 
and because A is dense on the real axis the function is continuous and in- 
creasing on B. If B is also dense on the real axis (transitive case) this 
function on B can be extended in a unique way to a continuous increasing 
function y = g(x), defined for all z. If B is not dense on the real axis 
(intransitive case) then the function on B can be extended in a unique way 
to a continuous non-decreasing function y = g (x), constant only on the closed 
intervals corresponding to the segments of C — F. 

In the transitive case the function y = g (x) has a continuous increasing 
inverse «= h(y) transforming the y-axis into the z-axis. In the intransitive 
case we can define the inverse  =— h (y) in such a way that it is increasing 
and has a countable number of discontinuities corresponding to the countable 
number of intervals on which g(x) is constant. 

The function y = g(x) must satisfy the relations 


(8) g(z +1) =g(x) +1, 
(9) gf (£) = g(x) +, : 


for if æ is any number in B and y the corresponding number in A then y -+ 1 
corresponds to z -+ 1 and y + r corresponds to f(z) =a}. 
10 


146 E. R. VAN KAMPEN. 


VI. We can choose the variable y, occurring in y = g(x), as a coördi- 
nate proportional to the length of arc on some circle D in a euclidean plane. 
Then (8) shows that y == g(s) defines a univalued and continuous trans- 
formation § of C into D, such that § transforms Æ into D and eventual 
segments of C-— # into points of D. If no such segments exist (transitive 
case) S must be T a topological transformation. 

Now (8) and (9) show that the transformation T of C is transformed 
by S into a rotation of D over the angle 277, so finally clearing up completely 
the meaning of the number r. If the transformation T is transitive T 
is topologically equivalent with a rotation of a circle over an angle 2rr. 
If T is intransitive the same equivalence is true after an invariant countable 
set of closed segments on Ọ has been transformed into a countable set of 
points by a preliminary transformation of C. 


VII. The problem now arises to find conditions for a transformation 
T of C (of which no power has a fixpoint) to be transitive or intransitive. 
The N. S. condition for T to be transitive is that the transforms pr of a point 
p of C are everywhere dense on O (7). The following condition on the same 
points is more suitable for applications: 


(10) N. and S. for T to be transitive is for the transforms pn of a fixed 
point p to have the following property: Whenever the sequence Pap dv integers, 
vy=1,2,--+-, 48 convergent then the sequences payin depending on n converge 
uniformly in n, 


The necessity is very simple: If T is transitive the curve Ọ can be 
obtained as the result of the (uniformly) continuous transformation S- of D 
into C (see VI). But if a sequence of numbers ray modulo one converges 
then r(av 4 n) modulo one converges uniformly in n, and this uniform 
convergence is not disturbed by the transformation S. 

We now prove the sufficiency. If pe, converges to an arbitrary point g 
of # (5), then tim Poysdyin = Joyan If we select the sequence by, such 


that qo, converges s then Lim Lim puy.v,m exists. As a consequence of the 
$ BOO yo 


condition in (10) Payin will converge uniformly in n and by SO Gouin will 
converge uniformly in n. In other words the condition in (10) is satisfied for 
any point of Æ if it is satisfied for p. We apply it to the endpoints q and r 
of an eventual complementary segment e of E in C. If gav converges then fa, 
must cenverge to the same point (at least if all ay are distinct). But gmay 
and fpa, could not possibly converge uniformly at the same time to the same 
point. In fact if we substitute n —— ay we find that for any a» there exists 
an n such that the points gnc, and Tunia, are as far apart as the distinct fixed 
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points q and r. In other words a complementary interval e cannot exist and 
C = F. At the same time we find: 


(11) If T is transitive and for fixed p and sequence of integers av the 
sequence of points pa, converges then all sequences qa, converge uniformly in q. 


Remark. The criterion in (10) is in a certain degenerate sense still 
valid in case r is rational and even when T does change the orientation of C, 
if we consider as transitive any transformation for which Ẹ = Q if r is irra- 
tional and for which some power of T is the identical transformation in the 
other cases. 


VIII. If T is transitive it is topologically equivalent with a rotation. 
So the next question that arises is to find the equations of the continuous 
group of transformations of which such a transformation T is one element. 
We take a fixed point p on C and two variable points q and r. We will 
define a point s depending on q and r (s = f (q,r) ) such that the transforma- 
tion of that continuous group transforming p into q, transforms r into s. 


sgl If Pa, converges to q and Poy converges to r then Pays, converges to 
s= f(q,r). 


The existence and uniqueness of s = f (q,r) follows from (10). That 
s= f(q,r) is the equation of the desired continuous group is evident if we 
apply the transformation S (VI). We see that if Sq and Sr are the results 
of a rotation of Sp over angles 2x and 2p, then Sf(q,7) is the result of a 
rotation of Sp over an angle 2r(A-+-). In particular it follows that 
s==f(q,r) depends continuously on the two points q and r together. 
s = f(q, r) satisfies the following relations: 


s =} (q,r) = f(r, q); fal r) = f (Qm, T); 
f(p.7) =r; Fia FC s)) =F (Flr) s). 


All these properties of f (q,r) could be derived directly from (10) and (11). 


IX. Condition (10) can be modified if we suppose that the curve C is 
in the complex plane, so that any point of C is a complex number. But for 
a slight change, that can easily be accounted for, (10) then says: 


(13) N. and S. for T to be transitive is that the transforms pn of any point 
p of C form an almost periodic function on the group of addition of all 
integers n.* š 

* See J. von Neumann, “ Almost periodic functions in a group I,” Transactions of the 
American Mathematical Society, vol. 36 (1934), pp. 445-492, and A. Walther, “ Fast- 
periodische Folgen,” Hamburg Abhandlungen, vol. 6 (1928), pp. 217-234. 
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- The considerations of section VI can then be amplified in the following 
way: The circle D can be considered as representing the group of rotations 
round its center. It contains a subgroup simply isomorphic with the group 
of addition of integers: the group of rotations over angles 2rrn. If we let pn 
correspond to the rotation 2a7rn then according to VI the resulting function 
ean, be extended to a continuous function on the group D, in fact to the 
transformation S* transforming D into O. From the theory.of almost 
periodic functions it follows now that the two almost periodic functions Pn 
on the group of integers and S> on the group of rotations D have the same 
Fourier sequence. If 27a represents a variable angle of rotation on D then 


o 

the Fourier sequence of S-* must have the form F, a, exp (2riak). As we find 
-%0 

the values of « corresponding to pa by putting a = nr the Fourier sequence of 


koe] 
Pn will have the form > ax exp (2rinrtk), in other words: 
-0 


(14) The Fourier exponents of the almost periodic function pr of (13) will 
be integer multiples of r. 


X. The equality of the Fourier coefficients of pn and S~* can be gen- 
eralized, expressed in terms of the functions y = g(x) and =h(y) of V 
and proved in a very simple way. 

We need the fact that the smallest positive remainders (rn) of rn modulo one 
are uniformly everywhere dense between 0 and 1. So if t(y) is a Riemann in- 


1 n 
tegrable function defined for 0 = y 5 1 then J, t(y) dy=Lim(1/n) St ((kr)). 
0 n00 k=1 


If t(x) is everywhere defined, Riemann integrable and has the period one 
this becomes: 


Jf, ty) dy = Lim (1/n) X t(h). 


Writing t(g(x)) =s(x) we find that s(x) is integrable with respect to 
g(x) in the Riemann-Stieltjes sense, s(x + 1)—s(x)-+ 1 andt(y)=s(h(y)). 
Furthermore for a fixed value a’ of x: t(lr) = s(x':). So finally: 


n 1 : 1 
(14) Lim (1/m) 3 s(n) = f 3(v)dg (x) = f s((y) ay 
n00 ł=1 o o 
Under the condition that s(x + 1) = s(x) + 1 and that either one of the two 


integrals exists. In the transitive case the equality of the Fourier coefficients 
follows if we substitute :. i ' 
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s(x) =r (x) exp[2ring(x)], -© s(#’'1) =r (21) exp[2ainlr], 
where r(x) is the (periodic) function locating C in the complex plane. 


XI. ‘The condition (10) does not give a direct connection between the 
transformation T or the function f(z) determining T, and the transitivity or 
intransitivity of T. The problem of finding such a condition (at least without 
further restrictions) seems to be extremely difficult. In the same class are all 
problems of the type: What can be said about the real function character of 
y= g(x) and x=h(y) (IV) if something is known about the character 
of f(2). 

The difficulty of this problem is indicated by the following statement of 
which we omit the simple proof: 

If two segments e and e’ on O have no point in common and a ace 
transformation T” of e into e’ is given that does not change the direction, then 
a transformation T of C can be constructed such that T’p = Tp if p is in e, 
T belongs to an arbitrary 7, and (except when r==0) T is either transitive 
or intransitive. f 

This points out that, unless strong restrictions are made on the class of 
functions considered, no condition, that determines the local character of f(z), 
can have an influence on the transitivity of T or even on the value of r. 

In the next section we will give a proof of the only result available along 
the lines indicated in this section, the following theorem of Denjoy: 


(15) If the function f(x) determining T has a continuous derivative 
fF (2) 0 and of bounded variation in the segment (S251: ‘then T i is 
transitive. 


XII. We take'on C a fixed point p and a segment e with p as endpoint. 
Then we determine a positive integer n such that either pn or P-n is the only 
point pr, | e | in the interior of e. We can of course find arbitrarily high 
such integers n by taking e sufficiently small. We only consider the case that 
P-n is the point contained in e, then: 


(16) The two finite sequences: 


Po Pu °° ', Paas 
P-n, Pi-ny* * * 3 P-n 
alternate on the curve C.* 


We must show that if 0k < n, no point of the two sequences is in the 


* The simplified proof of this statement here given was also found by R. H. Fox. 
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interior of the segment PPr-n that has the same orientation as pop. We 
consider two cases: 


a. pı is in the segment Prprn and n >1=k—n. Then Tp; is in 
T* (pen) OF Pre iN Pop-nm, Which has been excluded for n >1—k=—n. 


b. pris in PPren and —n<l<k—n <0. Then pp is in the segment 
PinPt, SO Px-t-n is in Pop» and this has again been excluded for 0 < k—I—n 
<—l=n. 


From the assumptions of (15) we can conclude that F(s) = log f (s) is 
continuous, has the period one and is of bounded variation in the segment 
0=2¢=1. Ifv is a number corresponding to p we can conclude from (16) 
that for some constant V: 


| P(t) + P(t) +E (Ena) —(F (en) + F(tin) ++ F(#4))|< T. 
Substituting the definition of F(x) and contracting the logarithms we find: 


log (= =) | <7, 


on 








din 
-V +y, 
Se dz i S” 


Now we take a segment e on C. We denote its length by m, the length of 
Te by un and an integral over a segment of the real axis corresponding to e 


by f dæ. Then: 
che AEn E din 5. 
fe m= f pa: 


din , AEn din ALn 
= = meee) Be AY, ~V/2. 
Pn F pon (Ei *)aze f (F Ta ) dz > 2pe s 


+n 
D pa > np e7., 
-n 








As the sum of the measures of the segments T”e is not bounded some of these 
segments must overlap on C and as this is not the case for segments of C — E 
such segments cannot exist and T must be transitive. l 

One consequence is that T is transitive if f(x) and its inverse function 
are analytic. 


‘XIII. The difficulties found in trying to conclude anything about g(s) 
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from the real function character of f(x), disappears completely if we start 
from the function s = f (q,r). ac 

‘We suppose that T is transitive, so that the functions g(s) and h({y) are 
both continuous, and monotonic increasing. Then we define a function f(x,y) 
of two variables by the equation: 


(17) F(a, y) =ħlg (e) + 9(y)] or gf(z,y) = 9(2) +g). 


It is quite obvious that f(z,y) is continuous and has the period 1 in 
both variables. Its meaning on the curve Ọ is given by the function f(q,1r) 
of (12) if we take there for p the point with codrdinate zero. 


(18) a. If f(x,y) has the derivative falx, y) then the derwatives g'(x) dnd 
h'(x) of g(x) and h(x) exist and are positive. 
b. If fa(a, y) is continuous in y then g'(x) and kK (x) are continuous. 
c. If fe(x, y) has an n-th derivative to y, then g™ (x) exists, n > 0. 
d. If f(x,y) is analytic then g(x) and h(x) are analytic. 


a. As g(x) is continuous and monotonic increasing it has certainly a 
derivative for some value z of z. For any given x we can find a value y such 
that z = f(x,y). For the values of v and y so determined we take the 
derivative of gf (x, y) = g(x) + 9(y) to x and find that g(x) has a derivative 
for all values of v. Then the formula: 


(19) IT (#,y) ` fal(2, y) = 9 (2), 


now valid for all ¢ and y shows that if g’(z) was zero for one particular 
value of v it would always be zero and that is obviously impossible. So 9’(2) 
is positive, the inverse function A(x) has a positive derivative and f(x, y) 
has a positive total derivative. 


b. If fe(a,y) is continuous in y then (19) shows, taking «x fixed and 
f(x,y) =z arbitrary, that 1/g' (<) and h’(z) are continuous. As 1/g (s) 
can never be equal to zero g’(z) is also continuous. Finally we see from (19) 
that felz, y) has a positive greatest lower bound. 


c. If fo(a,y) has an n-th derivative to y, n > 0, then it is- continuous 
in y, 80 fe(z, y) > «> 0. Now we can successively take n times the derivative 
of (19) to y, each time proving that the next derivative of g(s) exists. In 
fact each time it occurs in exactly one term and with a positive coefficient. 


d. If f(x,y) is analytic then fy(s; y) is continuous and positive. So for 
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constant z = f(x,y) we can solve for y as an analytic function of œ. Then 
(19) shows that g'(x) is an analytic function of « The same is then true 
for g(x) and h(a). 


` 
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A THEORY OF POSITIVE INTEGERS IN FORMAL LOGIC.* 
PART I. 


By S. C. KEEENE. 


1. Introduction. In this paper we shall be concerned primarily with 
the development of the system of logic based on a set of postulates proposed 
by A. Church.t Our object is to demonstrate empirically that the system is 
adequate for the theory of positive integers, by exhibiting a construction of a 
significant portion of the theory within the system. By carrying out the còn- 
struction on the basis of a certain subset of Church’s formal axioms, we show 
that this portion at least of the theory of positive integers can be deduced from 
logic without the use of the notions of negation, class, and description. 

Instead of limiting our discussion to the system of Church, we shall em- 
ploy his rules of procedure in a generalized form, and present our results as 
valid for a logic based on these rules and any set of well-formed formal axioms 
which includes 1, 3-11, 14-16.{ This program is explained in the introductory 
section of a previous article.§ 

We presuppose familiarity with the contents of the first article of Church, 
and of §§ 1-5 of our previous article. 

As has been noted, significances can be assigned to the symbols of the 
logic in such a way that the formulas become assertions of logical truths. The 
mathematical interest arises from the fact that among the logical entities of 
the system it is possible to select certain ones which occur in relations of the 
same form as the relations between certain entities in mathematical theories. 
Hence if the mathematical entities are identified with, or defined to be, the 
logical entities, the propositions in which they occur will read as theorems of 
mathematics. It is in this sense that we are to develop or deduce the theory 
of positive integers within the logic, i.e. we are to define the numbers and 


* Received October 9, 1933. Revised manuscript received June 18, 1934. 

į A. Church, “A set of postulates for the foundation of logic,” Annals of Mathe- 
matics, vol. 33 (1932), pp. 346-366, and a second paper under the same title, vol. 34 
(1933), pp. 839-864. We shall refer to these articles by their dates. 

+ Church, 1933, p. 841, or 1932, p. 356. ° 

§ 5. C. Kleene, “ Proof by cases in formal logic,” Annals of Mathematics, vol. 35 
(1984), no. 3. References to theorems or sections of this paper will be made by pre- 
fixing the letter C to the number of the theorem or section. 
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other notions employed in the theory as expressions of the logic, and prove 
formulas’ which assert, in the symbolism of the logic, that these expressions 
stand in the relations which the mathematical theory requires. 


2. Equality. The definition 
= dw $(u) 2 $0), 


{=} (x,y) abbreviated to [x] = [y], and the theorems * 


2.1: ‘ge, 
2.2: . [2 =y] Oy y =r, 
2.3: [s = y] Dey: [y = 2] De'e =e, 


show that we may carry out within the system certain familiar operations with 
equalities. 

Specifically, it follows from the definition that we may pass from an 
expression J to an expression J’ by the substitution for a free occurrence of 
N in J of an equal expression N’, provided the resulting occurrence of N’ in J’ 
is also free, 7. e. under these circumstances J, N = WN’ H J’. For then, according 
to OSI, we may convert J into {Ax-K}(N) and J’ into {Aw K}(N’) for a 
suitably chosen x and K, and we can pass from {Ax-K}(N) to {Ax- K}(N’) 
by means of Rule V using N = W as major premise. This argument also 
applies directly to the substitution of occurrences of W for each of a set of 
occurrences of N, provided the occurrences of N and of N’ are free. (Cf. C2IX.) 
As a special case of this substitution rule we may pass from A = B to A=C 
where C is obtained by legitimate substitutions of N’ for N within B. 

From 2.1 it follows that we may equate an expression A to itself, or to 
any expression B obtained from A by conversion, provided only that we can 
prove H(A) or E(B). For if we have #(A) we infer A = A by 2.1, and 
convert the A on the right into B. If we have E(B) we infer B = B by 2.1, 
and convert the B on the left into A. (Cf. § C5, paragraph 2.) C5II char- 
acterizes the situations in which we may prove #(M). 


2.2 enables us to pass from A = B to B = A, and 2.3 from A =B and 
B =C to A—C, 
The abbreviation 4, = 4, = A, =: ` : = Án will be used for [4; = Ae] 


* Church, 1933, Theorems 1, 2, 3. 
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[4e = As] [43 = 44] > + [dna = An]. As a consequence of 2.2 and 2.38, 
each of the n? equalities A; = A; (i, j= 1,:+,n) is a consequence of the 
chain of equalities A, = A =; - += Ay. Frequently we are interested only 
in the equality A, == An. 

We shall adopt the practice of starting with an expression, Æ, and writing 
successively — As, == Ás, * © +, == An, whenever it can be shown that, for an 
arbitrary F, F(A,) |} F(A2) and F (4) | F(A,), F(A2) H F (4) and F(A;) 
| F(A,),* ©, F(An+) HE (An) and F(An) | ¥(An+), respectively. Such a 
chain of contingent equalities linking A,, Az, ` `, Án represents a chain of 
provable equalities if H(A;) is provable for any one i (1Si=n). For then 
each of E(A,), #(A2),: ++, H(An-+) follows from #(A;) and the facts 
F(A,) HE (A), - +, F(An) | F(An-+) 3; and then each of the.n—1 factors 
of A, = A, =: + - == A, can be proved with the aid of Theorem I. A special 
case in which #(A;) can be proved is that Ai. = A; or Ai = Áin is a pre- 
viously established equality. 

The circumstances which we most commonly use to justify linking Aj. 
to A; in forming a chain of contingent equalities, i. e. circumstances which 
imply that F(4;) HE (An) and F(Aji.) | F(A;), are the following: (1) A; 
convertible into Aj, (2) Aj; = Aji. or Aju = A; previously established, 
(3) Aj. obtainable from A; by a substitution of W’ for N of the type described- 
above (N = N or NW’ =N being previously established). 

Ordinarily we introduce a chain of contingent equalities only as a pre- 
liminary to inferring their provability, or their provability from formulas 
which we have assumed. It is intended that it should be clear from the con- 
text when this is the case. It will suffice to point out in the course of building 
the chain or subsequently that one of the equalities is already known, or that 
one of the expressions exists. Even this formality may be omitted in situations 
of a type which has already occurred often, when we evidently make subsequent 
use of the chain of equalities as proved or as proved under our assumptions. 

However chains of contingent equalities are of interest in themselves since 
a chain of contingent equalities linking N and N’ can be used in place of a 
proved N = WN’ in passing from J to J’ under the conditions above, ù e. J + J’ 
can be inferred by means of the former. In particular, in the construction of 
one chain of contingent equalities we may use, (2’), instead of 4; = Ais or 
Ain = A; under (2), a previously obtained chain of contingent equalities 


* In this case we may write conv, instead of =, before 4 ja iD construcfing the 
chain. á 

t (3) includes (2). The transitive property, ÆA = B, B =C } A =C, of equality 
is a special case of the substitution rule, J, N =N' HJ’. 
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linking A; and Ais, and, (3’), instead of N =N’ or N=N under (3), a 
previously obtained chain linking N and N’. Chains of contingent equalities 
are derived in § 15, under hypotheses which do not imply their provability, 
with a view to their subsequent use in this manner. 

If one chain of contingent equalities is used in obtaining another in the 
fashion just described, and the latter established as true, then the provability 
of the former follows. . For #(A;) or E(N) can then be proved according to 
C5II. Thus starting with conversions and known equalities we can build a 
hierarchy of contingent equalities. If one of the expressions linked in the 
chain at the top occurs in a provable formula as a free expression, then all 
the equalities of the hierarchy are provable. 

As with formulas, contingent equalities M = N will often occur below 
when it is shown merely that they hold as a consequence of “ assumptions ” 
X, Y, Z,-- +, i.e. when F(M), X, Y, Z, -- F(N) and F(N), X, Y, Z, 
+++ HF(M). 

When there is ambiguity, we may use an accent to distinguish a contingent 
equality M =’ N from an equality M — N. The assertion that M =’ N would 
hold if X, Y, Z,- - . were added to the list of axioms may be written X, Y, Z, 
-+ + LM =’, 


3. Definition of the positive integers. _Peano’s axioms. A construc- 
tion of the theory of positive integers in the logic has been begun by Church,* 
who selected formulas to represent the three undefined terms, one, successor, 
and the notion of being_a number, of Peano,t and adopted Peano’s definitions 
of 2,3,-- - by meatis-ur-she first two of them, thus: 


1—> Afr: f(x). 

S—> Apfa: f (p (f, 2))- l 

N —> Au: [$(1) + (2) p(8(2))]>9 $ (u). 
281) 3>8(2), 4->8(8), °°. 


We follow Church in these definitions, but not in the definition of addition, 
because J. B. Rosser has ‘proposed one which leads to simpler formal proofs, 
nor in the definitions of multiplication and subtraction, because it is our 
program to avoid the use of the function «+. , 

Our first objective will, of course, be the formulation and proof in the 
logic of Peano’s axioms, except the fourth which involves negation. Formula- 


* Church, 1933, § 9. 
* fG. Peano, Rivista di Matematica, vol. 1 (1891), pp. 87-102. Peano called the 
“ first ’ number “ zero.” 


A THEORY OF POSITIVE INTEGERS IN FORMAL LOGIC. PART I. 157 


tions have been given by Church, which we adopt except in the case of the fifth. 
The fifth we express by 3. 3, which may be a better rendering of Peano’s axiom, 
and which we need in the course of our development of the theory. 

The first two, 3.1 and 3.2, may be proved thus: 


Mı:  3%(3%)—by two applications of IV to any axiom. 
Ma: {àp p(I, &(3))}(1)—by conversion from W,. (I-A: x.) 
Ws: Sy (Ap: p(T, 3(%)) }(y)—IV, (IIL, M). 
D:  {Ap-p(Z, 3(3))}(y)—assumed, in preparation for an ee of 
Theorem I. 
Cna: {Ap- p(L, 3(3))}(S(y))—by conversion from Dy. 
Ws: (Ap- p(L,3(3))}(y) Pvp *p(L, 3(3))} (S(y))—provable, according 
to Theorem I, using M, and the proof of C from Dy. 
Ws: 3¢°$(1) -$(y) vb (S(y) )—IV, II, (14, Ma, Ma). 
De: $(1) (y) Dve (8 (y) )—assumed. 
Gyo: (1)—15, Dy. 
We: [4 (1) -6(y) DA(S (y))]Do(1)—Theorem I, Ns, Ceo. 
3.1: N(1)—II, Me. 
W: 3s: N(x)—IV, (III, 3.1). 
De: N(e)—assumed. 
Coza: $(4)—V, Dz, De, conversion. 
Coa: $(y)vb(S(y) )—16, Do. 
Coss: (8 (2) )—V, Gos, Cors, conversion. 
Ges: [¢(1) - (y) vp (S(y))] ep (8 (x) )—Theorem I, Ws, Coss. 
Gor: =N(S(x))—IT, Cro. 
3.2: N(æ)D:N(8(x))—Theorem I, Wr, Caz. 


The fifth Peano axiom we establish as follows: 


W: N(y)N(y)-yN(S(y) Ipea by Theorem I, using 3.1, 3.2, 14, 
15. 
De: (1) -N(y)$(y)v6(8(y) )—assumed ; 34 -Do is provable from 14, 
3.1, Wh. 
Co: W(1)¢(1)—14, 3.1, 15 (Dọ). 
- Dov: N(y)p(y)—assumed; Sy- Dy is provable by means of III and IV 
from ©. 
Coye: (S (y) )—provable by means of 16 (D) and Dov». 
Œr: N(S(y))—provable by means of 3.2, 15 (Dev). 
Coa: Wy) o(y) nv: N(S(y))$(8(y) )—Theorem I, 14 (Coy Cis). 
Css: NOAA) NUA) aN (8(y) }0(S(y) 14, Cor, Coe. 
De: N(x)—assumed; Xæ: N(x) is provable by means of 3. 1. 
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Cose: N(s)e(r)—V, De, Cos, conversion. 

Coar: p (£)—16, Cose. 

8.3:  [$(1) - W(y)$(y) A(S (y))] e  N(z)>ep (x) — Theorem I, 
(Theorem I, G27). 


The third Peano axiom will be proved as Theorem 10.1 below. 


4. Proof by induction. In the development of the theory of positive 
integers by means of intuitive logic, the object of Peano’s fifth axiom is to 
justify proofs by induction. By following Frege in making it the definition 
of x being a positive integer that propositions involving p for which a mathe- 
matical induction with respect to p can be carried out should hold when p is 
taken to be x, we are enabled to express the fifth axiom as a provable formula 
of the logic. If the logic is adequate, it should then be possible to carry out 
proofs by induction within the logic. This we show to be the case. 


4I. If x is a variable which does not occur in F as a free variable, if 
+ F(1),.and if N(x), F(x) | F(S(x)), then + N(x)D.F (x). 


For by means of 14, 3.1, and F(1), we can prove N(1)F(1), and thence, 
since æ does not occur in F as a free symbol and, being a variable, is distinct 
from the free symbols, I, & of N, we can obtain {Ax-N(x)F(x%)}(1) by 
conversion. An application of IV gives 3x- N(x)F(x), and, assuming 
N(x)F(x), we can prove N(x) and F(x) by 15 and 16, and thence, accord- 
ing to the third hypothesis of the Theorem, F(S(x)). Then by Theorem I: 
N(x)F(x)2sF(S(x)). Combining this with F(1) by 14, we obtain a 
formula convertible into {Ap : 6(1) -N (y)¢ (y) Dup (S(y))} (F) since F, N, &, 
8 do not contain w as a free symbol. Using this formula as minor premise 
with 3.3 as major premise to an application of Rule V, we obtain 
{Ap N(x)D2¢(z)} (F), and by conversion, since F does not contain x as a 
_ free variable, N(x)—-.F(x). Under these circumstances we may say that 

N(x) -2.F (x) is proved by induction with respect to x from the basis F(1) ; 
and we may call F(x) the hypothesis of the induction. This terminology, 
with appropriate modifications, will also be used in connection with the 
generalizations of this theorem. 

Certain generalizations of the simple inductive procedure described in 
4I are permissible, because they can be reduced to one or more simple induc- 
tions. «Although the nature of these reductions is quite evident intuitively, we 
shall give them explicitly to ensure that they can be carried out wholly. within 
the confines of the system. 
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All. If x is a variable which does not occur in F, Fp: a „Fn as a 
free variable, if + F, (1), H F.(1),° + -yH Fa(1), and if N(x), Fi (x), F.(x), 
-, Fals) + F(S(x)) (i=, °°, n), then | W(x)D.Fi(s), 


| N(x) DF, (x), + +, HN (2) DeFa (x). 


For then we can take Ax: F,(«)F.(x) +: -F,(x) as the F of the simple 
case, and prove N(x) D.:F,(x)F2(x):+ + -Fn(x).* With the aid of this 
result we can prove each of the theorems N(x) DsFi(*),- © +, N(x) sF n(x) 
by means of Theorem I. The restrictions on x have been used tacitly in this 
argument. A set of theorems which are inferred to be provable by an appli- 
cation of this theorem may be said to be proved by a simultaneous induction. 


ATIT. If x is a variable which does not occur in F as a free variable, 
if + F(1), HF(2), >+, HF(n), and if N(x), F(x), F(8(x)), ++, 
F(S(---n— 1 times--- (S(x))---)) - F(S(--+m times: (8(x))-°-)), 
then -N (x) D.F (x).+ 


This theorem we establish by an intuitive induction with respect to n. 
It has been proved as 4I for the case that n is 1. We assume it for a value 
p of n, and apply it under the hypotheses with n taken as p-+1 to the 
function àx- F(x)F(S(x)), obtaining N(x)DF(x)F(S(x)). Thence by 
Theorem I and Axiom 15 we can prove N(x)D+F(x). Under the circum- 
stances of this theorem we may say that N (x)>+F (x) is proved by induction 
with respect to x from the n-tuple basis F(1), F(2),:--+,F(n). 


ATV. If %1,%2,+ + +, %n are distinct variables which do not occur as free 
variables in F, and if + F(1,1,: + ¢,1); N(x), F(a, 1,- © -,1)} H E(8 (%1), 
1, °, 1); N(x1), N (x2), F (x1, %2,° © +, 1) HE (æ S(æ2), 0,1); tt 
N (x1), N (x2), © +, N (xn), F (%1, %2,° © +5 Xn) H E(x, £27 + +, S(an)), then 
HN (x) N (42) + + +N (€n) Dns... aE (Xr X2 © +, Xn). 


This theorem concerning induction with respect to n variables reduces to 
4I in case n is 1. If the theorem be assumed for the case that n is p, and 
applied under the hypotheses with n taken as p+ 1 to the function Àx% 
©et Ana © F2, Xna 1), we obtain N (x1) +++ N (äni) a... ana 


* Henceforth we often omit mention of applications of Axioms 14-16. 

t When ~ is being used to-represent a given positive integer of intuitive logic, 
we may use n to represent the corresponding positive integer S{. . . n— 1 timb... 
(S(1)). - -) of the formal logic, and vice versa. We sometimes employ symbols of the 
formal theory in a familiar intuitive sense, the context being supposed to indicate when 


this is being done. For example, 1, n, +, — in S 2p Spp n— 1I times, and n-th. 
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-F(x,° + +,%n4,1). Also by means of the last hypothesis and a corollary 
of Theorem I we obtain that N(x»), N(x) ©- N(än1) Da... sna 
F(x t, Wnt, Hn) HN (x) N (En) ay... onal (415° + +, Enas D (En) ). 
Hence, applying 4I to the function Ax, © N(a1) -© © N (401) Da... ena 
F(x," + +,%n), we can prove N (8n) Dan N (x1) >- -N (n1) da... ona 
-F(x1,° + ©, &n), and thence, by a corollary of Theorem I, N(x,)- + -N (xn) 
ay... al’ (%1,° En). 

Finally we may vary the simple inductive process of 4I in a combination 
of the three directions represented by 411, 4IIJ, and 4IV, and justify the 
procedure by a corresponding combination of the devices used in establishing 
4II, 411, and 41V. l 

We. shall apply the theorems of this section, and similar theorems below, 
when the situation exhibited is not exactly. that described by the theorem, but 
one that could be made so by evident conversions. (Cf. § 05.) 


5. Addition. We adopt the definition 
+ — àpofz : p(f, o (f, t)), 
due to J. B. Rosser, and abbreviate {+}(«,y) to [x] + [y]. 


5I. {+}(1) conv 8. [x+y] +z conv x + [y +z]... S(x +y) conv 
S(x) -+ y. 


The last conversion follows from the first two thus: S(x-+y) conv 
l+-:x-+y conv [1 -+ x] +y conv S(x) +y. It is often more convenient 
to employ this theorem and like theorems of §§ 6, 7 (often tacitly) than to 
refer to the formal theorems proved by means of them. 

Since #(S) can be proved (e.g. from 3.2), the first conversion of 5I 
leads, by means of 2. 1,” to 


5.1: ESNA 


Assume N (y). Then, (1) we can prove N(S(y)) by means of 3. 2, and 
thence, by conversion, N(1 -+ y), and (2) if we assume N (s -+ y), we can 
prove M(S(s-+y)) by 3.2, and thence, by conversion, N(8(@) +y). 
Having (1) and (2), we can prove N(s£)D+N (s + y) by induction.t This 
was gone on the assumption N(y), and 3y: N(y) is provable from 3.1. 


* Of. the remarks on 2. 1 in, i 
Of. 4I. In this case only ‘the second of the assumptions N(x), F(x) is used. 
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By Theorem I we obtain N(y)>,-N(xz).N(e@-+y), and thence, by a 
corollary of Theorem I,* 


5.2: N(2)N (y)ayN (a + y). 


5.2 with 15 and 16 enable us to prove E([s + y] + z) as a consequence 
of N(v)N(y)N (z), and hence the second conversion of 5I leads to 


3.8: N (2) (y)N (2) eve [s +y] +2—2-+ [y +z]. 


We shall use x + y -+ z as an abbreviation for [æ + y] + z. 

(1) Since #(2) is provable (e. g. from 3. 1, 3.2) and 2 is convertible into 
1+1, we can prorel+1—1+1. (2) Assume N(z) and s +1 =1 +7. 
Now S(#) +1 conv S(x-+1), =8(1 +x) (by means of the assumption 
z+1-1-+2), conv S(S(z)) (and F(S(S(«))) is provable from N(x) 
with the aid of 3.2), conv 1 -+ S(s). Hence, by §2, S(s) +1—1-+ 8(z) 
is provable from our assuinptions. (3) Using (1) and (2) we can prove, 
by induction 


M: N(&)De t H1 =1+4 r. 


(4) Assume N(s), N(y), and ety=y+ea. Then «+ S(y) conv 
et-:l+y, =a+-y+1 (since y+1—1+y is provable from N(y) 
and W), conv [s +y] +1, =1-+ [e +y] (by means of M, V(x), N(y), 
5.2—this equality is proved from our assumptions), = 1 + [y +x] (by 
means of the hypothesis æ + y =Y + £), conv S(y) +s. This establishes 
«+ S(y) = S(y) +2. from our assumptions, according to §2. Having 
(1), (2), and (4), we infer by induction (cf. 4TV) 


5.4: N(@)N(y) Pay e +y =y +r. 
Another fundamental theorem on addition will be obtained as 11. 4 below. 
6. Multiplication. We adopt the definition, 
X > poz: p(o(x)), 


of J. B. Rosser, and abbreviate {X} (x, y) to [x] X [y] or [x][y].4 > 


* In making applications of Theorem I and its corollaries we may omit mention 
of the formulas Zx. M, Zxy-M,--.+, when their proof is obvious, as here from 3.1 
and l4. (Cf. the statements of Theorem I and its corollaries, Church, 1932, pp. 358, 
366.) 

ł The abbreviation [x][y] for the product of two positive integers, x and y, efn- 
ployed in the presence of N(x) and N(y), should not lead to confusion with the 


11 
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6I. [xy]z conv x[yz]. [x + y]z conv xz + yz. 


(1) 3.1 HE(1). E(1), 2.1 }1=1 By conversion from 1=1, 
[1.1] =1. (2) Assume W(x). Then H(S(x)) is provable by means of 
3.2. 18(x) conv S(x). Hence [185 (s}] = S(s). From (1) and (2) by 
induction: * 


6.1: N(2) D2: lee. | 


Assume N(y). Then (1) by means of 6.1 we have N(1y), and (2) 
assuming N(x) and N (sy), we can prove N(ly-+ zy) by means of 5. 2, 
N (ay), and (1), and pass by conversion to N(S(x)y). Having (1) and (2) 
we infer by induction that V(y) H N(£)DN (ay). With this result we can 
prove, by Theorem I Corollary, 


6.2: N(2)N(y)Da,N (ay). 


Assuming N(«)N(y)N (z), we can prove Æ ([sy]z) by means of 6. 2, and 
E([< -+ y]z) by means of 5.2 and 6.2. Hence 6I leads to the pair of format 
theorems . 


6.8: N(w)N(y)¥ (2) Dan [eye = Lye], 
6.4: — N(@)N(Q)N (2) Pan: [x + ye = zz + yz. 


Assume N(k). Then: (1) 101 -+ k] = [1:1] + 1k, by 3.2, 2.1, con- 
version and 6.1. (2) Assume also N(1) and I[1 + k] 11+ 1k. Then 
S (ID) [1+ X] conv 1[1 + k] +11 +h], =1+h +1[1 +k] (by 6.1, 3.1, 
5.2), =1+k+-U+4 Uk (by our assumption I[1 + k] = l1 + lk), 
cony 1 + [k + 1] + lk, = 1 + (11 + k] + Uk (by 3.1, 6.2, 5.4), 
conv [1 1] + aA +- k + lk, = [1:1] Ha +: 1k + lk (by 6.1). 
conv S(1)1-+ S(l)k. We can prove the existence of any one of these expres- 
sions from our assumptions by means of 3.1, 5.2, 6.2. Hence, by § 2, 
S(Q){1+k]=—S8(1)14+ 8k. (3) By induction, using (1) and (2), 
N() Dı [1 + k] = 11+ lk. According to Theorem I, this argument 
enables us to infer the provability of 


W: N (k) De N() Di- [1 + k] = 11 + lk. 


abbrevtation for the logical product of two propositions. The abbreviation [x] [yI[z} 
for [[x][y]][z] will be employed with the arithmetical product as with the logical 
prodůct. i ` i 

* Cf. 4I. In this ease only the first of the assumptions N (x) and F(x) is used. 
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(1) By conversion from 11: [1:1] 1-1. (2) Assume N (s) and 
sl = 1z. Then S(x)1 conv 1-++ 21, = 1 -+ Ia (by the second assumption), 
=] +g (by 6.1 and N(x)), conv S(s) (E(8()) is provable from N (s), 
using 8.2), conv 18 (x). Hence by §2: S(v)1—18(z). (8) By induction, 
using (1) and (2), 


Ma: N(£)Da: 21 = 1z. 


(4) Assume V(x), N (y), vy = yz. Then s8 (y) conv gf[1 + y], = vi + sy 
(by W, V(x), N(y)), = £1 + yx (by the hypothesis sy = yz), = 1g + ys 
(by Wa, N(x)), conv S(y)s. Hence tS (y) = S(y)s. Having (1), (2), and 
(4), we can prove, by induction (cf. 41V), 


6.5: N (£) N (Y)Day' vy = ye. 


7. Exponentiation. 1(F, A) conv F(A), and S(x, F, A) conv 
F(x(F,A)). By an intuitive induction, utilizing the definitions of 2, 3, 4,--- 
from 1, we infer that for any given positive integer z, z(F, A) is convertible 
into F(- -> z times: - -(F(A))---). Church’s definitions of the positive 
integers were framed with a view to providing this formal means of repre- 
senting the z-th power of a function F of an argument A. We recognize it 
by introducing the abbreviation [a]! for {p} (x), so that =(F,A) may be 
written F*(A). 

3.1, 8.2, 14 + Xpaf-$(a)-6(p)eh(f(e))- Assuming $(a) -(p) 
—p(f(p)), we have, by the use of the first factor with the second, s(f(a)), 
which is convertible into #(f'(a)). Assuming also $(f7(a@)), the second 
factor gives #(f(f*(a))), which is convertible into ¢(f§(a)). Hence, by 
induction and the corollary of Theorem I, 


v.1: L(a) (P) plf le) var: N (2) ab (f(2)). 


(1) T =I is provable from J = I by conversion.* (2) Assuming [* = J, 
we have 5) conv rAy-I*(y), =Ay-I(y) (by means of our assumption), 
conv I. + H(I). Hence, by § 2, IS = I. From (1) and (2) by induction, 


7.2: N(2)De- Tt =I. 


It follows, since [(A) conv A, that we can express formally a function of 
positive integers having any given constant value A. Indeed, if á 


* I = I is provable by 2.1 since + H(Z) (ef. §§ C6, C8). 
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then ©(1, A), ©(2, A), > -> are functions whose values for any one, two, > - 
members of the sequence 1,2,:-- (i. e. “known” positive integers), respec- 
- tively, are convertible into A. 

The formula 6. 1 is convertible into 


4.3: N(a#) D2: [Afa: f?(a)] =z. 
7I. F*(FY(A)) conv F*(A). 


Let f and a be proper symbols not occurring in x and y as free symbols. 
Then the formula æ +- y is convertible into Afa- f*(f7(a)) and Afa: f”? (a). 
This leads evidently to. the conversion 7I, and also shows from a new point, 
of view why the definition given in § 5 for the addition of positive integers 
is suitable. 

The observation is due to J. B. Rosser that if p and q are positive integers 
the formula xP is actually the p-th power of x in the arithmetic sense. 


VII. xPx% conv Pta, [xP conv xP, 


8. Number dyads and triads. A finite ordered set of expressions can 
be defined intuitively by enumerating its members, A:, Ao,---,Ay. In 
order to carry out an argument in the logic about such a set whose mem- 
bers vary according to given laws, we may require a formula A such that 
(1) A is a function of the & members Ai,---,Ax, and (2) Ant, Ax 
are k functions of A. If there exist expressions H,,:--,H;, such that 
H,(A,)=I,---, Hi,.(Ax) = J, we can take as A the expression Aw - æ (A1, t, Ax), 
where x is any proper symbol not occurring in A,,:-~, A; as a free symbol. 
In the important case that A,,---,A, are positive integers there are the 
simpler constructions which follow. 

To represent the ordered pair of numbers x and y, we employ the formula 
D(x, y), abbreviated [x, y], where 


D — àpofga - f° (g7 (a) ). 
Then x and y are the functions D, and Dz, 
D,->dpf-p(f, 2) and Dz dp: p(Z), ° 


respectively, of [x,y], as is established in the theorems 
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8.1: N(2)N(y) Dey D, ([2, y]) =2, 
8.2: N(2)N(y) Pay: D2([#, y]) =y. 


The first is provable, according to §2 and the corollary of Theorem I, since 
assuming N (x) N (y) we have D,([a, y]) conv Afa: f*(I¥(a)), = afa: f*(I(a)) 
(by 7.2, N(y)), conv Afa:f*(a), =a (by 7.3, N(x)); the second, since 
D.([2,y]) conv Afa- I*(f¥(a)), from which we can pass similarly to y. 
Let 
T —> àporfgha -fP (g" (h7 (a))), 


and abbreviate T (x,y,z) to [x,y,z]. If > 


Tif pII), T2>def ‘elf I), Ts—àp'pll TI), 


then ` 

8.3: N(2)N(y)N (2) ev Ts ([2, y, 2]) = 2, 
8. 4: © N(a)N(y)N (2) aye Ta([2,y,2]) =y, 
8.5: N(2)N(y)N (2) ove Ts([2, y, 2]) =z. 


Similarly for tetrads, ete. 


9. Predecessor. Given the third Peano axiom, as formulated in 10. 1, 
a function for the predecessor of a positive integer can be obtained by means 
of the description, . Conversely, given a predecessor function, 10.1 can be 
proved. By obtaining a predecessor function first, and making it the basis 
of the proof of 10.1, and of further definitions, we are able to limit our formal 
assumptions, avoiding, particularly, the use of the description. 

The predecessor function, P, which we shall define has, besides the prop- 
erty that if x is one of the expressions 1, 2,- - -, then P(S{x)) conv x, also 
the property P(1) conv 1. The arithmetical functions, such as subtraction 
and division, defined by means of it, are likewise given a value within the class 
of positive integers for every set of positive integral values of the arguments, 
even in cases when this is not ordinarily done. The resulting special proper- 
ties of the functions are useful in the development of the theory. 

Let 


> Ap [T2(p),Ts(o), S(Ts(p))] and F111). 7 


Then (1) $8 (J) conv [1,2,3], and H#([1,2,3]) is provable since 
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[1, 2, 8] occurs in’ the proposition T,([1,2,3]) —-1 which is provable from 
8.3, 8.1, and 3.2. Hence, by 2.1, JSV (F) —[1,8(1), $(8(4))]. (2) 
` Assume V(x) and FSD (J) = [z, S(x), S(S(z))]. From N (s) we infer 
N(S(2)), N(S(S(2))), and N(S(S(8(2)))) by 8.2 Now FSS% (F) 
conv [T2(F*(3)), T3 (3)), STF (8)))], — [T(z (a), 
S(8(2))]), Ts([2, 8(2),8(9(«))1), S(T (Ir, 8 (2), S(8(2))]))] (by the 
hypothesis of the induction), = [S (s), S(8(x)), S(8(S8(x)))] (by means 
of the equalities obtained by using N (s), N(S(x)), and N(S(S(#))) in 8.4 
and 8.5). H([8(«), 8(8(z)), S(S(S(x)))]) is given by 8.3, N(S(x)),. 
N(S(S(2))), and N(S(S(S(2)))). Hence, by $2, ZS (F) = [8(z), 
S(8(x)), S(8(S(x)))]. Having (1) and (2), we can prove by induction 


M: N(2)Da: FP (3) = [z, S(x), S(8(2))]. 
Let 
P >p: T1(§(B)). 


Assume N(x). By 3.2, N(S(x)) and N(S(S(x))). Then P(8(z)) conv 
T (FO (3)), =T: ([z, S(2), S(8(2))]) (by N(x) and A), =z (by 
means of 8.3, N(x), N(S(x)), and N(S(S(z)))). Hence, by §2 and 
Theorem I, 


9.1: N(«#) 5, P(8(x)) =z. 
The theorem 
9.2: P(1) =1 
is provable by conversion from 1—1; and the theorem 
9.8: | N (a) cN (P(2)) 


is provable by induction, since (1) N(P(1)) follows by conversion from 3. 1, 
and (2) assuming N(x), we can obtain P(S(x)) =s from 9.1, and then 
N(P(S(«))) from N(x). 


10. Peano’s third axiom. N(1)N(1) - S(1) =S(1) is provable by 
means of 3.1, 3.2, 2.1, and 14; and thence Sry: N(x) N(y) -S(x) = S(y) 
can be proved. Assume N(s)N (y): S(s) —S(y). Then c= P(S(x)) 
(by & 1 and N(2)), = P(S(y)) (by S(@)=S(y)), =y (by 9.1 and N(y)). 
Hence, by § 2 and Theorem I Cor., 


10.1: [N (2) NV (y) SASSO ees 
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11. Subtraction. Let . 


——> Any: P”(p), 


and abbreviate {—} (x,y) to [x] — [y]. If s and y are positive integers, 
then x— y has the usual significance if x is greater than y, and x —y is 1 
if-z is less than or equal to y. 


N(2), 9.8, 71+ N(y) DN (£z—y). Hence, by Theorem I Cor., - 
11.1: N(2)N(y) DaN (£ — y). 


(1) Assuming N (s), we have [r +1] — i= [1 +z]— i1 (by 5.4, 
N(x), and 3.1), conv. P(S(x)), =x (by 9.1 and N(x)). Hence, by §2 
and Theorem I, N(#)>.-[e#+1]—1—«. (2) Assume N(y) and 
N(2)>.:[e+y]—-y=«. Assume also N(x). Then [s + S(y)]—S8(y) 
—[8(y) +2] —S(y) (by 5.4, N(y), 3.2, N(2)), conv P([1 +y + 2]—y); 
=P([yti+ta]—y) (by 5.4, N(y), 3.1), conv P([y + S(x)]—y), 
—=P([S(2) +y]—y) (by 5.4, N(y), (2), 3.2), = P(8(2)) (by the 
second assumption, N(x), 3.2), =x (by 9.1, N(x)). Hence, by §2 and 
Theorem I, N(£)De' [e + S(y)] —S(y) =x. From (1) and (2) by in- 
duction, N (y) Dy: N(£)De: [£ +y] —y = zr; whence, by Theorem I Cor., 


11.2: N(£)N (y)Dey: [£ + y] — y = z. 


(1) Assume N(x)N(y). Then [e—y]—1 conv P(y(P,2)), conv 
(y, P, £), conv s— S (y), conv s—:1 +y, =2x—-y+1 (by 5.4, 3.1, 
N(y)). N(x), N(y), 3.1, 5.2, 11.1 -N(@—-y+1), from which 
E(x—-y-+1) is provable. Hence, by § 2 and Theorem I Cor., N (s) N (y) ss 
- [z — y] — 1 =s —' y+ 1. (2) Assume N(z) and N(x)N(y)>sy 
- [z — y] — z = £ —:y +z. Assume also N(x) N (y). Then [a —y] — 8 (z) 
conv [z — y] —: 1 +z, = [[z — y] — 1] — z (by the hypothesis of the in- 
duction, N(x), N (y), 11. 1, 3. 1), = [z —: y + 1] —z (by (1), N (z), N(y)), 
=g —:y -+ 1-+z (by the hypothesis of the induction, N(x), N (y), 3.1, 
5.2), cony «-—-y-+8(z). We can prove E(s—:y + 8(z2)) by means of 
N(x), N(y), N(z), 3.2, 5.2, 11.1. Hence, by § 2 ‘and Theorem I Cor., 
N(2)N (y) Day: [2 —y]— S (2) =s—:y + S(z). Having (1) and (2), 
we infer by induction N(z)>.-N(#)N(y) a: [z — y] — z = zr —: y +2, 
and thence | 3 


11.3: N(2)N (y)N (2) Daye * Co eee eee 
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Assume N(s)N(y)N (2) s+ y=gs-+z. Then EE E ee (by 
11. 2, 5.4, N (y), HO Se at Cet as OF 11. 2, 
5.4, N(x), Ae): Hence 


11.4: [NM (2) N(y)N (2): by =s 4 2] Daye y = 2. 


12. Order. Let <-> Aw N (4) [$(S(u)) -6(€)2e6(8(4)) 19 600), 
and abbreviate {<}(x,y) tox <yory>«x. 


12.1: | N(#)De-e < 8(2). 


Proof. Assume N(a). Then, using 3.2, 3¢-$(S(2)) -(4)De$(S(4)) - 
p(S(z))-- ¢()e o(S(€)) H o(S(z)). By Theorem I, [¢(8(zx)) 
-$(€)De 6(S8(é)) J De o(S(z)), which with N (a) yields s < g(s)” 


12.2: r < Y Day: N(£)N (y). 


Proof. 12.1 | Zay: s < y. s <y + N(a) - [o(8(2)) - (6) 
e o(S(é)) Je ply). N(x), 3.2- N(S(z)). N(S(x)), 3.2, [6(S(z)) 
pE) E 6(S(é)) ply) HN). i 


12.3: ‘ [a <y y <2] Dope t < z. 


Proof. Assume s < yy <zand 6(S(a)) -o(€)¢ 6(8(é)). The latter 
with æ < y yields $(y). (y), (E De (92) H $(8(y)) + eE) 
De o(S(é)), which with y < z yields (z). Hence [p(8(zx)) - (é) 
De (9(E)) Jo $(2), and z <a. : 

When each a; (t = 1,: + -, n) is either = or < (= or >), we abbreviate 
[x112] [X2te%s] * © + [XnOn¥nar] tO WA XolleKy* * * Xnäntnı. By § 2 and 12. 3, 
we can make formally. the usual inferences concerning the order relation of 
two expressions linked in such a chain of inequalities.} 


* Henceforth our proofs will be abbreviated by omissions of such details as applica- 
tions of Theorem I and Corollaries, applications of §2 and like principles for in- 
equalities, and references to formal theorems under circumstances in which it is’ clear 
what theorems are being used. In particular, required formulas of the form N(A) will — 
not be mentioned, when they are obtainable from the hypotheses and such theorems as 
3. 1, 3.2, 5.2, 12.2. In case several theorems are used at a given step in the argument, 
those, playing a subordinate rôle may not be cited. 

į We arrange the introduction and proof of chains of inequalities in the same 
mapner as that of chains of equalities. Any link may be a conversion or contingent 
equality. 
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12.4: N(2)D2:N(y)>Dy-tty>y. 


Proof. Assume N(x), N(y)>y:t@+y>y, and N(y). Then §(*)+y 
conv S(s -+ y), > «+ y (12.1), >y (by means of the hypotheses). Hence, 
by Theorem I, N (2), N(y) y e +y >y bt Ny), S(t) +y>y. Thus 
12. 4 is provable by induction from 12. 1 as basis. 


12.5: s < yY Dy y = [y — r] +z. 


Proof. Assume æ< y. (1) S(s) conv 1+7, =[[1 +r] —s] +e 
(11.2), conv [S (z) —s] +s. Hence N(S(s)): S(x) = [S (2) — r] +2. 
(2) Assume N (£) -é= [{— s] +x. Then 8(é) = S ([é— £] + v) (by the 
hyp.), conv S(E — z) +e, = [[8(E— 2) + 2] —2] +e (11.2), 
conv [S([é— z] +2) — e] +2, = [8 (£) — z] + z (by the hyp.). Hence 
N(S(é))-8(€)—=[8(@)—2] +. By Theorem I, [W(é)-€—=[£—#] +2] 
De N(S(£)) 92) = [S — 2] +e. (3) 2 <y H [4(8(2)) - (6) 
De 6(9(E))]>¢ (y), which with (1) and (2) yields N (y) y = [y— t] +a. 


12.6: z <y Dey: = y — [y — r]. 
12.7: ` [N (e) + y > 2]Dove: [e +y] — z =s [y — z]. 


Proofs. Assumings < y and letting p —y— T, s = [p + 1] — p (11.2), 
= [p +2] —: [p 4+2] —e (11.2), =y—-y—e (12.5). Assuming 
N(x): y >z and letting p> y — z; [sz + y] —z = [x + p +z] — z (12.5), 
=v + p (11.2), =s +- [p +2] —z (11.2), =s +:y—z (12.5). 


12.8: N(#2) 2° S(x) > 1. 
12.9: N(y)Dy [z > yJPe't >I. 
12. 10: N(2)N(y)Day e +y >l. 


Proofs. 12.4 (12.8, and 12.9 is provable by induction, since 
[z > 1]Da: e > 1 and N(y) + [e > S(y)]J>2: s> 1 (12.4). 12.10 follows 
from 12.9 by 12. 4. l l 


12.11: [N(¢)-y <2] et +H y< rtz. 


12.12: [N(@) Ny) N (2) ety < get z]y <z. 


Proofs. Assuming N(z) y <2, then x +2=a+y+-2-—-y (12.5), 
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>a+y (12.4). Assuming V(x)N(y)N(z)-e2@ +y <s -+ z, then 
z= [e +2] —e (11.2), =[p +e +y]—r (by 12.5, if p— [e-+ z] 
—: ety), =P ++: [r +y]— e (12.7, 12.4), =p+y (11.2), >y 
(12. 4). 


12.18: [N (2) æ < 8(y) y < 8(2) Joye s < S(2). 
12.14: [N(z2) æ <y y < 8(2) Jae t <z. 
" 12.15: [£ < Sy) yY < 2]Dopy' e < z. 


Proofs. Assuming N(z} -«<S(y) -y< 8(z), we have 1+ 8(z) 
—1+4-[8(2)—y]+y (12.5), = [S(2)—y] +80) —[8@) —9] 
+ [8(y) —2#] +2 (12.5), >1-+ (12.11, 12.10), and hence, by 12. 12, 
S(z) >x. Similarly for 12.14 and 12. 15. 

We let xSy—>-x < S(y),* and employ the relation <= as well as 
< and = in our chains of inequalities. 12. 13-12. 15 together with previously 
noted facts show that we can make formally the usual inferences concerning 
the order relation of two expressions linked in such a chain. 


12. 16: [N (y) -e < S*(y) Joye —y = 1. 


Proof. Assume N(y)-s < S*(y). By 11.2, [8 (y) —1]—y=1. 
Assuming N(p) and [S (y) — p] — y = 1, [&(y) — 8(p)] — y 
= [[6 (y) — p] —y]— 1 (11.3), = 1—1 (by the hyp.), conv 1. Hence, 
by induction, N(p)-p)-[S?(y) —p] —y=1. This with N(8?(y)—s) 
yields [S?(y) —- S*(y) — r] — y = 1, and, by 12.6, s — y = 1. 


12. 17: [£ < S(y) -y < B8(2) Jy t =y. 


Proof. Assumes < 8 (y) -y < 8(£). s< 8(y), 12.11 S(s) < 8? (y). 
(1) 2 +y conv S?(y), = [S?(y) —8(2)] + S(x) (12.5, S(2) < &(y)), 
= [S(y) —8(2)] + [9(2) —y] +y (12.5, y < S(2)). Hence, by 11.4, 
(2) 2 = [S (y)— S (2)] +:8(2)—y. (3) S*(y)—8(2)= [[9(y)— 8S (2)] 
+: S(s) — y] —- S(#) — y (11.2), = 2 —: S(z) — y @y (2)) 
= 2—1 (12.16, S(s) < &(y)), conv 1. (4) 2+s conv 1+ S(s), 
= [S (y) —8(2)] + S(z) (by (8)), =2 +y (as in (1)). Hence, by 
11.4, s = y. 


12.18: : [s >1]DeN(y)Dy:e@—y <2. 


* Or let < —> Asy -æ < S(y) and abbreviate { sS} (x,y) tox < y. Similarly below.. 
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Proof. Assume s >i. (1) 1—1 conv 1, < 8(1). Assuming N (p), 
S(p)—1—=p, < 8*(p). Hence, by induction, N(p)Dp: p—1 < S(p). 
(2) s —1 < S(e—1), =x (12.5). (8) Assuming N(y) and e—y <a, 
zr — 8 (y) = [x—y]—1 (11.3), S«—y (by means of (1)), < (hyp. 
induction). From (2) and (8), by induction, N(y)>,-2—y <2. 


12.19: W(k)Ds: [o < 8(k)Dp $(0)] [e > k Dp $(0) 1 Ds: N (2) Ds (2). 


Proof. Let De (a)—> [p< S(a)p$(e) Ip >a—p$(p)]. (1) FpD (1). 
By induction and Theorem I, Do (1) De: N(£)Da p(s). (2) Assume N (k) 
and De(k) 9: N(£)Da p(x). Then 36°De(S(k)). Assume Do(S(k)). 
(a) p< S(k) + p < S*(k); and hence, by the first factor of Do(S(%)), and 
Theorem I, p < S(k)Dp (p). (b) N(k) }1+h < 8(k), whence, by the 
first factor of Do (S(%)),¢(1+4%). Assuming N (p), we have S(p) + &4>S(k), 
whence, by the second factor of D6(S(%)), (S(p) +k). By induction, 
N(p)pe(p +k). Thence, assuming p > k, we obtain ¢([p—k] + k), 
and, by 12.5, ¢(p). By Theorem I, p>kp¢(p). (c) Do(k) 9: N(x) 
oe ¢(w) with (a) and (b) yields V(r) >2¢(x). By Theorem I, Do(S(z)) 
2° N(#) 2 p(s). (3) 12.19 follows from (1) and (2) by induction. 


13. The lesser and greater of twe positive integers. Let min — Azy 
-S(y) —: S(y) — 2 and max — Asy: [x + y] —min(z, y). 


13.1: N(2)N(y) Day N (min (a, y)). 

13.2: [N (y) © < 8(y) Jay: min (z, y) = z. 

13.3: N()De: N(y) Dy: min (z, y) = min (y, 2). 

13.4: N(2)N(y) oy’ min (z, y) < S(y). 

18.5: N(x) N (y) N (2)Dey' min (z + z, z + y) =z + min (z, y). 


Proofs. 3.2, 11.1 H 13.1. 12.6} 13.2. 13.3 may be established by 
an application of 12.19, since, assuming N(x), (1) assuming y < S(z), 
min(2z, y) conv S(y) —-S(y) — z, = S (y) —1 (by 12. 16, since y < S(s), 
12.11 + S(y) < S?(z)), = y, = min (y, x) (18.2), and (2) assuming y > a, 
a like series of steps takes us from min(y,2) to min(s, y). 12.18, 
12.8 } 13.4. +18.5, since, assuming NV(xr)N(y)N(z), min(z + z, z +y) 
conv S(z-+y) —-S(2+y)—-2z+2, =[e+ S(y)] —: Sly) —2 (11.2, 
11.3), =z+-S(y) —: S(y) — z (12.7, 12. 18, 12. 8), conv z + min(2, y). 


14. Proof by cases. We now establish theorems which connect, the 
present theory with, that of §§ C7, C9, C10. M—>dAp-$(1)¢(2) 5 (x), 
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and [P] ==+...2a' Q will be used as an abbreviation for [[P] Da... sn: Q] 
[LQ] Dai... ent PJ.” 


14.1: M(r)=s 0 <3. 


Proof. C%.1} 3¢:M(a2). 1<8,2<3, M(z) }2< 3, by Rule V. 
Hence M(r).-« < 8. Conversely, assume s <3 and $(1)¢(2). Then 
g(min(1,2)) (#(1), 18.2); and assuming N (p), #(min($(p),2)) (6(2); 
18.2, 18.3, 12.4). Hence, by induction, N(p)>)¢(min(p,2)). Thence, 
since s < 3 + N(x), we obtain (min (z, 2)), and, by 13.2, d(x). 

Note that M(x) H N(x) (by 14.1, 15). l 

Let [x] o [y] > min (x,y). o multiplies 1’s and 2’s as 0’s and 1’s resp. 


14.2: | M(2)M(y)Dey M (coy). 

14. 3: M(2)M(y) ay toy = yor. 

14.4: M(y)Dy:loy=1. 

14.5: M(y)Dy: 20y =y. , 

14. 6: [M (£) M (y) v o y = 2] ay: [w= 2] [y= 2). 


Proofs. 14. 5 follows from 201 = 1 and 202 = 2 by the definition of M. 
For 14. 6a (i. e. the first factor of 14. 6), assume M(x) M(y)-cvoy—2. Then, 
by 13.4, 20y'< S(y). Hence 2 < S(y). Also, by 14.1, y < S(2). Hence, 
by 12. 17, y =2. Likewise = 2 (cf. 14.3). 

Let e—> Asy : min(2, S(s) — y), and abbreviate e(æ, y) to ež. 


14.7: N(2)N(y)>ay M(e*). 
14.8: [N (y) e< 8(y)] =e N (2) N(y) a =1. 
14.9: s > yY =m" N (a) N(y) «ey? = 2. 


Proofs. 13.3, 13.4, 14.1 } 14.7. 12.16, 12.11 j 14. 8a; and for 14. 9a 
we have, assuming «> y, e” = min(?, S(#) —y), = min(2, S(e¢—y)) 
(12.7), ==-2 (by 13.2, since 12.4} S?(a@—y) > 2). 14.8b and 14. 9b 
we prove as follows: By C7I, there exists a formula $ such that $(1) 
conv Aab-a < S(b) and B(2) conv àab:a >b. Assuming N(y), then 
(1) assuming z < S(y) we infer «®—1 by 14. 8a, and hence $ (ey”, £, y), 
and (2) assuming t > y, we infer e” = 2 by 14. 9a, and hence B(e,*, z, y). 
By 12.19 and Theorem I, N(y)2y- N(x). B(e*,2,y). This lemma 
enables us to infer z < S(y) from N(x)N(y)-g?=1 and «>y from 
N (2) N (g) a =2, © eni 


* Cf, Church, 1932, p. 355. 
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Let 8 —> ATY 4+ ey? -H ea”, and, abbreviate 5(x,y) to 8%. 


14. 10: N (2) N (y) Dey M (8°). 

14. 11: N(2)N(y) Day 8y = 824 

14. 12: s< yD dy? =l. 

14. 13: [N (y) x < 8(y) 8% = 1] Dee < y. 

14. 14: [N (a) N (y) £ = y] =e: N (£) N (y) 8p =2. 


Proofs. Assuming N(£)N (y), by = 4 — ` gy? + et, = [4 — ey] — ea” 
(11.3), < 4—e&" (by 12.18, since 4— ef =1 +:3—e? (12.7, 14.1, 
14.7), > 1 (12.10)), = 8 (12.18), and hence, by 14. 1, M (8,7). 5.4 $14.11. 

. Assuming s <y, 8p == 4—: e+? (14.9), = [4—2] — e” (11.3), 
conv 2 — e”, = 1 (12. 16). Assuming M(y) + « < S(y) ê% = 1, 
co! = 3 —- 3 — e (12:6, 14.1, 14.7), —38—-4—-1+e@ (11.2, 11.8), 
= 3 — + 4— ey? + e” (14.8), = 3 — ò (def.), = 3—1 (hyp.), conv 2; 
and hence, by 14.9, s <y. Assuming N(s)N(y)'s =y, then s < S(y) 
and, by 14.8, ef == 1; also e= 1; hence &f = 4—:1 +1, conv 2. It 
remains to establish 14. 14b, which we do as follows. Assume V(x) N (y) Sy? = 2. 
‘By 14. 7, M(q*). (1) Assuming e” = 1, then z < S(y) (14.8). (2) As- 
suming e” = 2, then s > y (14.9); hence 8,71 (14.11, 14.12). Hence, 
by C10II, s < S(y). Similarly, y < S(s). Hence, by 12.17, c= y. 

Henceforth we use tacitly results of this section in conjunction with C91 
and C10II. The headings “ Case 1,” “ Subcase a,” ete., will indicate applica- 
tions of C9I or C1011. o 


PRINCETON UNIVERSITY. 


ON THE COOLING OF THE EARTH. 


By Arwotp N. Lowayn. 


ABSTRACT. 


In an earlier paper * the thermal history of the earth was investigated 
under the assumption that the earth is a radioactive sphere, the surface of 
which is permanently at 0°. The present paper introduces the further refine- 
ment of taking into account the heat evolved as a result of the contraction 
accompanying the cooling of the earth. The method is essentially that based 
on the use of the Laplace transformation as presented in the earlier paper 
above mentioned in conjunction with the theory of biorthogonal sets of func- 
tions and the corresponding integral equations with asymmetric kernels. 


-The theory underlying the subsequent derivations is due to the work of 
J. M. C. Duhamel + who nearly a hundred years ago has set up the differential 
equations governing the cooling of a solid when account is taken of the heat 
set free as a result of its accompanying contraction. As an illustration of his 
theory, Duhamel has obtained the complete solution for the problem of the 
cooling of a sphere (with due account of contraction) the surface of which is 
permanently at 0°. The present paper contemplates the generalization of 
Duhamel’s problem to the casé where the sphere is radioactive. 

_As in A. N. L. it will be assumed that the sphere (earth) is centrally 
symmetrical with regard to the initial temperature distribution, the distribu- 
tion of radioactive matter and that the physical constants do not vary with 
depth. l 

In view of the results in J. D. and A. N. L., it is clear that the mathe- 
matical formulation of our problem is as follows: 


ð : 6 ð 
D gr) =I) + ET) 
Co— Co 9 OY , 
+ eee (tre) +o 
02 0 58 0 
(2) rgt t) Hiz y(r, t) yy g TO t) = 0 


. * Arnold N. Lowan, “On the cooling of a radioactive sphere,” Physical Review, 
November 1, 1933. This paper will be referred to as A. N. L. 
{ Journal de Vécole Polytechnique 1837. This paper will be referred to as J. D. 


174 


ON THE COOLING OF THE EARTH. 175 


(3) Lim T(r,t)= f(r) 
(4) Lim y(r, t) =0 

(5) | T(R, t) =0 

(6) 5y (r, t) + 3r (3/ðr)4 (r, t) =0 for ro BR 


where the significance of the symbols employed is as follows: 

T(r, t) = temperature at time ¢, and distance r from center; 

R = radius of the earth; 

k == thermal diffusivity ratio between the thermal conductivity K and 
the product of the density p and the specific heat Cn (under constant volume) ; 

Cp == specific heat under constant pressure ; 

5 == coefficient of linear thermal expansion ; 

p(r, t) = 1/pCy X heat generated per unit time per unit volume by the 
radioactive matter ; 

ry = increment of the radius vector which initially had the value r. 

It may be remarked that if Cp = C», the problem becomes identical with 
that treated in A. N. L.; further the system (1) to (6) is identical with that 
treated by Duhamel, except for the term (1, t) in the differential equation (1). 
Thus the solution to be derived must reduce to that given in A. N. L. if 
Cp = Cy and te that given by Duhamel if $(r, t) = 0 

Consider the differential equation 


(7) r Oy,/02 + 4 by/Or = 0. 


If we assume a solution of (7) in the form y = Ar” it is readily found 
that m(m-+-8)=0. Thus the general solution of (7) is in the form 
y= A 4- Br’, Starting with this solution of (7) the solution of (2) satis- 
fying the boundary condition (6) and such that vy is finite for r—0 is 
readily found by the method of variation of parameters in the form: 


g BB, 43 CE, 
(8) u(r) =e "elo dp tage S, PTO 
1 0 BR 0 
whence ultimately 
ôy \_ 58 Le = R ôT 
(9) z ae )- rer ae as PT 
In view of (8), equation (1) becomes 


PT | 2 OT lt oT 4 C—C 
ore tar JE G ets O 01 FF p)dp + 0 t). 
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If we make the substitution: 


(11) P(r, t) = (A/r)u(r, t) + rf(r). 
It is ultimately found that the function u(r, t) must satisfy the system of 
equations. 


(12) Ae te 4 P(r) Be fot dp +T (751) 
(13) ~ Lim u(r, t) =0 
t->0 


(14-15) u(0, t) = u(R, t) =0 


where we have put: 


a6) A*=5(1+5 





5 oe Cy > aos C—O», 
); B? = Ek, aE) a rf (r). 


In accordance with the method employed in A. N. L. we now operate on 
(12), (14) and (15) by the “Laplace operator” defined as follows: 


(17) L{u(r, t)} = oe u(r, t)dt = (1, A) 


(18) L{$(r, t)} = yr, a). 

If we make use of the identity * 

(19) L{ (0/0) u(r, t)} = aL{u(r, t)} —u(r, 0) =y — F (r) 

it is ultimately found that the function y(r,A) must satisfy the equations: 


B2 R 
(20) y” + y =— o Fr fey (p)dp—o(r,) 
(21-22) y(0) =y (Ey) =0. 
where we have put: 
(23) — ìl’? = g? olr, à) = (IAA) FY’ (r) + (r/b)y(r, A). 
To solve the system (20) to (22) we start with the simpler system 
Be R 
(24) y” + ay = — aT f py (p)dp = — @Cr (say) 
(20-21): y(0) =y(B) =0. 


, I£ we consider provisionally C as a given constant, the solution of (24), 
(20) ‘and (21) is readily found in the form: 


* See A. N. L. 
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l ae 
(25) y(t, %) = C(—r-+ oan te sin ra) 
whence : . z r i, 
R CR OR sin Ra — Ra cos Ra 
(26) f moe =F +e SS 


By the definition of the constant C from (24) we have: 


B? pR 
=p f, py (p) dp. 


Therefore in view of (26) we ultimately get: 


1 A? 
(27) 1— Ra cot Ra = Ra? G +m). 


Thus the solution of the system (24), (20) and (21) is given by (25) 
where the a’s are the roots of the transcendental equation (27) and where 
now C is an arbitrary constant. 

Consider now the system 


(28) 2” + Bz = 0 
(29) . 2(0) =0 


where the solution of (28) will be subjected to the condition of satisfying an 
additional boundary condition to be subsequently determined. 

Let &m be a characteristic value of the system S consisting of (24), (20) 
and (21) and ym(r) the corresponding characteristic function. Let similarly 
Bn designate a characteristic value of the system T consisting of (28), (29) 
and the as yet undetermined additional boundary condition and zn(r) the 
corresponding characteristic function. Then by the familiar “ Green process ” 
and in view of the boundary conditions (20), (21) and (29) we get | l 


(30) m(B)en(B) + (Om? — prè) È yn(p) m0) dp 
+ tin?Om f"pen(p) dp — 0 


where C is the value of the constant O as defined in (24) for y == Ym. 
It is therefore clear that if we put the condition: 


` R 
(31) | ¥'n(B)an(B) + ain?Om È pen(p)do—=0 bd 


° 


the functions ym(r) and z,({r) will satisfy the “ biorthogonal” condition . = 


aa R ‘ 
(32) f anle)ym(p)dp—=0 if man. 
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It will be shown that (31) is identically s satisfied provided that the a,’s 
and fn’s satisfy the transcendental equation (27). 
We evidently have 


R 1 FE 
(83) f pal) =s S, pen’ (p) dp 
| = a {en (R) — 2n (0) —Re'n(R) }. 
The solution of (28) satisfying (29) is 
(34) an(?) = My sin Bar 
where Mn is an arbitrary constant. Further from (25) we get: 
(35) y'n(R) = On(— 1 + Ran cot Rem). 
With the aid of (33), (34) and (35) the boundary condition (31) becomes 


(36) { =, (—1-} Rom cot Rem) — a (— 1 + Bn cot Rpa) sin RB, = 0. 


In view of (27) it is clear that (36) and therefore (31) are identically satis- 
fied provided the a,’s and Bn’s are the roots of the transcendental equation (27). 
From (35) and (27) we get: 





(37) y'm(B) = ps (+p) (say). 


Am Om 


Thus (31) may be written in the more convenient form : 


(817) hen(R) = f pen(e) dp. 


This is the additional boundary condition for the function z,(r), previously 
referred to. 

Summarizing the results found thus far the solution of the systems S and 
T are: 


, , T i R . 
(25) Yn(T, &) = Ma (— r + dn Ba, Y Tan) 





_(84’) Zn (1, &) = Ny sin ro, 


where Ma and N, are arbitrary constants and & is a root of the transcendental 
equation (27). 
' "In the subsequent derivations it will be assumed that the solutions (25’) 
‘and (34’) have been normalized in accordance with: 
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2 


R 
(38) f Yalr)zalr)dr=1 
0 
whence 
(39) i A l : 


: R ; 
f sin @np(— p + an Rac 2 p&n) dp 


We now return to the system S and define the “Green function ” K (r, £) 
as the solution of the system satisfying the discontinuity condition: 


tin eee: \ 
(40) im z (r, £) i =— 1. 


€~0 


With the aid of (40) it can be readily verified that the expression: 


g R 
(41) y(r, a) -Í K(r,£jo(é, A) dé 


is the complete solution of the differential equation (20) satisfying the 
boundary conditions (21) and (22). 
-Consider now the differential equation satisfied by K (r, £) 


7 'a a B? R 
(42) K"(r, €) + aK (1,6) =— a8 Far S PEE 
in conjunction with the differential equation: 
(28) Zn” + Br? =0 


satisfied by z,(7). If we perform the “Green process” on (42) and (28°) 
and make use of the discontinuity condition (40), we ultimately get: 


'R 
(43) (a — an?) f E (p, £)2(0) dp + n(€) = 0 


which is an integral equation satisfied by the characteristic functions Zn. 
In entirely similar fashion we define the Green function G(r, é) as the 
solution of the system T satisfying the discontinuity condition 


3 be 
(44) Lim 2 G(r, é) | =— 1 
e>0 OF Ere 
if then we perform the Green process on (42) and: 
(45) G! + 2G = 0 ° 


and take into account the boundary and discontinuity conditions satisfied by 
the Green functions K (r, é) and G(r, é) we readily find the important relation: 
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(46) K(r, &) = @ (ér) 


Furthermore by a method entirely similar to that which has led to the integral ` 
equation (43) satisfied by the characteristic functions zn, we obtain an integral 
equation satisfied by the characteristic functions y in the form: 


R 
(47) (a? — an?) È G (p, 8)y(o)dp + yn(6) = 0. 


Thus the functions yn and 2, are solutions of the integral equations (43) and 
(47). Since they satisfy the “biorthogonal” condition (32) they are said 
to form a biorthogonal set. As previously stated these functions are assumed 
to be normalized in accordance with (38). 

The fact that the functions yn and Zn» satisfy the integral equations (43) 
and (47) with asymmetric kernels (in view of (46)) is of paramount im- 
portance for our purpose. Indeed it is well known * that for these asymmetric 
kernels the bilinear expansion formulae 


(48) K (r, £) = $ Ba). 
(49 G(r, £) = 3 yn (Eza (r), 


a An — a? 


are valid, where the second members are uniformly conyergent in the interval 
O — R under consideration. 

In view of (48) and of the significance of the function o (r, À) from (28) 
our solution (41) becomes: 





(50) sey = gO Ef PO aO 
+O Sf Eae 


If the integral in the first term of (50) is twice integrated by parts we get: 
R R 
(31) S POnl dE — {a (B) F(R) — BER) + f aC) Fp). 
a4 0 


Consider the contribution to y(7,A) as given in (50) arising from the 
expression in brackets in (51). With the aid of (48) it is clear that this 
contribution may be written in the form: 


2 A? 
6 BPH {KOO } RIO RECA f 


= A. Kueser, Integralgicichungen, Section 6. 
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I£ we designate by yı and yə the analytical expressions of the Green function 
K(r,é) in the intervals (O — é) and (€— R) we may write: 


53 Yı == — Cyr + M, sin ar + N, cos ar ` 
(53) Yo = — Cor + My sin ar + Na cos ar. 


The six coefficients in Yu and Yo may be computed from the following conditions 
which y, and y must evidently satisfy 


yi(0)=0; y(R)=0; (£) = y2(€) 
y(t, É) — y’e(7, E) = 1 for r = é. 


R A2 
(54) f. oulo 8)de— F Cs J otelo, E)dE = & Ch 


It may be easily verified that for £= R the above system of equations yields 
C,—M,=N,=0. Accordingly the first term in (52) vanishes identically. 
The vanishing of the second term may be proven in a similar manner. Thus 
(51) reduces to its second term and therefore 


(51’) fo em Ode f all (BUF (Ede = — ay? SPO mae 


With the aid of (51’) and ae, our solution (50) becomes after an obvious 
transformation : 


(55) yA =i Slr) [P(o)eml0)de+ È TEOM S Pozla 


S __yn(1) 
+ ie = (an/A)? aS Ep lE A) an(€) dé. 


The complete solution of our problem is now obtained by subjecting 

(55) to the inverse Laplace transformation L>. Since we evidently have 

L>{à} = 1 the contribution to T(r, t) arising from the first term in (55) 

reduces to — F (r), provided we assume that the function F(1) is piecewise 
- continuous and twice differentiable, in which case we have: 





P(r) = Sule) f Peele) dp. 


Further since L~ = oA and L-{w(r,A)} = e(r, t) 


a er 
l Tan A) Fa S 


- we have by virtue of Borel’s theorem * 


* See A. N. L. 
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t 
(56) D7 { a, y(r, 2) } = g (anf A)?t f o (r, 9) eA dy, 


The inversion of (55) thus finally yields: 
12 3 R : 
T(t) === S eat yar) | f P(e) onl) dp 
nol o 


trnfis ja] 


substituting for yn(r) and z,(7) the values from (25) and (34’) and com- 
puting the value of the normalizing factor from (39) the last equation becomes 
after a slight transformation: 


en (anf AN*t (gin ay” — = T sin Ran) 


R f 

Se pe d 
sin? Ran T a pf (p) sin PÝnæp 

'R—2 “Pe, + zg 2 2Ran 


T(r, t) =? 


$, 


2 


R 
A?kr = 


sin? Ray 1 
“Ra? to sin Ran 


‘R t 
x Í p Sil pen { f. o (p, q) e04 an} dp. 
0 9 


In (57) and (8) we have the complete solution of our problem. 

It is readily ascertained that for Cp — C, (57) reduces to the solution 
given in A. N. L. Furthermore for e(r, t) = 0, (57) yields at once the solu- 
tion given by Duhamel. 


TPR T 

s ore "(sin Tan —— sin Ean) 
2 Oe i 
R—-2-—-- 
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“` THE GEOMETRY OF THE WEDDLE MANIFOLD Wp 


By ARTHUR B. COBLE and JOSEPHINE H. CHANLER. 


` 


Introduction. The Weddle manifold Wp has been defined t to be that 


manifold of p dimensions (p52) in an odd space Sz». which is the locus 
of fixed points of a certain Cremona involution J attached to a symmetric set 
of 2p + 2 F-points, Poa: The unique rational norm-curve, NV??-1, on pri 
serves as a convenient reference curve for points of the space. Sep- The im- 
portance of W, is due not merely to its intrinsic geometric interest but also 
to the fact that Wp is birationally related to the generalized Kummer manifold 
K, of Klein and Wirtinger which is defined by the theta squares provided the 
theta functions of genus p are of hyperelliptic type. The primary purpose of 
this memoir is to study the geometry of Wp itself, but the matters chosen for 
study are sometimes such as are fundamentally related to the mapping of W; 
upon Kp. f 

It has been shown + that the coördinates of a point on Wp can be expressed 
by means of hyperelliptic theta functions, and that then the theta squares 
determine on Wp the sections of Wp by the members of a certain mapping 
~ system X% of order p with (p—1)-fold points at Pr This system 3 maps 
Wp upon Kp provided the dimension of $ is 22? — 1, the dimension of the 
space of Ky, In §1 the complete base of % is obtained, the dimension 2? — 1 
of X is verified, and the dimensions of the subsystems of = which contain 
. F-spaces of Wy of various kinds are found. When p > 2 these subsystems 
yield “ singular spaces ” of Kp of novel type. 

Algebraic parametric representations of the generic point on Wp are given 
in §2, and these are extended in §§ 3, 4, ... to study certain systems of 
curves on Wp. A sketch of the content appears in (*). 


1. The mapping system 3. We recall [cf. +, § 3] the finite Cremona 
group, Gn, attached to the figure Ppa of 2p +2 points in Səp-ı, say 
Pis’ °°» Pope If Ps, + +, Popia are taken as reference points, pı, pa as points 
y, 2, the equations of the element Is of Gæs are aja"; = yizi (1 = 1,- + +, 2p). 
The abelian G4 is generated by elements I;; of this type. We recall also 
the definition of the F-loci of the elements of this group—im particular the 


k-th F-locus of the j-th kind, TÒ nny (=L +, p). This is, when 
J =k = (2p+-j)/2, the locus of ‘dimension 2p — 1 — j which is described ` 
by the 0” 9 Sop44’8 ON Pissjr’ > Pim aNd on k— j variable points of 
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Ne, the norm-curve on P31; and the locus has the order G , the multi- 
plicity G) on the Səp-zxıj-1 defined by Pimap'” `> Piz and the multiplicity 
>) along NW’, On the other hand, when (7 —2)/2 =k < j, it is the 
locus of dimension j— 1 which is described by the co/-** 9S on Pip’, Pisma- 
and on j—-k—1 variable points of Ņ??*; and this locus has the order 

ee) the multiplicity Cae) on the Sæ-j defined by Pip` > +> Ptorsess 
and the multiplicity (a) along N??-1, 

Ali the F-loci of the j-th kind are conjugate under Gy. When j = p, 
they all are of the same dimension p— 1. When however j < p, those for which 
i = j have the dimension 2p — 1 — j, and those for which k < j have the 
smaller dimension j — 1. With respect to these F-spaces of smaller dimension 
we state the theorem: . 


(1) The mapping system X, the system of spreads of order p with (p—1)- 
fold points at Pa contains every F-locus for which k < j < p as a basic 
locus of multiplicity p—j. No other points of Sap. are base points of 3. 


The first case of this theorem, k = 0, j = 1 restates the defining property 
of X, i.e, that 3 has (p—1)-fold points at PR The second case, 
k = 0, j = 2, states that X contains N??* as a basic locus of multiplicity 
p—2. We first prove the theorem for this case. Let (av)? —0 be a- generic 
member of 3. We observe then that 


(1.1) (aw)? = 0 contains N° if p> 2. 


For, œ cuts N??? at pra in (2p + 2) (p — 1) = (2p —1)p + (p—?) 
points, whence æ contains N7? if p—25 1. 


We now prove the lemma: 


(1.2) If qi: + +,q+ are any t points (t =p—3) of Pa, then 
oe(@) = (agı) (age) © © - (age) (av)? * = 0 has (p — t)-fold points at 
Q's Qt, (p—t—1)-fold points at the remaining points of abe and 
contains Nr, 


For, the lemma is true for t = 1, since ¢,(%) = (agı) (ax)? == 0 has 

_a (p—1)-fold point at q, with the same tangent cone as (ax)? = 0 (thus, 
according to (1.1), containing the tangent to NV?” at qı) and has (p— 2)-fold 

points at the remaining points of Pry Thus ¢.(z) contains N% if pS 4 

since it meets N??* at Pa in (2p-+1)(p—2) + p= (p—1) (22—1) 

+ (p—8) points. Since the lemma is true for t = 1, let us assume that it is 

true for values of ¢ up to t — 1, i. e., that -1 (2) = (aq) `- - (agen) (aa)? 


THE GEOMETRY OF THE WEDDLE MANIFOLD. 185 


=0 has (p —t-+-1)-fold points at qi,° + °,Q#a, has (p—t)-fold points at 
Qty‘ ` *» Qopa, 2nd contains Ne, Then g(x) = (aq): > + (age) (an)? = 0 
has (p—t)-fold points at g:,---,¢t, (op —t—1)-fold points at gtm” ° `, Q2p+2 
and has at q: the same tangent cone as ¢:.(#). Hence ¢:(z) touches N77 
at qa and, by virtue of its symmetry, at q1,° °°, Q#-1 also. Thus (s) = 0 
meets WN? at Prt in t(p — t) +t + (2p + 2 — t)(p — t — 1) 
2pr2 
= (p—t) (29 — 1) + (p—t—2) points. Hence ¢:(7) contains N°7- if 
p—t—251, or if t= p— 3. 
The proof of (1.2) being thus complete, we observe (for t = p — 3) that 
(agi) © + > (%qp-3) (a@)*® == 0 contains N??*, whence 


(1.8) The third polar of any point on N*? as to any member of X is apolar 
to any p—3 points of Pri. 
+2 


To complete the proof of (1) for the case k = 0, j = 2, i. e., that 
(1.4) Every member of 3 contains N?» to multiplicity p—2 at least, 


we take 2p points of the set P as reference points. Then (aa)? has the form 
Ian... ip Th... Zi, Since the reference points are (p— 1)-fold. If y is any 
point on WP", the polar (ay)*(ax)?* has the form Zb... ips Ti... Ving = 0. 
But, according to (1.3), every bi... ipa is zero; whence (ay)? (ar)™ == 0 
ing; i.e. y on N+ is a (p— 2)-fold point. 

The basic loci of 3, +(#}, mentioned in (1) are defined by the inequalities, 


(1.5) ((—2)2 zk <j zp—i. 
All the F-loci of the j-th kind constitute a conjugate set under G2; and in 
such a set the basic F-loci are distinguished from the others by the fact that 


their dimension is j — 1 rather than 2p — fj — 1. It is convenient to represent 
these loci by the notation, 


(1. 6) mD = Sy, (Gigit), 


(h) 


which indicates a locus of Ss on some selected set of 2h -+ 2— j points q 
in Le and on j — k — 1 variable points z on N=, 

We now examine the generic point on Op in (1.6) which can be 
represented as 


z = igi +e À2k+2-jf2k+2-j +e tHe Pj-h-12j-k-1- 


This is a (p—j)-fold point of (av)? =0 if (az)i*(ar)7 i410. ` This 
(j + 1)-th polar of z has the form, . 


So(ags)"- . (agarsz-j) 722-4 (az, ) 8+ oa (azira) si-ra (gg) PI, 
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where ry f° T- + Sib Sjar.=J+1. Since (aqi)? (ax)? ?==0 
[ef. (1)], and (az;)*(ar)?*==0 [cf. (1.4)], a term of this polar vanishes 
unless in it every r; = 1 and every. s; = 2. For the non-vanishing terms, 
therefore, 37; -+ Ss; = (2h + 2—j) +2(7—h—1) =j. Since the sum 
must be 7 -+ 1, there are no non-vanishing terms. Thus the proof of the 
multiplicity statement in (1) is complete. 

In order to prove that X has no other basis points, we observe first that 
(1.7) AU of the basic F-loci of $ in (1) are contained in the basic F-loci 
of the kind j = p—1. 


For, if 7 (<j) and k satisfy the inequalities (1.5), and if we take 
k’ = 7’ —a (a1), then we can take k = j—a. The F-locus Sy (q?¥*?-'2!'-¥) 
is then contained in the F-locus 9;,(q?**?-izi-*1), Indeed 2w + 2 — j 
=f — 2a +? < 3k +2 — j [= j — 2a + 2, and f — k — 1 [=a 1 
== j —k— 1. Hence each Sw on the one locus is contained in an S; on the 
other locus. Thus the basic F-loci of kind 7’ are all contained on those of 
kind j = p— 1 of maximum dimension. We have thus only to prove that 
every basis point of X is on a basic F-locus of kind j = p— 1. 

. Included among the F-loci are those of the first kind, f = 1. These have 

a somewhat exceptional position. For k = 0, they are basic, being the sets 
of directions about each of the points of P??3. For larger values of k = p they 
are the P-loci, or principal manifolds, of the elements of the Cremona Gea, 
They are paired in such wise that the members of a pair make up one of 2”? 
degenerate members of the mapping system 3 [cf. +, § 5, (81a)]. We have 
listed these pairs in the table (1.8) below. Opposite them are listed the basic 
F-loci for 7 = p— 1. We prove that X has no other basis points by showing 
‘that the F-loci listed are the only points common to all the degenerate mem- 
bers of & that are listed. 

The table is as follows: 


Degenerate members. of X Basic loci (j = p— 1) 
1: Spi(¢e) 1: Sp2(1?*) 
2: Iph) * Sap-2( G2?) 2: Sp.s.(1?-*2) 


k : Sp- (qzr) 
(1. 8) + Sep-g(g7P3-2Egk-2) l: Bp-i (1Pt lz!) 


* (p + 1)/2 : Sepa (Gre???) 
s t Sespayza (922-2) (p+ 1)/2 : S-a (20) 
(p + 2)/2 : Sesp-272 (07204) 
* S esp-zyz2 (9720-2) p/2 : Bep-2zze (129A). 
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- Here we use the first or the second of the last two lines according as p is 
odd or even. In the first column qê is any set of i points selected from P 
and q’**-4 is the complementary set of 2p + 2— i points. In the second 
column the points r are also selected from Pa, In both columns the 2’s are 
variable points on N??*, 

We observe first that the set 1 of degenerate members of 3 will have in 
. common only the points of Sp.(z*). For, a point P in Sop, on Sp(pi2?*) 
and Sp1(22*") is represented by a binary (29—1)-ic which is expressible 
in two ways as a sum of p (29——1)-th powers. But, there being no identity 
connecting 2p distinct (2 —1)-th powers, the coefficients of p, and p; in the 
two expressions must vanish, and the points 2,- * -, 2p-1 in the two expressions, 
as well as their coefficients, must coincide, i. e. P is a point on a (p— 1)-secant 
8p-2 of N°", We therefore examine for base points only the multi-secant 
spaces of V*?-1 of the dimensions contained in the second column of (1. 8) 
and prove that they are basic only when the number of variable points z is 
precisely the number indicated. 

Consider the degenerate member k of X and the basic locus 1. This has 
been shown to be on all of the members of 3. Consider however the 
Sp+-1(7? 2"), which arises from J by changing one fixed r to a variable z, 
with reference to k. If &—1 of the points r are found in q, the remaining 
p— k—l points r and } points z can be found among the p— k variable 
points z of the first factor of k and Sps-1(71?*'z') is contained on this first 
factor. If however only k— 1—1 of the points r are in g, the Sp1-1 is not 
contained in the first factor. The remaining p—%—1-+1 points r are 
already contained among the points g’ of the second factor, but the &— 2 
points z of the second factor can not be so disposed as to include the first 
k—l— 1 points r and the J variable points z so that Spss(7??'z') is not 
contained on certain k’s and is therefore not basic. Hence the basis Sp-1-1 has 
at most 1—1 variable points on N??+ as in (1.8) and the proof of (1) is 
complete. 


(2) The dimension of the linear system Z of spreads of order p with 
(p—1)-fold points at Pia in Sop. is P — l1. 


We take as codrdinate system in Sz, the coefficients of a binary (2p — 1)-ic, 
(at)? == (o/t)*?t==---. Perfect powers such as (¢t,)??* then determine 
the points ¢, on V??-1; and in particular t = t, - -, taps. determine the foints 
of Pw on N°, We set . 


(2.1) (ot) — (ti) - (tte) > + + (tepie). ` 
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A spread of order p is determined by a form, 
(2.2) f(ss2P 38:74 + + - sp0) == (B181)? (Basa)? + + (Boso), 


_ symmetric in the sets of binary variables sı,* * *,Sp and of order 2p — 1 in 
each set. A point represented by the binary (2p— [1)-ic above is on this 
spread if the apolarity condition, 


(2.38) f(r. : -q P-02p-1) pe (Ba)? (Box!) 20-1 - + « (By? ) 20-4 iO) 


is satisfied. If the binary forms, (at)®?1, (o/t)??4,--- are regarded: as 
distinct, the condition (2.3) expresses that the corresponding p distinct 
points are apolar to the p-ic spread; and in particular the vanishing of (2. 2) 
expresses that the points t =s;,- > -, Sp on N*? are apolar to the p-ic. 

We observe first that 


(2.4) A symmetric form, f(s,"so" + - + sj"), is uniquely determined by 
tts linear covariant, f(s’s'ss" > > - sj"), to, within a symmetric form, 
g (S12 + + g3f-2442) - TE (SmSn)? [m <n=1,--+,7], where g is a generic 
symmetric form of the orders indicated. 


For, if F, Fe are two symmetric forms with this linear covariant, then 
(Fi — Fe) s,28.<2 = 0. Hence F, — F, contains the factor (sis.). The residual 
factor must change sign if s,s, interchange, whence it also contains a factor 
(8:82). Thus F,—F,, being symmetric, contains the symmetric factor, 
II(SmSn)?, and the residual factor is any symmetric factor of the form g. 


(2.5) A generic symmetric form, f (Ss > +837) contains 7) linearly 
independent coefficients. 


For, it can be interpreted as above-as a spread of order 7 in Sr. 


(2.6) The necessary and suficient condition that the symmetric form (2.2) 
represent a member of 3 is that 


f (s?P-2s??-43,2P-1 - + - gP) =(ws) 22 : (sss)? - + + (s$p)?- g (832-8 rae spr), 
where g is a symmetric form of the orders indicated. 


For, f in (2.2) being symmetric, it represents a spread of order p, and f 
in’ (2 6) represents the second polar of s on N*?* as to this spread. Since 
the points PI are (p—1)-fold on a member of 3, this polar must: vanish 
identically in sa,’ - -,8 when s ==: - -, tepi2, and thus the factor (ws)??? 
must occur. Conversely, 
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(a) the symmetry of f.in (2.2), and 

(b) the occurrence of the factor (ws)*?*? in f in (2.6), ensure that f in 
(2.2) is a member of 3. Moreover, if in (2.6) we think of s, S4' * *, 8p*as 
given, then f is the equation in variable ss of the linear polar of s, s, Se * * *, Sp 
on NP, Since N? is a (p—2)-fold curve on %, it is a simple curve on 
the cubic polar of s.,: --,8); and the linear polar of s on N+ as to this 
cubic touches N*?* at s, whence the factor (sss)? occurs. 


There still remains the proper determination of g in (2.6) and this 
determination must arise entirely from (2. 6) ‘and the symmetry mentioned 
in (a) above. However, according to (2.4), this g in (2.6) is s independent 
of-a generic term in f in (2.2) of the form 


(2.7) g(S1t821* + + Spt) + IE(SmSn)? 


with p -+ 1 linearly independent terms. From (a) and (2.6) there follows 
that 


f( $701 g,2p-1 p2p-] p2p-1eg 2p-1 ey oi he Sp?) 


== (wr) ?* - (rs1)? (r82)? (185)?* © + (18g)? g (512?-8597P-85,2P-8 «+ + gp?P-3), 


Setting s, = Sz = s in this, and setting s, = s4 =T in (2.6), and comparing 
the right members, we find that 


(2. 8) g (120-872P-85,.2p-8 + + + gpm) l : 
= (wr) 20% . (rss)? ° oar (rsp)? - h (8575 - e.. Sp’), 


where h is a symmetric form of the orders indicated. It is to be observed that 


tl S2P-1g2p-lptp-lptp-e Qp-1. . . sprt) 
= (or)? (w8)?P2 + (rs)t(rss)?* + + (r8p)? (s85)? * «+ (85p)?-h 
makes complete use of the symmetry of f in s,,- - -, S4 so far as coincidences 


are concerned, since if three of the variables coincide, f vanishes identically, 
N*-* being a (p— 2)-fold curve of the spread f. 

Again h in (2.8) is conditioned by (2.6), but, in passing from g to h, 
there remains according to (2.4) undetermined in g, a generic form, 


(2: 9) g (8398s? * + + 8°) * IE( SmS)? [z <n=3,: p] 


which may be taken at random with (5 vt) linearly independent terms. 
An entirely similar argument applied to h, on setting Ss = Se = u, Yields 


(2.10) (ue y2-85,20-5. .  g,20-5) 


= (wu) 22? ` (us)? te (usp)? . (8772-7 ees Spt), 
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h being determined by this form i to within a form, 
(2. 11). 9 (88°, Tae Sp?) . IL (SmSn)? [m < n= 5, rj, 


with r31) linearly independent coefficients. On continuing this process we 
find [cf. (2.7), (2.9), (2. 11) ] that the requirements (a), (b) determine f in 
(2.2) only to within (=) + ECE) + Cz) +: + -= 2? linearly independent 
arbitrary coefficients which completes the proof of (2). 

This determination of the system 3 suggests the following codrdinate 
system for members of 3. Let the symmetric form (2.2) which represents 
a member of 3 be denoted by fp??-?. Let 11,20;;? be the operator which, 
operating on fp», produces gp? = (8181) - -+ (BpSp) - Wi? (Bibi). We 
have then a sequence of symmetric. forms f, and a symmetric covariant g of 
each, namely: 


ferd > PU (fp) = gp? 

[earns / (es) 22 TP ase) =E; Tea (FOE) = 9 
ga USE inene (t m ae FEO: MPO TEE) mags 
Lis! Paap (ws) 20 (004)? =p” Li p =.” 
[fo] egcayce/(w8) 2? =f, ev : PPD = gy PD 


the next to the last, or the last, line being used according as p is odd or even. 
Every member of S defines uniquely a definite sequence of forms 

gn, gS +, the coefficients of these forms g being 2? linearly independent 

combinations of the coefficients of the given member of 3. Hence 


(2.13) The.2” arbitrary coefficients of the forms g in (2.12) may be taken 
as the codrdinates of a member of the mapping system 3 in (1). 


If the symmetric form peer in (2.12) vanishes identically, all the co- 
variants g except gp vanish identically and conversely. But if [fp°?]4,<s) <8 
is identically zero for any s, then N*? is a (p—1)-fold curve, rather than 
a (p—2)-fold curve, on the corresponding member of 3. If the symmetric 
form f- vanishes identically, all the covariants g except gp“ and Oe 

- vanish identically and conversely. Then [fpr ]e-epa=8; Sp-o=8p-9-7 vanishes 
identically for every s and r, or the bisecant locus of N? is a (p —8)-fold, 
rather*than a (p—4)-fold, locus of the corresponding member of 3. In 
general, then 


(3) The necessary and sufficient condition that a member of the mapping 
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system X shall belong to the sub-system c°? of Z which contains the F-locus 
wi) (the locus of i-secant Sizs of N%* = Si-a (2t) [cf (1.6)]) to the 
multiplicity p—M+1 rather than p—2 [ef. (1)] is fee = 0, or 
gen = = 0 (p/2 = =” S= iS 1). The system o® has the dimension 
Er) + (ež) +- Gy) — 1. The degenerate members of X listed in 
the table (1.8) which belong to c® are the sets 1,2,-° +, 4%, 


The F-loci of the j-th kind, 7 = 21 < p are 27+ in number, conjugate 
under Gæ», However they divide into 2”? pairs, the members of a pair being 
conjugate under the symmetric element, J = I1,o,..., op2, in Gort. Thus re? 
is paired with 1%? PET the locus of (p— t)-secant Sp-i-18 of N??*, or 
Spia(@*). We now prove that if a member of X contains 7?” to multi- . 
plicity p— 2i + 1 as above, then this member must contain the paired 
F-locus rP P simply, and conversely. For, a point of r°”? is 
Afi +: + oe H ura and a point of = ap is prSi ++: > + pp iSp-i, the 18 
and s’s being generic points of NP. Since N??* is a (p—2)-fold curve on 
(ax)? == 0, a member of 3, we have the following identities in g, r, s: 


(a) (arj)? (ax) = 0, (asr)? (as)? = 0. 


If +? has multiplicity p— 2i +1 on (ax)? = 0, we have the identity in 
T, A T: 


(b) (a, Mri ++ + + H Ari) (an)? = 0, 
Now m? „a 18 contained simply on (ar)? = 0, if 
(c) (% ps1 H° + * F pp-iSp-i)? = 0 


in s and ». The identity (c) is satisfied in » if the identity in the 


ELA 
(a) (as) (asa)¥- +- (aspi) t0 (In fs +t ipa = p), 


is satisfied. According to (a) and (b) we need consider only such terms in 
(d) as have exponents which satisfy 


(e) k= 2, kı the + + +h S M—1 
for any i of the &’s. Suppose that J, m, n of the p — i exponents k have values 
0, 1, 2 respectively. Then 1+ m + n= p—i and m+2n—p [ef. .(d)], 


whence n —l =i. Thus at least i of the k’s have the value 2 and (e) cannot 
be satisfied (the deficiency on the right being one). Therefore (c) is stis- 
fied by virtue of (a) and (b), and TOR 2p2 18 at least a simple locus on 
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(ax)? == 0. Moreover rP. ee cannot have a higher multiplicity. Other- 
wise we should have 1+ m-+n—p—i; m+ 2n'< p, n—l <i Thus at 
most 1-1 of the Xs must have the value 2 and (e) can be satisfied. Thus 
certain terms (d) do not necessarily vanish due to (a) and (b). 

Conversely, let (aw)? = 0 contain 27? | = a Simply. Then (c) and (d) 
are satisfied and (a) is satisfied as before. We have then to prove that (b) is 
satisfied, i.e. that 


(£)  (ariyh- + + (ars) (as) = 0 (GZ; h+: o +h = 2%), 
or that 
(g) (arı)?; + - (ari)? (ar)? = 0. 


Since i = p/2, we may in (d) let some of the s’s coincide, if necessary, to get- 
each r twice and thus would have terms in (d) of the form (ar)? =- (ari)? 
X (ası) + + + (a8p24) == 0. Since this would be valid for all choices of 
Si,' © <, Sp-2¢ on NP, it would yield (g). 

Since all the 2% pairs of F-spaces of type 7??? wt opin Te CON- 
jugate under G.°, we have proved that 


(4) The system X contains 2°? linear sub-systems of type Cr a 
F 

= gli) o (20) = 

Taer oa p ape OG... y Bs Beds o o + p 2029? conjugate under G?» and of “dimen 

sion given in (8). The linear system og? is that sub-system 


eres Bj 2ktl, asa p 2p+2) 
of Z which contains the pair of F-loci, 


(24) == 7 (24) (24) 
Wy eves Bey Bethy vo ey 242) dye ee 2R? Tt oy 292? 


simply, i.e. to a multiplicity one greater than the normal multiplicity for all 
members of 3. 


We have thus far considered only those sub-systems of 3 which contain, 
to multiplicity one greater than the normal, the F-loci of even rank j = 2i. 
' These have a greater degree of simplicity due to the fact that for each rank 
j = Ri there is one system, Os spied which is symmetrically related to © 
Ne, the corresponding Flo being loci of multi-secant spaces of NV? 
with no fixed intersections, We now consider the F-loci of odd rank, F“, 
ere (l=tiz(p+1)/2). As an example of such an F we take 

mC) == Oia (pg) which is paired with miS . = Sp- (p127). The 
ised m4) is a basic locus of 3 of multiplicity p — 2i + 1 [ef. (1)] except 
int the end case, (p odd), i= (p +1)/2. In this end case the paired loci 


@ p inai 
mP, mP aya coincide. 
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We seek as before the dimension of the linear system o,°+-”, contained 
in X, which has 7°» as a locus of multiplicity p — 2i + 2, one greater than 
the normal multiplicity of m, on members of 3. This will be accomplished 
by discussing the polar system X, of p, with respect to %. We give certain 
preliminary theorems‘and lemmas which refer to this polarized system X. 
A first theorem relating to 3 is 


(5) The linear system X3 of p-ics with (p—1)-fold points at Pee has a 
single member with a p-fold point at py. 


The theorem is obvious when p—2 and we assume it true for 
p=3,: +, p—i. Let M be any member of 3 with a p-fold point at pi. 
Carry out on M the involution Isp+1,2p+2 of G+. Since in general a member 
of X is carried by this J into a member of 3, this member M with an extra 
multiplicity at p, is transformed into a member M’ of 3 which consists of 
Sop-2(2,°++ ,2p) and à spread Mop o[1?-12?-?-+-(2p)?*(2p+-1)?*(2p+2)P4]74, 
This Mop-2 of order p— 1 with (p—1)-fold points at pops, Pops, is a Cone 
with a (p — 1)-fold line on these two points. It is therefore the dilation from 
Sap- Of an Moy 4 of order p— 1 with a (p — 1)-fold point at qı, and (p— 2)- 
fold points at q2,- + *, qəp The theorem being true for p—1, this Mop. is 
unique, whence Mop», and M’, and therefore M, are unique. 

` As an immediate consequence of (5) and (2), we have 


(5.1) The dimension of the linear system Z, the polar of p, as to 3, is 2? — 2. 


For, in polarizing, only those members of 3 with a p-fold point at pı 
. are lost. 


(5.2) If aT == 0 has (p—2)-fold points along á norm-curve N+, and 
has a (p—1)-fold point at p, on N*?+, then the polar (ap.) (ar)?+ = 0 is a 
cone of order p— 1 which contains the tangent to N*? at p, as a line of 
, (p — 2)-fold points. 


For, if (ax)? = 0 be written as in (2.2) the condition that it have N2 
as a (p— 2)-fold curve yields the identity, 


(a) (B18)? (Bas) 1(BaS)?P (Basa) P=: > - (BpSp)? = 0, - 


in 8, 845° - -,8. The condition that it have a (p — 1)-fold point at pe with 
, parameter s = ,, yields the identity, 


a 


(b) l ' (Pta) PPE (Bots) 7 (Base)? tre (Bosp)??* = 0, 
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in s3,° ' *,Sp Any point along the tangent to N’?* at t, is given by variable r 
in the (2p-——1)-ic, (t,t)??? (rt). This point will be a (p— 2)-fold point 
of the ‘polar of p, if 


(c) (Bita) P= (Bats)??? (Bar) (Bats) ?”* (Bar) (Bas4)?™™ > + + (Boso) = 0 


in 1, S4,° * *,Sp. We wish to prove that (c) is a consequence of (a) and (b). 
Since all three of these contain (B4S4)??+- - - (BpSp)??-*, we shall omit these 
factors in the sequel. The identity (a) expresses for arbitrary s4,- ` *, Sp that 
the form in s vanishes identically. It vanishes therefore for every k and r in 

= f, + kr. On making this substitution in (a), and taking account of the 
symmetry in the f’s, the coefficient of k? yields 


B (PR) (Bits) P (Bata) P (Bats)? (Bar)? 
+3 (3>) * (Bits )??* (Bot)??? (Bar) (Bat)??? (Bor) = 0. 


The first term of this vanishes due to (b) on replacing in (b) the arbitrary 
83°?* by t,?*r?; the second term is (c). 
Another necessary lemma is 


(5.3) If M is a member of Z with only a (p—1)-fold point at pı [ef. (5)], 
and if M, is the polar of p, with respect to M, then any linear r on p, which 
is k-fold on M is k-fold on M,; conversely if an 8,1 is k-fold on M, and on 
M, then the Kr = [Sr-1, pı] is k-fold on M. 


It is sufficient to prove this for an S;—yp, on pi. Let M,M, be 
(ar)? = 0, (ap.)(ax)?*—=0. Since pı is a (p—1)-fold point of M, 
(a) (ap,)?(av)?* ==0. The 8, is k-fold on M if (b) (a, y+-Aps)?** (ar) ==0; 
or,makinguseof (a),if (c) (ay)? * (as) -+ (p—k-+1)A(apr) (ay)?*(ax)* 
== 0. This being true for any A, (apı) (ay)? *(ar)*" ==0, i.e., the polar 
(ap,) (xz) has k-fold points at points y on yp:. Conversely, if y is k-fold 
on M and M,, then each term of (c) vanishes, and (b) is satisfied for every 
point on yp. 

We now consider the system in 3 with only a (p—1)-fold point at p. 
Its dimension is 2? — 2 and it contains the basic F-locus 7,°* to multiplicity 
p—2i+ 1. The polar system 3, has the order p— 1 and the following 
multiplicities: p— 1 at pı; p—2 at po,- ++, Pope, along lines pip; [ef. (5.3) ], 
and along the tangent to N??* at p, [ef. (5.2)]; p— 3 along N??? and on 
wy = 8, ( p2) ; and p— 2i + 1 along the basic F-locus mi9 == Sia (p2). 
Since the system %; has order p— 1 and multiplicity. p— 1 at p, it is a 
system of cones defined completely by p, and by its section 3’, by an 9’sp-2 
not on p. We examine this system 3’, It has the order p—1, the multi- 


THE GEOMETRY OF THE WEDDLE MANIFOLD. 195 


plicity p —-3 along the N?*? which is the projection of N*?* from p, upon 
S’p-2, and the multiplicity p— 2 at the set of points Q323 on N”? which is 
the projection from p, of the set fon N», We now prove as for (2. 6) 
that 


(5.4) The necessary and sufficient condition that a SUPINE form repre- 
sent a member of X, is that 


f (s2?-2520-25,20-2 n s20-*) == (ws) 22 - (s93)?> + + (88p-1)?* fr(ss?-4, * * gore 
where f, is a symmetric form of the orders indicated. 


This condition utilizes explicitly only that N?”-? is (p — 3)-fold, and that 
the points Q372 determined by (ws)?”?—0 are (p—2)-fold on 3. The 
occurrence of the factors (ss3)*,- - -, (sSp-1)? follows as before. In passing 
from the symmetric form f as in (5.4) to the symmetric form f, there is lost, 
according to (2.4), a symmetric form 


(a) (S182)? © + (Sp-28p-1)* © g (81782? * > * S?p-1) 


for which the (CP) coefficients of g may be taken arbitrarily without affecting 
the defining properties of the member of 3’, or of fı. The only conditions 
on fı in (5.4), as in the earlier case (2.8), are those embodied in (5.4), and 
in the original symmetry, which yield for f, the condition, 


(b) fi (s?P-43?0-45,20-4 « “+8 2p) 


ot 
== (ws)??*? + (885)? + + + (88p1)?* fa (8t > sor)» 


and which leave undetermined in f, a symmetric form, 


(e) (8384)? © > (Sp-28p-1)** Ja (Sot, + +, S*p-1) 


for which the (7) coefficients of g, may be taken arbitrarily. 
Continuing in this fashion we find that 


(5.5) The dimension of the system 3; in S’op-2 of order p—1 with (p—2)- 
fold points at Q?°-2 and (p — 3)-fold curve N??-* is (?3*) + (fe) +-:--—1 


2p+2 
= 2? — 2, 
_ On comparing this with (5.1) we see that 


(5.6) The polar system 3%, of p, as to 3 is the conical dilation into, Sop+ 
with vertex p, in Sop. of the system 3’, in D'op-z described in (5.5). 


The method of derivation of the dimension of 3, in (5.5) yields a di- 
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vision of X into sub-systems. First there is the unique member of 3 [cf. (5)] 
which is lost in the polar system 3, and therefore in the section 3/,. This is 


the sub-system of 3 of dimension Ce — 1 which contains the F-locus _ 
wy == So (pı) to multiplicity p rather than p— 1. This member is defined 
by g=0; g:==0,:--+. In passing from any sub-system of 3’, to a sub- 


system of $, this member must be added. Consider next the sub-system of 3’; 
defined by the identical vanishing of f, in (5.4), or by the identical vanishing 
of the sequence of forms, 10, 92 = 0," -+, If fy in (5.4) vanishes 
identically, the curve N°”? is (p—2)-fold, rather than (p— 3)-fold, on 
members of 3/,. On applying (5.3), we find that this sub-system of 3’, 
yields that sub-system of % which contains 7,° = §1(p.z) to multiplicity 
p—2 rather than p— 3. Its dimension in sp. ‘is nr) —1 and thus we 
find (3) + r= — 1 as the dimension of the sub-system of 3 which con- 
tains m,® to multiplicity (p — 3) +1. 
Continuing in this fashion we have the analog of (3) namely: 


(6) The necessary and sufficient condition that a member of Z belong to the 
sub-system, o,°*, of Z which contains the basic F-locus m, P8 = Sia ( p124) 
to the multiplicity p— 2i +2 rather than p— 2i--1 is the identical vanishing 
of the form fi-ı [cf. (5.4) (b)], or of the sequence of forms, gi-r, gis Jims °° 
[ef. (5.4) (a), (c)], these forms being determined by the system X’, in B'ap-2. 
The dimension of 0,» is (23) + (ee) + (75) Heee Ce — 1. 


The F-loci for odd j are also paired into 2°? pairs of type 


6. (24-1) = op (24-2) (24-1) 
(6. 1) Tay coy DEAL; 2h42,..., 2942) ay... , ake? T ones...» p42? ¢ 
the members of a pair being conjugate under I == Jy, ..., 2p, and the 2?” pairs 


being conjugate under Ga. It may be proved by the method preceding (4) 
that the linear sub-system o,°?*-) of $ which contains the basic locus m, 240 
to multiplicity p — 2i + 2 rather than to the normal multiplicity p — 2i +- 1 
for 3 also contains simply the paired F-locus, r24» E which is not basic 


for 3, and conversely. Wè have then the analog of (4), namely : 


(7) The system 3 contains 2°? linear sub-systems of type, 


gD) =m g (24-1) == g (24-1) 


CLs a o e s BEL 2h4+2,... , 2p+2) Lyann s itt 2kt2, «> , 2pt2? 


conjugate under G, and of dimension given in (6). The linear system 
o AAE EE iu tana is that sub-system of % which contains the pair of 
F-lect given in (6.1) SIMPLY, i.e., to a multiplicity one greater than the 


normal multiplicity of the locus for all members of 3. 
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When j= p it appears from the definitions of the F-loci given at the 
outset that the paired F-loci as defined in’ (4) and (6.1) coincide. Also these 
F-loci are not basic for 3. When %i = p, in (3), and 2:—1—p in (6), 
the dimensions given both become 2? — 2. Thus 


(8) It is a single condition on the members of % to contain one of the 2? 
F-loci of the p-th kind simply. | 


We. find in (7) an instance of increased simplicity of statement when the 
F-loci are brought in paired as in (3) and (6). Another instance is em- 
bodied in the theorem: 


(9) A pair of F-loci x? and a pair of F-loci +4 are incipunt tf the 
division of indices which determines the one can be converted into the division 
of indices which determines the other by shifting an index from one of the 
two sets into the other set. Thus a pair x? contains 2p + 2 pairs i (j < p), 
and is contained in 2p +2 pairs eG (j >1). 


Because of the conjugacy of the pairs under G2% it will be sufficient 
to prove this for one pair for given j and because of the symmetry of the 
F-loci in the pair it will be sufficient to examine one index in either set. For 
each value of 7’ there are linear F-loci, and we take such a typical case, namely: 


(a) P ae pa... pp T Sep-s-a (Dies * * * Pape), Balp > > prett). 


We compare this with 


(b) ag wy G48 5 J44, 00, 2p42) Sop-j-2(Pise* * * Papen)» Bopa © * Pra T), 


and with 
(e) Ti, va G45 Jte o ey 20) Sop-j (Pisz * * Pope), Balp’ * * Pra). 


The first member of (b) is incident with the first member of (a); the second, 
` member of (b) is incident with the second member of (a), one z in (a) being 
fixed at pj+s. The first member of (c) is incident with the first member of 
(a); the second member of (c) is incident with the second member of (a). 
Since the shifting of an index from one set to the other can be done in 2p + 2 
ways, the incidences of the theorem are established. 

The results obtained in this section lead to certain conclusions with 
respect to the hyperelliptic Kummer manifold Kp in 8-1. Since $ contains 
members which represent on Wp the theta squares which define Kp, and’ since 
the dimension of 3 is 2? — 1, then X maps W, upon Kp. In this mapping 
the pairs of F-loci of the first kind contribute members of the mapping system 
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which pass into the 2% singular spaces of Kp of dimension 2? —}2. On the 
other hand the 2°% F-loci of the p-th kind map into the 2% singular points of 
Kp [ef. (8) and +, (66)]. These are the only singular spaces arising from 
the classic theory. There remain the 27? pairs of F-loci of kind j (1 <j < p) 
of Wp. We find in §8 that these pairs of F-loci meet Wp in manifolds of 
dimension p— j, a property which carries over to Ky. The sub-systems of 3 
on a pair of F-loci of kind j yield systems of linear spaces in S2?-. which have 
for base a singular space of Kp of the j-th kind. Thus a translation of the 
results obtained above is the following: 


(10) The hyperelliptic Kp in S, has p systems of singular linear spaces 
3 (j =1,: -, p), each system having 2? members. Hach space 3% has 
in common with Kp a manifold of dimension p— j. The dimension of a linear 
space 3) is 2°?-— 2 less the dimension of the system oP as given im (8) and 
(6). Hach space XP contains 2p +2 spaces 3%, and is contained in 
2p +2 spaces XSI. The spaces 3? and spaces ZP- are conjugate under 
the correlation Geo of Kp. 


. Thus K; in S, has 4° singular 8,’s, 4° singular S3’s, and 4° singular S)’s; 
K, in Sis has 4* singular 9,,’s, 4* singular S,)’s, 4* singular 5ps, and 4* 
singular S,’s; ete. These intermediate singular spaces arise from degenera- 
tions of loci on the generic Ky. For example, two singular S,’s of K, in 87 
meet K,** in an elliptic Fe in their common Ss [cf. *, p. 188 (3)]. When 
K, is hyperelliptic, this (for proper choice of the two singular S,’s) breaks 
up into two Vs with two common points. The two 83s containing these 
N®s are singular S,’s. The two common points of the two N®s arise from 
the extra zero of the two thetas which define the two S's, these extra zeros 
being characteristic of the hyperelliptic case. 


2. Parametric forms of the hyperelliptic Weddle p-way in Szp-1 The 
hyperelliptic Weddle p-way in Sz), has been defined [cf. +, (84)] as the locus 
of fixed points of the involution T—,,..., ome in the G2 determined by 
the set of points Pira in Sop-.. AS x varies on Wp, the set of points, 
Poe» consisting of Pir and z, has been shown to be “ associated ” to the set 
of ‘points ‘R?.9,; which consists of the 2p + 2 branch points and the multiple 
point O of a planar hyperelliptic curve Hy of order p + 2 with p-fold point 
at O, and with 2p + 2 branch lines on O whose parameters are projective to 
the pdrameters of Ce on their norm-curve N??1, We examine this association. 
- „Let the hyperelliptic curve Hp have the equation, 


(1) Hy = yfo (Ys; Y2) + 2Yofper (Yr, Y2) + fore (Yrs Y2) = 0, 
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where fp, fost, fp+2 are binary forms in y1, Y2 of orders indicated by the sub- 
scripts. We set 


(2) (ot) = fpr (tite) — fp (tito) * fpa (tate) = (tt) (ttz) a (ttep2); 
ze = V (ot), 


In terms of this irrationality, z:, a parametric equation of Hy is 


(3) Yo? Yr? Ya = — fpr (trs t2) + 2t : tafp(tr, te) : tefo (ti te), 


the parameter being tı : ta =t. When (tti) =0, we have a branch point 
of the g,? on Hp with coördinates 


(4) Yor Yı: Yo = — fpr (tar, tia) : tifo (tit, tia) : tiofn (tir, tia) 
[t=1,- ` c 2p +2]. 
The p-fold point O of H, has coördinates 


(5) Yo: Yı : Y=1: 0:0. 


Thus the 2p + 2 branch points and O, the set R2p13 in Sz, have as matrix 
of coördinates (written vertically and with non-homogeneous parameter t) 
the following: 


— fos (41) — fp (te) — fp (ts) : — fpr (topse) 1 
(6) tafo (t1) tafp (te) tsfp(ts) : topsofp(tops2) 0 
fo (tr) fy (te) fo(ts) : fo(teps2) 0. 


Using as a codrdinate system in Səp-ı the coefficients of a (2p — 1)-ic referred 
to the V7? on Po then the 2p + 3 points consisting of Ta and x on Wp 
have for codrdinates: 


(7) (tiL) PE, (tte) P, (tta) P,- , (btopen)??*, (at) r, 


Here the (2p — 1)-ic, («t)??- is to be determined in such wise that the row 
product of the row (7), each term with appropriate constant factor, with each 
of the three rows in (6) is to vanish identically in ¢, these being the conditions 
that the two sets of 2p + 3 points be associated [cf. *, § 13]. 

We use the notation, 


(8) gm (Sx) = (8xS1) (sxS2) es (SkSk-1) (SkSk) AAi (Sx8m) [k =1,:-:, m], 


in connection with a form gm(t) = (tsı) - + > (tsm). We also express P(C) 
in factored form as follows: ak 
(9) fo(t) = (tr:) (tre) + - - (trp). 
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The (2p-+ 2) 2p-th powers of (ti), Wie , (ttepieg) are related by the ‘identity: 


2p2 ` 
(10) È (tit)*/o! (ti) =0. 


The (3p +2) 3p-th powers of (tti),: ><, (ttopsz), (trı),* © +, (tp) are 
related by the identity: l 


OD E (N/E) t) +È G) /oln) Pala) =0. 


We observe that, due to the identity (10), the row product of (7) and each 
of the last two rows in (6) is identically zero in ¢ provided that the first 
2p + 2 powers in (7) are affected by the following factors respectively : 


1/fp(t1) "o (ti), t'a 1/fp(tzp+2) : w (topse) 


_ With these factors we take the row product of (7) and the first row of (6), 
and find that 


(12) (at)? =S fon (t) + (tta) ®™™/fo (ti) o (ti). 


If we polarize the identity (11) with respect to fp (t), the first sum yields 
(at)??-2 in (12). For the second sum we observe that, in the case of the 
roots ra of fp [cf. (2)], 


(13) ar, = fous (Ts), o(Tn) = f'm (Ta). 

Hence this second sum yields 

(14) — (at)? — $; (tra) P/r For). 

This formula shows that the codrdinates v on Wp are proportional to abelian 
functions of t,’ ` `, tp on Hp determined by the p-ad of points on Hp: 

(15) Tis Zra Tos Ste °° CO} Tp Srp} 


or by its “superposed” p-ad in which the 2s all change sign. For, the 
coefficients « in (14) are symmetric in the p pairs of values 1j,2,,. 

Each value of the parameter t determines a pair of points t, + z: [ef. (3) ] 
on Hp. Thus p values of t, say 7:,° °°, p determine p pairs of points on Hp 
whieh can be arranged into 2? p-ads on Hp with one point of a p-ad from each 
pair. These 2? p-ads divide into 2? pairs of superposed p-ads and determine 
271 points s on Wy as in (14). The 2+ points s are obtained in (14) by 
taking the changes of sign of 2,,,- - *, Zr, Hence 
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(16) If x is a point of Wp, the p-secant space Sp. of N°? on œ meets Wp 
again in W- — 1 remaining points which with x form a conjugate set of Re- 
points under the group of order 22> in Sp. which consists of the identity and 
the harmonic perspectivities determined by opposta spaces of the p-edron in 
Sp-1 and on N°. 


As particular cases for p = 2, 3,4 we may mention: 


(17) (a) The bisecant of N? on a point + of We in Sa meets We again 
in a point &® such that a,c are harmonic with the orassings of the 
bisecant. 

(b) The trisecant plane of N* on a point & of Ws in Ss meets Ws in 
four points eP,---,2 whose a triangle is the triad of crossings 
of the trisecant ali 

(c) The legend S: of N* on a point «™ of W4 in Sy meets W, in 
eight points «,---,x2° which make up with the four crossings of Ss a sot 
of desmic tetrahedra in the Sz. 


We observe also that 


(18) The (2p —1)-ie in (14) which represents with- respect to N° the 
point s on Wy defined by Hy in (1) is the (2p—1)-tc which is pants: to 
fp and Foss. 


For, the form of the (2p— 1)-ic in (14) indicates its. apolarity with 
fo = (trı) > © + (trp) [ef. (9)]. If also we operate on the (2p-—-1)-ic with 
fos, and make use of (18), the result vanishes identically by virtue of the 
linear relation among the (p— 2)-th powers of (tri),° - >, (trp). 

In general this (2p—1)-ic is not also apolar to fp 2. It will be, 
however, if 


(19) GYofns2 — gafo + Jefo = 0, 


where go, 91, Jz are binary forms in t: t, of the orders indicated. For p= 2 
this identity can be satisfied for any fa, fs, fe. For higher values of p it can 
be satisfied only if the branch points of H, are on the conic, Ho: 


(20) Ay = goy? + 29:40 + g2=0 [cf $, § 38]. 


The two branch points of He are then on Hy. The line joining these two 
branch points is goyo + gı 0. This line cuts H,? in p further points. 
Eliminating y, and using (19), the parameters ¢ of the p+ 2 intersectfons 
are given by go(917— 9o92)fp = 0. The p further points are therefore the 
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further intersections with H, of the tangents at the p-fold point. Conversely 
if the p further intersections of these tangents are on a line and we take this 
line to be yo = 0, then fp — (at)? - fp ==0, and the identity (19) is satisfied 
for the conic yo?— (at)®. The fundamental (2p + 2)-ic of branch lines of 
H,, and the fundamental quadratic of branch lines of the conie Ho, are now 


(21) (at)??? = fo. — (at)? + fp? = 0, (at)? == 0. 
In particular for a root t; of (wt)??**, 

(2) fon (ts) /fo(ts) = VTR)? 

We have then, on making use of (12), the theorem: 


(23) If the 2p + 2 branch points of Hy are on a conic, ù. e., if the p further 
intersections of tangents to Hp at the p-fold point are on a line, the point 
xz on Wp determined by Hy is represented by the (2p—1)-ie (with reference 
to N°), 


2p+2 raai 
(at) = D (t) V (ati)?/o" (ti). 
i=l 
For variable quadratic, (at)?, this point z runs over a manifold V2??. on Wo. 


The question naturally arises as to whether the signs of the radicals in 
(23) may be taken at random if the point zis to remain on VY,“ on Wp. 
The following lemma shows that the answer is affirmative: 


(24) Gwen O and a conic Hy. Choose any 2p-+ 2 points Sı’ ` -, Sep2 on 
Hy, no one the contact of a tangent from O. Let the line pencil from O to si 
have parameters ti, and let the line tı cut Hy in si(+-) = s; and s,(—). Then 
there exists an Hp with fundamental (2p + 2)-tc, ti, and 2p +2 branch 
points S'i, S'i being either si(+) or si(—). 


For, if Ho is yo? — YY = 0, OF Yo: Y1: Y2 = 8:8:1, and if the branch 
points of Hp are on this conic, then fps (Y1 Y2) = Y1Y2fp (Y1 Yo). The Hp can 
then be written as (ay)? - yo? + (By)? yo + yrye- (ay)? = 0, with 2p + 3 
homogeneous parameters in the coefficients of the forms (ay)?, (By)?* in the — 
binary variables yı, Y2 The curve Hp is on the point s:s?:1 of Hy if 
(as?)?-s + (fs?)?* 0, The ratios of the coefficients «, 8 of this equation 
in s of degree 2p ++ 2 are uniquely determined by assigning roots s1,° * *, Sopse 
Ío tt, and for each choice of s; or — s; we have a curve Hy. On the other hand 
the fundamental (2p-+ 2)-ic of Hp is FPpa(Y Ye) — YrYefn? (Yr, Ye) 
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== f'm ($, 1) — s?fp? (3°, 1), and it is independent of the choice of s; or — si, 
since Y1: Y= $: 1. 

If then in (23) the sign of the radical of (at;)? be changed, we have a 
new point of V2- which lies with the original point on a line through p; on 
N*, Hence 


(25) For variation of the signs of the radicals in (23) a closed system of 
2:22 points on V2" is obtained, the system being projected into itself 
from each of the points of Poa If the signs of the first two radicals are 
changed, the point thus obtained is the conjugate of the given point under Iss. 
Thus the closed system consists of two sets of 27° points conjugate under the 
Cremona Gr of Wp, depending on the parity of the number of changes 
of sign. 


Here only the second statement in (25) requires additional proof. The 
involution I,2 on Wp corresponds in the plane to the quadratic transformation 
Ao12' (12), i. e., to the perspective transformation with center O and F-points, 
O and the first two branch points [cf. °, § 38]. Then Hy goes into H’, and 
s on H, into s on H’). Thus on H’, the 2p further branch points have 
parameters Ss,' * -,Sep+2, but the two fixed branch points have parameters 
— 81, — Se. 

The projection of V,?-) from p, upon the V2?"-* in Sop-2 determined by 
a set of points P??-* upon an N*?* with parameters tə, * >, tep is obtained 
by taking the linear polar of t, as to (at)??* in (23). The resulting 
(2p— 2)-ic with reference to N*?-? determines the projected point in Sop. 
This (29 — 2)-ic is 


(26) © (tts) + (tti)? -V (ati) ?/w’ (t). 





It has, as is evident, properties entirely analogous to V,- and is, due to 
the loss of one radical, a doubly covered projection. We have thus confirmed 
analytically the properties of the manifold V,- on Wp which were obtained 
in [*, § 20 and °, § 6] geometrically, the V2‘? being defined in the first case 
as the locus of points in Səp-ı from which Pa projects into 2p + 2 points 
in Sop-2 on a rational N?-?, and in the Bera case as the locus of nodes of 
degenerate bi-ncdal curves in the family of elliptic norm-curves on P2?3. 

In this case the generalized theorem, due in the case of W, to H. F Baker, 
applies not to W, but rather to V.“? on Wy. 


3. Parametric equations of W, related to the curves cut out on W, 
by (p+ 1)-secant S,’s of N?*, In the preceding section we have found 
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that a generic p-secant Sp, of N°? cuts Wy in Sop. in 2? points any one 
of which is generic on Wp, the others forming with this one a symmetric set 
[cf. 2 (16)]. We now derive certain expressions for the point (a¢)??* on 
Wp and also on the section of Wp by a-(p-+1)-secant Sp of N*?*. As the 
_ dimensions p of the intersecting manifolds indicate, this section is a curve 
rather than a set of points. 

With (wt)??? == f? mı — fofps2, and in terms of the factorizations, 


(1) (wt) ??*? — (tt) > -> + (tta) > > > (ttam), 
folt) = (ir1) > > + (bre) > + (tro), 


we have already obtained the following expressions for the point (at)? on 
Wp [c£. 2 (12), (18), (14)]: 


(A) (at) -a wor fosa (ta) /fp(ta) + 0! (ta); 
(B) (at)*79 = 3 * (tta) 2P + fora (ta) fons (ta) + 0! (ta); 
(C) = (uty = 3 (thes)? fina (re) f'n (te). 


The expression (B) is the same as (A), since, for a root te of T 
fon (ta) /fo(ta) = fome (ta) /fon (ta). 

Suppose now that the line yo == 0 in the canonical form of H,?*? is on 
j +2 of the branch points of H,?? (j ——2,—1,0,---,p). If j=—2, 
—1,0, this imposes no projective condition on H,y?t®. If however 7=1,---, p, 
this requires that H,?*? be represented on Wp by a point on an F-locus of the 
j-th kind. Since yọ == 0 cuts Hp”? in points whose parameters ¢ are given 
by fps (t) = 0, the parameters ¢ of these 7 4- 2 branch points will satisfy both 
fpa (t) = 0 and (ot)??? — 0, and therefore fpı(t) = 0 also. Let these j + 2 
branch points, say the first 7 + 2, be given by àj (t) = 0. Then we have 


(2) (wt) ??*? == Ajea (É) * uap- (t), fos2(t) INANIS Ir- (t), 
fos (t) = M(t) ° 9r-i-1 (t). 


In addition to the factorizations (1) we introduce also the following: 


Agaa (t) = (tt) + + + (tte) + © + (tine), 
(a). papas (t) = (tjsa) © ++ (Ho) ++ + (Hague), 
7 Jo-i-1 (t) = (t81) © © + (tse) © + + (tsp-3-1). 


We remove the factor Aji2(¢) from the relation, (wt)??*? = Fehn — fofais, 
and obtain 
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(4) T == pep-i — 9"p-i-a Ajao =— fo ` Gp-i- 


- If only the roots s1, +, Sp. of gp-j-ı = 0 are given, there still remains 
an undetermined constant factor in gp-j-1, and thus r == 0 represents a pencil 
of (2p—j)-ics, and fp is a p-ad in some member of the pencil. The given 
p-—j—-1 roots se of gp-j- and the known j7-+2 roots te determine a 
(p + 1)-secant Sp of N°2- to which we may regard the above pencil w as 
attached. 

With fos Joris fp+2 related as above we seek new éepresious for (at)? on 
Wp. According to (2), for every root ta of Ajse, fps (te) /fo(tc) = 0; and for 
every root ty of pop-i, fis (to) /fp(to) = forz (to) /for (to) = Jo-s (to) /9p-1-1 (t0). 
Hence the expressions (A), (B) reduce to 


(D) (at)? -5 (tty) ?? - Jp-i (to) /Gp-s-a (t0) * Ajsa (o) © W'ap-3 (to)... 


There is a linear identity connecting the (3p — 1 — j)-th powers of the 
(8p +1-—j) linear factors, 2p— j of which are factors (tte) of pep-j; 
j +2, factors (tta) of Aj; and p—j—t, factors (tse) of gp-j+. This 
identity, polarized as to gp-;, yields for the powers of (tt)) the right member 
of (D). The remaining powers in the identity then yield the following 
alternative form of (at); 


(E) — (at) = S (tte). Go-i (ta) /9p-4-a (ta) * pep-i (ta) * N jaz (ta) 


FS (t8e)??-* + gp-j (Sc) /pop-j (Sc) * Ajaz (Sc) * G’p-5-1 (Se). 


But, according to (4), for the roots fa of Àj, and the roots se of Dein 
Ip-i/pP2p-7 = —1/fp. Hence 


Œ) (at) 3ra S (tta) "PA / folta) - gojas (fa) Nja (ta) 
FÈ (150)? 4/fo( 8) Malse) * Orton (So). 


The remainder of this article is devoted to a discussion of these formulae 
(A),° 7+, (F). 

When the (p.+ 1)-secant Sp of NP, say the Sp(to, Se), is given, the 
(wt)??? == Aj,o09-3 also being known in advance, the pencil m in (4) is 
determined, and œt p-ads fp of members of the pencil exist, and thus*co4 
points of Wp are determined. According to (©) such a point is on the 
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Sp-a(te), p-secant to N*1, and according to (E) it is on the So(toySe). It is 
thus the unique point common to this Sp. and this Sp. 

We have allowed j in (4) to run up to p. The case j= p is quite ex- 
ceptional, and the case j = p— 1 somewhat less so. We examine these two 
cases in the next section, translating the results obtained to the Kummer Kp. 
In 5 and 6 we return to the other cases. 


4. Sections of W, by F-loci of the p-th and (p—1)-th kind, and 
singular spaces 3” and 3?» of Ky. If we set j= p in the preceding 
section so that p + 2 branch points of H,?* are on a line, the pencil in 8 (4) 
reduces to the single member, pp =— fp Thus the p tangents at O are 
inflexional, and p of the branch points have run up to O. We find in 
[*, $ 3 (16)] that H,*? is then represented by any point on the F-locus of the 


p-th kind, mia a2 aan which is the Sp.,; on the last p points 
of Po ae ‘that this Sp is mapped by 3 into one of the singular points, 
> ace aa of Kp in Sı. To the various points of this Sp-, on 


Wp there correspond on Kp the various directions about the singular point. 
Thus the 2% F-loci of the p-th kind of Wp give rise to the 2% singular points 
Of Kp, Biia... ipei tpa... iep The F-loci being conjugate under the Cremona 
group of Wp, the 2”? singular points of Kp are conjugate under the collineation 
g2? of Ky, the map by 3 of the Cremona group. 

Again, set j == p— 1, so that the p+-1 branch points t, + +, tpm of 
H,?** are on a line L. The corresponding point of Wp is then on the F-locus, 
COOP ai „ the Sp on Pps’ ` ', Pep Of Pie Under the de Jonquiéres in- 
volution of order p + 2 whose locus of fixed points is Hp”? (which corresponds 
to I1,2,..., 2912 for which Wp is a locus of fixed points) this line L is trans- 
formed into a line M on the p +1 branch points, fpi2,- © +, topo, So that the 
corresponding point of Wp is also on the paired F-locus, m'?>») Son the Sp 
on Pu `’ *, Pp Thus this point must be on the line common to the two Ips. 
Conversely, any point on this line is on Wp. For, the pencil 3 (4) is now 
m = pp-1 — Jo” Apt = — fp gi. Since g, is a variable linear form as go takes 
all values, and since (D) is linear in the coefficients of g,, the point (at)? 
runs over a line, necessarily the line common to the two Sps. This line on 
W, is mapped by 3 into a rational norm-curve of order p, in the singular 
space =i?» ..., p2 Which itself has the dimension p [cf. 1 (4), (7)]. 
In each of the io S,’s the p+1 points of Pama determine p-+1 Sp.1’s, 
F-loci of the p-th kind, each of which meets the line in a point. Such a point 
thaps into a singular point (e. g. 3” ) of Kp on NP. The 


1, ...3 P; ptis... 22 
2p + 2 such singular points on N? are associated with the linear factors gı of 


? 
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the members of the pencil ‘x for the values Jo=0, 0. Thus these factors g, 
are the linear factors of (wt)??? and the 2p + 2 points on N? have parameters 
projective to the roots of (wt)?™2, Hence 


(1) ‘A pair of F-loci of Wp of the (p —1)-th kind have in common a rational 
locus which is on Wp itself. These 27? loci on Wp map into the sections of Kp 
by its 2°? singular spaces ZG of dimension p, these sections being rational 
norm-curves N?, Hach N? is on 2p + 2 singular points and each singular 
point is on 2p-+ 2 Nps [cf. 1(10)]. On each N? the parameters of the 
2p + 2 singular points are projective to the roots of (wt)??** = 0. 


This is the generalization to Kp of the well-known theorem concerning 
the incidences of singular points and singular conics of the ordinary Kummer 
surface K, in S;3. 


5. Configurations inscribed in the generic curve, the section 
[ Wo, Sp(ta, Sc) ]. The section of Wp by the Sp which is (p + 1)-secant to 
Nr at the j +2 points fa of Piet and at the p—j—1 generic points se 
of N*? is not usually irreducible. For sufficiently large values of `p, the 
bisecant lines, or the trisecant planes, etc., will be an F-locus of the p-th kind, 
and ‘therefore will be on Wp. Then the section of Wp by Sp will contain some 
of these lines, or planes, etc., as the case may be, which are determined by the 
» p + 1 crossings of N°?- and Sp. This part of the section will however contain 
no generic point of Wp. The significant part of the section is the curve 
attached to the pencil m of 3 (4). For j = —}2,— 1,0, and fixed ta but 
variable se, these curves cover Wp completely. For j = 1 they cover completely 
the section of Wp by an F-locus. We therefore speak of such a curve as the 
generic curve of the section [ Wp, Sg]. a 

Reverting to the next to the last paragraph of 8 which states that a point 
of this curve is cut out on Sp by the Sp. which is p-secant to Nat the 
p points whose parameters, fp = 0, are a p-ad of a member of the pencil r, 
we have as an immediate consequence the theorem: 


(1) The pencil + of (2p—j)-ics in 8 (4) is generic except for the pecu- 
liarity that one member contains p — j — 1 double points. This pencil defines 
on N*?-* a system of co (2p —j)-points, each of which determines a COMPLETE 
figure consisting of Ge) Sis (k =0,1,+ + +;2p—j—1). The section of 
these complete figures by Sp(ta, Sc) yields œt configurations consisting of 
Ce) Sis (l=0, J,--+,p—1 or p—j). The locus of the œt sets of 
(3) points of these configurations is the generic curve of the section 
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[Wp Sp]. The «+ configurations of Krys inscribed in t 
such that an Sm (m > 1) ts on (25) Srs, and an 81% 


This is the generalization in the direction both o: 
increasing j of a situation which has been observed by 
Conner in the case p = 2, j==—2. This case has 
indicating that the generic plane section of a Weddle 
is not a generic quartic curve. 


6. Involution curves [W,, 5p]; sections of W, ` 
members of a pencil of binary n-ics are divided in 
(n— p)-ies, i.e. if (at)™ + A( Bt)” = fp' fn», the p-i 
stitute an algebraic- series (%1). Any algebraic curv: 
spondence with such a system of p-ics will be called an 1 
Since the residual p-ic and (n —- p)-ic are themselves : 
I, is also an In”. The simplest geometric exampl 
plotting binary p-ics in Sp with reference to a norm- 
coefficients of fp itself are the codrdinates of a point of 
denote this particular type of involution curve by tk 
The order of this curve is (mt), since an Sp-ı(t1) of N 
points determined by-selecting t2,-- -,t¢) from the n-i 
contains t. . 

Tt is clear from 5 (1) that 


(1) The generic curve of the section, [Wo, Sp(ta, S 
curve, 19. 


We wish to examine this involution curve to see ji 
simple type: [I ik p NP] , and, in other cases, to find its 
In the formula 3 (E) for a point of this curve we ot 
Sp(te, Sc) is given, everything in the formula is fixed 
determined constant factor in gp-j-ı which runs through 
may be neglected; and second the coefficients of gp-j, 
of a variable (2p—j)-ic of the pencil 7. Hence thi 
[W,, Sp] varies in Sp only with the variable coefficients 
the point is expressed linearly in terms of the p +1 r 
say Ey, which are respectively : 


(2) ` Ta = (tha)? */Gp-j-1 (ta) * Hep- (ta) * N ga 
’ To = (t80)?®™/pop-4 (80) * Aga2(80) * 9'o-i-1 
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Thus the parametric equation of the point is 


i j+2 p-j-1 
(8) Š goi (ta) “ma + È Go-s(S0) “me 


and the p + 1 parameters gp-;(ta); gp- (Sc) may be, taken as the coördinates 
of the point in S, referred to Rpr. 

If the coefficients of gp; are taken as point codrdinates in &Sp-; with 
reference to an underlying N?~/ whose points are given by (¢t,)?, the dual 
coordinates may also be taken as the coefficients of a (p — ĵ)-ic in such wise 
that the incidence condition is the apolarity condition of two (p— j)-ics, 
the one representing a point and the other an Sp-;ı. The hyper-osculating , 
S>.j-’8 of NP- are then also represented by. (tt)? 4. Thus gp;(un) is the 
incidence condition of the point gp-; and the S,_;_, of N?/ with parameter un. 
Hence gp-j(us),° * `, Gp-i(Up-jur) are the point codrdinates of the point gp; 
referred to the reference figure Rp-jı formed from the Sp-j-18 of NPI at 
Urs” ` ` 5 Up-faae 

The Simplest case is ae 0. In this case the Sp; of gp; and N®/ may 
be identified with the Sp(titesi- - -Sp-1) and the point (8) is merely a trans- 
form of the point gp-; on an [igp Ne]. The situation is described by 
the theorem: 


(4) For the case j= 0, the pencil, mop = pzp — 9*p-rd2 = — fp ' Jp defines 
on N*?* a pencil of 2p-points, each 2p-point having 2p FACES (i. e, Sap2’s 
on all but one of the 2p points). ‘Corresponding to the factorization 
wep = F1 * J'xp-1 these faces envelop a rational norm-curve K*?-+, a face of K+ 
and the OPPOSITE point of the 2p-point on N??+ having the same parameter t. 
The Sp(tites:- * - 81) is on the p—1 faces of ‘the particular 2p-point, g*p-1Xe,. 
which have parameters s,: + *,Sp-ı Therefore the faces of K??* cut Sp in 
the Spis of a rational norm-curve N? in Sp with respect to which gp determines 
the point (at)??1 in 3 (E). The curve [Wo, Sp(titesi: ` ` Sp.) ] is the curve 
Ue ®) | N?] of order CA associated with, the gps of the above pencil w. On 
such a section [ Wp, ò] there is an mootutana correspondence set up by the 
interchange of fp and gp. 


The only item in this theorem which requires verification is the identi- 
fication of N” as the norm-curve with respect to which gp is plotted. „We 
‘examine first the 2p-ic, pop. The face ta,- - -, tep With parameter ts cyts Sp 
in an Sp- of N? with parameter t, Thus the faces with parameters 
tay’ °°, Ézp2 meet in an Sp-ı(tpss* © `, tpz) Which cuts Sp in a point With 
parameters gp == t,,- ` `, to with reference to N?. That this is the point on 
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Wp determined by gp in 3 (D) is clear, because, if gp(ts),* ` `, gp(tp2) are 
zero, the point is on the Sp1(tpis,: ` *, top). We examine also the 2p-ic, 
grat Aa = ty, be, $17,- © +, Spa The faces with parameters te, S1, ` +, Spa 
meet in an Sp14(t1S:: °° Sp) which cuts Sp in a point with parameters 
gp = tz, Sip" ' `, Sp- With reference to N?. But this is the point ż on N*?* 
itself. Also in 8 (E) for this gp all the terms vanish except the term in 
(tt,)??+, and thus the point on Wp coincides with the point determined by gp 
with respect to N”. Thus N? has in common with the norm-curve attached to 
gp at least 3p +1 Sps, and therefore coincides with it. 

Tte case just discussed separates values j > 0 from the two values j < 0, 
i.e. j ==—1,—2. In the latter two cases gp-; is represented on a space of 
dimension greater than that of Sp; in the former cases on a space of dimension 
less than that of Sp. Furthermore in these cases f> 0 we are dealing only 
with points of Wp on an F-locus of the j-th kind. These more nearly resemble 
the case 7 = 0 and we consider them first. 

That the faces of the 2p-points in theorem (4) envelop a rational norm- 
curve K*? is well known. So far as we are aware the corresponding theorem, 
which applies to the cases j> 0 and which is given in (5) is new and we 
incorporate a proof of it. 


(5) ` Let there be given in Sn a norm-curve N” with parameter t and on it œ! 
r-points defined by the pencil (at) + k(Bt)" =0 [n + 1 5r = (n + 4)/2]. 
The Srs determined by two, and therefore by all of these r-points have a 
common Sor-2n [2r — 2 —n = 2]. Hach r-point on N” has r faces, these 
being S,2’s on all but one point of the r-point. The r faces of a particular 
r-point meet this common Sor2-n In T Sor-gn’s and the locus of these Ser-s-n’S 
in Sor-om 1 @ rational norm-curve K**-*-" which is in face-point correspondence 
with N”. 


For, it is clear first of all that a particular ¢, determines a particular 
r-point and that the face of this 7-point opposite t, is unique. Thus the faces 
run over a rational locus K. There remains to show that a point in Soro is 
on Xr—-2—~m of these faces. If t,t belong to the same r-ic of the pencil, 
they satisfy the symmetric form (o,¢,)’*(a¢)"+ 0. For given t, this is the 
(r—1)-ie which defines the face t, and (at1)*7(ast)"*+ (tt) =0 is the 
r-ic which contains t,. If (yt)* represents, with respect to N”, a point on 
Sor-2-n, then (yt)” is apolar to every r-ic of the pencil, i. e., 


(a) (aat) (aay) (yh) (yE) =0 in tte 
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This identity (a) can be replaced by the vanishing of the elementary covariants 
of (a) whose polars figure in the Clebsch-Gordan development, i. e. 


(b) (y) (any) (cas) yso (b= 0,7 + mr), 
Similarly the point (yt)” is on all those faces ¢, for which 
(e) (aay) (cats) (yt) = =0 in t, 
In this the elementary covariants of the Clebsch-Gordan development are 
(aay) (ary)*(au8) (ys) (k=0,: < -,n—r + 1). 
But all of these vanish due to (b) except the last whence (c) has the form 
b: (at) n (ay) (ary). (ht) = 0 in t. 


Thus (yt)” is on the 2r—2—- n faces whose parameters t, are given by 
(yy) 27-2" (agy) (ary) = 0. i 

We return now to the pencil 3 (4) for values j==1,---,p—2. Ac- 
cording to.3 (D), (E) the points of W, determined by the (p — j)-ics, gp-i, 
found in members of the pencil w of (2 — ĵ)-ics, lie in the two linear spaces 


Sop-1-j (t5+35° S “s sp2) Solti + ty bisa, St + s Spja), 


which meet in a space, 
(6) Sp-j- 


On W*? the pencil w defines œt (2p—j)-points to which we apply i the 
lemma (5) by means of the transcription: 


n= 2p—I1, r= 2p — j, Ser-2-n = Sop-s-2j- 


Thus the pencil r on N®?* determines an Sop1-2;, and the faces of the 
(2p — j)-points of r cut this S2p1-2; in the Sop-2-2;’s of a rational norm-curve 
K-12 in Sops-2;. The two particular (2p — 7)-points, defined by pop; and 
9’-i-1 * Ajag have parameters tjs’ + +, top and ti + +, tjan 81t + +, Sp- 
respectively. Thus the S,.; in (6) is on Sop12;. Furthermore, from the 
particular nature of g?»_j-1° Ase in the pencil, this Sp-; is on those faces of 
K-27 with parameters s1,° * *,Sp1-j. Thus the faces K? cut Bo- in the 
Sp-j-1’8 of a rational norm-curve N?/ in S,_;. Hence 


(Y) For the cases j = 1,: : -,p—3 the pencil Tapi = pep-i — 9?p-i-a* Nive 
= — fp` 9p-; defines on N*?* qa pencil of (2p—j)-points whose faces 


212 ARTHUR B. COBLE AND JOSEPHINE H. CHANLER. 


cut the Bp- (6) in the Spj-1’s of a rational norm-curvé Nei with respect 
to which gi determines the point of Wp given by 3(E). The curve 
[ Wo, Oplt * *5 tjo $15° ty Sp-j-1) | ts the curve [Te NaH , N-I] of order (732) 
associated with the gp-j s in m. 


The identification of N?-4 with the norm-curve to which Jo-j is attached 
can be carried out as in the-case of the theorem (4). 

In the F-space of the j-th kind, Sop1-s(tjs,* © `, tops2) preceding (6), 
we find «?4-1.S,;’s (6) each containing a curve of the type described in (7) 
whence - , 


(8) The non-basic F-loci of the j-th kind meet Wp in manifolds of dimension 
` p— j, which are run over by a linear system of ‘co? i+ involution curves. In 
the case of the linear non-basic: F-loci these are involution curves attached to 
norm~-curves, ' 


The particular cases, j = p, j == p— 1 are discussed in 4. 

The cases j = — 1 and j==—2 differ from those just treated in that 
(p—j)-ics are plotted in a space of dimension respectively one or two greater , 
than that of S,. In these cases the p-+-1 coefficients gp; (ta), Jp-j (Sco) in 
3 (E) are the p + 1 codrdinates of a point in Sp_; when this point is projected 
upon an Sp from the point wo(j = — 1), or line 7,(7 = — 2), in which the 
hyperosculating spaces ta, s of N?4 meet. Moreover the reference Rp in Sp 
to which these codrdinates refer after the projection has vertices at ta, Se where 


Sp cuts N, Hence , 


(9) The generic curves, [Wp, Sp(ti,* © +, tise, 81,° * * 5 Sp-s-1)], defined by 
the pencil w for 7=-—1,—2 are projections of the involution curvé 
Ri oy, Ne-i] of order ( aoe) defined by gp-j-ics of w with reference to NP? 
from the linear space a; in which the hyperosculating spaces of N®5 with 
paramerers ta, Se meet. 


We may therefore make, the general statement that 


(10) The curves cut out on Wp by (p + 1)-secant p's of N*?* are either 
involution curves attached to norm-curves [cf. (1), (7)], or they are pro- 
jections of such curves [cf. (9)]. 


An entirely different aspect of these curves is brought out by the formula 

3 (F) which we have not as yet used. This formula contains the coefficients 
of the factor fp residual to gp; in the pencil m. Let N”? be a norm-curve in 
’) with reference to which the p-ics fp are plotted. Then fo(te), fo(Sc) are 
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coordinates in Sp with respect to the reference figure H’p,, whose p + 1 spaces 
hyperosculate NV’? at the points te, Se of N”. As before 1/fp(tc), 1/fp(se) are 
codrdinates in Sp with respect to the reference figure Rp, whose p +1 vertices 
are the points ta, So of N°71, Since f and 1/f are related by a Cremona trans- 
formation, we have the theorem: 


(11) Let the p-ics, fp, of the pencil, m == pop-j — 9?p-j-° Ajo == — Jo ` Jo-t, 
plotted with respect to the norm-curve N’? in X'p, define the involution curve 
(I Nae pN”). of order ( {*): Let R'pn be the pafehones figure in S’y whose 
8’p-1’s hyperosculate N’? with parameters ta, sc. Let Sp be the (p+ 1)-secant 
space of Ne at the points Rp with parameters ta, so. Then the regular 
Cremona transformation of order p with direct and inverse F-points at the 
points of R'm Rou respectively transforms the above involution curve into 
the generic curve of the section of Wp by Sp. 


A version of the inverse Cremona transformation is obtained by taking 
the canonizant of (at)*#+in 3 (E). This canonizant, according to [8 (1), (C)], 
is fp itself. But the canonizant of 3 (E) is of degree p in the coefficients of gp_;. 


7. Applications to Wa, Ws, W4. The generic section of W, the Weddle 
surface in Ss, by an Sz on the points Sı, se,s3 of the cubic curve N° on the 
six nodes P,° of W, is a quartic curve which, according to the Morley-Conner 
theorem, generalized in 5 (1), contains ‘oo? configurations (153, 204). These 
are the sections of the complete 6-points determined on N° by the pead 
m = pe — f? = — fofa, fa having roots si, Se, Sa- 

The general theorems of the preceding section, 6 (9) and 6 (11), present 
this curve under two new aspects. The first aspect is that of tetrads, fa of 
members of the pencil z. If these are plotted as points in S, with reference 
to an N*, the generic sextic of the pencil determines 15 points of the involution 
curve (Ig, N*), of which 10 are in a particular osculating Sa of N*. For 
the particular sextic, f3”, these 15 points comprise three of type, bı = s2283; 
and three of type, a, = $,7s2ss, each counting four times. The latter three 
points, Qı, az, Qs, are on the line of intersection of the three osculating spaces 
S1, S2, Ss of N*; and they are double points of (I,“, N+). For, the osculating 
space s, contains a, counting four times, and de, a, each counting twice. But 
also the osculating plane s,? contains a, counting four times, and a, is thus 
a node with tangents in the plane s,?. Hence (I,“, N+) of order 10, pro- 
jected from the line on its three nodes a,, yields the quartic plane section Of We. 

The second aspect is that of pairs f; of members of the pencil r.. We 
take then in a plane ~” a norm-conic N’? and the six-lines + circumscribed 
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about it, each six-line contributing 15 points on the involution curve (I, N”) 
of order 5. The particular member, f,”, contributes a circumscribed triangle 
S1, S2; Sg Of N’?, the 15 points being the three points c, = 8”, C2 = 2”, C3 = S3? 
of contact; and the three vertices, dı = S283, d2 = 8183, dz == 8182, each counting 
four times. The five points on the line s of N”? are s,? on N”? and dı, dẹ each 
counting twice. Hence dı, də, ds are nodes of the involution curve. According 
to 6.(11) the section of We is the transform of this quintic (Ie, N”) by 
the quadratic transformation A12, with F-points at its nodes dy, də, ds. The 
section is therefore a quartic curve. If tı, ta, ts is a triad of any member of r, 
the vertices of the two circumscribed triangles, t, te, ta and Sı, 82, Ss, of N”? 
are on a conic. This conic is transformed by A123 into a line and thus we find 
on the section of W, the inscribed Morley-Conner configurations. 

The conic WV” itself passes by Aizz into the tri-cuspidal quartic curve 
whose envelope is the rational cubic of lines cut out on the plane of the 
section by the osculating planes of V*. The cusp triangle cut out on the plane 
by N° is the triangle of inverse #-points. These interesting connections, and 
the particular cases which arise from sections of W, by planes on one or two 
nodes of We, are deserving of further study. 

` In passing to the consideration of W, in Ss and W, in 8y we utilize only 
the second aspect mentioned above, since we are interested primarily in the 
order of these loci. We consider the section of W, by the S, quadrisecant to N® 
at fs =S, Se, Ss, S4 and the associated pencil m = ps — f4? = — fs ' fs. The 
triads fs of members of the pencil are mapped by points fs in the space S’, of a 
cubic curve N’’, which lie on the involution curve (Is, N”) == K* of order 
21. If %,---,¢ is a generic octavic of the pencil a, the osculating plane t, 
of N”? cuts K” in the 21 points titets,- © +, tytyts. The axis tt, of N” cuts 
K” in 6 points tytots,- © >, tatata. The osculating plane t, of N” is cut by the 
planes of N” in the lines of a conic K?(t,) which touches the tangent to N”? 
at the point t, of N”. The 7 axes cut out on the plane t, of N”? by planes 
te,* * +, tr envelop K?(t,) and their 21 meets are on K% 

The pencil + has no other peculiarity than that it contains one square 

member, f4’. For this member the inscribed 8-plane of K** collapses to a 

.4-plane. The seven axes enveloping K?(s,) are now the tangent to N” at sı; 
and the three axes $152, S1Ss; $1S4, each counting twice. The tangent, or axis s,?, 
meets these three axes in points $,7s2, $1783, 5:7s,. Thus these three points are 
contacts of a tritangent line of K™, namely, the tangent to N”? at sı. The ~ 
6 points of K* on the axis 8,5, are NOW 818283, S1S2S4, each counting twice; 
ahd 6,7s. and sis.” (the contact of the tangent sz of K?(s,)), each counting once. 
The plane sı cuts K™ in points da= 818381, dz == 818284, da == 818283, each 
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counting four times; the points s,7s2, 8128s, S1234, each counting twice; and the 
points 812”, $153”, $184”, each counting once. Since the point dy = 818283 is four- 
fold on each of the three planes sı, S2, Ss containing it, it is a. four-fold point 
of K™. Thus the vertices d; of the tetrahedron formed by the planes s; of N” 
are four-fold on K*, and the edges sis; of this tetrahedron meet K? in the two 
further points s;,78;, si8;. ` 

According to 6 (11) the section of W, by the S3(s,- - + ss) is the trans- 
form of K* by the regular cubic transformation A423, with F-points at 
dı’ © >, da on N” and with inverse F-points at sı, - -,s, on N®. Since the 
order of the transform of a curve by A1234 is reduced by two for each branch 
through an F-point, and by one for each crossing of an F-line joining two 
F-points, the transform of K?! by Ass has the order 8-21—2-4:4—1-6-2 
= 19. This transform L*? has triple points at sı, > -,s4. Due to the contacts 
of K™ with the tangent s,? in 8’, the tangents of L*° at the triple point s, are 
the three lines 8,52, $183, 5184. Hence, making use also of 5 (1), 


(1) The section of W, in Ss by a quadri-secant S3(s:°- +s) of N” is a 
curve of order 19 with triple points at the four points s; on N" and tangents 
Sis; at the triple point sı. This curve contains œt inscribed configurations, 
each consisting of 56 points, 70 lines, and 56 planes with the following 
incidences: each point is on 5 lines and 10 planes, each plane is on 5 lines 
and 10 points, and each line is on 4 points, 16 lines, and 4 planes. 


The inverse transformation, A71, transforms’ L° back into K*, the 
reduction being 3-19-——4:3:2—12-1—21, where the reduction ‘12-1 
arises from the contacts of the edges of the tetrahedron s; at the triple ‘points. 
We have thus the confirmation of an earlier result [cf. +, (81)], and the more 


precise information given by 


o 


(2) The W, in S; has the order 19 and has the triple curve N? on P and 
therefore also triple lines pipj. The tangent cone at a point s of N° contains 
. the bisecants of N* on s. 


This explains the behavior of a trisecant plane of N” which must cut W; in 
19-points. Through any point of Ws there is just one such trisecant plane, 
namely, the plane 11,72,73 of 2 (17b). This plane cuts Ws in the four 
ordinary points obtained by the variation of the signs of zr, The intersections 
with the triple curve N’* at the points r; account for 9, and the contacts of the 
plane with W, along the line r:r; at r; and 7; account for the remaining 6, 
of the 19 intersections. It is these four ordinary points in the trisecant plane 
$2838. Which pass by Ave into the four-fold point of K% at the point d,. 
3 
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We examine next the intersection of W, by the quadrisecant S$, of N* 
ON $1, Sz, Ss roots of g, = 0, and t, a point of P". Since the cone of lines ou 
tı to points of Në is an F-locus of the third kind lying on Ws, the three lines 
from t, to Sı, 82,83 will separate from the intersection leaving a curve L**, 
which is associated with ‘the pencil r == pm — g3’ = — fz’ ga We first 
examine the involution curve, (1:®, N) = K™, determined by the triads fs 
of the pencil with reference to an N’! in S's. The four planes s;, S», Ss, tı of 
N” form a tetrahedron with respective opposite vertices dı, de, ds, da By 
considering the multiplicities of the 15 points of K on each of the four 
planes, and of the 5 points of K* on each of the six edges, of this tetrahedron, 
we find that: (a) the point d, is four-fold, and the points dı are double, 
on K™; (b) the point s;?°s; is on K**, and the tangent to K at the point is in 
the plane s;; (c) the point s;?¢; on the edge sit, is on K* with tangent 
neither in the plane s; nor in the plane tı; and (d) the pairs of tangents of 
K” at the points d; are in the plane t, [i, j = 1,2,3]. The transformation 
Ajo34 With F-points at di, de, ds, da and respective inverse F-points at $1, S2, 83, ty 
in the S,-section of W, transforms K* into L'* with multiplicities 2 at s; and 
6 at t,, due to the 4 F-points at d,,- - -,d, and the 9 #-points on the edges. 
Due to (b), the tangents of L'* at the node s; are sis; and sise Due to (c), 
the line s,¢; on W, cuts L'® at a point distinct from s, and 4,. Due to (d), 
the tangents of Z*° at 7, are found two in each of the three planes tsis; 
We have thus confirmed the 9-fold character of the F-point p, of W [cef. 3, 
(81)]. The trisecant plane 718,32 cuts LS in 8 points at é, in 3 points at sı 
and at sa, and in one point on each of ts; and t,s2. These points all are on 
F-loci of the second or third’ kinds. Thus the /-locus of the first kind, 
eee the locus of S’s on tı and two variable points of Në meets W, in 
no significant locus. It is indeed paired with m,, the directions about t, 
and thus the two F-loci meet each other and Ws only in the directions about 
tı on Ws, apart from intersections on F-loci of higher kinds. 

The intersection of Ws by the quadrisecant S, of Në on sı, Sa, roots of 
g» = 0, and on tı, te, points of P,°, is associated with the pencil, m == pe — go7Az 
= — f` ga. This intersection must contain as a part the four bisecants tisj, 
and it must contain the F-line t,t as a five-fold intersection, three-fold due 
to the multiplicity of tta and twice as a contact, this being due to the order 
of the residual intersection Z?° associated with the triads g, of the pencil 
[ef. 6 (4)]. The triads fs of this pencil determine in 8’, with reference to N’? 
an irfvolution curve, (I,“, N3) == K". The four planes of N’ with para- 
meters tı, te, $1, S2 have respective opposite vertices dı, də, €61, €2. The special 
sextic go”A_ requires that K* have the following properties: (a) the points 
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di, de are nodes, e1, €z simple points, of K?°, the edge ee. being tangent at 
€:, 2; (b) the edge s,s. meets K?° in two simple points s1°S2, S152”, the tangent 
at s,°s, lying in the plane sı; and (c) the edge sit; meets K?° in the point 
s;7t;. The transformation A134 with F-points at dı, de, €1, €2 and respective 
inverse F-points at t, te, Sı, S2 on N5 transforms K?° into D+? with multiplicities 
2, 2,1, 1 at tı, t2, $1, 82, due to the multiplicities of K° at the four F-points 
and at the eight F-points of the second kind on the edges. Due to (b), the 
edge s,s. touches L"? at s, and s2; and, due to (c), L*° is crossed by sitj. 
Due also to the contacts at e1, €s, the tangents to L° at the points on the edge 
t,t, are respectively on the planes containing this edge. Thus L*° and K™ are 
- each related to their respective tetrahedra in precisely the same way as might 
be inferred directly from the mutual relation of fs, gs to m. The most striking 
new property that has appeared is: 


(3) A quadrisecant S, of N® with two crossings at t,t, has a contact of 
second order with W, along the line tit, in addition to the expected triple 
intersection. 


We examine finally the intersection of W, by the quadrisecant S; of N° 
on s, and on t, tz, ts, points of P. This is made up of the plane tıtzt3 and 
a residual curve part of which is made up of és, and of the lines t:t; to a 
certain multiplicity. The significant part of the curve is associated with the 
pencil + = ps — gJ1?Às = — fe` go. In this case we observe at once that the 
duads g» of the pencil determine a Liiroth quartic curve in the plane 8, cut out 
on 8, by the 84(p4,° `, ps) =7® [cf. 6 (6)]. Thus 


123 
(4) The 2-way of order 9 [cf. t, p. 489] cut out on Ws by the F-locus 
wi, the ten planes pspsPo,* ` `, Peppe being disregarded, contains a linear 
system of planar Liiroth quartics. 


We conclude with a discussion of the intersection of W, in S, with an 
8, 5-secant to N” at points s,,---,s; of N" given by fs=0. In the case 
of W4, the bisecant locus of 7 is an F-locus of the fourth kind contained 
simply on W,, whence the intersection in question will contain as a part the 
10 bisecant lines of N” joining the points s. The remaining significant inter- 
section is associated with the pencil, r= pi0—fs* = — fs: fe- We plot the 
tetrads f4 of members of this pencil in 9’, with reference to an N” to obtain 
the involution curve (J{,N’*) = K**, The degenerate member fs% con- 
tributes five S;’s of N’* with parameters s,,- - *,Ss whose five vertices are 
di = SjSkS1Sm. An examination of the 84 intersections of these five S,’s with 
K** yields the following results: (a) the five points d; are 8-fold on K*; 
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(b) the edge did; touches K®+ at three points`dij,e = 5,78:8m; and (c) the 
plane didjdy cuts K** at dije = S1°Sm. The quartic transformation Aı2s4s with 
F-points at d,,- - `, ds, and inverse F-points at the points s,:-:-,s; on N* 
in S, transforms K* into the section L of W4 by the 5-secant S4. Due to 
the 5 8-fold F-points d;, the 30 repeated F-points on edges didj, and the 10 
F-points on planes didj;d;, the order of the transform is 4:84— 5:8-3 
— 30 -2.2 — 10- 1 = 86, and the section L** has 12-fold points at the five 
points s;. On adding the 10 lines of this five-point we have the theorem: 


(5) Wiin 8, has the order 96, and it contains N? and the 48 lines pip; as 
16-fold curves. l 


The point dij, on K** by virtue of (b) passes into a direction on L*¢ 
on the trisecant plane SkSıSm of N" at sw, this direction counting doubly. The 
six trisecant planes on s; thus account for the multiplicity 12 of L° at si. 
The point dijx on K**, by virtue of (c), passes into a point of L** on the line 
S18. Thus L is transformed back into K* since 4:86—5-12-3—10-2 
— 30:2- 1—84. The 8-fold point of K** at d, arises from the eight generic 
points of W, in the quadric-secant Ss on s,:---,85 [cf. 2 (17e)]. The 
remaining 78 intersections of this S with L** are accounted for by the 48 at 
S2,° * +, Ss, by the 6 on the edges szss,- - -, and by the 4-3-2 directions at s2 
in the planes Sasasa °°. 
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A THEORY OF POSITIVE INTEGERS IN FORMAL LOGIC.* 
PART II. 


By S. C. KLEENE. 


15. Formal definition: initial values, induction. If Z is an intuitive 
function which associates well-formed expressions L(a:,- * `, a) with n-tuples 
(%,‘* *,%) ot well-formed expressions, then L shall be said to be defined 
(formally) by L if L(a,,-+-,@n) conv L(21,***, En) for each set (£1, , Zn), 
for which L is defined. By the “ definition ” of a function which correlates 
intuitive mathematical objects, we shall mean the definition of the function 
which correlates the corresponding well-formed formulas, in case corresponding _ 
formulas have been designated. By the “ definition ” of a sequence A,, As, As, 

‘+, we shall mean the definition of a function L whose values for the 


‘arguments 1, 2,3,: + - are Ay, Ae, As,- ++, respectively. That is, Ay, do, As, °° 


shall be defined (formally) by L, if L(é) conv A; (i= 1,2,8,- >). 

Closely connected with the formal theory ‘of this paper, there is an 
intuitive theory concerning the formal definition of the functions involved. 
For the preceding sections, this may be summarized by the following theorem, 
each part of which can be established, either directly, with the aid of the first, 


or by means of considerations used above in formal proofs. 


15I. Suppose that v and y are given positive integers of intuitive logic. 
a. x conv Afa-f(- > -atimes:--f(a)---). b. If e+ y=z, x+y cow z. 
c. If sy =z, xy conv z. d. F*(A) conv F(: +--+ times- F(A): -). 
e. I* conv I; I(A) conv A. f. If 2 =z, xY conv z. g. If a >y and 
z — y =z, x —y conv z; if xSy,x—y conv i. h. If «Sy, min(x,y) 
cony min(y, x) conv x, i. If s= y, max(x,y) conv max(y, x) conv x. 
j. 101 cow 102 conv 201 cow 1; 202 conv 2. k. Ifae, ex cow 1; 
ifa>y, e conv 2. 1. If cAy, 8% conv 1; if t —= y, dF conv 2.} 


* Part I appeared in this Journal, vol. 57 (1935), pp. 153-173. 
f 15I is stated with the aid of the convention that if n represents a positive 


-integer of intuitive logic, then n shall represent the corresponding positive integer 


S(. . .n— I times. . .8(1)..-) of our formal theory. : 
{This theorem includes the assertion that the intuitive functions «+ y, sy, æv, 
æ—y, min(#, y), max(#,y) are definable (for positive integral arguments and values). 


Also, constant and identity functions of positive integers are definable: If n,a,,---, a, 
are given positive integers, then © (n, A, Xt xX) conv A and ri (Talx: + 4%y_)) 


conv x; where Zp —> Ma > Pafi + fnt faal - -f,en(a)) and J; —>def-p(L,--- 
i— l times . . .,I, f, I,: -.n-itimes-..,7) (ef. §§7, 8). ' 
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The remainder of this paper is devoted to further developments of the 
theories of formal definition and of formal proof in conjunction with each other, 


1511. A necessary condition that a function of positive integers, the 
values of which are well-formed expressions, be definable is that all the values 
have the same free symbols. 


This is a consequence of C5VI. 


15TII(k). If Ax,-++,Ax, F have the same free symbols, then the 
sequence Ay,: + +, Ay, F(1), F(2),: - - is definable by a formula L such that 
N(X) F L(k +X) = F(X)* 


Proof. If A and B have the same free symbols, then, by C7I, there 
exists a formula B such that B(1) conv An-I»(A) and B(2) conv F. Let 
L —> ìn: B(min(2, n), n—1).t Then it is clear from 15Ie,g,h that L 
defines A, F(1), F(2),--:. Also W(X) L(1+X) —’F(X), since, 
assuming N(X), we have L(1+ X) conv B(min(2, 8(X)),8(X)—1), 
== B(2,X) (18.2, 12.4, 11.2), conv F(X). Thus 15III(1) is established. 
Moreover 15III (X + 1) is a consequence of 15III(#) and 15III(1).{ Thus 
15III(%) is established by an intuitive induction with respect to k. 


COROLLARY. If Ai,...i, (to'sin = 1, >>, k) have the same free 
symbols, then a formula L can be found such that L(is,- > >, in) conv Ai... in 


This follows from 15III by induction with respect to n, since, given the 
hypothesis with n + 1 replacing n, we can, by using the corollary as stated, 
find k formulas Li, such that Li (iz, + p inmi) conv Aa... ings and then by 
15111 find an L such that L(i,) conv La. 


15IV. If the free symbols of -F are included among those of A, then 
the sequence A, F(A), F(F(A)),: > - is definable by a formula L such that 
N(X) F L(8(X)) = F(L(X)). 


* For the notation +’ =’ see the last paragraph of § 2. 

t When a heavy-typed letter represents occurrences of a proper symbol in a formula, 
we shall suppose the symbol to be one whose only occurrences in the formula are those 
represented by the occurrences of the letter, unless the contrary is implied by the 
conventions (1) and (2) of § C3. Thus n is here supposed to be distinct from the 
proper symbols of 4 and B, but in “An. M” n must occur in M as a free symbol in 
order that M and An - M be well-formed. 

$ Using the fact that if £’ defines Ay: ++: Ary FQ), F(2),-..+, then L’ has 
the same free symbols as Ay + +> Ay, and F (ef. CSVI). Similarly below. 
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Proof. By 15III, the sequence A, F'(A), F?(A),-- + is definable by an 
L such that N(Y) H L(8(Y)) =’ FY(A). By 15Id, L defines A, F(A), 
F(F(A)),- ++. Assume N(X). Case 1: &a¥=1. Then X=1 (14.8, 
12.17, 12.8). Hence L(S(X)) =L(S(1)), conv F(A) (since L defines 
A,F(A),-- -), conv F(L(1)), =F(L(X)). Case 2: .*%=2. Then X>1 
(14.9), and X = S(X—1) (12.5). Hence L(8(X)) = L(S8(S(X—1))), 
= FSX-)(A) (since N(Y) H L(S(Y)) —’FY(A)), conv F(F*X+(A)), 
=F(L(S(X—1))), =F(L(X)). Hence, by cases (C9I), L(S(X)) 
= F(L(X)).* 


15V. If the free symbols of F are included among those of A, then the 
sequence A, F(1, A), F(2,F(1,A)),° + + can be defined by a formula L such 
that N(X) |’ L(8(X)) =~ F(X, L(X)). 


Proof. Let A’ > dx-I*(A) and F > dApx: F(x, p(x—1)). By 15IV, 
A’, F’(A’), F’UF’(A’)),- +- is definable by a formula E’ such that 
N(X) PE’ (8(X)) =F (L'(X)). Let L—>ìx: L(x, %x—1). Then, as- 
suming V(X), L(S(X)) conv L’(S(X), S(X) —1), = L’(S8(X), X) (11.2), 
= F’(L’(X), X), conv F(X, L’(X, X — 1)), conv F(X, E(X)). Thus 
N(X) F L(S(X)) = F(X, L(X)). Similarly, using 15Ig, L(S(i)) conv 
Fi, L(i)) (@=1,2,---). Also L(1) conv L£’(1,1—1), conv L’(1,1), 
cony A’(1), conv P(A), conv A. Hence, by intuitive induction with respect 
to i, L defines 4, F(1,A),° °°. 


15VI(k). If the free symbols of F are included among those of 
A,,: + +,Ay, and A` ++, Ax have the same free symbols, then the sequence 
A,,- + Arn F(1, Au: + +,An), ER, Ao + +, Ana), °°, where A; denotes 
the i-th member of the sequence, is definable. 


Proof. For k = 1, this is included in 15V. 
Suppose & a given positive integer = 2, and let 


Wier —> Afar: ` -an` f (1, a, ° 7 *, Qn), 
Mro —> Afa: * a ` Oa f (2, Ge, ° ‘ +, Oxy War (f, das ° 7 5 Qn))s 


Nie —> Afar: i "ax: f(k, ar, Nir (f, Qr * ar), ` -s Arz- (f, ti * *, 0k) )s 
Dir >Ap ` p (àti? + e tr'ta(I, > ck 41 times: e, I t(D eD 
ts (J, ° i SLi): P 

* In C9I, C may be replaced by +’ M =" N, since C9I may be applied with T(N) 


taken as C and } replaced by T(M) +, and with T(M) taken as C and} replaced 
by T(N) F. f 
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Die Ap pAb hb Age LE ta(L, >z, Ltt, tk 


Da Ap ph t te hd, LU, Late 
Fr —> opu w( Duo), °° Dalp), Afar ae f(K 4 
“++, Delp fs 077ta ar) ))o 
Wrei > APG, e On fe + i, Uni (Fy artt y e)a: E. 
Bree Ap (Wee Wei) 


By 15V, there exists a My, which defines Yr (1, Bir), Fy 


We observe for +—1,---,k successively that MA 
-++,I) conv I. Assuming that %:(7,---,7) co 
p+ k — 1, it follows that Wp © -, D) 
intuitive induction, Ws:(I, > -+ -, I) conv J (i=1, 4 


Dra (Bri) cony Mr isq-1 Q= 1, 2,° aes q=1,- cae 
Teli, Bei) conv Bria (‘=1,2,---). Hence Mt, 
By 15IIJ, there exists an Rey which defines Mn, - 
Dea (Mi (2)),° ++. Since Di (Bxi) conv Weiser, Me 
Arge By 15ITI, there exists an L which defines tl 
Me (1, F, Aa: © +, Ax), Nal? F, A + +,Ax),° °°, a 
Aar; g År, Wri (F, As, - s `, Ár), Wis (F, As, ° », Ay) 
so chosen that %xi(F, Au © +, An) conv Arri 
(i == 1,2, roJa 


‘15VII. If the free symbols of F are included ar 
the sequence A, E(1, Ax), F(2, As, A1), F (3, Ás, A 
denotes the i-th member of the sequence, is definable. 


Proof. Let B— apfa-»(2,f(1, 4a), a) and W —> rcp 
e(f,f,@))),f,a). By 15V, there exists a formula & wh: 
(2, W(1,B)),-- +. K(2) conv Wi, B) (by the 
»B (ar: I7(u(8?7(1), BC f,@))),f,@) (using the def. 
-T (al) Bf 4)))}(2 F(,a),@) (using the « 
-2(3, B(f, fa), f(1,a), a), conv Aufa- 2(3, (1, f; fsa), 
of &). Assume &(i +1) conv Aafa- u(i +2, RG, f,) 
- f(i,a),a). Then R(i + 2) conv BWii+1,KRG+1)), 
T (a(S (E+ 1), RE + 1,7,F,2))),f, 0), convaufa: {Au 
TSY RLS a), f(1,¢), a) } (Ar i I (u(S? i +1), KE . 


* For Fn (L Bards FelZ Fell Bes) )s- + - conv A’, F'( 
where 4’ —> Ry, (1, Br) and F'— dap - %,.(@ + 1,7). 
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the assumption), conv Aàafa- pli + 3, R&G + 1, f, f, a), 8 a f,f,@),°-°, 
&(1, f, f a), f(1,a),a). Hence, by induction with respect to i, &(i + 1) 
‘conv Aufa: u(i + 2, KG, f, f, a)y, RA, f, f.a), f(1, a), a). By 15I0, 
there can be found an expression L which defines A,, A» &(1, F, F, A), 
&(2, F, F, A), -. Then (3) conv B(F, F, 4), conv A;. Assuming 
that L(j) conv A; (j = 1,: - -i+ 2), then L(i + 3) conv &(i + 1, F, F, As), l 
conv {Apfa: ni + 2, K (i, ffa) a RCL f, f 0570, a), a) } (F, F, A) 
(as shown above), conv F(i + 2, L(i + 2),---,£(8), L(2), L(1)), 
conv F(i +: 2, Anz + +,41) (by hyp.), which is Ais Hence, by induction, 
L(i) conv A; (i =1,2,- °°). l 

In 15I11-15VII, the expressions F, A; Ai,- + -, Ay, of the hypotheses:may 
be replaced by any definable functions of given numbers of positive integers. 
For example, 15V can be generalized thus: Zf the free symbols of F are 
included among those of A, then a formula L can be found such that 
L(x ++, %n, Ya," * "> Ym 1) conv A(x, + * 5 Xn) and L(x, +, %n, 
Yo’ Ym E+ 1) conv Flys: + +, Ym i L(x: tsön Yo * Ym #)) 
oS -* Ym = 1,2,7 > -). For it A AA **,an))* >) and 

—> Im( - + - Ie (F (bi, >>, bBm)) +++), where a,--+, bm are distinct proper 
Sadke then, by 15V, there exists an paon L’ akei defines A’, F’(1, A’), 

- -, and we may take for L the function Àrı' `` Smp {Aa +> bm + L’(p)} 
(r1,°°*,8m). Any of the parameters x1,---,¥m of the sequence defined 
by L(x, **, Ym) may be equated, since a function obtained from a definable 
function by equating (or interchanging) a pair of variables is definable (pro- 

‘vided the domains of the two variables are the same). For if L defines L(x, y), 
then Ax-L(x,x) defines L’ (x) where I(x) = L(s,s) and Axy: L(y, x) 
defines L” (x,y) where L” (s, y) = L(y, <); and similarly for functions of 
more variables. A function obtained from a definable function by substituting 
for a certain variable a definable function of other variables is definable 
(provided the domain.of the replaced variable contains the domain iof values 
of the substituted function). 

It is clear from the foregoing that every function recursive in the limited 
sense of Gödel (19381)* is definable, if we use Afe-f(r), S(Afe-f(x)), 
S(S(aAfe-f(x))},° >- as formulas for the numbers 0, 1,2,* © +, resp. (thus 
going over from our theory of positive integers to a like theory of natural 
numbers), or if we replace natural numbers by positive integers in Gödels 
theory. In either case Gédel’s Theorems I-IV provide a convenient means 


© *Kurt Gödel, “ber formal unentscheidbare Sätze der Principia Mathematica * und 
verwandter Systeme I,” Monatshefte für Mathematik und Physik, vol. 38 (1931), 
pp. 173:198. Cf. p. 179. 
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for showing that various functions, such as quotient, remainder, highest 
common factor, n-th prime number, are definable.” 

It is also true that functions recursive in various more general senses 
may be defined formally.t 

In some situations in which one of the above methods can be used 4 
special device may be more expeditious. 

Situations which do not come precisely within the scope of any one of 
the theorems of this and the following sections may often be dealt with by 
using several of them and by employing supplementary devices. As a general 
method of procedure, when it is not at once evident how to define a sequence 


K, K.,- - -, we attempt to find another sequence K’;, K'a, © - and a J such 
that J(K’,) conv K,, J(K’s) conv K,- - - and to define K’, K’s,- - +; or, 
more generally, to find and define two other sequences K’, K'o,- and 


K”, K”; + - such that K”,(’,) conv K,, K”,(K’2) conv Ka: - -. 

In case there is given a recursive situation like that in one of our 
theorems but with the function relating the members of the sequence in in- 
tuitive logic, the difficulty of finding a function F of the formal logic relating 
the members may often be evaded by the introduction into the terms of the 
sequence of an extra bound symbol on which a substitution can be made which 
transforms any member of the sequence K’;, K'o,- - - thus obtained into the 
next member. 

. Given a positive integer n, let no denote n”, and nr denote (---(m)u'**)x 
(ny subscripts). mm as a function of n is defined formally by 3 if 
3an: [Apm-: p?™ (m)]”(Ar-17, n). It is amazing that such a brief formula 
as 8(3) should have so long a normal form (cf. § Cd). 


16. Finite sums and products. Let f—Azpfm-p(f,m) + f(m +r). 
By 15V, the sequence 1, f(1,1), f(2, {(1,1)),- + - is definable by a formula © 


* In the first case, it should be noted at the outset that sum, product, difference, 
etc., are definable in the resulting theory of natural numbers. 

In the second case, the absence of 0 causes no difficulty in proving Gédel’s I-IV 
(as modified in statement by the change from natural numbers to positive integers), 
since o may be used to multiply 1’s and 2’s as 0’s and 1’s, respectively (cf. 15Ij). 

j As an example, given formulas F and G having the same free symbols, to obtain 
a formula H such that H(l,n) conv F(n), H(m-+41,1) conv G(m), and 
H(m+1,n + 1) conv H(m,H(m + l, n)) (m,n = 1,2,- . -), we may use LS5III-15V, 
according to which formulas L, R, and 6 can be found such that L (1) conv F, L(2) 
conv G, R(1) conv Ahayl-h(1, Iv, I, l(2,®)), Rint 1) conv Ahayl. A(R (n, h, s, 
¥—1,4),1), (1) conv dAyl-L(1,y), and Him +1) conv My. R, Hlm), my), 
and let H — pq. H (bp; q,L). By induction with respect to m, H(m, 1,J,Z) conv I; 
using this fact, H will be found to have the desired properties. 
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such that N(X) F G(S(X)) = f(X, S(X)). Then ©(i, *- F(x), m) 
conv F(m) + F(m +1) +--+ + F([m +i] —1) (mi=1,2 °°). 
Let Š [R] be an abbreviation for ©([n + 1] — m, àx - R, m), and define 


Il [R] similarly, replacing the first occurrence of + in f by X. 
16I. If m and n are positive integers and m =n, then SF (x) conv 


F(m) + F(m+1) +: -+F(n) and Il F(a) conv F(m) X F(m + 1) 
x- -X F(n). mE 


16.1: [N (6) Dp NEO JDr ND: N È Fa). 
16.2: [W(P De NE) JD N(M Èa) =È tae) +8). 
16.8: [N (P) Dp NE) )]Dr M(H) Dr: 8 Š H@)) > n 

Proofs. Assume N(p)De NỌF(p)). Then (1) N(FC1)), and by con- 


version, N ( (2). (2) Assume V(n). Then Sfo) conv ©([S(n) + 1] 
— 1, Az: 1), 1), = G(S(n), às: f(s), 1), Tin, S(n), àx: f(s), 1), 
conv S(n, As: f(a), 1) HE +a) =S([n +1] — 1, às: f(a), 1) 


+f (S(n)), whichis 3 f(a) + f(S(n)). (3) Assuming N (n) and N( 3 f(2)), 
and using (2) and 5.2, N(Sf(2)). (4) From (1) and (3), by EPA 
N(M Da N(S7(2)). Hence + 16.1. (5) Assume N(n). Using 16.1, 
ECR f(a)). Hence, using (2) and §2, "S f(e) = $ f(a) +F(9(n)). 
Hence j 16.2. (6) By (1) and 12.8, sÈ) > 1. Assume N(n) and 
SÈS) >n Then HCS Fe) = Š He) +18(m))) Oy (8), 
= S( È f@)) + 8¢6@)), > 8 È fe) +1 (12.8, 12.11), 
oe s*( $ f(e), > S(n) (by 8( È f(2)) > n and 12.11). Hence 
s(Si()) > 8(n) (12.14). By induction, W(n)Dn- 8( Eh(2)) >n. 


16.4: N(k)[M(p) Dp fle) = kDa N (n) Da: È f(a) = nk. 
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‘ P-oof. ` Assume N (k) "N (p)De: fle) =k, Then È f(e) conv f(1), 
sa = 1k (6.1); and, assuming N (7%) and Š f(2) = nk, Sfo) = Èze) 
LPR (16.2), = nk + k, =S (n)k. By induction, N (n) Dn: $ f (2) = nk. 


1%. Formal definition: successions of finite sequences. By 15111, we 
can find a W such that U(1) conv Arpqm-m(3E), p, S(q)) and U(2) 
conv A-pgm : [4(m(8,7°S®), S(p),1)). Then, by 15IV, we can find a B such 
that B(1) e Arm: m (8°, 1,1), B(k +1) conv år: B(k, r, r` “U(r, r)) 
(k =72,2,- +--+), and N(X) +’ B(8S(X)) = àr: oe r, àm: U(r, r)). Let 
Q—>drn- B(n, r, \uvw: I*(f (2, Oy) 


ITI. If R defines the sequence Ti, Ta, + + of positive integers, then 9 (F,R) 
defines the NLA F(1,1), F(1,2),: ><, F(1, r4), F(2,1), F(2,2),-°-, 
F(2, ra), 


For, under the hypothesis, An- B (n, R) defines the sequence Am: m (1,1,1), 
Am: m(1,1,2),: >>, Am: m(1, 1,rı—1), Am:m(2,1,rı), Am: m(1, 2,1), 
Am: m(1, 2,2), ++, Am-m(1, 2, r2— 1), Am: m(2, 2, 7r2),° © +, from which 
-fact tke conclusion follows. 


11: [NEDENE] N) 
[e < S0) Dey < SCE) Ds UFE y) Dr 


'a<S( Z $r) De t(Q(f,7,2)). 


Proof. Note that N(l)N(p)N(q) + H(Am: m(l, p, q)). Assume 
N(E)e N(r(E)).. 


(=) Let €r Apo: B([ È r(i) + min(a, r(p))] — r(p), r) = dm 
MER P min(o, r(p))). (1a) BLY rv) + min(1, r(1))] 


min(o,7(p))? ts 
— (=), r) conv B([r(1) + min(1, r(1))] — r(1), r) = BC, r), 
cony 2m + m(&T®, 1,1), —Am- marry L min(1, r(1))). Thus 
G,(1,1). (b) Assume N(e) and G-(1, o). Case 1: «S0 == 2. Then 
8(c) >r(1); consequently min(s,r(1)) =r(1), = min(8(c),7(1)); and 
henge @-(1, S(o)) follows from @,-(1,0). Case 2: S% == 1. Then 


ACUN > B(A) > c, min (S (e), r (1)) = S(o), and min(e, r(1)) =v. 
Hence B(LEr(i) + min(8(e),r(1))]—r(1),7) = B(min(8(e),7(1)),0), 


Å 
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= B(8(0),"), mSnte rD = 8 (min (o,r (1))> TAr- U(z,7)). 
(aang the definition of %), =S (Èr Tate 
"U(r, 7)), = {àm - m80 1, "min(e, r(1)))}Qa > U(r, r)) Coy 


min(o,r(1))? 


© (1, 0)), = {Aam - m(Sor, 1, c)} (Ar - W(x, 7)), conv U(8o"™, r, 1, €), 
=U(1,7, 1,0) (since e < r(1)), conv Am: m (87%, 1, S(o)) (using the def. of 
U), =Am- m(8r 1, min(S(o),7 (1))). Thus G,(1, S(c)). Hence, 


min(S(o),7(1))? 


by cases (C9I), ©-(1, 8(c)). (c) From (a) and (b) by induction, N (0) Do 
-G,(1,0). (2) Assume N(p) and N(c)De-Gr(p,o). (a) B Ere) 
+ min (1, 7(8(p)))] —7(8(p)),#) =B Èr) 9) (16.2, 11.2, 5.4, 
18. 2, 12.8), =B( È r(i), r, Xm: U(r 1)) (by the def. of 8), =S Èr) 


+r(p)]— r (p), r, àr: U(r,r)), =B([ (i) + min (r(p),7(p))]—?1(p), 


T, Aq" U(z,1)), = {àm : BT en, ro? P, mintr (p), r(p)))} Ar: U(r, r)) 
(by N(c)DoG(p,o) and N(r(p))), = {Am : m(2, p,r(p))} (Ar: U(r, r)), 
cony U(2,r, p, r(p)), conv Am: IP (m(8,7S@), S(p), 1)) (using the def. 
of U), = Am : m(& S, S(p), 1), = Am - m (8r S(p), 


min(1,r 2 
min(1,r(S(p)))). Thus ©,(S(p),1). (b) Assuming N (c) and G(8(p),¢), 
€,(8(p),8(c)) follows by reasoning like that used in (1b) (in Case 2, 
16.2 is used). (c) From (a) and (b) by induction, N(c) Dc ©, (S(p), 0). 
(3) From (1) and (2) by induction, N(p)D,:N(c) 5c @-(p, 0c). Thence 


we can infer N(p)Dp:o < S(r(p)) De 8([ > r(i) + c] —r(p), 7) 
= Àm’ m (oP, p, o). i=l 


(ii) Let So Ap: Dab-a < S(p) -b< 8(r(a)) S TOES 
—r(a), (a), Assume 2 < 8( $ r(i)). Then z — [r(1) +2] — +1) 
conv [Èri +2]—r(1); also1 < 8(1) andz < S( Sr (i)), conv S(r(1)). 
Hence, using Axiom 14 and Rule IV, (1). By Theorem I, z < S( >r(i)) 
Da Lre (1).--(b) Assume N (p), 2 < 8( Žir (i)) De re (p), ands <8 (Br (i). 
Case 1: e(S( > r(i)), 2) = 2 Tka < s( > r(i)), and, using 
z< S$) Gre(p), we can prove Sre(S(p)) en of the second 


clausé of Theorem I. Case 2: «(S( Sr(i)), 2)==1. -Then'z > Sr(i), and 
i=1 i=1 
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henee g = Š r(i) + 2 — 5 aay eas PLO +2 — Srl] 
SO 2, 11.2, 5. ‘5 Case A: de —Sr(.r(8(0))) ah Then 
2—Er(i) < S(r(S(p))). Case B: z—S(i),r(8@))) —=2 Then 
2— Si r(i) > r(S(p)). Hence E r(i) — È r(i) + r(8(p)) (16.2), 
< Sno te $r (12. fie z. Bs (sÈ r(i)) =2. But 
me =r) — 1 is a consequence of the assumption z < > Yr). Hanes: 
by cases A and B and reductio ad absurdum (C1011), z—Zr(i) <S(r (9(p) )). 


Also S(p) < 8?(p). Hence, using Axiom 14 and Rule vv, Lre (S (p)). Hence, 
by cases 1 and 2 (C91), &-2(S(p)). By Thm. I, z < 8( ¥ Hover Gre(S(p)). 
q=1 


(c) From (a)-and (b) by induction, N(p)2p-2 < 8( Šri) )De Br2(p). 


(iii) Assume N(p), © < S(p)Da -y < 8(r(£))Dy: t(f(z,y)), and 
z < &{ 2 r(i)). Then, by (ii), X ab-a < S(p) -b < S(r(a)) - 2 
= [Sro 4+b]—r(a). Assume a < S(p) -b < S(r(a)) -z= Èr) b] 


—r(a). Then 2(f,r,z) conv B(z, r, \uvw - I*(f(v,w))), =B8([Er() +b] 


—r(a), r, kuow -I*(f(v, w))), — (m+ m (B®, a, BY} (wow : ICE (o, w))) 
(by (i)), conv 8° (J, f(a,6)), —f(a,b) (7.2). Moreover t(f(a,6)) is 
provable from our assumptions. Hence t(2(f,7,2)). By the second clause 
of Theorem I, ¢(Q(f,7,z)) is provable without the last assumption. 


17.2: [N(€) De N(r(4))]>r: [N (2)De: y < S(r()) s: HF (z, 9) ) Jor 
-N (2) t(Q2 (f, r,2)). 
Proof. Assuming N(é)>e N(r(é)), N(2)Da + y < S(r(#))>y 
-4(f(w,y)), and N (2), we can prove z < 8 (2) Day < S(r (2)) Dy: t(F(@,y)), 
and also, using 16. 3, z < 8( Sir(i)). Hence, by 17.1, #(Q(f,7,2)). 


Using 17I, the dyads (triads,- - -) of positive integers can be enumerated 
formally (i. e., there is an enumeration of them which is definable formally). 
As another application of 2, we establish the following theorem: 


1711. “If Antee Ai, Race, Rmn contain no free symbols, then a 


. 
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formula H can be found such that (1) H enumerates formally (with 
repetitions) the formulas derivable from A,,---, Ar by zero or more opera- 
tions of passing from A and B to R,(A), -© , Rn(A), Rma(4, B), 

- , or Rmm(4, B), and (2) T(As), >- , T(r), T(@)>, T(Ri(a)), 
»T(a)D,T(Rn(a)), T(a)T(b)>,,T (Rmi(a,b)), -> -, T(a)T(b) 
DT (Rmen(a,b)) | N(s)>, T(H(s)). 


Proof. Let Au—> A: (i=1,:--, h, where l =1). Given Ár 
(i= 1,- , ly), let Ára t, Arrien Where lp = (1 + m + n)l?, be the 
formulas Ár, °° -, Ant, t t’ Ako tt’ Aren; Rila), e o Raile) tt 
Ri (Aa), © , Ri (Arn); 0; Rala), Rm(Ant,),***, Rm(Am), °°; 
Rn( Arin); Rmn (Ár, An), thy Ria (Ana, Axt,), TARS Rma (Ann, Arı), ae 


Rma (Ant; Arn); Bni N Rmin (Ar, Ár); AE RA i Rmin (Axa, Ari), ye RRS 
Rmin (Ario Air), © © © , Rmm(Ari Arn) (1+ m-n sets of i, sets of k 
formulas each), respectively. Then the sequence of formulas Ay,,- * +, Arty 


(defined by induction with respect to k) is an enumeration (with repetitions) 
of the formulas derivable from A;,- > -, Áı by not more than & —1 applica- 
tions of the operations under consideration. 

By 15IIT, there can be found a formula F, such that F,(i) conv Ai; 
(i =1,--+,1,), and a formula J which defines the finite sequence Afji- I/(f(i)), 
Mii Ra(i(F(6))), + + +, Affi Ral EGO) AJE Raa F(A), FOD 5 
Affi: Rnan(f(J),f()). By 15IV, the sequence l, Jz, 13,- - - can be defined 
by a formula E such that V(X) FH L(8(X)) = [1 + m + n]L(X)L(X). 
Tf Feu —> 2 (w -2 (J(v, Fx), Aw - I°(L(k))), Aw - I°(L(k)L(k))) 
(k =1,2,- + -), then, by 15V, the sequence Fi, Fa: +- is definable by a 
formula F such that N(Y) # F(S(Y¥Y)) = 2 (w -2 (J(v, F(Y)), 
Aw-I(L(Y))), Aw -Le(L(Y)L(¥))). Let H>Q(F,L). 

Assuming that F;,(i) conv Ay; (i= 1,- - -,%), it follows by 17I and the 
definitions of Fw, J and L that Fra (i) conv Aga ((=1,° © <, len). By 
induction with respect to k, F(i) conv Ar; (t=1,---, 3; k=1,2, +0). 
Hence, by 17I and the definitions of H, F and L, H defines Ay,- © -, Ait, 
A21, + *, Aot ++. Hence (1) is satisfied. 

Assume T (41), TF (4), T(a) >, T(Ri(a@)),-*:, T(a)D,T(Rn(a)), 
T (a) T(b) DT (Ra (a, b)), ++, T(a)T(b)2,p T(Rma(a, b)). In the 
following we suppose q, x and y to represent variables distinct from each 
other and from the variables of T. (1) N (£) Dz N(L(é)) can be proved by induc- 
tion. (2) Using #(A:),+-- , T (Az), we can prove N(y) >, T (Fi (min (y, £))) 
by induction from an -tuple basis, and thence infer y < S), T(Fi(y)} 
by use of Theorem I and 13.2. By conversion, y < S(E(1))>, T(F(1, y)). 
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(3) Assume N(q) and y < S(L(q))>, T(F(q, y)). (a) ` Assuming 
x <S8(L(q)) and y < S(L(q)), we can infer T(F(q, x)): and T(F(q, yY); 
thénce, using T'(a),T(R.(a)), T(Re(F(q,y¥))) (c=1,°--,m), and, 
using F(a)T(b)>,,T (Rma(a,b)), T(Rna(F(q,*), F(q,y))) (€=1, 

‘;n); also, using the definition of J,-J(1, F(q), x, ¥) == F(q, y), 
J(1 + c, F(q), x, y) = R-(F(q, ¥)), and I(E m + d, F(q) x, y) 
= Rma(F(q, x), F(q, y)); hence T(J(1, F(q), x, ¥))s ae +e, 
F(q),«,y¥)),T(J(i+m-+d,F(q),x,y)). Thus,forj—1,---,1-+m-+n, 
T(J(i, F(q),*x,¥)) is a consequence of « < S(L(q)); y < S(L(q)) and 
our other assumptions. Using these relations, we can’ prove’ by means of 
Thii.T and induction froma 1 +m + n-tuple basis, V(v) >, a <‘S(L(q)) 
Day < S(L(q))>, T(J (min(v, 1+ m+n), F(q),%,y)). ` (b) Assume 
vo<S(lit+m-+n). Then from (a), by means of Theorem I, 13. 2 and 7. 2, 
we obtain x < S(L(q))>,-¥ < S({aw-I"(L(qy)} (*)) 2, T(J (v, F(q), 
x,y)). Using (1), N(L(q)); and hence, using 7.2 and ees I, 


N(s)—sN({Aw- I" (L(q))}(s)). These results with 17. 1 yield s <8(S Qw 


- Tw(L(q))} (u)) >, T(2(J (v, F(q)), Mw: F°(L(q)),%)). Also, by” using 
N(L(q)), 7.2 a Fa I, N(L(q)) - N(s)>, {àw : I”(L(q))}(s) 


—L(q); hence by {aw - 1%(L(q))} (u) = L(qg)L(q) (by 16.4), 
= {àw- I (L(q)L(q)}(v). Using this result with the preceding, and ap- 
plying Theorem I, v < S(1+m-+n)O,-3< S (Qw: T”(L(q)L(q))}(v)) 
D Tw: 2 (J(u, F(q)), Aw: I(L(q)))}(», zì). (c) By Theorem I, 
i N(s)>, N({aw - I’ (L(q)L(q))}(s)). oe the latter, N(1 + m +n), 
and’ the result ‘of (b) with 17.1, z< S = * (wo: T*(L(q)L(q))}(#)) 
D,T(Q(rv - Ito, F(q)), w - T(E(q))), hwo» L*(L(q)L(q)), *)): 
Thence, using thè definition of F, Rule I, and the relation a {Aw 
-I*(L{q)L(q))}(#) =[1+ m+ n]L(q)L(q) (by 16.4), =L(S(q)) 
(by the def. of L), we infer y < S(L(§(q)))>, T(F(S(q),¥)). (4) From 
(2) and (3) by induction, V(q)-, "y < 8(E(q))>, T(F(q,y)). This - 
and (1) with 17.2 pe se T(2(F, L, oe or, by ube definition oi H, 
N(z#)> ,T(H(2)). 


18. The sequence of -positive integers satisfying a given condition. 
By 4511, there can be found a formula ¥ such that 


(1) conv Acdk - c(1, d(k + 1), c, d, k + 1), 


(1). 3(2) conv Acdk - ¢(2, 12, k), 
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and then a formula © such that 
(2) , -@(1) conv $, (2) conv Z. 
‘Let p—>adk: ¥(d(k), ©, d, k). . 


18I. Given a positive integer ke: If D(k) conv 2, p(D,k) conv k. 
If D(k) conv 1, p(D, k) conv p(D,k +1). Hence, if D(k) conv D(k + 1) 
conv: - : conv D(L—1) conv 1 and D(L) conv 2 (1 = k), then p(D, k) conv L. 


For if D(k) conv 2, then p(D,k) conv 3(D(k), ©, D, k) conv 
$(2, ©, D, k) conv ©(2, JP”, k} conv I(I?, k) conv k; and if D(k) conv 1, 
then p(D, k) conv ¥(1, ©, D, k): cony &(1, Dik +1), @, D, EEN 
conv ¥(D(k +1), ©, D, k +1) conv p(D, k +1). 


18II. If D(i) conv 1 for every positive integer 1 = the positive integer k, 
then p(D, k) has no normal form.” 


Proof. A derivation of B from A by applications of I a II, including 
at least one of the latter, will be called a reduction. A conversion in which 
III is not’ used may be indicated by an accent. It will be shown in a forth- 
coming paper by A. Church and J. B. Rosser,} that if an expression A has a 
normal form, then every sequence A red A’ red A” red: - of reductions is 
finite; f and that if P conv Q, then there exists a conversion of P into Q 
in which all applications of III follow all applications of II.§ Hence if A is 
a normal form of A, A conv’ A. Acdk + c(1, d(k +1), c, d, k + 1) is a normal 
form of $(1). Consequently % has a normal form 3, for otherwise there 
would exist an infinite sequence J red Q red 9” red -- +, and hence an 
infinite sequence (1) red Q’(1) red PO) Se +. (1) and (2) hold 
with ¥ replaced by §, and conv by conv’. Moreover i+ 1 conv’ i+ 1, and 
from D(i) conv 1 follows D(é) conv’ 1. Then under the hypothesis, 
p(D, i) red J(D(i), 6, D, i) conv 3(D(), ©, D, i) conv (1, ©, D, i) 
red @(1, (1, DG +1), ©, D, i+1) conv Ẹ§(D(i +1), ©, D, i+ 1) conv 
&DGFD, ©, D,i +1). Hence p(D, k) red 3(D(k), ©, D, k) red 
(DEF D, ©, D, k F1) red $§(D(E F2), 6, D, k F2) red --- ad 
infinitum, which could not be if p(D, k) had a normal form. 








* Normal form is defined in § C5. 


7 A. Church and J. B. Rosser, “ Some properties of conversion.” > 
ł In other words, given a well-formed expression P, either all or none of the 
sequences P red P’ red P” red. - - can be continued ad infinitum. "i 


§ Consequently, if 4 has a normal form, all normal forms of 4 are derivable fre om 
a given one by applications of I. 


“og 


232 ) S. C. KLEENE. 


By 15IV, a formula Y such that Y (1) conv Ad: p(d,1) and (n +1) conv 
Ad: p(d, A(n, d) +1) (n= 1,2,: < -) can be found. Let P — Adn: A(n, d). 


1€III. If D defines the infinite sequence dı, da, ds, > > of Ps and 2’s,. 
and da, dnas dny * * * 18 the subsequence which are Xs, then P (D) defines the 
SEQUENCE Na, Ne, Ngy” © +. If the latter is a finite sequence m, > +, ta (k = 0), 
then, for i> k, P (D,i) has no normal form. 


This result, together with 151j,1 and above results concerning the formal 
definability and enumerability of n-tuples of positive integers, leads to the 
following: 


181V. Given functions Fi(21,'*', 8n) and Gi(a,°°*,@n) (t= 1,°++,m) 
which are defined for all n-tuples of positive integers (a1,: ` `, 8n) and whose 
values are positive integers, if Fi and G are definable formally, then there can 
be found a formula L such that (a) if solutions of the system of equations 


(3) Fy (a,° ; * Tn) = hi (ty . *,@n) (i=1,- > “,m) 


exist, L enumerates them formally,* and (b) if less than k different solutions 
exist, L(k) does not have a normal form. 


For example, a formula Ẹ can be found such that (a) § enumerates the 
solutions of t + yt = zt (t > 2) in positive integers, if such solutions exist, 
and (b) the Fermat problem is equivalent to the problem of whether $(1) 
has a normal form. ` l 

We have noted that a theory of formal definition of functions of natural 
numbers, similar to our theory for functions of positive integers, can be con- 
structed. It is also easy to construct a like theory for integers, if the integer & 
is represented by the formula [#,, %2], where zı, a, are the least positive 
integers such that vı — z: = «x; and a like theory for rational numbers, if the 
rational number v is represented by the formula [#;, X2, x3] where @1, z2, Z3 are 
the least positive integers such that (zı — 42) /a%,; == x. In particular, theorems 
corresponding to 18IV can be proved for each of these theories. 

Given any formula T in the notation of Principia Mathematica, there 
can be found a well-formed expression K such that the problem whether T is 
provable in the system of Principia is equivalent to the problem, whether K 
has a normal form. Indeed, suppose we have given any formula T and any 
system of formal logic F, for which the condition is satisfied that there is a 

* That is, there is an enumeration of the solutions as (@5,; iy Din) (j = 1,2,---) 


such that L(j) conv [x,,,---,x;,], in the notation of § 8. 
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class M of formulas such that (a) all provable formulas of F belong to M, 
(b) T belongs to M, and (c) there exists a one-to-one correspondence of M 
to a class of positive integers such that the numbers corresponding to provable 
formulas are enumerable formally in the sense of the present theory (let t 
correspond to T, and L enumerate the numbers ordered to provable formulas). 
Then the problem whether T is provable in F is equivalent to the problem 
whether P (An: 8E, 1) has a normal form. 


19. A representation of the logic C, within itself. Let C, denote the 
logic whose formal axioms are 1, 3-11, 14-16, and whose rules of procedure 
are I-V. 

The objective of this section is its last theorem, to establish which we 
utilize a representation of the logic C, within itself in the fashion of Gédel.* 
Our particular choice of a representation serves to simplify the formal proofs. 
Instead of setting it up directly, we first set up a representation of the com- 
binations without free symbols by formulas which will be called “ metads,” 
and then avail ourselves of a relation suggested by Rosser between C, and a 
certain system of combinations without free symbols. 

Let r be an expression such that v(1) conv Am-m(Apq-I%(p)) and 
t(S(k)) conv Am: m(Apgr : [eo (Tele) (p))), and § an expression such that 
h(1) conv Ap-r(1, Am-m(1, p)) and H(S(k)) conv Apg-r(S(k), Am 
«m(S8(k),p,q)) (k= 1,2,8, ::).t Abbreviate a(h) to | a|, {Acm-m(1, 2) } (x) 
to [x], {Aabm-m(S({a|), a, b)}(a,b) to [a,b], and [[a.,--- , xo], 


[Xa t +, Xe] to [x n x27]. A formula a shall be called a metad 
(of rank r) if a conv [æ,, <- , x2], where zı, © * +, £= is a set of 1’s 
and 2’s. 


19I. If ais a metad of rank r, then | a| conv r. 


‘For, by induction with respect to r, if a is a metad of rank r, then 
r(r,@) conv r and | a| conv r(r,a) (cf. the proof of 19.1). 

Let ad -> Au- [6([1])6(L2]) - [6(a)$(b) |a| = |b [Ja (Ta, 6])] 
De $(H)- 
19. 1 (x): ad([x]) (z =1,2). 


* Doo. cit. 

t Henceforth the introduction of expressions in accordance with the Theorems 
15III-15V will be made in an abbreviated manner, as here where p is supposed to 
satisfy not only the stated relations but also the relation N(K) +’ y(S(K)) = Am. 
-m(àpgr-r(K,q: I r(K,r,I, p))) (ef. 15IV), and ý is supposed to satisfy not only the 
stated relations but also the relation N (K) H’ $ (S(K)) = pq- r(S(K), m- m(8 (K), 
p:q)) (ef. 15111). . 
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19.2: ad(a)De N(la]|). 


Proofs. (1) N(|[s]]) - |L*]| —2(|[#]|, (#]) (z= 1, 2) is provable by 
conversion from N(1)-1—1. (2) Assume W({a|), |a| =r(|a], a), 
N(|b]), |b| =zr(]b |b), |a| =]|b]|. Then |[a, 6]| conv h(S(| a|), a, 6), 
= (rpq-2(9(|a]), Am-m(S([a|), p, g))}(a b) (using the assumption 
N(|a|) and the last property of § as selected in accordance with 15111), 
conv 2(S(| a |), fa, b1), = {Am m(apgr - Teeba (11de (p)))} (La, b1) 
(using N (|a |) and the last property of r as selected in accordance with 15IV), 
cony Zdelo (Freda (S(] a |) )), = Lede (TEY (§(|@]))) (by the assump- 
tion | a| = | b |), =I (Z (8(] a |)) (by the assumptions | a | = r(| a |, a) 
and |b |=r(]b |,0)), =I (8(1a1))) Wal), NCD |),7.2), conv S(]a |). 
Hence |[a, b]| = r (| [a, 6]|, [a, b]) (note the occurrence of r(S(| a |), [a, d1) 
in the foregoing chain of equalities) and N (|[a, b]|) (using N (|a|) and 3.2). 
(3) Hence, if De —>ẹ([1])4([2]) - [o(a)6(b) |a |= | b [Ja (Ta, bd), 
{Ap De} (Aa: N(| a|): |æ |= r(| a], «)) is provable. Hence 3¢ - Do. 
De H o([x]) (z =1,2). By Theorem I, ad([x]). (4) Now 3a-ad(a).: 
Assume ad (a). From ad(a) and {A¢d- Do} (àa N(| a|) |a| =r(| al, «)) 
by Rule V, {Ag- p(a)} (àa: N(| a|): |a| =r(|æ],«)). Thence, N(|a l|). 


19.3: [ad(e)ad(b)|a |= |b |]Dæ ad([a, b1). 


19.4: [KARN 
` [ad(a)@(a)ad(b)o(b)| a| = | b |] p (Ea, b])] D9: ad (e) 0 $(c). 


These theorems follow from 19.1 and the formula 34-D¢ occurring in the 
proof of 19.1 in the same manner as 3.2 and 3.3 from 3.1 and M, of the 
proof of 8.1. The inference of an expression of the form ad(e),F(e) by 
means of 19.4 will be said to be by induction (with respect to e). 

Choose m; so that m; (1) conv I, m, (9 (k) ) convam- m(apgr: I?(Ii*l(¢))), 
ma(S(k)) conv Am- m(Apgr- Ie(Liei(r))), and let Wi —> Ap - my (| pl p) 
(j= 1, 2; k=1, 2, 3, + *).* We abbreviate Mtj;(a) to aj, Ms (My; (a) ) 
to a;;, etc., when a is a metad or represents a metad in the formal argument. 


191. If a conv [x1,- + +, x=], where tı, ` `, 2" are Ys and 2’s and 
r > 1, then a, conv [a1,- + >, %22] and az conv [X2 ;," + +, Xe]. 


19.5: [ad(a)ad(b)|a|—=|[}Dev-|[4,b]|—=8 (1al) [a, b]i—=a- [a, b]o—d. 


- * We know that there exists an expression yt, having the specified properties, and 
the property N (K) H m,(S(K)) = Xm .m{Apgr - Ip(Iirl(q))), by use of 15ITI in con- 
junction with 15Ie and 7.2, taking for F the expression Aw . Ie(km . m(Apqr 

`. Ip(Iiri(q4)))). The introduction of m, is justified in the same manner. 
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Proof. Assume ad(a) ad(b)|a|= |b]. By (4) of the proof of 19.1 
and 19. 2, we can infer N(|a|),|a|—r({a|,a), N({b D, | —r(| 6,9), 
and hence, by (2) of the same proof, |[@,6]|—S(|a@|). Then also [a, 6], 
conv “m,(|{a, bll, [a 61), = m(S(| a |), [a bI) = {am + m(apgr 
- I?(Iiti(q))})} (fa, b]) (by a supposition concerning m), conv I$‘? (Fièi (a)), 
=I(I(a)) (19.2, 7.2), conv a. ad(a) + H(a). Hence, by § 2, [a, b] = a. 
Similarly [a, b] = b. 


Let c —> Am m(ap- IP). 
19.6: [ad(a)] a | = 1]Da: e(a) < 8-a = [e(a)]. 
19.7: [ad(a) |a| > 1]De' a= [a, ds] -ad(a,) ‘ad (az) ` |a |= |02| =]a|— 1. 


Proofs. Choose an expression § such that B(1) conv àa: e(a) <8'a 
= [e(a)]: E (I) and B(2) conv àa: a= [a, a2]: ad (a1) ad (ae) * | a | = | a2 | 
_==|a|—1. Then, using 19. 5, the lemma ad (a) Dea Y (ell, a) can be proved 
by induction. 19.6 and 19. 7 follow. 


19.8: TORA ad (a, Jad (a2). 


Proof. Assume ad(a). Case 1: «all =1. Then |a|—1; and, using 
the definitions of M; and m;, a= a; (j= 1,2). Using the latter, ad (az) 
follows from ad(a). Case 2: «ell =2. Then.|a|>1; and ad(a,)ad(az) 
can be proved by means of 19. 7. 

In the remainder of this paper, we shall mean by a combination a com- 
bination, in the sense of § C6, which contains no free symbols; in other words, 
a combination whose terms are Ps and J’s. If T is the only term of a com- 
bination, the rank of T shall be 1; if T is a term of M of rank 7, then the 
rank of T as a term of {M}(N) or {N}(M) shall ber-+1. The rank of a 
combination shall be the rank of its term of highest rank. A combination shall 
be uniform if all its terms have the same rank. (A uniform combination A’ 
of rank r has 2" terms, and they occur in A’ in a linear series—cf. OGIIT). 
A uniform combination A’ shall represent a combination A, if A’ is derivable 
from A by zero or more substitutions of I(T) for T, where T is a term. 
Given the correspondence ( I 3) [%1,° > +, %2"4] shall correspond to a uniform 
combination A’ if.@,,- + >, "= is the series of the numbers which correspond 
-to the respective terms of A’. If A is a combination and [æ - <, æ=] 
corresponds to a uniform combination -A’ which represents A, we ‘write 
“[%1,° wr] ~ A”: A metad a shall represent a combination A if 
a conv [41,° < e, æ] where [m,- °°, a2] ~ A. 
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19III. Suppose that x,y, (t= Lee, 27-1) are Ps and Xs. a. Gwen 
a combination A, a representing metad a can be found. b. If the metad a 
represents the combination A, then a is of rank = the rank of A. c. If 
[xn a] ~ A and [Yn s Yera] ~ B, then [x1 +>, w, Ya Yo" ] 
~ {A} (B). d. If [x %2: æm] ~ A, then [1, x1, 1, £2 tt p 1, wet] ~ dA. 
e. If both [x +, w] ~ A and [yn t y] ~ A, then tı = yi. f. If 
the metad a represents the combination {F} (P), then a, represents F, and 
a, represents P. 


Let e be an expression such that e(1) conv Ap-[[1], p] and e(S(k)) 
conv Ap: [e(k, pı), e(, p:)] (k= 1,2,- °). Let ©>ap-e(|p lsp). 

19IV. If a conv [%, %2,° + +, Xo] (Tu © -227 being Vs and Xs), 
then ©(a) conv [1, x4, 1, %2,° > +, 1, %2]. 

The proof is by induction with respect to r (using 19I and 19IT). 
19.9: W(p)Dp-ad(a) De ad(G(a)) -| G(a)| =p + Jal. 


Proof. ad(a) a: ad(€(a)) - | E(a)| = 8(| a |) is provable by induction 
with respect to a (using 19. 1-19. 3, 19.5), and 19. 9 follows by induction with 
respect to p. 


19. 10: [N'(p)ad(a)ad(b) - € (a) = 6(b)] para =b. 


Proof. Let e’ be an expression such that e’(1) conv Ap: p: and e’(S(k) ) 
conv Ap: [e (k, pı), e (k, po) ] (b= 1,2,---). Let © rp -e’(| p |—1, p). 
Then ad (a)Da: © (E(a)) = a is provable by induction with respect to a, and 
N(p) p+ ad(a) Da: © (C (a)) =a follows by induction with respect to p. 
19. 10 follows from the latter in the same manner as 11. 4 from 11. 2. 


Let <a, b> —> [Cèl (a), €l“ (b) ]. 


19V. If the metads a and b represent the combinations A and B, respec- 
tively, then <a, b> is a metad which represents {4A} (B). 


This follows from 19I, 15Id, 19IV, 19II1Td, c. 
19. 11: ad(a)ad (b) Dar: ad (<a, b>). 
Let D be an expression such that D(1) convApg-8(p(An- I”), g(An-I")) 


and D(S(k)) conv Apg- D(k, pi, qr) 0 D(k, po, qo) (k =1,2,- °°). Let 
A->Apg: D(| p| + lal, Elel(p), El#l(g)), and abbreviate A(a, b) to Ag. 


- 19VI. If the metads a and b both represent the combination A, then 
A$ conv 2. 
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Proof. By induction with respect to r (using 151e, 19IT), if %1: + +, yo™ 
are 1’s and 2’s, D(r, [xn < +, 42], [Ynt > +, ¥2"]) conv èsso- Eas o Szara, 
Hence, by 1511, j and 19I1]e, if [x1,- < >, a7] ~ A and [yn - >, ye] ~ A, 
then D(r, [xu +, %2"*], [y1,°°+>¥274]) conv 2. Moreover, by 19IV, 
19I, 151d and 19ITId, if a conv [x + -,a’2"], [w +, a" ] ~ A, 
b conv [y °°, ], [Ys °° 92" ] ~ A, then there are t'> +, t, 
Y Yost? (r= m+n) such that Elòi (a) conv [x,t , xe], [a+ ++, wer] 
~ A, Gia (b) conv [yn t >, y] [yo ye] ~ A. 


19. 12: ad (ajad (b) Da: M (Ar). 
19. 13: ad (ajad (b) Dar’ Ast = At. 
19. 14: ad(a)ad(b) Das: N (p)Dp' A(a, © (b)) = A. 


Proofs. I£ B —>\a- [ad(b)| a| = |b|] Do M(D(| a|,a,b)) D(a |, a,b) 
z Dd(| a |, b, a) > D(S8(| a D (a), €(b)) = D(| a p a,b), the lemma 
ad(a)Da B(a) can be proved by induction, using first 19.6, 14.10, 14. 11, 
14. 5, and then the relation ad(1), ad(m), |1| = | m |, ad (b), |I m]| = | 0 | 
LDU mll, [i m],b) = D(| 1 |, L b1) 0 D(| m |, m, ba) - DULL mll, 
b, [l, m]) = D(] 1 |, ba, 1) oD(| m |, bs, m) - D(S(|[L mI|), ECL, m]), 
G(b)) = D(S(| 11), EO), E(b:)) 0 D(8(| m |), E(m), C(bs)) (which 
follows from 19.2, 19.5, 19.9, 19.7), and 19.2, 19.3, 19.5, 19.7%, 14.2. 
19. 12-19. 14 follow from the lemma, 19.2, 19. 9, and the relation ad(a)ad(b) 
| A(a, E(b)) = D(9(| Cl(a) |), E(GII(a)), E(GHl())). 


19.15: [ad(a)ad(b)-|a|—=|b|-At—2]Da-a—d. 
_ 19.16: ad (a) Da’ Ag? = 2. 

Proofs. I£ ©-—>da-[D(|a|,a,a) =2] - [ad (b): |a| =]|b| D(f] a]|,a, b) ` 
= 2] Dr ‘a= b, then ad (a) De Œ (a) is provable by induction, using first 19. 6, 
‘14. 14, and then ad (a) Da BV (a), 19. 2, 19. 3, 19. 5, 19. 7, 14. 6 and the relation. 


= D(| 7], 1,61) oD(| m |, m, bz). 19.15 and 19. 16 follow, using 19. 10. 


Let X be an expression such that (1) conv J and $(2) conv J, and 
g an expression such that g(1) conv àa - a(àpq ` IP(X(q))) and g(S(k)) 
conv àa: p(k, a, 9 (Kk, a2)) (k=1,2,-- -). Let G>da-g(lal,a). o 


19VII. If the metad a represents the combination A, then G(a) conv A. 
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For, by induction with respect to r, if [x1,- > *, 271] corresponds to a 
uniform combination A G ([x;," + +, %2"]) conv. A’. If A’ represents A, 
A’ cony A. 


Let i be an expression such thati(1) conv [1] andi(S(k) ) conv [i(k), i(k) ] 
(k =1,2,-°-). 


19.17: N(r)D,-ad(i(r))- li(r)| =r: GG)) =I. 
19. 18: [ad(a)-|a| >1-E(G(a))] Da: O(a) = G (a, G(a2)). 


Proofs. 19.17 is provable by induction with respect to r. 19.17 |} 3a 
-ad(a):|a|>1-E(G(a)); and, assuming ad(a) : |a| >1-#(G(a)), 
G(a) = G (a, G(a2)) (by 19. 7, 12. 5, §2). Hence, by Theorem I, + 19. 18. 


N (p) Deo- ad (a) E(G(a)) Da: G(a) = G (E (a) ). 
N (p) Dp: ad (a) E(G(C(a))) Da: G(a) = G (E (a)). 


Proof. Note that N (n), 19.17 j- 3a- ad(a): |a| =n: P(G(a)). Using 
this relation, 19. 1, 19. 9, 19. 5, 19. 7, 11. 2, §2, and Theorem I, we can prove 
N(r)>,: [ad(a) -| a | =r: E(G(a))] Da: G(a) = G(E(a)) by-induction 
with respect to r. Thence, using 19. 17, 19. 2 and Theorem I, ad (a) E (G (a))> 
-G(a) = G(E(a)). The first of the formulas 19.19 follows by nidio 
with respect to p; and the second is proved similarly. 


19.20: ad(a)ad(b) £(G(a, 6(b))) Dev: G (a, 6(b)) = G (<a, b>). 


Proof. 19.17 p 3ab -ad (a)ad (b) E (O(a, G(b))). Assume ad(a)ad(b) 
E(G(a,G(b))). Then G (a, G(b))—= GG (a), G(Gle!(b))) (19.19, 19.2), 
== @ (<a, b>) (19.2, 19.9, 19. 5, def. of G). 


19.19: 


19.21: [ad(a)ad(b) #(@(a)) -Ar = 2]: O(a) = G). 


Proof. 19.17, 19.16 | 3ab-ad(a)ad(b)#(G(a)). A =2. Assuming 
ad(a)ad(b)#(G(a).) - Ast = 2, then G(a) = G(ElM(a)) (19.19, 19.2), 
= G(Giel(b)) (19. 15, 19. 14, 19. 18, 19. 2, 19. 9), = © (b). 

A combination A shall be said to be representative of a formula A, if 
A conv AIS&- A - E (1). 


19VIII. Given a formula A having no free symbols other than IL, 3 
and &, a representative combination A can be found. 


. Proof. By C6V, there is a combination A (in the sense of § C6) such 
‘that A conv AIIX& - A- E(I1). Under the hypothesis, AII3&- A - H(IL) .con- 
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tains no free symbols, and hence, by C5VI, A is a combination in the present 
sense, ; l 

Let the subsequences (including the null sequence) of the sequence II, 3, & 
be Xin’ +, Xia, (C= 1,:- +, 28). By COV and C5VI, there are com- 
binations Gi;, @; and WW; convertible into AfplTs& - f(Xa,- ++ , Xiao 
P(X: s Xia,)) © BC), AMES: 3 (f (Xin, Xia,)) © B(T) and 
AfgUS& - I(f(Kis t p Xia)» Ilis + Xsaj)) © E(I), respectively 
(j= 1, +, 2*).* 

We denote the rules of procedure of Rosser, loc. cit., Section H,t by 
Ri, +++, Res, and list the rules Riz, “If Gix(f, p), then Ti (f),” (k= 1,---, 2°), 
‘as Reo-Rios, and the rules Rix, “If Wis (f, g) and Salf, p), then Salg, p)” 
(4, jk, >, 2°) as Rios-Reis. 


19IX (t). If C is derivable from A (A and B) by an application of Ri, 
then A(T, 3, &) (A(U, 3, &), B(U, 3, &)) + C(I, 3, &), (¢=—1,-- -, 614). 


Proof. If C is derivable from A by an application of one of Rı-Rss, 
then A conv C. If C is derivable from A (A and B) by an application of one 
of the rules Riz(Riz.), then C(I, 3, &) is derivable from A(II, 3, &) 
(A(T, 3, &) and B(I, 3, &)) by conversion, Rule IV (V) and the relations 
PQ t- P, PQ} Q and P, Q + PQ. 

Let MW,- > -, Mis be combinations representative of Axioms 1, 3-11, 14-16; 
respectively, and let m,- * -,a13 be metads representing W,’ - -, Ma, respec- 
tively (ef. L9VIIT, 191ITa). 


19X. If the combination D is representative of a formula D provable 
in Ca then D is derwable from W, > +, Wa by means of Rules By-Rers. 


. Proof. Under the hypothesis, D is derivable from M, > -, Ws by means 
of conversion and the two rules 


‘IV’, If AW3&-F(P) - B(1), then ANS& - 3 (F) - E(11). 


V. If ATS& - O(F, ae A(I) and »U3& - F(P) - H(i), then 
MIS&-G(P) - B (1). 


* More explicitly, let a, = 3, a, = a, =a, = 2,4 =a,=a,=1, 4,==0; and let 


3 4 id be 
Ki Hie Mgt Seu Rus Dy Fgh Zar gh Kas Kas Bac stand for i z, &; 


4r? 
H, 2; I, &; Z, &; IH; Z; &, respectively. Then ©,, shall be a combination con- 
vertible into AfpUlzZ& . F (I, Z, & p(T, &)) . (TH), G,, 2 combination convertible into 
Mplz& . f(p(I1)) - (IL), ete. 


+See the footnote of § C6 (Annals of Mathematics, vol. 35, p- 587, (7%)). 
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If AIS&: F(P)- E(I1) contains'no free symbols, and if Xin’ * -, Xia, and 
Xr °°, Xka, are the sets of the symbols M, 3, & which occur in F and P, 
respectively, as free symbols, ‘then Xat Xia F and AX: + Xka P 
contain no free symbols, and are hence convertible into combinations F” and P’, 
respectively (C6V, C5VI). Then AUR&- F (P): E(I) conv Sy (F’, P’) and 
AISA +3 (F)- (IT) conv $;(F’). Hence, if A (containing no free symbols) 
yields C by an application of IV’, then C is derivable from A by conversion 
and an application of one of the rules Riz in which the premise and conclusion 
are combinations. Similarly, if A and B (containing no free symbols) yield C 
by an application of V’, then C is derivable from A and B by conversion and 
an application of one of the rules Rij, in which the premise and conclusion are 
combinations. The formulas derivable from %,,° - +, 9s by conversion, IV’ 
and V” contain no free symbols (cf. C5V Cor.). Hence D is derivable from 
Mi- © -Ma by conversion and applications of Ry, and Rij in which the 
premises and conclusions are combinations. Now Rı-Rss have the property 
that if A and C are combinations, and A conv C, then C is derivable from A 
by R,-Rss. Hence D is derivable from W.,:-°,%hs by Ri-Res, Rix, Rijk 
i. e. by Ri-Rers- 

We now define expressions R: corresponding to the rules R; (t ==1,---, 614). 

For typical rules of the set R,-Rss, the definition of R: follows (t: standing 
for an expression satisfying the condition r:(1) conv J and the condition given 
below) : 


Ri. If I(p), then p. 
t1(2) conv àa’ de, Ria: ti (allo Awa). 


Ro. If p, then I(p). 
R —> Aa <[1], a>. 


Rs. If f(1(p,4@)), then f(p(q))- 


Ta (2) conv AQ Ai, <Gei2, 229X, Ra —> Aa: Ta (eall o At, a). 
Re. If f(p(¢,p(s,7))), then f(J (p, q, r,s)). 


te(2) conv Aa: Car, <<<<[2], Q211, Gars>, Q222), 22129), 
Re —> Aa j Te (€4l0l (6) Ao a) m 


If R: is the rule Rig (for a certain i and k), then R: shall be the expres- 
* The considerations governing the choice of the R, will appear in the proofs 
of °I9XI (t) and 19.23(t). @,, 4@,,,+ + - are our abbreviations for. Wẹ, (a), 
ML, (Ma (My (a) Ip. + 


‘2? 
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sion Ri defined thus: Let 3iz and t; be metads which represent the com- 

binations Š and T, respectively (cf. 19IITa), and let tix be an expression 
such that taæ(1) conv I and ti(2) conv ‘Aa - ti, dy). Let Riera 
tin(eal@lo A(au, 3x), a). 

If R: is the rule Rij, (for a certain i, j and k), then R: shall be the 
expression Vij, defined thus: Let ai; be a metad which represents W:;, and 
Tix an expression such that rij,(1) conv Apg:Ill(q) and tijx(2) conv Aab 
- £8 ins A2), baz. Let Wizz —> Aad + vizn(ecl@l o eall o A (dr, tis) 0 A(Di1, 8i) 
0 At, a, b). 


19XI(¢). If the metad a represents (the metads a, b represent) a com- 
bination A (combinations A, B) such that R: is applicable to A (to the pair 
A, B), then Rila) (Rı(a, b)) is a metad which represents the combination 
resulting from the application. (t= 1, + -, 614). 


As illustrative of the arguments for the several values of t, we take the 
case of a t > 102 (S614). Then Rs is the rule Ri, for a certain ʻi, j and k; 
and A and B are of the forms Iti; (f, g) and Giu(f, p), respectively (f, g and p 
being combinations, by C6II). Then the ranks of A and B are both at least 3. 
Hence, by 15Ik, 19IIIb and 19], e.l¢l conv ebl conv 2. tij, 8ix and 8), are, 
by definition, metads which represent the combinations Wi Giz, and Gy, 
respectively. Also, by 19IIIf, the metads dı, a2, a2, B11, bis, bo represent 
the combinations 11;;, f, g, Six, f, p, respectively. Hence, by 19VI, A (a1, ttiz) 
conv A(bi ix) conv Age conv 2. Then, by 15]j, egl@l O eslbl O A (aiz; itiz) 
o A(by, Sin) 0 Ag? cony 2. Consequently tijz(a, b) conv rijx(2, a, b), 
conv <<8jx, A2>, bo. By 19V, the latter is a metad which represents Gz (g, p), 
which is the formula resulting from the application of Rij, to A, B. 


COROLLARY. If the combination D is derivable from W,- + -, Urs by 
Ri-Rors, the set of formulas derivable from 01,° > +, tis by zero or more opera- 
tions of passing from a, b to Rı(a),> © >, Rroz(a), Mros(a,b), >> , or 
Reala, b) contains a metad which represents D. 


This follows from the Theorems 19XI(t) by the definition of a.,: > *, dis 
as metads representing the combinations W, - -, Was, respectively. 

Now let be an expression which has the properties (1) and (2) of H in 
17II when Aj,:+-,41, Rotte, Rumm m, n are taken to be npt’ 
Rat + +, Rora, 102, 512, respectively. 


"a Mis, 
. 


19XII. If the combination D is representative of a formula D provable 
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in O., then there is a positwe integer n such that (n) is a metad which 
represents D. 


Proof. By 19X, D is derivable from W, - >, Urs by Ri-Rew. The con- 
clusion follows by 19XI Cor. and 17II(1) (under our definition of §). 


Let G— da: G(a, I, X, &). 
19. 22(s) ad (as) G (as) (s=1,: < :,18). 


Proof. Since a; is a given metad, ad (s) is provable from the formulas 
19. 1 by a succession of applications of 19.3. Since as represents the combina- 
tion Ys, which is representative of an axiom As, G(as) conv @ (as, IL 3%, &), 
cony Ms (I, 3, &) (19VII), conv {Al3&- As: E (I) } (1, 3,&), conv As: E (1), 
which is a provable formula. 


ad (a) G (a) Da ad (R: (a) ) G(R: (2) ) (t=1,: > +, 102). 
[ad(a) G (a) ad(b) G(b) Ja ad (Mz (a, b)) G(R (a, b)) 
(t= 103,- - -, 614). 


19. 23(#): 


Proof. We take as typical the case of a £ > 102. Then K; is one of the 
expressions Rijy for a certain i, j and k. 19.22 } 3ab-ad(a)@(a) -ad(b)G(b). 
Assume ad(a)G@(a)-ad(b)G(b). Since wij, 8i and 8; are given metads, 
ad (z), ad(8i,) and ad(8j,) are provable. Using 14. 2, 14. 7, 19. 2, 19. 8, and 
19. 12, M(el4l 0 egl®l 0 A(ai:, ttiz) 0 A (bi 8x) 0 Am), Case 1: ell o elbl 
(0) A (än, Wj) 0 A (bii 8ix) 0 Am = 1. Then Rizr (a, b) = tije(1, a, b), 
conv Tlel (b), == 6 (19.2, 7.2), and ad(Rijz(a, 0)) E (Mise (a, b)) follows from 
ad(b)@(b). Case 2: exel oe!lo A(au, iz) OA(Oi1, 81x) 0 Ate — 2, Then 
Wise (a, b) = tije(2,@,6), conv <<Bjx, 02>, b2), and ad(Rijx(a,b)) follows 
from ad(8jx), ad(a) and ad (b) by means of 19.8 and 19.11. Also |a| > 2, 
|b | > 2, A(n, tis) = 2, A (bin 8) = 2, Aju — 2 (14.2, 14.6, 14.7, 14.9, 
19.2, 19.8, 19.12). Now, from @ (a) by conversion, © (a, II, 3, &); thence, 
by 19.18, G(a,, G(a), I, 3, &); by another application of 19.18, 
G (an, © (a12), G(a2), I, 3, &) ; by two applications of 19. 21, G (tij, G(b.2), 
O(a), T, 3, &); and, by conversion (cf. 19VII), (I, 3, &), where 
A —> Wi; (G (baz), G(a2)). Similarly, from G(b) we infer B(U, 3, &), where 
B —> Sx(G(di2), G(b2)). I£ C> Sa(G (a2), G(b2)), then © is derivable 
from Y and B by an application of Rij. Hence, by 19IX, we can infer 
@(H, 3, &) from A (1, 3, &) and V(I, 3, &). From €(I, 3, &), by conversion, 
G (8s, O(a), G(b.), UW, 3, &) (19VII); by applications of 19. 20, 
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G(X<8 jx, de>, b>, IL, 3, &); by conversion, G(<<8jz, d2>, b2>); and thence 
G(Mijn(a,b)). Using Axiom 14, ad (Riz (a, b)) ee: b)). By cases 
(COI), ad (Rizs (a, 0)) (Ri (a, b)). 


19. 24: N(n)D» ad($(n)) G(G(n)). 


This formula follows from the formulas 19, 22(s) and 19. 23(¢) by 17II(2) 
and our definition of . 


‘19XIII. If F(P) is provable in C1, and P contains no free symbols, then 
a formula U (containing no free symbols) can be found such that (1) tf F(Q) 
is provable in Cı, and Q contains no free symbols, then there is a positive 
integer q such that U(q) conv Q, and (2) N(n)2nF(U(n)) is provable. 


Proof. Assume the hypothesis. Let F’ and P’ be combinations such that 
F’ conv ApIt3&- F (p) - #(1), and P’ conv P (C6V, C5VI, C5V Cor.). Lete 
be a metad representing F (P) (19IIIa). Let K be an expression such that 
K(1) conv àa- Ilel(e) and K(2) conv J. Let L->da- K (ello At, a). 


(1) If the metad a represents a combination of the form F (e, ), then 
L(a) conv a (151j, k, 191, 19I11b, f, 19VI). 


(2) -28(a) @(a) De 2 (L(a)) @(E(a))-«(|L(2) 1) 0A(E(a) 6.) —2. 


Proof. Assume ad(a)G(a). Case 1: e!l oA% =I. Then L(a) = K(1,a), 
=e (19.2, 7.2). 19.1, 19.3 -ad(e); G(c) is ; provable by conversion from 
F(P) - E(IL); and alio A% conv 2. Case 2: alel o At = 2. Then 
L(a) = K(2,a), conv a. In both cases ad(L(a))@(L(a)) = «(| L(a)|, 1) 
o A(L(a),, €:) = 2 is provable from the assumptions; and hence, by applica- 
tions of C9I and Theorem I, (2) holds. 


Let W — åa: G(az). 


(3) If the metad a represents a combination of the form F’(Q’), then 
Wa) conv Q (19IIIf, 19VI1). f 


_ (4) H [ad (a) G (a) -ello an = 2]. F(B(a)). 


Proof. By 19.22 and (2), 3a-ad(a)G(a): all o Att == 2. Assume 
ad (a) G(a) - al o AS — 2. Then |a]>1 and At —2 (14. 6, 14. 7, 14.9, 
19.2, 19.8, 19.12). Now G@(a) conv G(a,H, 3% &); thence, by 19.18, 
O(a, Gla), 1,3, &) ; by 19. 21, G (e1, G (a2), 0, 3,&). © (c, © (a2), I 3, &) 
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conv F’ (G (a2), 1, 3, &) (19LTIf, 19VII), conv F(G(az)) - E(11) (def. of F’), 
conv F(%$(a)) - H(11), whence, by Axiom 15, F(28(a)). 


Let U->dAn- B(L(G(n))). 


(5) Suppose that F(Q) is provable in Cı, and that Q contains no free 
symbols. Let Q’ be a combination such that Q’ conv Q. Then the combina- 
tion F’(Q’) is representative of F(Q). Hence, by 19XII, there is a positive 
integer q such that §(q) represents F’(Q’). Now U(q) conv @(E((q))), 
conv $8(§(q)) (by (1)), conv Q’ (by (8)), conv Q. 


(6) Assume N(n). By 19.24, ad($(n))-@(H(n)). Thence, using 
(2) and (4), F(28(L(H(m)))), and, by conversion, F(U (n)). By Theorem J, 
N(n)>n F(U(n)). , 
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DOUBLY PERIODIC FUNCTIONS OF THE SECOND KIND AND 
THE ARITHMETICAL FORM xy + zw. 


By E. T. BELL. 


1. Introđuction. The sixteen doubly periodic functions of the second kind, 


pavo(T, Y) = Vrda (£ + y) /B (2)? (y), 
where the triple index abc has the values 


001, 010, 023, 032, 
100, 111, 122, 133, 
203, 212, 221, 230, 
302, 313, 320, 381, 


give rise to a set of identities of the form 


(1) paro (2, Y) pret (2, — y) = AB + CD, 


where each of A, B, C, D is a function of x alone, or of y alone, on reducing 
the numerator V,a (x + y), (z — y) of the left by means of the addition 
formulas for the thetas. An identity (1) is said to be of the second degree 
(with reference to the right) in theta quotients provided that each of A, B, C, D 
has a Fourier expansion in which the coefficients of the several powers of q 
involve only functions of the divisors of the exponents. 

The complete set of identities (1) of the second degree contains a subset 
of identities from which the entire set can be generated by transformations 
of the forms 


(2) g>—-q, trmet7/2, yoyta/2; 
(x,y) > (y, 2), (z, y) > (z, — 4), (z, y) > (— z, 4), 


or by repetitions of these, and no identity in the subset is obtainable by these 
transformations from any other in the subset. It is easily seen that this subset 
contains precisely 25 identities. By the method of paraphrase, each of these 
` identities implies and is implied by an arithmetical identity concerning parity 
_ functions summed over a quadratic partition. The set of 25 arithmetical 
identities (given in § 4) is thus equivalent to all the identities of the type (1), 
of the second degree, obtainable from the doubly periodic functions of the 
second kind, since transformations of the type (2) do not increase or diminish 
the generality of a parity identity (if the transformations are applied to’ the 
trigonometric identity, to which a particular identity (1) is equivalent, before 
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paraphrasing). In § 8, arithmetical identities of a new; completely general 
type are indicated. 

Let the functions f(s, y), g(a, y) be single-valued and finite for all pairs 
of integer values of x, y, and beyond the parity conditions 


(3) Fy) =f(— ry); gly) =—9(—4%,—y), 9(0,0) =0, 
let f, g be entirely arbitrary. In the notation of parity functions, 


(4) fey) =f ( (2,9) |), © 9(%y) =9(| @Y))3 

the parity of f is (2 | 0), that of g is (0|2). In an identity involving func- 
tions f or g with integer arguments 2, y, all the (a, y} have the same character 
(Tos Yo) mod 2, namely, T= to y==y, mod2. Hence in any such identity 
we may replace f(x,y), g(z,y) by the functions indicated next, since the 
transformed functions have the same respective parities as f, g: 


e==0mod 2: f(x,y) > (—1)*f(a,y), — g(2,y) > (—1) 9 (2,9) ; 
y=Omod 2: f(s, y) >(—1)”"*F(a,y), g(a, y)-> (—1) "g(a, y); 
@==1mod2: f(#,y)—>(—1|2)g(a,y), g(z,y) > (—1| #)f (2,9); 
y=1mod2: f(2,y)>(—1|y)9(@y), g(a, 9) > (—1 |v) fay) 
f(a, y) >f (as, by), 9 (2, y) > g (ae, by), 
where (— 1 | z) is defined only for odd integers z, and is (—1)@/2, and 
a, b are arbitrary integers different from zero. These transformations, or others 
compounded from them, are called the elementary transformations of f, g. ` 
The set of 25 arithmetical identities described above is such that no 
identity in the set is obtainable from any other by elementary transformations 
of the functions f, g. The partitions concerned are all of the form sy- zw, 
where z, y, z, w are non-negative integers. With respect to elementary trans- 
‘formations this set of 25 is the irreducible equivalent of the entire set of 
identities (1) of the second degree. They are obtained from the subset defined 
in connection with the transformations (2). 


2. Theta identities. To write out.the 25 identities mentioned at the end 
of § 1 we shall need the following theta quotients. 


Yro(t) == Pots, (1) /Po (2), . poal) = PoVVo (x) /I2(x), 
Yoo(t) = FoF. (x) /Io (x), Yr2(&) = Dd, (2) / (2), 
Yao (£) = Vots0s (x) /Io(z), Yis2(%) = badas (£) /I2 (1) 5 
yoa (2) = dbo (1) /2 (2), Yos (2) = Pdo (1) /Is (2), 
~ palz) = b01) /2 (£), yas (2) = BIL, (x) /0s(2), 
i Wai (@) = Phd (x) /D (2), yrs (2) = PDst (£) /Is (2) 5 
Xo123 (z) = B73, (x) 3, (x) /92(2) Bs (x), 
Xo213 (x) = 05735 (x) De (x) /9, (x) Ds (x) ? 
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Xos12(Z) = 0,79, (1) Ps (a) /9; (x) 92(2), 
X1503 (2) = 070; (x) 2 (2) /9o(x) V(t), 
Xis02(%) = 0579 (2) 9s (2) /0o (a) 02 (a), 
X2s01 (£) = Po Da (£) Fs (2) /Io (x)01(x). 


The 25 identities of the second degree are as follows: 


(I) ioo (2, Y) b203 (2, — y) = pio (2) P20(z) + Pao (T) X203 (9). 
(II) — hioo (£, ¥) bo0r(%, — Y) = poo (2) Ws0(%) + Yr0(@)x2001(Y)- 
(III) ` Pioo (T, Y) P302 (2, — Y) = pro (2) Yso (2) + Yzo(T)Yisoz (y). 
(IV) — hioo (T, ¥) sai (2, — Y) = Yao(Z) Yor (Y) + Yes (t) Ysy) > 
(Y) $100(2; Y) posz (2, — Y) = pas (£) pao (Y) + Yo0(%) Pre (y). 
(VI) 100 (T, Y) per2 (2, — Y) = Yzo (€) Ys (Y) + YsilT) yaly). 
(VII) hooi (2, Y) pso2 (£, — Y) = Yr0(%) Y20(@) + Yso (T)xos12(9)- 
(VIII) — poo: (2, Y) pası (T, — Y) = po (Y) Wor (Y) + Ya (Y) X1208(@). 
(IX) Poo: (T, Y) ps0 (2, — Y) = pao (£)Yz0 (4) + Ys2(%) Yar (y). 
(X) — pon (T, Y)pers (2, — Y) = Yoo (£)po (Y) + Yai (£)Yo (Y). 
(XI) — poo: (T, Y) b111(Z, — Y) = Yor (Y) Wor (y) — Yor (Y) x201 (2). 
(XII) poor (£, Y) Pare (£, — y) = pa (%) Por(y) + Ya0(%)Ws2(y). 
(XIII) , Poor (2, Y) 122 (8, — y) = prz (t) War (Y) — Yso (£) Yoa (4). 
(XIV) — poo: (T, Y) p221 (2, — Y) == Wor (y) Par (Y) + Wary) x1202 (2). 
(XV) ` 111 (2, Y) bare (2, — Y) = Yor (%) pa (£) + Yer (%) Xoa12(y)- 
(XVI) ` hioo (T, ¥) Pr00(% — Y) = ¥710(%) — Yoly). 

(XVII) pioo(2, Y) piss (2, — Y) = Yos (2) Yso (Y) — Yso (T)Yos (Y). 
(XVIII) — ¢dr00(#, y) p13 (T, — ¥) = pio (£)po (y) — Yo: (£)10 (9). 
(XIX) . $100(2, Y) p122 (2, — y) = Yoo (T) Yz (Y) — Yz (2) Yoz (4). 
(XX) — poor (T, Y) poor (2, — Y) = Po (2) + Yar (y)- 

(XXI) poor (T, Y) poso (2, — Y) = fos (2)ya (Y) + Yai (2) prey). 
(XXII) - poor (T, Y) poro (2, — Y) = yor (£) yo (Y) — Yro (T) p10 (4). 
(XXII) poor (T, Y) poza (T, — Y) = Wo2(t) Hs (Y) + Yeo(2) Ys (4). 
(XXIV) = — dir (2, y) br (2, — y) = Yoly) — o(s). 

(XXV) rrr (T, Y) Pie (2, — y) = Yrs (©) for (Y) — ya (T) (y). 


3. Notation. The letters m, n, d, 8, t, r, with or without suffixes or 
accents, denote integers greater than zero; the n, d, 8, t may be odd or even : 
the m, 7 are always odd. Letters m, n without suffixes denote constants; with 
suffixes, variables. In referring to previous papers in which parts of this 
notation were used, it is to be noted that if n = 24m, a = 0, the separation 
n == 2°d8 is identical with the separation n = tr; namely, either (2¢d, 8) = (t, r) 
or (2%, d) == (t,7). Similarly for accented letters, or letters with suffixes. 

To paraphrase the 25 identities into their arithmetical equivalents we 
shall need the reduced forms of the Fourier expansions of the theta quotients 

5 


248 E. T. BELL, 


on the right of (I)-(XXV). These are given in a previous paper,* together 
with many more useful in similar work. The series for the y are in § 14, 
p. 172; those for the x in § 15, p. 173; and those for the y? in § 16, p. 178, 
of the paper cited. The only correct list in print for the ¢ is that in § 11 of 
another paper.+ The trigonometric identities in § 8 of that paper are used in 
reducing products involving sec, esc, tan, ctn to sums of sines or cosines (plus 
possibly a term in sec, etc.). These expansions and formulas being readily 
available in the papers cited, we shall not reproduce them here. It will suffice 
to state only the final results (all of which have been checked), as the method 
of paraphrase is straightforward and entirely elementary (see the second paper 
cited). The arithmetical equivalent of a particular identity in § 2 is num- 
bered correspondingly ; f, g are as in $1 (3), and summations refer to all 
values of the variables (also to the specified divisors of the constants) in the 
partitions indicated in each instance. . 

One detail in redding the identities may be noted. In (II), for example, 
the outer 3 (without limits) on the right refers to all ¢, r defined by the given 
partition, and so in all similar cases. By introducing appropriate functions 
of divisors, as £’9{m) in (VIII), for example, reductions of such sums are 
sometimes possible. However, it is usually simpler to leave the identities 

‘without such reductions, 


4. Parity identities. For the m, n, d, 8, t, r notation see § 3. The (d, 8) 
and the (¢,7), with or without suffixes or accents, denote pairs of conjugate 
divisors, and a particular pair refers to the m or n in the stated partition that 
has the same display of suffixes and accents as those in the particular pair. 
For example, if the partition is n = m; + nj, and the pairs (ti, ti), (dj, 8;), 
(d, 8) occur in the parity identity, (ti, ti) refer to mi, (dj, 8;) to nj, (d,8) 
to n. Thus, written in full, the partition would be n= m; + nj, n = dẹ, 
Mi = titi, Nj = djd;. This convention saves much space. Notice in particular 
that if the partition contains numerical factors, as in an = bm; + en;, where 
a, b, c are definite integers, the (d,8), (ti ti), (d;,8;) refer to the divisors 
of n, mi, nj, and not to those of an, bmi, cnj. Note that the pairs of conjugates 
are (d,8) and (t,r); (d,t), (d,7), (8,¢), (87) do not occur. 


(L) 2m =m, + ms; m = 2n + ma: 


x(—1 | T2) [g(t + tz Tı — 72) + g(h — tz T + ro) — g(t + ta, 0) 
> — g(t — te, 0) j— 23 (— 1 | rs) [g (Ate, 2ta)— g (Ate, — 2ta) J= 39 (0, 2n 


° * Messenger of Mathematics, vol. 54 (1924), pp. 166-176. 
t Transactions of the American Mathematical Society, vol. 22 (1921), pp. 198- 219. 
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(I2) 4n =m, + mg, 2n = m; + m: 
z3(—1 | T2) [g (tz + be, T3 — T2) + g (ti — be, 71 D — g(t + i 0) 
— g(t, — te, 0) ] —23(—1 | ra) [g (Rts, 2ta) — g (Bta, — ta) ] = 0. 
l (I) m=m, 43m: 
2317 (i + Rte, Tı — T2) — f(t ara Biz, Ti + T2) 

— (— 1 | rire) {f (t + te, 0) + f(t. — 2ta, 0)} 

— (—1)®{f (4,— 2da) ie ~oy 
=3[{(—1 |7) —~ FG 0) — 2? È 7G, 2r)]. 


In this we have the first PETN of one of the arahe in the partition, 
here ne, being separated into pairs of conjugate divisors of different types, 
namely, no = tərz and ns = ded. The second type can be reduced to the first, 
but the above statement is the simpler. Similarly in several subsequent 
identities. 


(ILI) m =m, + 2m: 
23 (— 1 | Ta) [g(h F Rta, tr — T2) + 9 (ts, — 2te, Tr + T2) — g(t + 2ta, 0) - 
— 9 (ts — 2ta 0)] + 23(—1| T), x ee 2d2) — g (t, — 2dz) ] 
= 3[{1— (— 1r) }g(t, 0)—a(—1[ +)" = (—)9(t 2r)]. 
OV) m= my + Bno = mg + 4n: 
23[(— 1)™f(t, - — Bta, Ti Lare) —f(h _ FAZA Ti + T2) 
= (a1 | tyre) {f (ta, 2ta) + f(t, — 2t) }] 
+ eat 1)*[f (ts, 2d.) Eis — Pla 
—3[{(—1 | ¢) SERA 0) a) 2 F(t, ar). 
(V) m=m 4 RNa = Ma + 4na: 
23(—1 | T2) [(—1)"{g (ts + 2ta, tı — 72) + jek t+ re) 
— (— 1 | m) {9 (4, 2ta) + g(t, — 2i) }] 
ERII r0) (= DALA (to 24) — g(a —2da)] 
=3{(—1 |m) — (—1 | 7)}g(t, 0) S815) > (=D, 2r)]. 
(VI) -m= m, + 2n, = m, + 4na: 
SE(— 1 | rire) (f(t, r2) + Fln — r) } + (—1) {fF lra — a) — F a t) Y] 
+ K E 1) [Ff (ts + 2da, T3 — 284) — f(t: — 2da T3 -+ 28.) ] . 
o= È MOr Lt) +11) 2—1). 
(VII) n = m + m = m + 2ra; Bn == m F me: a 


x(—- 1 | T2) [9 (24 + te, Tr — r) + g(t — Rte, TI + Ta) | 
S| Tae 23 (— 1 | T3) [g (2ta, 2ra) =— g (ts, esen 2ra) ]- 
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E E tos 0) + 9 (te — to, 0)] 
= pL + (—1)"}39 (0, 2r) —3(—1 | 7) [g (24 0) 


(7-1) /2 


+ = {(—1)"g(2t, 2r) + g (2t, =] 
(VIII) m= m + n: = Mm; + Im: 
23(—1)™Lf (t + tay ts — 72) — f (th — t Tı +72) + F(0, RE Tı — r2) | 
+ 43 (— 1)%[f (ra, 2da) — f (Ts, — 2da) ] 
= {1 + (—1)*}[f0(n) f (0,0) — 3f (t, 0)] 
{T-1)/2 à 
— 28S {G 2r) +D — 2r) — (+ (CO, 2r)]. 
Here ¢’o(n) =the number of odd divisors of n. 
(IX) n=m + N23 2n = M + Ma: 
=[(—1 | T2) g (2t A+ T23 T1 — 2t2) + g (2h, mm TQ) TL + 2ta) 
— (—1 | r1) (—1)™{9 (Tu r2) — g (Tu — 72) }] 
— 3 (— 1 | rz) [g (ts; ta) + 9(ts,—t)] 
m3 $ 1ga r1) — (— 1) "92 —4,9)]. 
(X) n=m 4 m; Bn = m, + m: 
S[(— 1) *{f (2t — T2 T1 + 2ta) — f (Qt: + T2 71 — Be) 
— Chai) ea | rata) Lf (ts, t4) +f (ts,—r4) J . 
-32 [(—1)*f(r,— 2r + 1) — f(r 1,7)]. 
(XL) m= m, + Bn: = ns + M4! 
SUP (ti + de, Tı — 282) — f (tı — de, T1 + 282) + (— 1) ®f(0, mı — 2da) 
. — f (0, rı + 2da) ] — 3(—1)®[f (ds, r4) — f (da, — 74) ] 
t-1 (1-1) /2 
=3[2 f(r 7) — = {F (t, 2r — 1) + f(0, E 
(XIL) n= nm + na; n= ng -4 n: 
SE (—1)®*{F(0, rs + 2da) — F (0, rs — 2da) + f (2ta ue das Ta — 284) 
es a Ta + 284) }] — 3(—1)*[f(ah, 72) hea to) 
= [È ee @r—1) —f(d,—2r + 1)} + f(0,7) + 2 f(r, 7) 


4. > {F(0, 2r —1) —f (24, 2r —1)}]. 


(ZIL) m— m+ 2m nyt: l 
a 1)&[f(t,— do, T1 + 282)— f(t: + de; T1— 282) + f (de, 11) —f (de, —r1)] 
—%(—1 | rere) [f (ts, T4) TI =a 


=H 1) 10.) Sh) 11 EH FY) 


DOUBLY PERIODIC FIINCTIONS OF THE SECOND KIND. 251 


(XIL) n == + ne; TEEPEE oe 
3 (—1)%[ f(t, — da, Tı + 282)—f (2t + do, rr — 282) + f (de, 71) — - (da —n)] 
—3ł%(—1 | ata) [f (ts, Ta) + f (ts, — ra) ] 


. =3[(— 1)? Bra — r +1) Pat (== Ee) a0) — = f(t, 7) 
= (1/9) È (tear —1)]. 
(XIIL) m= m, + Ëm = n + n: 
BS (— 1) EEP (ty + das T1 — 28s) —f (ta — das Ta F Ba) + F (dor: )—F (do —a)] 
+ 23(—1]| bake ae 1)™(f (ts, 74) + Flay —re)] 
=al (yf er—1) —3 (in) 
+ 3[(—1| +) —1]f(0,7). 
(XI) m= + no, Bn = n + na: 
QB (— 1) [f (B + da, rı — 282) —f (2t — da, 73 + 28) — f (day m) + fld 11) ] 
+ 238 (—1 | rara) (— 1) Ef (te, Ta) + f(t, —74)] 
2t~1 (7-1) /2 
=al E DH) + 11) D (Aree er —1)]_ 


+ 3[1 — (—1| +) ]f(0, 7) -aneia — 2r + 1). 
(XIV) m= m + n = m, + BN: 


Z(— 1) [fF (de, 71) — f (de, — 11) J 
+ 3(— 1) °F (ts + 84, T3 — 2da) — f (ts — 84, 73 + 2d.) 
+ f(0, Ts + 2d.) — f(0, ts — 2da) | 
(7-1) /2 r-1 
=3[ = {f(0, 2r — 1) — f (t, 2r—1)} -5 (—1)f(r,t)]. 
(XIV) 2n = n, +4 na, n= ng + na: 
%(— 1) [f (de, — r1) — f (da 71) ] 


+ 3(— 1)a[f (0, T3 + 2da) — f (0, Ts — 2d4) 
+ f (At, + 84, rs — 2da) — F (2ta — 84, Ts + 2da) ]- 


— XL} (0,7) +S o, 2r—1) —f (8, 2r—1)} +3 (—1)f(r,2)] 
+3(—1)°3 [f(0, 2° —1) —H(— tr +1), 


(XV) n=: m + ne, In = ng + M: 
23(— 1) ®[f (2d, — 2de, 8; + 82) — f (2d + 2de, oi — 82) 
— 2f(2de, —71) + ef (2de, 71) i= 2% (== 1)™[f (rs — Th 0)— f (rs + Tf, 0)] 


= 23[f(0,0) +2 È f(r, 0)14 2[2(—1)°F (2d, 0)— (1+ (1) (08) 
2S (F(2d)+(—1) 4 (8rd) —(— 1) (8d, — 1) (1) (24,7). 
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(XVI) 2n = m + m: 
Zif h — tz Ti + T2) — flh + te, aai] = H[f (0, 2) 126 0)]. 
(XVIL) 2m = m, + me, Mm = ng + Ng: 
I(— 1 | ma) [f (i — tz Tı + r2) — f(t + te, Tı — 72) J 
HI(— 1) (—1 | rara) [f (2ta, 2te)— f (Rte, 2ta) + Hta —2t)— — f (2t — 2t) 
= 3 (— 1 | r) [f (0, 2t) — f (2t, 0)]. 
(XVIIL:) 4n = m, + me, 2N = ng + M4: 
S(— 1 | ma) [f(t — tes T: +12) — f (fa + to Ta — ra) ] l 
= 3(—1)"(—1 | tata) [f (Bts, 2ta) — F (2ta Bta) + f (Bta, —2ta)— f (Rta — Rts) ] 


(XVIII) m = m, + 4ng = mg + 2n: 
SUF (ts — 2da, r1 + 282) —f (ta + 2da, rı — 282) ] 
+ 3Lf (ts, — ra) — f (tas 14) + f (Ta ta) — F (To — t) ] 
S 2r —1) —f (2r — 1, ¢)]. 
(XIX) m = m, + 4n: = m; + Bra: 
3(— 1) [f(t + Bde, r1 — 282) — f(t, — 2da r1 + 282) ] 
H I(— 1 | rare) (—1)™[f (ts, ra) +F (ts, — 74) —f (ra ta) —F (14, — ts) ] 
=a 1y X (SD r= tlr). 
(XX) m=m -+ m: 
23(f (ti + te, Ti — ra) — f (t — te, Ti + ra) ] 
=S LEIA 0) — E E, 2r) + — 27) 
(XX2) 2n =n + m: j 
IIF (t + te, T1 — ra) — f(t — te, 41 + T2) ] 
— 3[ (2t — 1)f (2t, 0) [S ye 2r) + f (2t, — 2r) } — df (0, 2d)] 
(XXI) m = n, + ne = Mm; + Brna: 
I(—1)(—1 |r) [g(t + tz Tı — T2) + 9 (th — tz mı + 72) ] l 
+ 3(— Ae 1| rs) {1 + (—1)*}[g (ts, 2da) — g (ts, — a 
om 3(—~1| r) = ‘Lot — 2r) — (— 1)"g (t, 2r)]. 
(XXI) 2n =m + na n= n, + mu: 
2X (> 1)"(—1| ra) [g(t + tz Ta — 72) + 9 (tr — te, Ti + 72) ] 
— 23 (—1)*(—1 | rs) E = = 19%} Lg (Pts, 2da) — g (Rts, — 2d4)] 
oT OE F U Dg 2r) + 9(@t,—2r)}) 
4+ 3(—1)%{1 — (— 1) }9(0, 2d). 
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(XXII) 2n- = Mm, -+ Me = Mg + mM: 
S[f(2t + T2 Ti —— Qt») — f (2i — rt, m+ 2ta) -+ rae — T2) — f(m; Ta) | 
+ [f (tas ta) — F (tas — ta) ] 


=31 2 Gr Lr) — fear). 


(XXIIL) n= n + nz, Zn = Mm; + m: 
I(— 1 | 71) [(— 1) {9 (2te.+ Ti T2 — 261) + 9 (Rte — Ti T2 + 2h) 
— (—1)"{g(r1, T2) — g (t — T2) }] 
—3(—1 | Tama) [g (ts, ta) — g (ts, — te) ] 
=— (S1 gsr 1) + (Hr). 


(XXIV) n=m + m: 
Z[f (d — de, 8, + 33) — f(d + do, 8, — 82) ] 
=3[(4— 1) {F(0, d) — f(d, 0)} 


+I) 60 HEr) 1-1. 


(XXV) n=, +m: 
23 (— 1) 2*:[f(d, + do, 8s — 82) — f (di — dz, 8; + 82) 
+ (—1)*{f (di, de) — f (di, — de) — f (de, di) + f (de, — ds) }] 
=a + (— 1) {f (0, d) —f(d, 0)} 


+23 ((— 14, — a) — (—1)4(4,—7) 
+ (ŽD, d) —(— 14 r)}. 


From this set many more can be written down, by elimination of a 
particular partition, etc., but the set as given is probably in the simplest form. 


5. General Identities. We shall not take space here to write these out, 
but will reserve them for another occasion. It will be noticed that the argu- 
ments of f or of g in several pairs of the identities in § 4 are the same, and 
that one identity in particular pairs of this kind involves f, the other, g 
Hence each such pair is equivalent to a single identity involving the function 
h(x, y), which is finite and single-valued when z, y are simultaneously integers, 
and which otherwise is completely arbitrary. For, we may write 


h(a, y) = $[h (2, y) + h(—2z,—y)] + 3[h (2, y) —h(—2#,—y)}, 


and the first [ ] is an instance of f(x,y), the second, of g(s, y). These 
identities involving h are applicable to certain arithmetical forms of arbitrary 
degree. 
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DETERMINATION OF THE GROUPS OF ORDERS 162-215 ` 
OMITTING ORDER 192. 


By J. K. Senior and A. C. Lown. 


The groups of order g where 100 < g < 162 and g ~ 128 have recently 
been listed,” and it is a. comparatively easy matter to treat the cases where 
161 < g < 216 and g 192. The present paper is therefore a continuation 
of the one just cited, and the methods and symbolism used are the same as 
those therein defined. 

Between 161 and 216 there are only 7 integers which are the product of 
more than four prime factors. These are 


162 = 2- 34 180 = 2°- 8-5 208 = 24-13 
168 = 293-7 198 = 29-8 
176 = 24-11 200 = 2°- 5? 


The groups of order 168 have been listed by G. A. Miller ł; those of orders 

176 and 208 by Lunn and Senior.f To determine the number groups of ‘order — 

192 is very laborious, and no attempt is made here to solve the problem. But 

brief arguments suffice to cover the orders 162, 180 and 200 which are here 

treated in some detail. For the orders where g is the product of less than 
' five factors, since the general methods are known, only the results are given. 


THE GROUPS or ORDER 162 = 2-34. 

Every group of order 162 is solvable and thus determines a (GB: G2)x, 

(k =1 or 2). Hence every group of order 162 occurs in one of the following 
divisions : 7 

Division (a) (G8: Gs), Division (b) (G8: 


162 G2) 2. 

Division (a). (G3: G*,),. A group in this division is the direct product 
of its Sylow subgroups. Since there are fifteen groups of order 81, and one 
group of order 2, there are fifteen groups of division (a). Five of these are 
abelian. l l 

Division (b). (Gi, : @?2)2. A group in this division corresponds to a set 
of conjugate subgroups of order 2 in the i-group. of a group of order 81. The 
fifteen groups of this latter order are therefore considered one at a time. In 
the case of each i-group, the number of sets of conjugate subgroups of order 2 
has been proven by the authors, but, in order not to expand the treatment 
unduly, the proofs are here omitted and only the results given. In the fol- 
lowing table, each group of order 81 or 162 is defined by the relations of its 
generators, which are labelled A-E. 


* Senior and Lunn, American Journal of Mathematics, vol. 56 (1934), p. 328. 
+G. A. Miller, American Mathematical Monthly, vol. 9 (1902), p. 1. , 
Lunn and Senior, American Journal of Mathematics, vol. 56 (1934), p. 321. 
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The number of groups of order 162 is thus: 


Division (a) ` Division (b) 
15 40 


THE GROUPS OF ORDER 180 = 22 .82. 


f It is well known that there is just one insolvable 
A solvable group of this order determines a (Ga, : Gox,: C 
kı = 1 or 3, since 4 and 12 are the only orders whicl 
transitive groups of degree four exist. ; 
k = 1, 2, or 4, since 9, 18 and 36 are the only or 
for which transitive groups of degree nine exist. 
k = 1, 2, or 4, since 5, 10 and 20 are the only ord 
transitive groups of degree five exist. 
Thus every solvable group of order 180 occurs in 
divisions: 


Division (a) . (G4,: Gy: Gs) Division (f) K 
ss (b) [ (Gs: @rs)o: G si as (9) [C 
s (e)  [(G*s: Gio)2: Go]x ay (h) L(t 
“O (P) [Gia Gola: Ge “© (4) [C 
E (E) [ (Gre: Gio) Ge n G [CE 
as (e) [ (Gao: Gs) 4: Go], 


Division (a). (Gta: Gy: G5)... A group in this 
product of its Sylow subgroups. ‘There are two groups 
order nine, and one of order five. Hence there are |! 
division (a). They are all abelian. 


` Division (b).  [(@*s: @xe)2: G5]: Each of the.t 
dimidiated in one way with each of the three groups @ 
2 X 3 = 6 groups of division (b). 


Division (c). [ (Ge: Gio)2: oji Each of the tw 
can be multiplied directly by each of the two groups G 
2 X 2 = 4 groups of division (c). 


Division (d’). [ (G19: G"i0)2: Gti]z There are three 
Each of these can be dimidiated in one way with each oi 
Hence there are 3 X 2 = 6 groups of division (d’). 


` g 


a 
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Division (dé). [(@%s: Gx5)1: G4g]4. There are three groups Gis and 


one group Gio Hence there are three groups of division (&”). 


Divisions (e), n and (g). [( G20: Gs)a: o] [( G20: G4.) 4: Gale 
and [ (G20: G4) 4: @ sels. There is only one group (G*2o: Gs), Hence 
there are two groups of division (e). This group of order 20 can be dimidiated 
in only one way, and hence yields with the three groups G*,, the three groups 
of division (f). The only quotient group of order four in this group of order ` 
20 is cyclic. As there is only one case of such a quotient group among the two 


‘groups Go, and as this quotient group gives rise to only a single isomorphism, 
` there is one group of division (g). 


Divisions (h) and (i).. [ (Gee: G*s)4: Gs]. and [(G@°so: G4s)4:.@ ro]. 


` There are two groups (G35: G@4,), which permit in all three distinct dimidia- 


tions. Thus with the one group Gë; they yield the two groups of division (), 
and with the one group G19, they yield the three groups of division (i). 


Dwision (j). ~ [( Qie: Q ora) ake? G®sx,]a, There is only one group Gy». 
It contains no invariant subgroup of order two and hence ky~2. Neither 
group G°ss contains a quotient group simply isomorphic with @*,, and so 
k, 4, Thus ks = 1 and a group of division (j) is [(G*i2: @%)s: Gerli 
As neither of the two groups (G42: G°s)s contains an invariant subgroup of 
index 2 or 4, kss42 or 4. Hence k;=-1 and there are two groups of 


` division (7). 


The number of groups of order 180 is thus: 


Insolvable rarose na neaei i. 

Solvable Division (@).......-.... 20 eee eee 4 
« a Suey een ee es 6 
s s CONI satin BRIS EIT e eN 4 
e E o E cree ne Settee 6 
e CE") aS T 3 
« SS AO) adobe ewieetelligacniaed 2 
$ a E o E ee ere 3 
s eee) err E eee ee 1 
= OO MY E ES 2 
s E C o Sos eee oe Oe Te 3 ° 
g EA YE Sas geben aE a 2 
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' THE Groups oF ORDER 200 = 2° - 5’. 


"Every group of order 200 is solvable and thus determines a (@*s,: G25, ike > 
kı = 1; as 8 is the only order which divides 200 for which transitive groups 
of degree 8 exist. k,—=1, 2, 4 or 8. Every group of order 200 occurs there- 
fore in one of the following divisions: 


Division-(@) (G85: G28) Division (c) (G85: G25 )s 
Division (b) (G°s: G25), Division (d) (@°s: G25 )e 
. Division (a). (Gs: G5). A group in this division is the direct product 
of its Sylow subgroups. As there are five groups of order 8, and two groups 
of order 25, there are 5 X 2 = 10 groups of division (a). „Six of these are 
abelian. p 


Division (b). (G®s: G25). The five groups of order 8 permit seven dis- 
tinct dimidiations; the three groups G?5 permit one dimidiation each. Hence 
there are 7 X 3 = 21 groups of division (b). 


Division (c). (Gs: G?5,). There are six groups Q25. Five of them 
involve one case of cyclic quotient group of order four each: the sixth involves 
one case of non-cyclic quotient group of this order. The groups of division (c) 
may therefore be divided into two: subdivisions. 


` (1) Quotient group of order 4 cyclic. The fve groups of order 8 involve 
in all two cases of cyclic quotient group of order 4, and each case gives rise ` 
to only one isomorphism. Combination with the five groups @?5, which involve 


‘éyclic quotient groups of order 4 therefore yields 2 X 5=10 groups of 
_ subdivision (1). 


(2) Quotient group of order 4 non-cyclic. The one group G25, which 
involves a non-cyclic quotient group of order 4 contains just one characteristic 
subgroup of index 2. Hence there arise the following groups of subdivision (2). 


Group of order 8 No. of groups of order 200 
CY CHG ie ce EE E E aa esha 0 
Abelian, type 2,1........ ccc eee cece 2 
Di hedr also. co sca hea Otte alent Ea A 2 
TCV OE? in vey BAe ete Oe aoe eee 1 
Abelian, type 1,1,1................0.. 1 
otal vege Seated 


Thus there are 10 + 6 — 16 groups of. division (c). 
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Division (d). (G°: G5). A group of this division corresponds to a set 
of conjugate subgroups of order 8 in the i-group of a group ‘of order 25. The 
i-group of the cyclic group of order 25 contains Sylow subgroups of order 4 
and hence gives rise to no groups of this division. The i-group of the non- ` 
cyclic group of order 25 contains Sylow subgroups of order 32. The subgroups 

of order 8 are permuted under the i-group in five sets of conjugates, and thus ` 


there arise the five groups of division (d). 
The number of groups of order 200 is thus: 


Division ..........00. (a) (b) (c) (d) 
Number ............. 10 21 . 16 5 Total 52 


There follows a ist of the number of groups of every order at 192) 
between 161 and 216 where this number exceeds one. 


Order Factors Number of groups 

162 pat 55 

164 Pg 5 

165 par 2 

166 Pq 2 

168 pgr 57 

169 p 2 

170 par 4 

171 pq 5 i 
172 ' pg 4 

174 par 4 

175 pq "2 

176 pg 42 

178 pq 2 

180 pyr 37 

182 par 4 

183 py 2 

184 pq 12 

186 pqr 6 

188 pg 

189 pq 13 A 
190 par. 4 

192 pg not determined : 


194 pq 2 
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Order Factors 
195 par 
196 PE 
198 per 
200 Pe 
201 Pq 
202 Pq 
208 Pq 
204 par 
205 . pq 
206 pq 
207 pq 
208 nq 
210 pqrs 
212 pq 
214 rq 
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A DETERMINATION OF ALL POSSIBLE SYSTEMS OF STRICT 
' +.” IMPLICATION. 


By Morean WARD. 


1°. Itis known that the postulates chosen by C. I. Lewis for his “ pjalm ` 

of strict implication” + are not categorical, since three distinct types of such 

a system have been shown to exist.t I shall prove here that the three types 

already discovered are the only ones possible. The inclusion of an additional 

modal postulate { will therefore make the ‘system categorical, and allow it 

‘to be exhibited as a four-valtied truth-value system. ‘The corresponding 
entscheidung problem may then be solved by the matrix method. 


2°. In what follows, the decimal numeration 11.01-20.01 refers to 
Symbolic Logic, Chapter VI. We shall modify Lewis’ notation as follows. We 
use -+ instead of v to denote logical addition, p’ for ~ p and p* for ~ <> p. 
We shall refer to the system. of strict a sa as (the system) 3. 


TABLE I. 
The System X. 

l Primitive Ideas Postulates 

P: D, <> P: PU P = q. 11.1 pg: <- gp 
ae ee 
Definitions 11.3 p: p 
11.01 p +g: =; (p gY. 11. 4 {por R: phar) 
11.02 px q: =: (pg )” 11.5 p's: (pY. 
11.03 p =q: =: Pq] R p 1LOPRJ' JRT per 
: W.%Up pegikg 


19.01 <> pq: R: <> p 
20. 01 (4p, ¢) : ea)” (pe gy. 


It is also assumed that the system is closed with respect ‘to the unary 
operations p’ <> p and the binary operation pg. The equality relation == of 
the primitive ideas has the usual properties.§ In the present abstract treat- 
ment, 11.03 may be looked upon as a condition upon the relation < . 


i {It is assumed that the reader is familiar with the contents of Chapters VI and 
VII of C. I. Lewis and C. H. Langford’s book, Symbolic Logic (New York, 1932), where 
a detailed account is given both of the system of strict implication and the matrix 
method as applied to truth-value systems. We shall refer to this book as Symbolic Logic. 

$ Symbolic Logie, Appendix II. ` i 
. §.As given, for. example, in E. V. Huntington’s paper, “ Postulates for the algébra 
of logic,” Transactions of the American Mathematical Society, bie 35 (1933), PP- -279-280. 
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3°. THEOREM.} The system X is a Boolean algebra in which p + q and 
pq are the operations of addition and multiplication, and p’ is the negation of p. 


The following set of postulates for a Boolean algebra is given by Hunting- 
ton in his Transactions paper, page 280. We presuppose a class K of elements 
P qr, ©- a unary operation p’, a binary operation -+ and an equality rela- 
tion — which we identify with the corresponding entities of 3 


H,[20.1, 20.11] K contains at least two distinct elements. 

H,f[11. 01] If p and q are in the class K, then p + q is in the class K. 

H,[13.11] p+q=q-+p. l 

H,[13.4] (+4) +r=p+(q+r"). 

H,[18.31] p+p—p. 

[18.2] (EPY + (p+ 9)’ =p. 

Def. He{11. 01, 12.3] pq = (p’7’)’. 

The numbers in square brackets refer to the corresponding theorems in _ 
Symbolic Logic. 

4°, THEOREM. If the system of strict implication is interpreted as a 
truth-value system with a finite number of truth-values m, no, > +, Mm, then 
M1, Nay * +, % must form a Boolean algebra B with respect to the operations 
of addition, multiplication and negation derwed from the matrices for 
p+, pg and p. 

For suppose that the matrices for p’ and p + q are 











plg’ PNI th Ne > ng 
nı | Bı Ny Qir Qiz ° Oy 
nz | Be . Ne Geox Geo * * * Azk 
ny | Bx Rá My | Ar Oro ' ` * Akr 





where each @ and £ stands for. a definite truth-value n. We then define the 
operations of negation and addition over m4, na, > +, ny by 
n'i = Bi, ni + nj = Qij (i=l, k) 


‘and it is immediately obvious that the conditions H, — He of section 3° are 
all satisfied. 


i f For a detailed analysis of the correspondence between E and a Boolean. algebra, 
see E. V. Huntington, Bulletin of the American Mathematical Society, vol. 40 (October, 
1934), pp. 729-735. i 
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COROLLARY. The number of truth-values in any representation of % as a 
truth-value system is either infinite or a power of 2. 


Let us use the letters ð and e to stand for designated values + and un- 
designated values in 8 respectively. Then @ and e combine in ® as follows: 





TABLE II. 
Combination of Truth-Values. 
+j Xs ae aes 
e| 0 ð 0/0 e ð| e 
ôl e . ele € e| 0 


For example, the second table tells us that the product of two designated 
values is a designated value, the product of a designated value and an un- 
designated value is an undesignated value, and so on. 

These facts result from the obvious propositions of % 


peg: pt+a-pg; pei: pH pos: pY. 
5°. We consider now the possible representations of X as a four-yalued 
_truth-value system. In accordance with the results of section 4°, we may take 
for the set of truth-values Y the four numbers 1, 2, 3 and 6, which form a 
Boolean algebra if addition and multiplication are taken as the operations of 


finding the greatest common divisor and least common multiple, while Negation 
is gempa by 1’ = 6, 2 = 3. 


Taste ITI. 
Truth-Values of p’, p* and so on. 
p p p* pEr pp pp™* Pp 
1 6 a 1 6 d a 
2 8 b 1 6 d v 
3 2 c 1 © 6 d e 
6 1 d 1 6 d i a 


There are in all 4* — 256 such interpretations of 3 conceivable obtained 
by giving each of a, b, c, d, its four possible values 1, 2, 3, or 6. We shall use 
the definitions and postulates of 3 in Table I to reduce this number to eight. 

- From Table III, we see that ¢ 


(i) -d=4, (ii) 648, (iii) 1=ô. 


t Symbolic Logie, pp. 231-233.” . . 

t We use the letter “@” to stand for some designated value. Thus 6 9 means 
that 6 is not a designated value, and ab, ac, ad = 9 would mean that ab, ac, and ad 
are all designated values. 
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From the last theorem of 4° and (ii) we see that 
(iv) 


Pq 
1236 
2266 
8636 
6666 


/ 


Pq 
6321 
6622 
6363 
6666 
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if 20, 3548; if 3=0, 248. 


TABLE IV. 
Matrices for pg, pg’ and so on. 
pq qp 
dcba dddd 
ddbb cdcd 
dcdc bbdd 
dddd abcd 


d 

de 
ab 
da 


P=4 

de ab da 
d be bd 
be d dc 
bd dc d 


Now since equality over X is defined as logical equivalence,t p = q when 
and only when p and q have the same truth-values. Therefore, we infer from 
the matrix for p = q that ad, bc, bd, cd 40. Hence by (i) and Table II, 


(v) 


From (v), (i) and (iii), we see.that 


DAADAWDWDwWwnwnn DWM WDH rH KH PS 
D>wowmnrHiQnw nr arawndrFQanw wep 
RDO rr NHN AP VNYwW ar Ww amy 


TABLE Y. 
The Principle of the syllogism. 
peg ppsq ppxg: 7 
d d 6 
c c 3c 
b b 2b 
a a a 
d 2d 6 
d 2d 6 
b 2b 2b 
b 2b 2b 
d 3d 6 
c 3c 3c 
d 3d 6 
c 3c 3c 
d 6 6 
d 6 6 
d 6 6 
d 6 6 


(vi) a,b,cAd 


f Lewis and Langford, pp. 123-124. 


a, b, c Æ Ô. 


(vii) a,b,c #1. 


11.7- =: (p: pq: q’)* 


d 
(3c)* 
(20) * 


a* 


as 
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From the last column of Table V, we see that 
(viii) a*, (2b)*, (3c)* =ô. ` 


I say that a= 6. For by (vii), a41. And if a=? or 3, by (viii), 
a* = 2* or a* = 3", Hence a* =b or c, = ô contradicting (v). ` 

I say that b= 3 or b= 6. For by (vii), bj41. And if b=2, then 
by (viii), (2b)* = 2* = b = 2 = îÎ contradicting (v). 

Finally, c =2 or c= 6. For by (vii), cs41. And if c= 3, then by 
(viii) (8c)* = 3* = c = 3 = ĵ contradicting (v). . i 

We cannot have b= 3 and c=. For then d=1 by (ii) and (y). 
Hence <> p: =: p’ and X will degenerate into'a system of material implica- 
tion, contradicting 20. 01. 

We summarize our results in the following 


Tuuorem. There are at most eight possible four-valued systems of strict 
implication, distinguished by the truth-values of <> p; namely 


Tasre VI. 

Possible Systems 3. 
p Op (1) (@) © © (5) (8) (7) (8) 
1 1 1 1 1 1 1 1 1 
2 1 1 2 2 1 1 1 1 
3 3 3 1 1 f.s 1 1 1 
6 6 2 6 3 6 6 3 2 
Designated 


Values} 1,3 1,8 1,2 12 «21,2 12 L2 18° 


These systems may be grouped into four pairs, (7) and (8); (1) and 
(3); (5) and (6); (2) and (4); which are permuted into one another by 
the interchange of the truth-values 2 and 3, and are hence not essentially 
distinct. Finally, the four pairs are immediately seen to agree with the 
systems called Group I, Group II, Group ITI and Group V, in Appendix IT of 
Symbolic Logic. l 

I have verified that the first three pairs satisfy all the postulates of 3, 
while the last pair satisfy all the postulates save 19. 01, as was first proved by 
W. T. Parry, M. Wajsberg and P. Henle.{ I shall denote these three systems 
of strict implication by 31, Se, Xa- l - 


t Obtained by (i), (ii) and (iv). 
$ Symbolic Logic, footnote, page 492. 
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6°. It remains to show that there is no representation of 3 as a truth- 
value system of finite order + essentially distinct from %,, %2 and Zs. 

Suppose that a representation of X as a truth-value system maps % upon 
a Boolean algebra By of order 2%, N = 3 such that all the postulates of 3 
are satisfied in accordance with the matrix method. : 

Let N generating elements of the algebra By be da, %,* °°, ay. Since 
N = 8, we see from Table II that there are at least two generators which are 
both designated values, or at least two generators which are undesignated 
values. With a proper choice of notation, we may assume that a, %, are 
such a pair. , 

Now every element v of the algebra Sy may be uniquely represented in 
the form 
(1) y = GAGs - + GyeN 


where the exponents e are either zero or one, and by convention, the universal 
element of By is denoted by 1, «° = 1.. 

Consider now the effect of equating a, and gs. An inspection of Table IT 
and (1) shows us that this operation does not convert any designated value 
into an undesignated value, or vice versa. Hence the truth-value table estab- 
lishing the validity of any one of our postulates for 3 in By, is unaffected 
by the operation.t 

This operation, however, throws By into a Boolean algebra By_, of order 
2N-4 on which 3 is, therefore, mapped. On repeating this process N — 2 times, 
we obtein a mapping upon the Boolean algebra Bz. On retracing our steps 
from &, to B, to Bı and so on to By, we see that we have a multiple iso- 
morphism between $y and Ha which preserves the assertion values of all the 
postulates for . Hence, the mapping on Sy is not essentially distinct from 
one of the three possible mappings on Bb». 


INSTITUTE FoR ADVANCED. Srupy. 


f The question of whether representations of Z as a truth-value system of infinite 
ordey exist is left open. 

$ The reader may find it helpful to glance back at Table V. In the mapping over 
By: 1, 2, 3, 6, will be replaced by the 2N elements of By. However, . the elements on 
the extreme right of Table V which are all designated values of ‘By will. remain 
designated values after equating a, and a, 


ON THE PROGRESSIONS ASSOCIATED WITH A TERNARY 
QUADRATIC FORM. = 


By E. H. Haprockx. 


1. Introduction. “Denote the primitive ternary quadratic form ag? -+- by? 
+ ca? + 2ryz + 2sez + tay by f, its reciprocal-by F, its Hessian or determi- 
nant by H, (H 0), and the greatest common divisor of the cofactors of 
a, b, ¢ ete, in H by Q. Then A is defined by H == 7A. 

B. W. Jones * has shown that with every ternary quadratic, form f of 
Hessian H there is associated a set of arithmetic progressions: : 


(1) . 8(8u-+aj), — pit*(pin + a) (n=0 + 1,42,-°°) 


such that no integer falling in any one of them is represented by f, and for 
every integer æ not falling in any of them it is true that f==a (mod N), for 
N arbitrary,} is solvable, where p; are odd prime factors of H, aij are some 
or all the members of a complete residue system mod pi, 7 and 7; range over 
some or all of the positive integers and zero, and a’; are some, none or all of 
1, 3, 5, 7. 

But in ‘this paper we will speak of 2" (8n +-a’;) as @ set of progressions 
associated with f where a’; is one of 1, 3,5, or % Similarly, p (pin + tis) 
will be a set for each p; of H. 

In Art. I it is shown that Q, A together with the order and the generic 
characters as defined by H. J. S. Smith { determine the progressions associated 
with a given form; and conversely, that Q, A and the progressions associated 
with a given’ form determine the generic characters. In fact, it is important 
to notice that Q and A restrict the choice of the progressions (1) as is seen, 
on pp. 103-109. We shall speak of the progressions (1) associated with a 
given form as progressions corresponding to the generic characters and the 
invariants Q and A of the form, or simply corresponding progressions. The 
corresponding progressions are given on pp. 108-109. 

Smith § has shown that there exists a properly primitive form f having 


*B. W. Jones, “A new definition of genus for ternary quadratic forms,” Trans- 
actions of the American Mathematical Soet, vol. (1931), No. 1, pp. 92-110. This 
article will be referred to as Art. I. 

. This condition implies that a is EEN by some form of the same genus as f. 
(See B. W. Jones, “ Regularity of a genus of positive ternary quadratic. forms,” Trans- 
actions of the American Mathematical Society, vol. 33 (1931), No. 1, pp. 111-124. ys 

tH. J. S. Smith, Collected Mathematical Papers, vol. 1, pp. 457-459; L E. 
Dickson, “ Studies in the Theory of Numbers,” pp. 51, 52. 

$ H. J. S. Smith, loc. cit., p. 470. 
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a given © and A, a given set of values for the generic characters and whose 
reciprocal F is also properly primitive if and only if i 


(2) ygiGer(f | 01) (F | A1) = (— 1)”, 
where 

g=1 if =QR>, =—1 if Q= 20,0.?, 
(2a) G=1 if A—A,A,?, G==—1 if A= 2A,A,?, 


eo = (% +1) (A, + 1)/4, ep = (P?—1)/8, 


and Q, and A are the largest squares dividing Q and A respectively. 
Q = 0,0, or 20,0,? according as 9/9? is odd or even; similarly for A. | 
Hence 2, and A, are always odd and not divisible by any square. If f is 
improperly primitive then instead of (2) the condition is 


(3) (— G) (2f | 1) (P| Ax) = (—1)%. 
If F is improperly primitive, the condition is 
(4) (get (f | 91) (2F | Ay) = (—1)%. 


The purpose of this paper is to find conditions on the progressions asso- 
ciated with a form which are equivalent to Smith’s character conditions 
(2)-(4}. This leads to the fact that the number of sets of corresponding 
progressions of a certain kind is odd or even according as f is positive or 
indefinite. (See Theorem II of this paper). It is also found that with every 
positive form there are associated infinitely many progressions of numbers 
not represented by f. 


2. From (2a) we notice that the odd primes which occur to even powers 

in both Q and A do not affect the value of (f | 21) (F | A1) in (2)-(4). Then, 
suppose we have given Q, A and only the following sets of corresponding pro- . 
gressions I-X involving the distinct odd prime factors pi, p2,° ` `, Pn Which 
occur to odd powers in at least one of Q and A. From Art. I, p. 103, it is seen 
that if we omit the progressions pa? then T-X include all combinations of sets 


of corresponding progressions in pi, Pa” `°, Pn 
I paj*(pain + 33), TI. pa™ (pan + oj), pa (pon + Bos), 
TIL 55°" (pain + @3;), IV. pas??? (Pan + taj), p (pan -+ Bas), 
V, Ps” (psn + Rsi), VI. pag? (Pejn + ej), Pej (pein + Boj), 
Psa (Psn + asi), 


VIE pry (pun + Bu), VII. pa™!(pen + Bes), Pej™™ (pan + dsj), 
IX. 9957794 (Pon + aj), X. none for Pıo,j; 
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where (j = 1,2,- < -, N1), (1 =1,2,---,10) and the pi;’s are pi, Pos’ + +5 Pu 
renamed. Each a; and i; represents all the quadratic residues or all the 
quadratic non-residues of pi;; the ranges r:; and s:; are finite and that of & is 
infinite. In Art. I, p. 108, a4, %1, S, 8,7, k, Q, A” correspond to 


(5) Qiz, Biz, Sijs Stis Tijs b, Vij, Aij, 
respectively. Qi; and Ai; are defined by 
(6) (Q/pu") =V 3&0 (mod pi),  (A/pis" 4) = Ai 0 (mod pis). 


In I-IV, pi; occurs to odd and even powers in Q and A respectively; in V 
and VI, pi; occurs to odd powers in both Q and A; and in VII-X, pi; occurs 
to an odd power in A and to an even power in Q. pı; of I and III is not a 
factor of A and pi; of VII and X is not a factor of Q. 

Define 


Ni Ni 
(7) Ou = TT pes (i==1,2,---,6), Au = IT pis (i= 5,--+,10), 


4 10 
(8) A = JT Qr, B = J] Ai, 
į=1 į=7 
(9) C = 53066 = AssAce, 


(10) T(u, v, w) = (—1 | wow) (u | v) (v | u) (wo | w) (w | w), 
(11) es = N, + Na + N; -+ N: + Na 
If Ni=0, define Qu = 1, (t= 1,2,- i -,6) and Ay =I, (i = 5,° ‘ *, 10). 
From (2a), (7), (8), and (9), we have 
6 10 
(12) |2 | = JI Qu = AC, | A: | = II Ais = BC. 
i=l i=5 


Case 1. Q and A are each positive. 
Hence Q, = AC and A, = BC. From Lemma 12 of Art. I we notice that 


(18) (f| p) = (a |p) 
for each p of Q and from the corollary of Lemma 4 we notice also that 
(14): (a | p) =— (a | p). 


With the aid of (13), (14), (5), and (7) we obtain 


(15) (f | 2u) = (— omii (aa; | Pi), (i=1,2,---,6). 
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` From Art. I, p. 103 we have for each p in I-II, II-IV, ‘VII-VIII, IX-X, : 
V and VI respectively, the conditions : 


t 


(6)  (—ad’|p)=—1, (~as |p) =i, 

(17) (Flp)=—(—-9'[p), (Fl p) = (— 9" |p), 

(18) (F |p) =—(—2a’0'|p), — (F | p) = (— 20" |p). 

From (15) we have with the aid of (16), (6), and (2a) 

(19) (F | Diz) == y0 2u (— A, | Qi), (i = 1,2, 3,4), 
where y = — 1 if (i= 1,2), y= 1 if (i= 3,4). From (17) we have 
(20) (F | An) = gau (— A | Ais), (i=7,: > +, 10), 


where y = — 1 if (i= 7, 8), y= 1 if (i= 9,10). From (8), (9), and (12) 
we have 


(A's; | Psi) = GP (Bago | Ps3) (Psi Psa)" > Ps,j-1s Ps, 5419 °" > PoNs | Poi) 
(— 053 | Psi) == g°ps (— AAss | Psi) (Pst; Ps2.°°* > Ps,4-1) Ps,j+19 °°" > Pens | Psi). 


Then from (18) and (21) we obtain 
(22) (F | Ass) = (gG) “As(—AB | Ass) i (asz | ps3). 
Similazly we obtain 
(23) (F | Aso) = (— 1)” (gG) “Aue(— AB | Ase) i a | Poj). 

From (15) aid (19) we have 
(24) (F12) = (~ 1)48*(—1 | A) (A: | A) TE (ass | po) F (o | po), 
where e4 = N + N Ns Ne. From (20), (22) and 1 we obtain 
(25) (F| A.) 

= (—1)*g*@°(—1 | BC)(9, |B) (4B |0) Flass | Psi) it (ass | psi) 
where és = Ne + N: + Ns. Then from-(24), (25), (10) and or we have 


(21) 


(26) (f | 91) (F | A1) =F (A, B, C)(—1) 2g, 
For the two cases, A = B (mod 4), and A==3B (mod 4) 
(2?) . J (4, B, C)(—1)#—=—1, ° 


* Case 2. Q and A have opposite signs. l : 
If Q < 0, then from (2a) we notice that Q, <0. Then in (12) we take 
Q, = (—-A)C. Instead of J(A, B,C) in (26) we have J(—A,B,@). But 
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` (28) .  J(—4,B,0)(—1)2=1. 


T£ Q > 0 we also have J(A,—B, C)(—1)#=—1. 

Replace (f | ,)(F|A:) in (2) by its value in (26) and use (27) and 
(28). We obtain. 
(29) yg St Gar — R(—1)% - 


where E ——1 if Q and A are each positive, and R = 1 if Q and A have 
opposite signs. From the progressions I-X we notice that es is the number 
of sets of corresponding progressions of the type pı" (pim + Cuz) where 
Cy =o; or Biz and ky—1,8,5--- or kh, ==0,2,4,--- 3 that is, the 
range of the exponent k, of pi; is infinite. The condition (29) is equivalent 
to (2). 
When we apply to (29) each of the eases A-F * in Art. I, pp. 104-108, 

we find that there exists a positive form or an indefinite form if and only if 
the number of sets of corresponding progressions s 


(30) . pis (pia + Ory),  Be(8n +a) 


is respectively odd or even, where k, (i = 1,2) ranges over all the evens or 
over all the odds. In particular we find from A that an indefinite form may 
have no progressions at all associated with it. l 

As an illustration of the application of A-E to (29) we take in # 
(Q” == 8, A” == 2) the progressions 4n + A’, 4n + 2, 8n + Sad’, 4*(16n + 144°) 
which are found in the last row, with «==3 (mod 4), and QF =O F = 3a, 5a 
(mod 8). From (29) we have (2|Q,F) (2| A:f)y =R(— 1)“. If «= 3 (mod 8), 
then f= 3A’ (mod 8) ; hence, (2 | A,f) =— 1, and y—1. Also (2|Q,F) =1 
since QF = 1, 7 (mod 8). Then R(—1)%==-+~1, and e, is even or odd 
according as R==—-1 or 1. Similarly, if « = 7 (mod 8). 

For f in (3) Q==154A (mod 2). Now if we replace (f | Q,) (F | A:) 
in (3) by its value given in (26) we find that 


: R(—1)%—1 if G=—l, 
(31) R(—1)*=(2|G.P) if G=1. 


Then, from Art. I, p. 109, G, we find again that there exists a positive form 
or an indefinite form if and only if the number of sets of corresponding pro- 
gressions (30) is respectively. odd or even. 

For f in (4) As=1540 (mod 2). Now if we replace (f | 91) G | A») in 
(4) by its value given in (26) we find that 


“* Qa (8n + a';y may be obtained directly from the congruences in III of Art. I. 
p. 104. l 
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R(—1)*=—1 if g=—1, 
(82) R(—1)e= (2| Af) if g=1. 


If we apply the principle of reciprocity to (32) we again obtain (31). If 
now we display the progressions 4*(8n + a’;) of F in Art. I, p. 108, G, and 
apply (31) to them we find that we can have a form F and hence f having. 
the corresponding progressions (30) if and only if the number of their sets 
is odd or even according as F is positive or indefinite. 

Since (29), (81), and (32) are equivalent to (2), (3), and (4) respec- 
tively, we have 


THrorEM I. Hach of Smith’s character conditions (2)-(4) is equivalent 
to the fact that the number of sets of corresponding progressions * of the type 
pis (pign + Caz), 2%(8n +a) in the progressions (1) is odd or even ac- 
cording as Q and A have the same or opposite signs, and where Cij = aij or 
Biz and kı (i= 1,2) ranges over all the evens or over all the odds. 


THEOREM JI. There is an odd (even) number of sets of progressions 
of the type pis*(pijn + Ciz), 2%(8n + a'i) in the progressions (1) associated 
with a positive (indefinite) form where Oi; = qij or Biz and ky (¢=1, 2) 
ranges over all the evens or over all the odds. Conversely; if Q and A are 
given and if there is given an odd (even) number of sets of corresponding 
progressions of the type pij™(pign + Caz), (8n + a3) in the progressions 
(1), then there exists a positive (indefinite) form associated with the given 
progressions. 

Coronary. With ‘every positive ternary quadratic form there are asso- 
ciated infinitely many progressions (1). 

By inspection of p. 103 of Art. I we have the following properties: P, — P; 
where Lij = [ (43 — 2) /2], Mi; = [Li; +- 45/2] and taj, Vij are defined in 
(6). [1/2] =—1. 

Pı. If t = 2 is even then rı; = 0, 1,2, < +, Laz if ta is odd then. 
T4; = 0, 1, 2,- * >, Mi; + 1. 

P, If ty =2 then Si; = 0,1,2,---, Liz unless pij?** (pin Bij) 
occurs whent,; is even. If ¢;;is even and ti; + t'i; = 2 thens’;; = 0,1, 2,+--, Mije 

Ps. If ti; =1 is odd then si; —0,1,2,-- +, Mi; or Mi; +1 according 
as Yi; is even or odd. i 

P,. I£ Yi; is odd then (Ba; | piz) = (— NG | Pij) or — (— Aij | Pij) 
according as pag" (pin + Bij) or piz (pim + Bij) occurs; otherwise the 
value of (Bi; | paz) can be chosen arbitrarily. 


* When F is improperly primitive the progressions (30) of f can readily be found. 


` 
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P,. If tj is odd and Yi; is even, then (as | piu) = (— Ai | pu) or 
— (— Ai; | piz) according as pij” (pun + aj) on pi" (pin + aij) occurs; 
otherwise the value of (æ; | pij) can be chosen arbitrarily. 


3. Example. We now give an example of the converse part of Theorem II. 
Suppose we have given Q = 6, A= 105. Since 3 occurs to an odd power in 
both 2 and A, we may choose either V or VI. Choose 37*(38n + Bs), 
3ra(3n + ası). From Pay (Bs: | 3) = (— 35 | 3) ==1. From P, we notice 
that 75,0 and from P, we may choose ası == 2 (mod 3). Since 5 is not a 
factor of Q and occurs to an odd power in A we may choose either VII or X. 
Choose 5% (5n-+ Bri). (Br: | 5) = (—21|5) 1. Let there be no pro- 
gressions involving 7. There are no progressions p**1¢ for p = 3, 5, and Y. 
The number of sets of progressions 37**1(3n + 1) and 5%*(5n + 1) is even. 
Hence in Art. I, p. 104 (Q%=2, A” —1) we must take 4*(8n + 7A’). 
A’ = Az==1 (mod 8). 

It remains to find a form f with Q—6, A= 105, and having the 
progressions 3%! (3n -+ 1), 3n + 2, 5% (5n + 1) and 4*(8n + 7) associated ` 
with it. 

Fromf = aa? -+ by? + cz? + 2ryz + 2az we obtain abf = bz,’ + ay? + Hz? 
where vı = ax -+ z, y, = by -+ rz and H = aQ4A — b. Hence b = 0 (mod Q). 
Take b = 60’ with 0’ prime to 6. g = 2ab’f = 2b’a,? + Bay: + 12602? where 
Yı = 8y2. In order for f to have the progression 3n + 2 associated with it, 
we take as=1(mod3). g==0(mod3) implies that zı = 3z} Then 
g/3 = 6b'w,” + ayo? + 42027. We take b’==1 (mod 3). Then f will have the 
progressions 3% (3n + 1) associated with it as is seen from the corollary of 
Lemma 5 of Art. I. Similarly, we take (ab’| 5) =— 1 and (ab |7) =1. 
Let a= 1. b'f = b's? + 6y: + 6302? where ys = 2y3. Let 6’ == 3 (mod 8). 
Then from the corollary of Lemma 11 of Art. I, f will have the progressions 
4*(8n-+7) associated with it. Take 0’==67. Then b= 402. From 
H = a(bc— r?) —b we have c = 133, and r= 222. Hence f= g? + 40247 
+ 1882? -+ 444yz -+ 202. From z, =v -+ z, s will be an integer for any 
integers assigned to a and z Yı == by + rz = 6y, where y, = 67y + 837z. 
b’f == 0 (mod 67) implies that y = + 37z (mod 67). Hence the sign of z 
can be so chosen that y is an integer. Apply to f the transformation 
ema + 3 +7, y =y +27 and z =— 2y — z7 of determinant 1. We 
find that f is equivalent to the reduced form v? + 43y? + 9072. 


4. Table. In the following table * abbreviate the form f by enclosing the 


* Eisenstein has given a table of genera for forms with odd Hessian from 1 to 25,. 
“neue Theoreme der höheren Arithmetik,” Journal fiir Mathematik, vol. 35 (1847), 
p. 136. 
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. coefficients of the square terms and half the coefficients of the prođuct terms in 
parentheses: (a,b, c,r,s, t). Let P denote the progressions (1) associated 
with a form f. Let's; = (2 | f)ẹy and sa = (2 | f) (2 | F)y. An asterisk pre- 
fixed to a form indicates that f has an improperly primitive reciprocal F. If 
~ f is improperly primitive, then f always has the progression 27 + 1 associated 
with it. The progression 2n + 1 is not written in the table. 


TABLE OF GENERIC CHARACTERS AND PROGRESSIONS OF REDUCED POSITIVE 
TERNARY QUADRATIC FORMS For TYPICAL VALUES or H From 1 TO 25. 


f Properly Primitive. 








H odd. 
(F | p) 
or 
H (Flp) y P Forms 
1. =i 4% (8n +- 7) (4, 1, 1, 0, 0, 0) 
3 1 1 371 (3n + 2) (1, 1, 3, 0, 0, 0) 
3 St =] 4*(8n -+ 5) (1, 2,2, — 1, 0, 0) 
5 1 eat 4*(8n + 3) (1, 1, 5, 0, 0, 0) 
5 s=] 1 B24 (5m + 1) (1, 2, 3, — 1, 0,0) 
9 Rn =l 4 (8n + 7) (1, 1, 9, 0, 0, 0) 
3(3n = 1) 
9 —1i - 44(8" +7) (1, 2, 5, — 1, 0, 0) 
9 (f[38)=1 1 3°%(3n + 2) (1, 3, 3, 0, 0, 0) 
(f 8) za —1 4*(8n + 7) (2, 2, 3, 0, 0,—1) 
an+ i 
15 1 1 3% (38n-+1) (1,1, 15, 0, 0, 0) 
1 (1, 4,4, —1, 0, 0) 
15 —i 1 B (Bn, + 2) (1, 2, 8, — 1, 0, 0) 
—1 (1, 3, 5, 0, 0, 0) 
15 (F |3)=1 Ñ 4*(8n + 1) (2, 2, 5, 0,0, — 1) 
(F |5)=— 1 © (5n + 2) 
; ga (3n + 1) 
15 (F|3})=—1 —1 4(8n +1) (2, 8, 8, 0, 0, — 1) 
(F | 5) = 
H = 2 (mod 4) 
(F |p) 
or ‘ 
H (fip) (2| F)ġ P Forms : 
2 —i 4*(16n + 14) (1, 1, 2, 0, 0, 0) 
6 1 1 . 8%(8n4+1) _(1,1,6,0,0,0) 
6 = =i 4*(16n + 10) (1, 2, 8, 0, 0, 0) 
18 ine of 4k(16n + 14) (1, 1,18, 0, 0, 0) 
: 3(3n + 1) (2, 2, 5, 0, — 1, 0) 
18 = =í 4*(16n + 14) (1, 2, 9, 0, 0, 0) 
(2; 8,4, —1,0,—1) 
18 ‘Gi{3—=t ` 1 4*(16n + 14) (1, 8, 6, 0, 0, 0 
l : ` Bn +2 — i 


18 (fl3)=—1 —1 3°*(3n +1) (2, 3, 3, 0, 0, 0) 


com wl] 


12 
12 


12 
12 
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H = 0 (mod 4) 
f= F= i 
(mod 8) (mod 8) 
; or 
(F | p) Sı OF S2 P Forms 
L5 1,5  &Æ&(8n+7) (1, 1, 4, 0, 0, 0) 
: án +3 
g= 4*(8n + 7) (1, 2,2, 0, 0, 0) 
1,5 1 4&Æ(16n + 14) (1, 1,8, 0, 0, 0) 
81 +6 
4n-+ 3 
ANEN 4*(16n + 14) (1, 2, 4, 0, 0, 0) 
3 4*(16n + 14) (1, 3, 8, —1, 0, 0) 
4n + 2 
3,7 5 4#(16n + 14) (2,2,3, —1,— 1,0) 
8n +6 
4n +1 i 
1 1,6 1,5 371 (3n + 2) (1, 1, 12, 0, 0, 0) 
4n + 3 
1 s=] 4*(8n -+ 5) (1, 2, 6, 0, 0, 0) 
1 3,7  8%(3n + 2) (1, 3, 4, 0, 0, 0) 
4n + 2 
—1 1,5 B71 (3n + 2). *(1, 4, 4, — 2, 0, 0) 
4n+-3 
4n +2 
=ï s =—1 3% (3n + 2) (2, 2, 3, 0, 0, 0) 
8% +1 
—1 8% 1,5 4*(8n+5) (2, 8, 3,1, 1,1) 
8n +1 - 
f Improperly Primitive. 
(F | p) 
or F= i 
(Fip) (mod 8) P Forms 
4#(8n +) (2, 2, 2,1, 1, 1) 
1 3 3H (8n + 1) (2, 2, 2, 0, 0, — 1) 
1 : 371 (8n + 2) (2, 2, 4, — 1, — 1,0) 
=i 4*(8n -+ 5) (2, 2, 4, 0, 0, — 1) 
(F13) =—1 1, 3% (8n + 1) (2, 2, 6, 0,0, — 1) 
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A DEFINITION OF GROUP BY MEANS OF THREE POSTULATES. 


By RAYMOND GARVER. 


Given a set of elements G(a,b,c,- - -) and a rule of combination, which 
may be called multiplication, by which any two elements of G, whether they 
be the same or different, taken in a specified order, determine a unique result, 
or product, which may or may not be an element of G. This system is called 
a group if it satisfies certain postulates; the sets of postulates to which we shall 
have occasion to refer in the present paper are chosen from the following list: 


I. (Closure). If a and b* are elements of G, the product ab is an ele- 
ment of G. 
II. (Associativity). Ifa, b, c, ab, bc, (ab)c, a(bc) are elements of G, then 
(ab)c = a (bc). ; 
III. (Strengthened Associativity). If a, b, c, ab, be, (ab)c are elements 
of G, then (ab)c = a(bc). 
IV. Ifa and b are elements of G, there exists an element x of G such that 


as = b. 
V. If a and b are elements of G, there exists an element y of G such 
that ya = b. 


VI. (Existence of right-hand identity element). There exists an element 
e of G such that, for every element a of G, ae = 4. ‘ 

VII. (Existence of right-hand inverse element). If such elements e occur, 
then for a particular e and for every element a of G there exists 
an element a’ of G such that aa’ = e. 


One important definition of group employs I, II, VI and VII. This 
formulation is due to Dickson (ref. 11), but it is based to a large extent on 
the work of Moore. These four posulates were proved by Dickson to be 
independent. It is worth while pointing out that postulate VII must be stated 
carefully; van der Waerden’s form of this postulate (ref. 12) is ambiguous, 
as Clifford has shown (ref. 18). 

The reader is familiar with the fact that this postulate system is often met 
in a slightly different form, with VI and VII replaced by stronger statements 
which postulate identity and inverse elements, not merely right-hand identity 
and inverse elements. Dickson’s work shows, of course, that it is not necessary 
to postulate these stronger statements. 


* The symbols a,b,---, as used in the postulates, need not represent distinct 
elements of G. ; 

ł Instead of VI and VII, van der Waerden postulates left-hand, instead of right- 
hand, identity and inverse elements. This is essentially the same type of definition. 


276 , 


A DEFINITION OF GROUP BY MEANS OF THREE POSTULATES. a? 


The other commonly used definition of group makes use of I, II, IV and 
V. This set is a simplification of that used by Weber (ref. 1). He first defined 
a finite group by means of I, II and two other postulates whose exact form 
does not interest us here, and then deduced IV and V, with the uniqueness 
of the and y there appearing, as theorems for finite groups. - Finding that 
IV and V could not be so deduced for infinite groups, he added them, plus 
uniqueness postulates for z and y, to his set of postulates to define an infinite 
group. While this was a perfectly natural step to take, it led to a number of 
redundancies. Huntington, in 1902, showed (ref. 3) that Weber’s other 
postulates could be deduced from I, II, IV, and V, but he did not actually 
emphasize having done so until 1905 (ref. 10). Moore, also in 1902, was the 
first to set up and study (ref. 5) the precise set I, II, IV, V. 

Moore, however, left open the question as to whether I, II, IV and V form 
an independent set of postulates (ref. 5, page 489). I have recently been able 
to prove (ref. 14) that they are not independent; in fact, the closure property 
I can be deduced from II, IV, and V. This gives a simple definition of group 
by means of three postulates; further, no other postulate in the set I, II, IV 
and V can be deduced from the remaining three, as I have easily shown. That 
is, there is only one permissible three-postulate definition of group, if the three 
are to be chosen from J, II, IV, and V, and this set II, IV, and V is an 
independent set. 

It should be mentioned that an earlier definition of group by three postu- 
lates was given ty Huntington in 1902 (refs. 3 and 6). He employed III, IV, 
and V, his proof requiring the strengthened form of the associativity postu- 
late. This definition may be thought of as the next to last step in the simpli- 
fication of Weber’s set of essentially 8 postulates to the set II, IV, V. 

In this paper I propose to prove that a group may be defined by means 
of the three postulates II, IV and VI. While VI is, of course, not a weakened 
form of V in the sense that II is a weakened form of III, I think it will be 
generally agreed that VI is a “weaker” postulate than V. To justify this ` 
- statement, assume that the multiplication table of the elements of G is given l 
by means of a square array, whether finite or infinite in extent: l 


a b c 
a | Pu Pro Piz 
b Pax Pee Pez 
C | Pa Pse Pass ts e 





278 RAYMOND GARVER. 


The products pi; may or may not be elements of G. Now we see that postulate 
V may be thought of as a restriction on every column of this square array; 
it requires each column to contain every element of G. On the other hand, 
postulate VI merely restricts one column of the array; there must.exist an 
index ¢ such that the column of products Pii, poi, Pst,” ` * is identical with the 
left border of. the table a, b,c,- > +. There is, I think, then some justification 
for the belief that the definition of group by postulates IT, IV and VI is the 
most satisfactory, from the logical standpoint, which has yet been given. 

It may be pointed out that, in the light of VI, IV may be weakened 
slightly by the addition of the hypothesis a=4 b. This is hardly an important 
change. It may further be noted that IV and VI may be replaced by the 
composite postulate 


VIII. If a and b are elements of G, there exists an element x of G such that 
ax = b; if b—a, there exists an element e of G such that, for 
any @ in G, we may take ¢ = e. 


‘This does not in any real sense afford a reduction to two postulates, but it does 
emphasize an interesting relation between IV and VI. 

To prove that a group may be defined by postulates II, IV, VI, we first 
deduce I and then V. The deduction of V is sufficient, since, as pointed out 
above, I have already obtained I as a consequence of II, IV, V; I am unable, 
however, to obtain V without obtaining I. 

Assume, then, that a and b are elements of G. We wish to show that the 
product ab lies in G. l 


(1) By VI, 3 e in G such that ae = a. 

(2) By VI, ee =e. 

(3) By IV, 3 cin G such that ec =a. 

(4) By IV, 3 din G such that ed =. 

(5) By (2) and (4), (ee)d = ed = c. 

(6) By (4) and (3), e(eđd) = ec = a. 

(7) , By (5), (6) and II, c—d. 

(8) By (3) and (7), ea = a, for any a in G. 

(9) By IV, ya’ in G such that aa’ == e. 
(10) By IV, 4a” in G such that d'a” = e. 
(11) By (9) and (8), (aa’)a” = ea” = a”. 

. (12) By (10) and (1), a(€”) = ae =a. 

(13) By (11), (12) and II, a” =a. 


(14) By (18) and (10), d'a =e. 
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(15) By IV, af in G such that a'f =b. 
(16) By IV, 4g in @ such that ag =f. 
(17) By (14) and (8), (va)g = eg =g. 
(18) By (16) and (15), « (ag) = f =b. 
(19) By (17), (18) and II, g =b. 

(20) By (19) and (16), ab =f. 


Since the product ab = f, an element of G, property I is established. 
Property V then follows at once, for, if we take y = ba’, 


(21) By I, (14) and VI, ya = (ba’)a = b (aa) = be =b. 


We have thus exhibited an element y which satisfies. V. 

It is not without interest to point out that two important group properties 
follow easily from intermediate steps in the above proof, before closure has 
been deduced. Thus, at the end of step (8), we have proved that any right- 
hand identity element is also a left-hand identity element. Thus there exists 
an identity element e such that, for every element a of G, ae = ea =a. It 
then follows at once, by a familiar step, that there is a unique identity element. 
From (9) and (14) above we have, if a is in G, the existence of an w in G 
such that aa’ = a’a =e, in other words, the existence of an’inverse element. 
It follows easily that, for a given a in G, the inverse a’ is unique. 

One question of some interest remains. If postulates II, IV and VI are 
sufficient to define a group, as we have showed, is the same true for the set 
of postulates IT, V and VI? The answer is no; the simplest example of a. 
system satisfying these postulates and yet not forming a group is given by 
the multiplication table 





R & 


re 
$ ; a a. 

The set of postulates II, V and VI is related to the concept of multiple group, 
as defined by Clifford (ref. 13). One of the two, types of multiple group, 
the two types not being essentially different, satisfies II, V, with uniqueness 
of the element y there appearing, VI, and, in addition, I. But Clifford shows 
that a multiple group is not, in general, a group. 

Finally, postulates II, IV and VI are independent and completely in- 
` dependent when the number of elements in G is greater than two. (When the 
‘number of elements is two, II is a consequence of IV and VI.) Examples to 

prove this can be written down easily. 


7 
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8. 


9. 
10. 
11. 
12. 
13. 
14. 
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THE SIMULTANEOUS REDUCTION OF TWO MATRICES TO 
TRIANGLE FORM. 


By J. WILLIAMSON. 


Introduction. A square matrix Ay = (aij), (i, j = 1,2, +,n), whose 
elements ai; are complex numbers is said to be a triangle-matriz, if ai; = 0, 
when «> j, or, in other words, if each element to the left of the leading 
diagonal is zero. The elements ai;, (t = 1,2,- + +, n), of the leading diagonal 
of a triangle-matrix A,» are the latent roots or characteristic numbers of Ap. 
Since the sum, the difference and the product of any two triangle-matrices 
are all triangle-matrices, if f(A, Bo) = Co is a matrix polynomial in the two 
matrices A, and Bo, Co is a triangle-matrix. In particular, if 


Co = (cas), (4,j=1, 2," ° sn), 
(1) Cii = f (tii bii), et hy ees) 


so that the latent root ci; of Co is the same function of the latent roots ai; 
and bii that Cy is of Ao and Bo. Moreover, if A and B are similar to Ao 
and By respectively, so that there exists a non-singular matrix X satisfying 
the two equations 

Xá X = A and XBX = B, 
then 

Xf (Ao, Bo) X+ = f(A, B) = 0, 


and the latent roots of A, B, C are the latent roots of Ao, Bo, Co respectively. 
Consequently equation (1) is true when aii, biz and ci; are the latent roots 
respectively of A, B and C. 

Now, if De =¢(Ao, Bo) is a second polynomial in the matrices Ao and 
Bo, and if, when « and y are indeterminates, (2, y) = f (x, y), Co — Do is 
a triangle-matrix whose leading diagonal is zero. For, the element in the i-th 
place of the leading diagonal of this matrix is, 


Cii — dii = f (ai, bis) -== E (tiis bii) =Q. 


Consequently (Cə — Do)” =0; that is, the matrix Co— Do is nilpotent. 
Hence, if it is possible to reduce the two matrices A and B to triangle fogm 
by the same similarity ‘transformation the matris f(A, B) —ẹ(4, B) is 
nilpotent for every pair of polynomials f and , which my the identity 
f(e, y) =¢(2, y). | 
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In what follows we shall be interested in the converse of this last state- 
ment. ‘In particular we shall show that, if certain restrictions are placed on 
the matrix A, a sufficient condition that it be possible-to reduce A and B to 
triangle form by the same unitary transformation is that a finite number of 
matrices, each of the form h(A)(AB— BA), where 2(A) is a polynomial 
in A, be nilpotent. 

We shall have occasion to write an n-rowed square matrix S as a matrix 
_ of matrices, 

(2) S == (Sis), f (i= 1,2, t), 


where Si; is a matrix of e; rows and e; columns. If T is a second n-rowed 
square matrix and 


(3) . T = (Tu), : (i j=1, 2o st), 


where T:; is a matrix of e; rows and e; columns, we shall say that § and T 
are similarly partitioned or that (3) is a partition of T similar to (2). If in 
(2) Siz = 0, when +54 j, we shall call S a diagonal block matrix and write 


(4) z 5 = [S 82 % “8il; 


where 8; = Si t= 1,2, + -,t. 

We shall use # to denote the unit matrix and U to ante the auxiliary 
unit matrix, whose only non-zero elements lie in the diagonal above the leading 
one, each of which is unity.* 


1. Let A be a square matrix of order n over the field of all complex 
numbers and let the elementary divisors of A — AF be 


(A—Ar fis (A— Az) *, pie (A—Az)*, 


where | e Eland e +e.+----+e;—n. The classical canonical form of 
A is the diagonal block aes 


(5) Ån = [M Mz: $ Mil. 
In (5) M: isa square matrix of order e; ; in fact- 
(6) M: =E: + Ui, l 


where F; is the unit matrix of order ¢; and U; the auxiliary unit matrix of 
the same order. The matrix 


(Y) h(ån) = (dn — ME) (An— ME)" + - (An— ME), n0, 


* Cf. Turnbull and Aitken, Canonical Matrices, p. 62. 
f Dickson, Modern Algebraic Theories, p. 106. 
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is a polynomial in A, and is a diagonal block matrix [Na Na; - -, N+], where 
(8) l Ni = Vin Us", (i= 1,2, > tj, 
and p 


Vir = 9, r; = ei 
(9) Vir, = (Ai — M) (As — Àa)? 
i eee (Aa — Aia) (As — Ase) in CAG) Ti < eii 


_ In (7) it is understood that, if r; == 0, the factor (Aa A TID Mi is l 
replaced by the identity matrix. Let 


(10) B= (Bu) 4 EIR es, 


be a partition of the matrix B, similar to that of A» in (5). Then, if 
AnBn— BrAn = C and C = (Ci;) is a partition of O, similar to that of Ba 
in (10), 
Oiz == Mi Bi; — Bij M; 
= (ME: + Us) Bis — By (uE; + U5) 
or 
(UL) Gag = (Mi — Ay) Bay + UiB — Bij Ui, (i j= 1;2,: +,t). 


We shall find it convenient to use the notation b (4, j ; r, s) for the element 
in the r-th row and s-th column of the matrix Bi; and more generally 
f(4,7;%, 8) for the element in the r-th row and s-th column of the matrix Fij, 
where F = (Fi;) is a partition of a matrix F similar to that of Ba in (10). 
With this notation equation (11) becomes 


(12) ieee ade +(i,7;r+1, s)—b(% 757, s—1), 
(i j == 1, 2,° ae t; r= 1,2, t ts Gay s= 1,27) 


with the understanding that b (i, j; e, + 1,s) =b(i, j; r, 0) = 0. 

We now make two hypotheses; 
(a) The matriz A is not derogatory; that is the minimum equation satisfied 
by A is of degree n; 


(b) For every polynomial h(An) defined by (7), where ri = 0,1, 2,° °, e 
and m1 +re-+: ++ +%Sn—2, the matris h(An) (AnBun—BnAn) is nil- 
potent. 


As a consequence of hypothesis (a) we see that the latent root A; of An 
is distinct from the latent root A;, if +54 7, and accordingly that each vir, in 
(9) is different from zero, when ‘r; is less than ¢;. 

Now, if 

h(An) (AnBa — Brán) = h (An) = F 
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‘and, if F = (Fi;) is a partition of F similar to that of B, in (10), 


(13) Pig = Nili = vir Ui Cus, (i, j = 1,2,° t,t) 
and 
(14) fli jir s) = vine (i 957 -+ 1%, s), 

(i, j = 1,2, Dat r==1,2,° °°, 635 s= 1,2, + -,6;), 


where c(t,j;r-+ 71,8) =0, if rẹ ri > e 
We shall now prove 


Lemma I. If t,,%4.,° + +, %, is a subsequence of the sequence 1,2,---,t 
and p= 2, then 


(15) b (ta, 425 81, 1) B (te, is; 82, 1) > © > (tp, t13 Sp, 1) = 0, 
for all positive integers sj S ej. 


To prove this lemma we first show that 


(16) C (is, t25 $1, 1) C(t, i35 S2, 1) > ` + O(tp, t15 Sp, 1) = 0, 

for all values of p = 1,2,---,¢. We shall prove (16) by induction, assum- 
ing it true for p—1,2,---,4—1 and to simplify our notation shall write 
Mj for Ci 


If (16) is not true when p= h, for some set of integers g; S mj; pane 
product 


(17) g = (41, t23 Gry 1) € (42, is3 G2, 1) © © + (4, i13 Qu, 1) 
is different from zero. Moreover, if œ is a positive integer and 
C(t, tis Qi + % 1) is different from zero, gj may be replaced by g; + @ in g, 
and the resulting product will still be different from zero. Hence we may so 
choose the integers g; in (17), that 
(18) 6(4;, tjs Qj + 4,1) = 0, a> 0, 
(19) C(t, Var3 Gi; 1) we 0,7 = 1, 2, p BnM h; thar == dy, 

If ks4j-+1modh and s; S mj, one of the products 


c(t, ie; Sj; 1) c(i% Terr 3 Qk; 1) ee C(tj-1, tj; i-is 1) 
or 


© (45, iw; 85,1) C(t, Tws13 Qr 1) © © > 0 (in i13 m 1) > © + O(a, i3 g-u 1) 


is zero by our induction assumption, since it is of type (16) with P= Sh—l. 
Therefore by (19) 
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l (20) c(i; tie 83, 1) = 0, 

(j, k = 1, 2,° SEW kx4j-+1modh, sj = 1,2," - somi). 
Let h (An) be the polynomial defined by (7) for which Te = er, if k does not 
lie in the set %,i.,--°-,%, and Te = q; — 1, if k= i. Then, if we write 
vj for Vig,,, it follows from (9) and hypothesis (a) that vı, 02,- °°, Un are 
all different from zero while all other vj, in h(An) are zero. Hence by (13), 
for this particular polynomial h(An), 
(21) Fa = 0, j= 1,2,:--+,¢; i not in the set i tz °°, tm 
and by (14) and (20), 
(22) Flin inisi 1) = vje (ij te 83 + qi —1,1) = 0, kj +1 modh, 
while by (14), (18) and (19) 


F (44, t44251,1) = vje (tj tia 3 Gj, 1) AO 
(23) f(t, ljas 83; 1) ca vje(ij, tye, s+ qi 1, 1) 
== 0, j= 1, 2,- sy Het tra = hy, 8; = 2. 
Since by hypothesis (b) the matrix F is nilpotent, so is the matrix 
H=F*, If H = (Hi;) is a partition of H similar to that of F, 


(24) Hi; = Fias'asas > Faris 

where each a; is summed from 1 to ¢. It follows from (21), that each. æ; 
need only be summed over the set ù, i2,- - +, în and that Hj; is zero, if ¢ does 
not lie in the set t%,%,:-°-,%m. Consequently H is nilpotent, if, and only, 
if the matrix 

(25) . Q= (Hiri) (j, k = 1, 2 *,A), 
is nilpotent.. Moreover every matrix in the product Fijask'asas' ` * Fariw as a 


consequence of (22) and (23), is a matrix, whose first column is zero, except, 
perhaps, for the element in the first row. The same is therefore true of the 
product matrix and the element in the first row and column of this matrix is, 


W =f (i; Ge; 1,1) f(a, @31,1)-- F(a, te; 1,1). 


But, by (22) and (23), W is different from zero if, and only if, t; = ù% and 
@s == ijs- Hence every element in the first column of H:,i, is zero, if k 54 j, 
and, consequently, every element in the first column of Q, defined by {25), 
except the element in the first row, is zero. The element in the first row and 
first column of Q is, 

h(i, ia; 1, 1) = V02: + + ong 
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by (23) and (14). Since Q is nilpotent, v,v2- > ` ung = 0 and, as v1¥2° ` + Un” 
is not zero, g must be zero. ` l 

This contradiction shows that, if (16) is true when p = h — 1, it is also 
true when p =h. A repetition of the above argument with h =1 and H 
. replaced by F shows that (16) is true when A= 1, so that our proof by 
induction is complete and (16) is true for all values of p St. 

In proving (16) by induction from 4— 1 to h we use certain poly- 
nomials h(An). Of the exponents r; in these polynomials h(An) only t— ù 
have their maximùm value e;, so that, if h = 2, the sum rı + 72 +°--+r l 
is at most n— 2. In the proof for h = 1, every r; except one has its 
maximum value e;; but, since, 


c(i ti; Mmi, 1) =b (tr, 4135 Mmi + 1,1) — b (in i; my, 0) by (12), 
= 0 by definition, 


we do not require to use the polynomial (An) for which r; = m, — 1. ‘Hence 
in proving (16) we only use the (e¢,-+1)(e.+1)---(e+1)—(é+1) 
polynomials (An) of hypothesis (b). 

If p = 2, in (16) every equation is of the type, 


c(j, l; sj; 1)o = 0, (sj =1,2,°°: *, 3), 
or by (12) 


(26) [(Aj — Ax) (j, k; 83,1) +609, k; si +1,1)]o=0. 
Since Aj 54 Ax, it follows that, 
b(j,k;q1)o=0, if b(j}k;q+11)o= 
and, as 0(j,&;e; + 1,1) =0 by definition, that l 
b(j, k; si, 1)e = 0, (sj = 1,2, + +, 6). 


Accordingly, if p = 2, each letter c in (16) may be replaced aye a letter b, 
so that (15) is true and Lemma 1 is proved. ` 
If p= 1 in (16), the equation corresponding to (26) is 


6(j,938; +1,1) = 0, (s; = 1, 2,- > +565), 
so that 
(27) ; B(, 93 83,1) = 0, . (sj = 2, 3,°° "4 64); 


or every element in the first column of By;, except perhaps the first is zero. 
If. we now write b(t, j) for the column vector, whose elements form the 
first column of the matrix B;;, equation (15) becomes 
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(28) B (is, i)b lini) blih) =. SpE 


The product on the left of (28) is a symbolic one and must be interpreted to 
mean (15). Consequently (28) is satisfied, if, and only if, for some value of 
j = P, b (i; tja) = 0, tps =i. 

. We proceed to prove 


LEMMA 2. If the # vectors b(4, j), (i, j = 1,2, + +, t), satisfy equations 
(28), there exists a permutation kı, kz, `>, kt of the integers 1,2,-°-,1, 
such that b(kr, ks) = 0, if r is greater than s. 


We shall proye this lemma by induction on ¢ assuming that it is true for 
t= 2,-*-,m—d1. We note that the lemma is true when m= 2; for from 
the equation 0(12) b(21) = 0 it follows’ that either b(12) or 6(21) = 0 and 
that the lemma is true with k, = 1, k = 2 or kı = 2, ko = 1. 

Since the vectors b(i, j), (i, j = 1,2,- ><, ,m— 1) satisfy (15) with 
t == m — 1, by our induction assumption there exists a permutation j1, J2y***, jm-1 
of the integers 1,2,- - -, m — 1, such that b (fr, js) = 0, if r > s, (r,s = 1,2, 

* + ,m— 1). If we write 


g(r, S) = b (fr, js) (r,s = 1,2, © °, m; jn =m), 
we have 
(29) g(r,s) = 0, r>s, TÆm, 
and (15) becomes “2 , 
(30) 9 (iss te) 9 (iy ta) glini) =0, 2S pSm.° 


If m does not occur in the set ù, i2,° + +, ip, (30) is satisfied by virtue of (29). 
Further, if m = ù and i > ijn for some value of j= 2,- > -,p—1, (80) is 
again satisfied, so that the equations (30), which are not satisfied because of 
(29), are all of the type 


(31) g (m, i2) 9 (iz, ts) ° “g(t, m), BKL Lh Spm. 
We now denote the equations (31), in which 90 m) appears, symbolically by 
(32) {9(j,m) }9(j, m) = 0, (j = 1, 2,° ‘ ",m—1), 


so that, if g(j, m) 5<0, {g(7,m)} =0. In (32) {g(j, m)} represents a set 
of elements, each element being a product of one or more factors g(1,s) and 
{9(j,m)} = 0 means that each element of the set is zero. In fact {g(j, m)} 
is the set whose elements are 


gm, 2) 9 (to, is) * > + g (in-i ty) g (ty j), <i <t Kij; 2S pSj+. 
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- But the set of elements 

g(m, iz) g (iz ts) ** © g (iru ip) i <i < Kio 2%SpSy+, 
is simply the set {g (ip m)}. Consequently, 


(83) {g(j,m)}=g(m, 3), (9, m) yg (Li) e igl — tm) jg G — L, j) 
i (1 =1,2, >°, m— 1). 


We shall now show that for at least one value s, 1 S s =™m, g(r,s) = 0 for 
(r=1,2,-°-+,s—1,st+1,---,m). If {g(j,m)} is different from zero 
for all values of j == 1, 2,> - -,m—1, it follows from (32) that g(j, m) = 0, 
(j= 1,2,---,m—1) and that we may take s =m. Otherwise let {g (s, m) }= 0 
but {9(j,m)} 0, jSs—1; then by (33) 


g(m, s) =g(1,8s) =: i -g(s—1,s) =0 
and, as by (29) g(r, s) = 0, when r > s and r s£ m, 
g(r,s) = 0, (r=1,2,: < -,s—1,s +1, m). 


Accordingly there exists an integer s such that 


(34) bir je) =0, if rs. 

By our induction assumption there exists a permutation kz, ks, * © -, km of the 
integers day jay at | 4enty Jaris ATA Jm such that ‘ 
(35) b (kr, kt) = 0, (r, f=, m r >f). 


If js = k, it follows from (34) and (85) that kı, ke: > +, km is a permutation 
of 1,2,: +- -m of such a nature that 


b (kr, ky) = 0, (r, f =1,2,->-+,m3r>f). 


h 


Accordingly our lemma is proved. 


“COROLLARY. If t= n, that is, if all the latent roots of A are distinct 
the matrix (0:,4,), (7,8 = 1,2,: - < n), is a triangle-matriz. 


This is an immediate consequence of the fact that each vector b (kr, ke), 
being of dimension one, is the element b;,x,. 
If ky, la, > © +, ke is the permutation of 1,2,- - -,¢ of Lemma 2 and 


(36) Biz, = Drs; (r,s = 1, art, t), 
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the matrix D = (Drs) is obtained from Bn» by a permutation of the rows and - 
the same permutation of the columns of Ba. But such a transformation of Ba 
is a similarity transformation,* so that there exists a non-singular matrix Xp 
satisfying the equation 

(87) Xn 7 BnXn =D. 


By Lemma 2 and equation (27) all the elements in the first column of D 
are zero except perhaps the first. Hence ` 


_ (i A 
D za C =) ‘ 


where £, is a row vector of dimension n — 1, 0 is the zero column vector of 
dimension n — 1 and By., a square matrix of order n— 1. Similarly 


at P Qi Qı 
XytAyXn (5 on, 


where æ, is the vector (1,0,- - -,0) of dimension n — 1 and An-1 is a square 
matrix of order n— 1. Since 


.: 


0 y 
-1 pi = 
nm th(An) (AnBu — BuAn) Xn = (5 he) 5 


where Cri = h(An-) (An-1Bn-1 as Brana) if h(An) (AnBu oma Brân) is nil- 
potent, so is h (An-1) (An-1Bn+— Bn-14n-1). As a consequence of the nature 
of the matrix X, in (85), Án- is still in canonical form; in fact 


Ana = [Mro May’ * +, Me), 


where Wr, is the matrix of ex, — 1 rows and columns, obtained from Mi, by 
removing the first row and the first column. Hence the polynomials of hy- 
pothesis (b), if defined for A». instead of A» would be h(An-1), where (An) 
is one of the polynomials (7) with 7, restricted to be at most e,,—1. Ac- 
cordingly by substituting An. and By, for An and Bn» respectively and 
repeating our proof we show the existence of a non-singular n— 1 rowed 
matrix Y, such that 


ay ae Qe Xe ie a be Be f 
(38) YA = (0 a) and Y-B Y = (5 ee 


where a, and £z are row vectors of dimension n — 2 and An. and Bn» square 
matrices of order n— 2. Moreover, if 


1 0 
Xn =x (i a 


* Turnbull and Aitken, Canonical Matrices, p. 11. 
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it follows from (37) and (88) that 


: : Gy G12 Qis l ; db, Die Bis 
Ap AuXa = 0 ae Ae and x ByXn-1 — 0 De Bo > 
0 0 An-2 0 0 


where the meaning of «ıs and @,3 is obvious. By repeating this process exactly 
n— 1 times we find a non-singular matrix X, satisfying the equations 


(39) . X Andy, = Ao : and XB, X — Bo, 


where A, and Bo are triangle-matrices. Moréover, since Xj, in (39), is of the 
same type as Xn, A, and By are derived from A, and B, respectively by a 
permutation of the rows and -the same permutation of the columns. The 
matrix By may be a triangle matrix of the most general type—that is, each 
element to the right of the leading diagonal may be different from zero but 
the matrix A, is not, since An is in canonical: form. In fact in each row or 
column of A, there is at most one element, outside of the leading diagonal, 
which is different from zero. . 

Since A, is the canonical form of A there exists a non-singular matrix Z 
such that, Z7AZ = An. If ZBZ = By, then h(An) (AnBu— Brân) is nil- 
potent, if, and only if, h(A) (AB— BA) is nilpotent. Moreover, if W=72X1, 
as a consequence of (39) we have 


(40) WAW =A, and WBW =B, 


Accordingly we have proved, 


TuxrorEM I. Let A be a square matrix of order n and let the elementary 
divisors of A — AE be 


(A— Ar) (A— Az)!" +s (Ae) *, e1 + e2 H’ + + ep =n. 
If A is not derogatory and if h(A)(AB— BA) is nilpotent for each of the 
(e1 +1) (e2+1)-- + (ee +1) —t—1 polynomials 
_h(A) = (A—)A,#)1(A — E)": + + (A— nE)”, 
Srn S er n Hrt: o Hr Sn, 
then there exists a non-singular matrix W, satisfying (40), where By is a 
triangle-matria and A, is a triangle-matriz, derived from the classical canonical 


form of A by a permutation of the rows and the same permutation of the 
columns. 
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COROLLARY I. If all the latent roots of A are distinct, a necessary and 
sufficient condition, that it be possible to reduce A to diagonal form and B to 
triangle form by the same similarity transformation, is hypothesis (b). 


For in this case the matrix A, is a diagonal matrix. It is interesting to 
compare this with the simpler but stronger condition, AB — BA —0, for the 
possibility of a simultaneous reduction of A and B both to diagonal form. 


Cornozuary II. If A has a single elementary divisor, a necessary and 
sufficient condition, that it be possible to reduce A to canonical form and B to 
triangle form by the same similarity transformation, is hypothesis (b). 


For in this case Ao is the same as An, since any permutation of the © 
columns and the same permutation of the rows would destroy its triangle - 
form. In this case the number of polynomials 4(A) of hypothesis (b) is a 
minimum namely n — 1, while in the previous case the number is a maximum, 
namely 2" — n — 1. 

We now show by a simple example, that, if A is derogatory, hypothesis 

` (b) is not sufficient to ensure the conclusion of Theorem 1. 


0 0 0 ; 0 1 0 
Let A= (: 0 0 and B=f0 0 1}. 
0 0 1 1 0 0 


Any polynomial f(A) is of the form 


p 0 0 

0 p 0 

0 0 pte 
and accordingly, 


0 0 0 
f(A)(AB—BA)=( 0 0 —p). 
pte 0 0 
Since this last matrix is nilpotent for all values of p and o, hypothesis (b) is 
certainly satisfied. Let WAW = A, and WBW == Bo, where A, and Bo 
are triangle-matrices. Then W-4(AA + uB} W = 4o + 2B, identically in 
A and p, and in particular 


(41) ` | AA + aB |= | Ado + 1B |. 


The determinant on the left of (41) has the value aë and on the right jhe 
value (A + wip) wzwsu? where «1, we, wz are the three cube roots of unity. Hence 
(41) is not true and it is impossible to reduce A and B simultaneously to 
triangle form. Therefore, when A is derogatory, even if hypothesis (b) is 
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strengthened by replacing the finite number of polynomials h(A) by all poly- 
nomials f(A), it is not sufficient to ensure the simultaneous reduction of 7 
‘and B to triangle form. 

If A is derogatory, but for some value of h, A+AB=Cis not derogatory, 
we may apply Theorem 1 to the-matrices C and B. In hypothesis (b), 4(A) 
must be replaced by A(C) and the nilpotent polynomials by h(C) (CB — BC). 
The matrix h(C)CB is certainly a polynomial in A and B, say f(A, B), and 
h(C)BC a second such polynomial $(A,B). Moreover, if œ and y are 
indeterminates 
(42) f(s, y) — (2, y) =0. 


Hence, if for every pair of polynomials f and ¢, which satisfy (42), 
f(A, B) — $(A, B) is nilpotent, it is possible to reduce C and B, and therefore 
A, to triangle form by the same similarity transformation. It seems probable 
that a similar result holds even when every matrix of the pencil is derogatory 
but as yet we have been unable to prove it. 

As a consequence of Theorem 1, we have 


THEOREM 2. If A is not derogatory a necessary and sufficient condition 
that the latent roots of f(A, B) be f(Ai, mi), for every polynomial f(A, B), 
where 4 and pi are the latent roots of A and B respectively, is that hypothesis 
(b) be satisfied.* 


For, if (b) is true, A and B can be reduced simultaneously to triangle 
form and hence the latent roots of f(A, B) are f(Ai, ni). Conversely if the 
latent roots of f(A, B) are f(Ai, wi), the latent roots of h(A)(AB—BA) are 
all zero, so that h(A)(AB— BA) is nilpotent and (b) is satisfied. 

As a triangle-matrix is the canonical form of a matrix under unitary 
transformation + it is to be expected that a theorem similar to Theorem I 
should hold, if unitary transformations are employed instead of similarity 
transformations. This is in fact the case. Since the matrix W in (40) is 
non-singular there exists a triangle-matrix T' such that WT = U is a unitary 
matrix. We have therefore from (40) 


* This problem has also been considered by G. S. Bruton, “ Certain aspects of the 
theory of equations for a pair of matrices,” and M. H. Ingraham, “A study of related 
pairs of square matrices.” Abstracts of these papers appear in the Bulletin of the 
American Mathematical Society, vol. 38 (1932), p. 633. N. H. McCoy in his paper 
“ Quasi-commutative matrices,” Transactions of the American Mathematical Society, 
vol. 36 (April, 1934), shows that if A and B are quasi-commutative the latent roots 
of f(A, B) are F(A; r) 

t Turnbull and Aitken, op. cit., p. 94. 

$ Turnbull and Aitken, op. ecit., p. 96. Schmidt’s Theorem. 
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TAWAAWT = U*AU =T*A,T =T, 
T?WABWT = U*BU = T>B,T =T, 


where, since the inverse of a triangle-matrix is a triangle-matrix, T, and T, 
are triangle-matrices. ‘ 
Hence we have, 


THEOREM 3. If A is not derogatory, a necessary and sufficient condition, 
that tt be possible to reduce A and B to triangle form, both by the same unitary 
transformation, is that hypothesis (b) be satisfied. 


‘Tam JoHNsS HOPKINS UNIVERSITY. 


SINGULARITIES OF ANALYTIC VECTOR FUNCTIONS. 


By S1-Pine CHEO. 


1. Preliminary considerations. There are many methods of extending 
the theory of ordinary analytic functions to three dimensional space or better 
of constructing a theory of functions of three variables which would be 
analogous to the theory of ordinary analytic functions. For example, expan- 
sions in power series, conformal representation, Cauchy’s method based on 
monogeneity, ete. are all capable of leading to various extensions of the theory 
of ordinary analytic functions. The theory we have in mind here is based on 
the generalization of the Cauchy-Riemann differential equations. 


Definition of analytic vector functions. If we have three functions 
X, Y, Z of three real variables v, y, z which are Cartesian codrdinates of a 
point in space, if all the partial derivatives of the first order exist and are 
continuous in a certain region F, and if the following conditions, 


-> -> > > -> > 

(1.1) ` div g= div (Xi-+- ¥j+Zk) =0 4, j, k, unit vectors per- 
-> > -> -> 3 

curl = curl (Xi + Yj -+ Zk)=0 pendicular to each other, 

` ~> ba 

are satisfied in R, then we shall say the vector function, © is analytic 

throughout R. , 
The above set of equations has been considered as a generalization of the 


. set of the Cauchy-Riemann differential equations.* 
By the fundamental theorems of vector calculus, we notice that from the 


first equation of (1.1) F must be the curl of a vector function v (say), and 
from curl z = 0, & must be the gradient of a scalar function H (say); thus 
we obtain the following relation: 
(1.2) . curl t= grad H. 

From the above relation, we can easily see V’H ==0 and grad div 
Y= Vy, where V? denotes the Laplace Operator. In fact, we could state 


the following two lemmas: 


* G. Y. Rainich, “ Analytic functions and mathematical physics,” Bulletin of the 
American Mathematical Society (October, 1931). 
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Lemma 1. A necessary and sufficient condition for a vector function, 


3 
® = grad H, to be analytic is that H must be harmonic.” 
LemMa 2. A necessary and suficient condition for a vector function, 


$ = curl ¥ to be analytic is 
(1.8) grad div ¥ = V°W¥. 


The above two lemmas suggest us that we may have two ways of obtain- 
ing analytic vector functions from harmonic functions. The first consists 
simply in taking the gradient of a harmonic function; a function obtained 
in this way we shall call a gradient function. The second consists in going 
through the following steps: 


1) Replacing v, y, z in a harmonic function H (s, y, 2) by t2—a, 
Y — Yi Z2 — Z1, respectively. 
2) Integrating H (£ — tı, Y2 — Yı Z2 — 21) along a close curve O, with 


~ 
respect to 2, Yı 21, that is, taking {fe — Ti, Y2 — Yr, Z2 — 21) dS 
1 


-> -> > > 
where ds, == dat +- dyf + dz,k is the curve element of (Cj. 


3) Taking the curl with respect to x2, Y2, Z2 of f, H ds, that is, taking 
4 1 
curl, f Hl — ti, Yo — Yr, Z2 — 21) ds. 


We shall call this process the Q-process; and the functions which are 
obtained by Q-process will be called Q-functions. Now we can state the 
following theorem: 


THEOREM 1. Q-functions are always analytic. 


Without any difficulty, this theorem may be proved rigorously; and it is 
quite obvious from the view-point of mathematical physics. 


2. Singularities. An analytic vector function in three dimensional space 
may have isolated singular points, and it may also have isolated singular 
curves. The definitions of these singularities seem to be very natural, and 
are given as follows: A point is said to be an isolated singular point of a 
given analytic vector function, provided that this function is not analytic at 


* In order to express ourselves briefly, we shall define a harmonic function in the 
following way: A function which possesses all continuous partial derivatives of the 
first and second orders and satisfies Laplace’s equation will be called a harmonic fune- 
tion. : 

f See, for example, Livens, Theory of Electricity (1918), p. 356. 
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that point, but at all points in the neighborhood of this point, the function 
of analytic. A curve is said to be an isolated singular curve of a given 
analytic vector function, provided that this function is not analytic at any of 
the points of the curve, but at all points in the neighborhood of the curve, 
the function is analytic. 

An isolated singular point and an isolated singular curve will be called 
briefly a singular point and a singular curve, respectively. 

We'want to investigate now the singularities of the two kinds of analytic 
vector functions introduced in the preceding section. 

If the harmonic function H which has been used in the formation of a 
gradient function has a singular point * at (a, b, c), then the gradient function 
will also have a singularity at that point. Furthermore, we notice that the 
operator gradient does not introduce any new singularity. Hence, we can 
state the following theorem : 


THEOREM 2. A gradient function possesses the same singularities as those 
of the corresponding harmonic function. 


Let us now investigate the singularities of Q-functions. Consider the 
vector function, 


ae > 
$ = curl, Í. (1/y2) dsy 


where yn = (2 — 21)? + (Y2 — 4)? + (22 —a)?. It is well-known the 
function 1/ye, is single-valued and harmonic everywhere in space except at 


3 
the origin. Therefore ® is analytic everywhere in space except when t: = a, 


Yo = Yı, Z2 = 23 that is to say, ® is not analytic at every point of the curve 01. 


It will be seen in the next section that C, in the singular curve of $. In 
general, if a single-valued harmonic function possesses a singular point at 
(a, b, c), then the corresponding Q-function is analytic everywhere in space, 
except at all the points of Oiaisojsory Which is obtained from C, by translating 


it through the vector, ai + bj + ck. In fact, we could state the following 
theorem : 


THEOREM 3. If a single-valued harmonic function possesses n singular 
points at (G1, bı, C1), (aa, Da, 62), © © * (an, bn, Cn), then the corresponding 


Q-function will be defined and analytic everywhere in space except on the points 
-> > > > > > > => > $ 
of the n congruent curves Cy ayisdijserty, Cicasishajacak)o °° > Ò canistmjaenkos Which 


are obtained from C, by translating it through the following vectors: 
< > > > > - > > > 
ait +. bij + crk, dot +009 + Cok, - - ant + buj + enk, respectively. 


* That ie ta caw: Hic harmania avarvwheres in onana aveont at fa h e\ 
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The Q-process breaks down for the points which lie on the curves, 
-> > > > > > > > > or r 
Cs cayisbsjseeys Cacagisdetscskys © © > Citanisbnjserw Whether or not it is possible to 


assign. values to the function at the points of these curves in such a way as to 
make the vector function analytic on these curves, the next section will tell us. 


3. Residues of analytic vector functions, The first equation of (1.1) 
` implies the vanishing of a surface integral, 


(3.1) | ff (XI 4- Ym + Zn) do, 
S 


. where § is a surface lying within the region R and which can be contracted 
to a point without going outside of R; and l, m, n are the direction cosines 
of the normal * to ©. This can be seen by Gauss’ Theorem, which states: 


f J f (0X /da + OY /ðy + Z /ðz) dr = J f (Xl + Ym + Zn) do, 


V being the volume bounded by S. 


-> 
In (1.1), curl 6 = 0 is the condition for the vanishing of a curve integral : 


(3.2) J, (Xde + Ydy + Zde), 


where the curve C lies entirely in £, and can be contracted to a point without - 
going outside Æ. In this case the proof is based on the following identity: 


f P (8Z/ðy — O¥ /ðz)l + (@X/dz—0Z/dn)m + (Y /dx — 0Z/dy)n \ do 
8 


= Í (Xdz + Ydy + Zdz), 


S being a surface bounded by C. The above relation is known as Stokes’ 
Theorem. 

It may be the case that we can not contract S, and C to a point without 
going outside K, then the surface integral (3.1) and the curve integral (3.2) 
may have values different from zero, say Ks and Ke, respectively. We shall 
call (1/4r)Ks the surface-residue, and (1/47)K.- the curve-residue of the 


-> 
vector function, ®, given by S and C respectively. 


S - 
Suppose ® has an isolated singular point. This point must be considered 
as not belonging to R; therefore, the surface © enclosing this point can not 


* We shall assume that the normal to be directed inward. 
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be contracted to a point without going outside R. In this case, the surface 
residue might be different from zero. We notice that this surface residue is 
independent from the surface which encloses the singular point. In fact, two 
surfaces which enclose the same singular point and no other singularities can 
be transformed, one from the other, without going outside the region in which 
the vector function is analytic; therefore, they will give the same residue. We 
shall call this value the Surface-Residue of that function with respect to the 
singular point. 

What could prevent the integral (3.2) from being zero is the existence 


of a closed singular curve of the vector function, ®. In case a curve links 
the singular curve, it can not be contracted to a point without going outside R. 
Two curves which can be transformed one into the other without going out- 
side & give the same residue, regardless of sign. In particular, two curves: 
each of which links a given singular curve once can be so transformed into 
each other; therefore, they give the same residue. We shall call the residue 
given by a curve which links once with a singular curve of a vector function, 
the Ourve-Residue of the vector function with respect to the singular curve. 

Summarizing the above considerations and using the notations of vector 
` calculus, we can define these two kinds of residues of analytic functions as 
follows: 

If © is a closed surface lying in the region of analyticity of a vector 


-> 
function ® but enclosing giving singularities of that function, then the surface 


-p -> -> 
integral (1/47) f f ®, ndo will be called the surface residue of © with 
5 


; n eb ; 
respect to the singularities, where n the unit normal of do directs toward the 
interior of S, do in the element of S, and the dot (-) is used as a sign of 
scalar product. 


-> 
The curve residue of © with respect to its singularities will be defined as. 


> > 
the curve integral (1/4) J, ®©: ds, where C is a closed curve lying entirely in 


-> 
R and links only once with each of the singularities, ds in its “ positive sense ” 
denotes the element of O. 
Suppose now a gradient function ® having a singular point Po(2o,%0,20) 
ie a certain region & and taking the following form: 


rad Ks K:= constant 
Brae yo? y = (8 — T0)? + (y— Yo)? + (2—20). 
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Then, by definition, the surface residue of the gradient function with regard 
to Po will be: 


as we have seen that it is true in the theory of potentials. In fact, we 
can state: 


THEOREM 4. The surface-residue of a gradient function with regard to a 
certain singular point in a certain region is a constant.* 


Suppose that an Q-function has a singular curve C, and take the following 
form: 





where Ke is a constant. According to the definition, the curve-residue of © is: 
if, ode f curl f Ke ds - ds UEN ee J + dak 
7 JC, 2 a Gs 2 Cs Ya 1 2 2 Ta Yal 2 


K -> > 
£f Í curl, om ds, ` ds, 
mw Y CaSO y2ı 2 


Ko f (22—21) (dyrdza — ddya) 
Cy J Ci yar 
PEA —- Y1) (dada, — da,dzz) E (22 — z1) (dandy. — dy,dare) 
y 21 





tı Ya— Yı Za—Zı 


Ta —— 
K 1 . S 7 
ri: T Fa dz dyı dz, 


dx, dys dzo 
= MK, 


where M, an integer,t denotes the number of times for which C, and C are 


> 
* A gradient function of the general form, $= grad H having a singular point ar 
Po (2y Yos Zg) may be developed around P, in a power series of the form, 


S nne), . 
n=0 g 
where h, is a homogeneous, harmonic function of n-th degree. We can verify that thg, 
> 
residue of © is h, which is a constant. 
{ Gauss Werk, Band V (1877), p. 605. ‘See also Boeddicker, Gauss’schen Theorie 


der Verschlingungen, Stuttgart (1876); Urysohn, “Sur les multiplicités Cantoriennes,”: 
Fundamenta Mathematicae, vols. 7-8 (1925-26). i 
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linked together. By the definition of curye-residue, C, and Cz are linked 
together only once, therefore M is here equal to the unit. Hence, the curve- 
residue of the above Q-function with respect to C, is Ke. In fact, we can state 
the following theorem: ` 


THEOREM 5. The curve-residue of Q-function with respect to a certain 
singular curve in a certain region is a constant.* 


We notice that the following integral: 
1 K -> -> 
aa curl, So te - ds, 
which is equal to 


Tz — Uy Y2 — Yı Za — By 
— Ke f f dx. ays, dzo 


is Ke also. Hence, we may state: 


-> 
THEOREM 6. The curve-residue the Q-function, cur a f A/r) dss, with 
1 


-> 

respect to O, is identical to that of the Q-function, curl, f (1/ye1) ds2, with 
Ca 

respect to Oz. 


There are many problems regarding analytic vector functions remaining 
unsolved. It would be very interesting to generalize all the considerations in 
the previous discussions; that is to say, to increase the number of dimensions, 
and to find the relationships between analytic functions and their different 
kinds of isolated singularities. 


UNIVERSITY or MICHIGAN. 


-> > 
* An ©-function of the general form, @ = curl, H ds, having a singular curve 
z Cy 
0, may be developed “ around 0,” into power series of the form: 


- œ > 
s curl, J. (Foy /Yq,2"41) ds, 
Cı 


n=0 
where h, is a homogeneous, harmonic function of degree n. We can verify that the 
curve-residue of this 2-function is A, which is a constant. 
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THE STRUCTURE OF A COMPACT CONNECTED GROUP. 


By E. R. van Kampen. 


I. Ina recent paper Pontrjagin proved implicitly the following theorem : 


If U is any nucleus of a compact group F, then U contains a closed 
` invariant subgroup H of F, such that F/H is a (not necessarily connected) 
Ine group.* 


Applying this theorem to a sequence of nuclei of F, converging to the 
identity element 1 of F, we can construct a decreasing sequence of closed 
invariant subgroups Hn, also converging to 1, such that all factor’ groups 
Fa == F/H, are Lie groups. If m- > n, the group Hn/Hm = Hnm is a sub- 
group of F/Hm = Fm and then Fa can be identified with the factor group 
F m/. H, nm -t 

It can be proved very easily that F is uniquely determined by the 
sequence of groups F, and the identities Fn = Fm/Hnm, m >n. It is even 
possible to construct F if a sequence of groups Fa and identities Fn = Fm/Hnm, 
m œ> n, is given, provided these identities satisfy an obvious transitive law.f 
However we will not need to construct a group by this method. 

We consider connected groups F only. Then all groups F, are connected 
also, and we can use the known structural properties of compact connected 
Lie groups § to find structural properties of F. By means of the relations 
F, == Fm/Inm we establish in II relations between the structural elements of 
all groups Fa. Then a simple limiting process (described in TIT) allows to 
draw conclusions about F(IV). In V we make the analogous conclusions for 
certain finite covering groups of the groups Fy. 

The results of these sections will be found in Theorems 1 aa 2. The 


* L. Pontrjagin, “Sur les groupes topologiques compacts,” Comptes Rendus, vol. 
198 (1934), p. 238. An explicit formulation and proof will be found in a paper by 
E. R. van Kampen to appear shortly in the Aynals of Mathematics. A nucleus is an 
open set containing the identity element. Compare: E. R. van Kampen, “ Locally 
bicompact abelian groups,” Annals of Mathematics, vol. 36 (1935), no. 2,’I, 2, 

t Whenever no contradiction arises as a consequence, we do not hesitate to call 
simply isomorphic groups identical. This frequently leads to a considerable simplifica- 
tion in notation and language. 

+ Compare the paper by Pontrjagin mentioned above. 

§ See E. Cartan, “La théorie des groupes finis et continus,” Mém. d. Sc. Math., 
Fase. 42, p. 42. We suppose that the reader is acquainted with his results. 
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difference between the general case and the case of a Lie group is not greater 
than the minimum that was to be expected. Certain finite abelian groups have 
to be replaced by 0-dimensional compact abelian groups and certain finite 
direct products of (locally) simple groups by countable direct products. 

In the remaining three sections we discuss the structure of the 0- dimen- 
sional groups occurring, the behavior of F as regards local connectedness, and _ 
a generalized idea of covering space naturally arising as a consequence of the 
relations between D, D/B = F and F/A. (See Theorems 1 and 2.) i 

For the common part of two groups we write A.B. For the direct 
product of A, B,: -> we use the notation [A+ B-+---]. The symbol 
(A, B) denotes the group generated by A and B. If a group A is a covering 
group of another group B we call the groups locally isomorphic. In that 
case the multiple isomorphism of A and B is such that for sufficiently small 
nuclei it is one-to-one and bicontinuous. 


II. The compact connected Lie group Fn, (n == 1,2,---), contains a 
number of (locally) simple invariant subgroups. The semi-simple subgroup 
Sn of F'n generated by all these simple groups has a finite group A, in com- 
mon with the centrum Cy, of Fa. The factor group Fa/An is the direct 
product of C,/An and Sn/An; and Sn/An is the direct product of simple Lie 
groups, each with degenerate centrum (consisting of 1 only). 

Comparing Fm with Fa = Fim/Hnm, we see that Hom must either con- 
tain any of the simple subgroups of Fim or meet it in at most a finite number 
of centrum elements. As a consequence we can find a (finite or infinite) 
sequence of simple Lie groups 5, §,- +--+ each with degenerate centrum, 
and a non-decreasing sequence of integers pı, po, >< such that the simple 
groups occurring in S,/Am are simply isomorphic with §®,- - -, 5@», 

Of course we may suppose that the subgroup Sm‘? of Fm corresponding 
to 8 has as image under the transformation defined by Fn = Fin/Hnm the 
subgroup S, of Fa corresponding to the same 8, Here 8,‘ can be 
taken as the identity element of Fn, whenever 1 > pn. 

The image of the semi-simple subgroup Sim of Fm under the same trans- 
formation of Fim into Fan must be the corresponding subgroup Sn of Fa. For 
this is locally true and S, is in Fr determined by its infinitesimal 
transformations. 

But also the image of the centrum Om of Fm is equal to the centrum On 
of Fn. The image C*, of Cm is obviously contained in Cn. The factor group 
of C*,, in Fx is simply isomorphic with the factor group of Hnm/(Om* Hrm) in 
Fm/Om = Sm/Am. As any factor group of Sn/Am = [5V +--+ ++ Sem] 
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has a degenerate centrum it follows immediately that Fn/C*, has a degenerate 
centrum, so that C*, = Ch. 

Applying this reasoning to Sm and its centrum Am instead of Fn and 
its centrum Ọm we find that also A, is the image of Am under the transforma- 
tion determined by Pa = Fm/H nm. 


III. Any invariant subgroup Gp» of Fa determines uniquely a largest 
invariant subgroup Gn of F, such that G’, is transformed into Ga under the 
transformation determined by Fa =— F/Hn. Suppose Gn is defined for all n; 
then the common part G of all groups G’, is a well defined closed invariant 
subgroup of F. Suppose the image of Gm under the tranformation defined 
by Fa = Fm/H nm is contained in Ga; then G’, decreases with increasing n, 
and the image of G@ under the transformation defined by Fa = F/HĦp is 
contained in Gn. 

Finally, suppose that the image in Fn of the group Gm in Fm is equal to 
Gn. Then the image in Fa of the subgroup G’m of F, under the transforma- 
tion defined by Pn = F/Hn (m > n) is equal to Gn, so the image of G in 
Fyn is also Ga. But then G/(Hn-G) = Gn and Hn: G is arbitrarily small 
in G, so that G is approximated by the groups Gn, in the way described in I 
for F and Fy. 


IV. We apply this on the system of subgroups defined in II, finding 
invariant subgroups S, S, O, A of F, corresponding to the subgroups Sn, 
Sn, Cn, An of Fa. 

The groups Sn‘? are for pp > 1, locally isomorphic with S$‘, so there 
are only a finite number of possibilities for the structure of S,,‘” and for 
sufficiently large n all groups Sn‘ (Z fixed), must be simply isomorphic. 
But then they are simply isomorphic with 8‘. So 8“ is a compact simple 
Lie group, locally isomorphic with 8%. 

It is clear that § is contained in the group generated by 8™,+ + +, See 
and Hn and on the other hand that S contains all 8“. So S is egua to the 
group generated by all 8%, 

We can see directly that the common part of all groups 0’, is the centrum 
of F, so C is the centrum of F. Applying this on iS we see that A is the 
centrum of 8. 

As each image A, of A is finite, A must be 0-dimensional; as An is the 
common part of Sn and On, A is the common part of S and C; as Sa and 
Cn together generate Fn, so Y and O generate F. 

Under the transformation defined by Fa = F'm/Hnm the image- of any 
co-set of Am is a co-set of An, so there is an invariant subgroup of Fm/Am of 
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which the factor group is Fn/An. It can be verified immediately that Fn/An 
can be obtained from F/A by taking the factor group of (Hy, A)/A. As 
F,/An is the direct product of Ca/An and S™,- - +, EP we can also obtain 
F,,/An as the factor group of an arbitrarily small invariant subgroup of the 
direct product of C/A and all 8. So because any compact group is uniquely 
determined by its approximating groups, F/A must be the direct product of 
C/A and all groups 5%. 
All these results can be combined in the following theorem : 


THEOREM 1. Suppose F is a compact connected group, SY, L= 1, 2, 

- +, are all the (locally) simple (compact) Lie groups invariant in F, 8 ts 

the group generated by all S‘ and O is the centrum of F. Then S and O 

generate F, and have in common the 0-dimensional centrum A of 8S. The 

factor group F/A is simply isomorphic with the direct product of C/A and 

all groups S, where S is the simple group with degenerate centrum locally 
isomorphic with 8. 


Corotuary. If a compact connected group F has a degenerate centrum, 
then it is the direct product of a collection of sumple Lie groups. 


V. For each group F» we define a covering group Dn in the following 
way: An element of D, is an oriented arc a in F» beginning in the identity 
element of Fn. Two such elements œ and £ are called equal if they have the 
same endpoint and the simple closed curve «8 is isotopic with a curve in 
the maximal connected subgroup Kn» of the centrum On of Fn. The product 
aß is defined as the arc «§’, where 8’ is obtained from 8 by left multiplica- 
tion with the endpoint of a. 

As Ay is a finite group, D» can also be defined as covering group of 
F,/An; the simple closed curves of Fa/An, corresponding to the identity 
element of D, are thén isotopic with curves in C,/An, but not with arbitrary 
such curves. Anyway we can see that D» is the direct product of simply 
connected simple groups 8®,- - -, § (locally isomorphic with SM,-- +, 
Sm) and a group Ly, locally isomorphic with Cn/An (or with Kn). As 
simple closed curves in K, correspond to the identity element of D, it fol- 
lows now that K, and Ln» are simply isomorphic and that D, is compact. 
So Da is a finite covering group of F», and it must have a finite centrum 
subgroup Ba, such that Da/Bn = Fn. The groups Ba and La can only have 
the identity element in common. 

The transformation of Fm into F, defined by Fna = Fm/Hnm can be used 
to define a transformation of Dm into Dz: As image in Dn of an element œ 
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of Dm, we take the image in F,, of the are a. The transformation so defined 
is independent of the particular arc chosen to determine the element of Dm, 
for the image of a simple closed curve in Fm, isotopic with a curve in Km 
is a simple closed curve in Fn, isotopic with a curve in Ka. As apparently 
the image of a product is equal to the product of the images the transforma- 
tion is a multiple isomorphism. So Dm has a certain invariant subgroup 
Drm, such that Dy = Dm/Dan and that the resulting transformation of 
Dm into Dy is the one we are considering. 

We can find a nucleus U of Dm, for which the transformation into Fin 
defined by Dm/Bm = Fm is a homeomorphism and such that the same is true 
for the image V of U in D,. Then the transformation of U into V defined 
by Dn = Dm/Dnum is the same as the transformation of the corresponding 
nuclei in Fm and F, defined by Fn = Fin/Hnm. It follows immediately that 
the transformation of Dm into Dn has the following properties: 


1. The subgroup of Dm corresponding to S‘ is transformed into the 
subgroup of D, corresponding to §, If Z> pa the last subgroup is the 
identity element of Dn. If IS pa the correspondence between these two 
groups is a simple isomorphism. 

2. The transformation of the subgroup Lm of Dm into the subgroup 
Ly of Dy can be obtained by applying in succession the simple isomorphism 
of Lm and Km, the transformation of Km into Ky defined by Pn = Pn/Hnm 


and the simple isomorphism of Ky and Ln. 

From 1 and 2 it follows that the groups D» can be considered as approxi- 
mating groups for a group D defined as the direct product of all groups 
SV and a group L simply isomorphic with the maximal connected subgroup 
K of the centrum C of F. 

The image in Dn of the subgroup Bm of Dm is continued in By. For an 
element of Bm is a simple closed curve « in Fm; the image of æ is a simple 
closed curve in Fp, that means an element of By. 

So according to III the groups B, determine an invariant subgroup B 
of D. As the image of B in D, is part of Bn it is finite, so B is 0-dimensional. 
As Ln and the image of B in D, have only the identity element in common, 
so L and B have only the identity element in common. 

If B’, is the subgroup of D corresponding to the subgroup Bn of Da 
(compare III for G'n» in F corresponding to Gn in Fp), then the factor group 
of B’,/B in D/B is simply isomorphic with D/B’y. But D/B’n is simply 
isomorphic with D,/B, = Fa. At the same time B’,/B is arbitrarily small 
in D/B because B is the common part of all B'a. So the group D/B is 
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approximated (in the sense of I) by the sequence of groups Fn. As any 
- compact group is uniquely determined by its approximating sequence, it fol- 
lows that D/B = F. So we have proved: 


THEOREM 2. Suppose for the group F of Theorem 1, K is the maximal 
connected subgroup of the centrum, § is the simply connected group locally 
isomorphic with S and D is the direct product of all P and a group L 
simply isomorphic with K. Then D has a 0-dimensional invariant subgroup 
B meeting L only in the identity element and such that F == D/B. The sub- 
group B is uniquely determined up to automorphisms of D. 


Remark: The image of Bm in Dn is in general not equal to Ba (as might 
be expected after the considerations in III) but only contained in Ba. The 
reason is that it may be impossible to obtain D, from D and F, from F = D/B 
using one invariant subgroup of D. Once the construction of D is completed, 
we can easily find a new sequence of groups approximating F and such that 
the image of the group corresponding to Bm is equal to the group corre- 
sponding to Ban. We have to find invariant subgroups Ta of D such that 
D/T, = Dn and then use the invariant subgroups (Tn, B)/B to define the 
new factorgroups of F. 


V. An investigation of the character of the two 0-dimensional abelian 
groups A and B shows that while B is the most general type, A is of very 
simple structure: A direct sum of finite cyclic groups. 

The centrum of D is the direct product of the connected abelian group 
L and the centrum M of the direct product of all groups 5“. Investigations - 
of Cartan * show that M is an arbitrary (compact) direct product of finite 
cyclic groups. As each co-set of L in the centrum of D has with B at most 
one element in common and has with M exactly one element in common, it 
follows that B is simply isomorphic with an arbitrary closed subgroup of M. 
As arbitrary closed subgroup of an arbitrary compact direct product of finite 
cyclic groups, B is an arbitrary 0-dimensional abelian group.t 

On the other hand, A is the centrum of S and ‘§ is simply isomorphic 


* See E. Cartan, loc. cit., p. 41. 

f The theorems on 0-dimensional abelian groups here used are readily verified by 
reducing them to corresponding theorems for their character groups. See L. Pontrjagin, 
Annals of Mathematics, vol. 35 (1934), pp. 361-388 and E. R. van Kampen, Annals of 
Mathematics, vol. 36 (1935), no. 2. The character group of B(A) is an arbitrary 
factor group (subgroup) of a diserete countable direct product of, finite cyclic groups. 
- And it can be verified immediately that the character group of B is an arbitrary 
countable abelian group without elements of infinite order, while the character group 
of A is a discrete countable direct product of finite cyclic groups. 
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with the factor group of an arbitrary subgroup of .M in the direct product of 
all 8, So A is the factor group of an arbitrary closed subgroup of M. As | 
such it is itself a (compact) direct product of finite cyclic groups.* 


VI. ‘The direct sum of all groups § is locally connected, so its image 
S is also locally connected. If K is also locally connected, then D and its 
image F are locally connected. On the other hand, if F is locally connected, 
then its image F/A is also locally connected and so C/A is locally connected. 
So it is to be expected that F and some group connected with its centrum 
will be locally connected or not locally connected at the same time. It is 
quite easy to verify that F can be locally connected, while K is not locally 
connected. The following theorem shows the precise relationship : 


THEOREM 3. A compact connected group F is locally connected if and 
only if the group C/A (defined in Theorem 1) is locally connected. 


We only have to prove: If F is not locally connected, then F/A is not 
locally connected. For the local connectedness of C/A implies the local con- 
nectedness of F/A = [C/A + 8/A] and this will then imply the local con- 
nectedness of F. 

So let us suppose that F is not locally connected. Then we can find a 
nucleus U of F, such that certain points of U arbitrarily near to 1 are not 
with 1 on a connected subset of Ọ?. As § is locally connected U determines 
a connected nucleus V of §. As A is 0-dimensional V contains a subgroup 
A’ of A, that is at the same time closed and open in A.t F/A cannot be 
locally connected. This follows from: If two points a and b of U are sepa- 
rated in U®, then their images in F/A’ are separated in the image of U. 
Suppose U == Ue + Ur, where Ua and UY» contain a and b and are separated 
in Ọ?. Then their images are open and do not have a point in common, so 
they form a separation of the image of U between the images of a and b. 

So if F is not locally connected then F/A’ is not locally connected; but 
F/A’ and F/A are locally isomorphic, so F/A is also not locally connected. 


VII. The relation between S and S/A, F and F/A, D and D/B = F is 
quite interesting. In order to have the simplest possible case we consider the 
relation between the direct product P = [§@ + §@ +- -] and Q = [8 
+8 +- --]. Then Q = P/M where M is the 0-dimensional centrum of P. 
As direct product of connected, simply connected groups P is itself simply con- 
nected. We can make the fundamental group of Q into a topological groap 


* See second footnote on previous page. 
f See E. R. van Kampen, Annals of Mathematics, vol. 36 (1935), no. 2, I, 4. The 


_ theorem goes back to L, Pontrjagin. 
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by combining into an arbitrary nucleus of the fundamental group all its ele- 


- ments isotopic with simple closed curves in an arbitrary nucleus of Q . It is 


then evident that the fundamental group of Q is the group M. Furthermore 


_P can be defined as the universal covering group of Q. For any element in P 


corresponds to a class of isotopic arcs joining an element of Q to the identity 
element. A nucleus of P can now be determined as the collection of classes 
of ares in Q isotopic with arcs in some nucleus U of Q. 

These considerations indicate how a theory of covering spaces can be 
established for spaces in which arbitrarily small simple closed curves are not 
deformable into a point. This is quite independent of the fact that the spaces 
considered here are group spaces. 


THE JOHNS HOPKINS UNIVERSITY. 


THE INTERSECTION OF CHAINS ON A TOPOLOGICAL 
MANIFOLD.+ 


By WILLIAM W. FLEXNER. 


1. In previous papers, one of them in collaboration with S. Lefschetz,t 
the author has dealt with topological manifolds. A topological manifold, Mn, 
is a compact separable Hausdorff space (therefore metric) which has a com- 
plete set of neighborhoods each of which is a combinatorial n-cell (F. M., 
p. 393). The following properties are shown in F.M. and F.M. 2 to hold 
-for Ma: 1. the invariance of the homology characters; § 2. the standard 
properties of the Kronecker Index of two chains on M» whose dimensions 
are p and n— p; 3. the Poincaré duality theorem. Property 1 was proved 
intrinsically, i.e. without imbedding M, in a Euclidean space of higher 
dimension and using the properties of the space residual to Ma. In 2, however, 
the imbedding space was used to prove that every non-bounding p-cycle on My 
is cut by some (n — p)-cycle on Mn with a Kronecker Index +1. From 2 
follows 3. f 

The present article makes no use of the imbedding theorem but defines 
intrinsically on M, intersection cycles T, (h = p + q— n), for two chains, 
Cp and Co, on Ma of dimensionality p and q, not meeting one another’s 
boundaries; and proves intrinsically that the cycles thus obtained form a 
locally homologous family (L. T., p. 183) about the geometric intersection, G, 
(L. T., p. 182) of Cp and Cy, thereby duplicating for M, the salient theorem 
of the Lefschetz intersection theory for simplicial manifolds. 


2. Some of the proofs to follow are complex. Therefore paragraphs 2-5 
contain an outline describing without details the principal theorems and the 
methods used in their proof. 

It is first shown that if M» is orientable,J there is an orientable funda- 


+ Received December 15, 1934. 

$ S. Lefschetz and W. W. Flexner, Proceedings of the National Academy of Sciences, 
vol. 16 (1930), pp. 530-533; W. W. Flexner, Annals of Mathematics, (2), vol. 32 
(1931), pp. 393-406 and pp. 539-548 (F. M., F.M. 2 in the sequel). 

$ Terms and notation as in S. Lefschetz, “ Colloquium lectures on topology,” Ameri- 
can Mathematical Society Colloquium Publications, vol. 12 (1930) (L.T. in the sequel). 

TF. M., p. 399 et seq. On p. 400 the lines under the first formulas should read: 
“Tf the orientation of the cells #7 can be so chosen that for all 4 and j and all regions 
R, all the é’s are positive, M, is orientable with respect to the covering {Ent} other- 
wise not. 
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mental cycle on Ma, and vice versa. If M, is not orientable, the work is 
tacitly assumed to be carried out modulo 2. Then the construction of a 
typical intersection cycle, Ty, and the proof of the locally homologous family 
property are made. To define Ty, a covering of Ma by combinatorial n-cells, 
Ent,’ - +, Hy’, is now chosen and each Fa’ oriented concordantly with Mn. 
An intersection cycle, Ta, is then built up using this covering as follows. The 
chain Op is deformed into a chain A,', the part of Op not on En? being left 
invariant, the part on E»! being deformed into a chain, Opt, of the complex 
K, on E,*. The deformation chain of the boundary.is then added. Similarly 
Ca is deformed into A,‘ except that the dual, K*,', is used instead of Kr. 
The part to be deformed is so chosen that its boundary is far from F(E’) 
(F(A) means “boundary of A”). The chain C*,' is then defined as 
the subchain of A,* on K%*,*. As a result F(C,*) -C*—=—0. The chain 
Cit = 0- C*g is then defined as in L.T., ch. iv and it appears that 
F(C) =C,-F(C*7). Next the part of the intersection on En? is con- 
sidered. The chain 4p! is deformed into Ap? just as Cp was into A,’ except 
that the deformation must be smaller, but A,’ is treated differently. Only 
the parts of Ag on E,?, far from F (En?) and not in C*¢ are deformed onto 
K*,?; the other points are left invariant. The deformation chain is added 
and O*, is defined as the chain on K*,?. (3? is then C,’-C*,* and again 
F(C,?) =C,?:F(C*?). By an inductive construction, this process is kept 
up until all cells covering the geometric intersection have been treated, thus 
giving fragmentary intersections: Cy1, Or, © ©, Cx". 


3. It is now necessary to connect the boundaries of these fragments 
properly to make a cycle. If hae is the part of #(C*,") in En”, then by the 
Lefschetz intersection theory, for every s > 0, if the deformations producing 
Ap’, Aq’ are small enough, there is a singular chain, C3", and a subchain, DY 
of F(C*,?) such that Cr? —> Cyt: CRP — Cy? DES mod M*? near G where 
M” is the e-neighborhood of the complex carrying Cpt: P(O) A theorem 
of this type is then proved for an arbitrary pair of overlapping n-cells, Ent, En, 
i < j, so Cht provides a connection mod M+? between parts of the boundaries 
of Ot and Chf. The cells of F (Ct) not on the boundary of some C19? or Cn", 
9g <i<k, can be shown to be in 3M”, if the deformations are small enough. 
The neighborhood MM, defined analogously to M™ is an arbitrarily small one 
about the (A — 2)-complex carrying C,*-F (Cn), which is determined at the 


a-th step of the construction. So F( = Or? -$ Orii) = Qr is an (h—1)- 


=1 
chain in an arbitrarily small neighborhood of an (h — 2)-complex, and there 
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is a Va such that Va —> Qin. Therefore Ta = X01 — Z011 — Va is a cycle 
and may be defined as an intersection cycle of Cp and Ce. 


_ 4. Clearly Ty, as defined, is a function ‘of Op, Oa, the n-cells Ent, and their 
order, and the sizes and characters of the various deformations. It can, how- 
ever, be proved that any two intersection cyéles derived from Op and Cy are 
homologous in a preassigned neighborhood of @ if the deformations giving 
rise to them are small enough, independent of the other factors. 

To show this it is first proved that if Ty, was obtained by small enough 
deformations, the chains giving rise to T» can be further deformed to make 
an intersection cycle, An, on a covering Un, Ent, Bn,’ © +, Bn” where Un is 
any n-cell of a covering of M,. If the new deformations are small enough, 
Tn ~ Az close to G. This is the substance of Lemma 1 (No. 27) in the sequel. 
Repeated applications of Lemma 1 make-it possible to derive from a given 
intersection another, homologous to it, on any other covering. 


5. So it is sufficient for the general homology proof to show in addition 
to Lemma 1 that any two intersections, T» and Ty, on the same covering are 
homologous if they are obtained from Cp and Cy by small enough deformations. 
This is the substance of Lemma 2 (No. 27). The same notation is used as 
in the construction of IT, except that circumflex accents are used for quantities 
referring to Ty. The proof will now be outlined. It is, roughly speaking,t+ 
the intersection of the final deforms A,” and Ag” of Cp and Ca whose inter- 
section gives Ty. Similarly an A,” and an Ag" lead to Ty. Because As” and A," 
(s = p,q) originate from Cs there are chains Ws, > As" — Âs". The chain 
Wo can be deformed piece by piece onto Kn’, Kn’, © © much as Cp. was, 
leaving Cy‘ and @,* invariant for every t Similarly Wa. is deformed step 
by step onto K*,, K*,?,---. If the part of Wp on Ka is O*p and that 
of Wan on K*n* ig ce Fii calculation of boundaries (L. T., p. 169) plus 
the fact that F(C,*) =0 and F(0,;*) - @*k =0 gives that 

(—1) "90%, Ot + Â Or 


qe? 


called C%,,:, is bounded by C- C¥,* — Ô. CP + X”. The chain X;* is a 
combination of chains near X where X is the corresponding combination 
reached at the preceding stages. This gives O*1.4 > Cy! — Ô,” +X". The 
simplicial parts of T» and Ty, are 30: and 3C)*, so $C" is bounded by these 


t The statements that follow here are none of them exactly correct, hut are made 
to bring out the general methods of the proof. The proof in detail is given in Nos. 31-34. 
In comparing the chains here with those of the same name in Nos. 31-34, it is, there- 
fore, important to note that the ‘correspondence is only schematic. 
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simplicial parts plus the X’s. A study of each X,* in relation to its prede- 
cessors similar to that of 03°- F( D3?) in relation to C>: F Ce) shows that 
the ‘Y’s and the non-simplicial parts of Ta and T, can be used to make links 
between the pieces C*,,, in such a way as to give Ty ~ Ti 


6. Orientation of Mn. Since M,-is connected, it follows, as in F. M. 2, 
p. 548, that there is one and only one independent non-bounding n-cycle, Tn, 
on M, to a multiple of which every n-cycle is homologous. If Mhn is orientable 
in the sense of F. M., p. 399, In will be oriented. Conversely, if Ty, is an 
oriented cycle 0 on Mn, then Mn is orientable according to F. M. with 
respect to any covering Ent, En?,' © >, En". This is because the part of Tn 
on each FE, orients that Ent (see L. T., p. 44 and p. 101). 


7. The next paragraphs deal with the definition of an intersection cycle 
for two chains. Being given two oriented chains Cp and Cq on Mn, assuming 
M,, orientable, such that F (Cp) is nowhere nearer to Cy than a > 0, and F (Oa) 
is nowhere nearer to Cp than a, it is desired to find a semi-simplicial cycle, Ts, 
(F.M., p. 540) of dimensionality h = p +- q— n arbitrarily near the geo- 
metric intersection, G, and playing the rôle of an “ intersection ¢ycle.” 


8. Let Ent, En’, © +, En" be the subset covering G of a covering of Mn 
(F. M., p. 895). There will, by definition of a covering, be a 8 > 0 such that 
every point of GŒ has on M, a neighborhood around it in some Ent of the 
. subset with diameter £. 


9. Fundamental construction. Choose a 8> 0. Step 1. On Er take a 
complex K,, of mesh (L. T., p. 85) £&1/2 < @/20r and < 8/20r, where r is as 
defined in No. 8. If K*,! is the dual (L. T., p. 182) on Eat of Kat, it is of 
mesh £. Subdivide the chains Cp and Cg until the mesh of their cells is ¢,/2 
and call the subdivided chains by the same names again. Next deform Cp into 
a chain A, by means of an ¢,/2-deformation, as follows. Leave unaltered the 
closed p-cells of Cp not entirely on Kat. Deform the remainder onto a sub- 
chain of Ka? and call the new chain on Kat, Cpt. Add the deformation chain 
of the boundary of the piece which was deformed. 


10. Deform Cy, in the same manner, using K*,' instead of Kat, and 
leaving invariant all q-cells of Cy not on Et and not at a distance of more 
fhan 4e, from F(E). Add the deformation chain; call the deformed chain 
A, and the part of Ag on K*nt, O* 7. Let Or = Op- O*d, kh =p +H gn. 
If e, is small enough, Cy is within ô of G. i 
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11. Since all points of F(C,') must lie within c, of F(E), or by 
choice of e, (see No. 7) be far from Cg, no point of O*¢ can méet F(C,*). 
Therefore (L. T., p. 169): 


THEOREM At. F(0x) = O,'-F(C*?). 


12. Assume steps 2,3,---,4—1 to have been taken, Theorems 
A?,: + +, A¥+ to have been proved, and, for è < j < k, the following chains 
to have been defined: Ap’, Ag’, sAp’, sAq/, Cy’, C*q/, Cr’, CRY, Deu, Ré, Aq. 
Let One be the chain sum of the closed (g —1)-cells of F(C%,*), i < k, which 
are entirely in Z,* with no point within 4e, of F(En*), and which have no 
interior point in Ong or Diet, a<t<ci<ck.t 


13. Step k. Take on En* a complex, Kn”, of mesh éw, where 6€, < é41, 
and &, satisfies other conditions to be specified later (Nos. 15, 16 and Theorems 
B,C, D). Let K*,* be the dual of K„*. Subdivide the chains A,**, a = p, q, 
into chains, sA_** of mesh «/2. 


14. Now deform sA,** into A,* just as, in No. 10, Cp was deformed into 
Apt, using K,* instead of Ka, and call the part of the new chain on K,*, Cy’. 


15. By an ,-deformation carry sA,** into a chain A,*: the deformation 
to be as follows. It shall carry a chain B® into a subcomplex, C**, of K*,*. 
The chain R+* is made up of the closed g-cells of sAg** in By* and at a 
distance of more than 4e, from F(#,*), but minus the cells which are 1) in 
O*7', 1< hk; 2) in A, the deformation chain joining Cy and D4 
i<j <k; plus 3) such cells of sA,** in #,* and not in 1) or 2) as have, 
for some jf, a point of the subdivided Ce but no (¢y—1)-cell of the sub- 
divided oxis or D*8}, s < k, on their boundaries. In other words, R+ is the 
chain sum of the closed g-cells of sAq** well inside En*, with ic on its 
boundary for every j, but no (g — 1)-cells of C*#? or D*8/ on its boundary. 

All points not in Rọ are left invariant. Add the deformation chain 
of the boundary of Rọ. Let Ci = C,*- C*,*. Assuming that at each previous 
stage Cn? was within 18 of G,i< k, by taking ¢ small enough, 0;* may be 
brought within kô of G, justifying the assumption. 


16. Let De®, i< k, be the image in F(C*,*), under the deformation 
just defined, of C*#. By condition 3, No. 15, this image exists. Take £ so 
small that no cell of Dei is within 2e, of F(E,*). 


f As defined, ing is the part of the boundary of F(O*¢) which is in Æ,» but 
not in Bj, j < k. 
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17. All points of F(C,*) must be within c of F(#,*) or else far from 
G**, for the deformations are too small to bring images of F(Cp) and Oa 
togetlier. So, since O** is entirely farther than 2e, > & from F(E"), 
F(C,*) -C* 7 == 0. Therefore (L. T., p. 169): 


THEOREM A’, F(C,*) = 0# F(C*,*). 


The construction and proof given here is carried out until, at the 1-th 
stage, all n-cells Ent, Z,?,- - -, En" have been treated. 


18. THEOREM B. If 1 Si<jSr and if cin, eis," + +, Ej are small 
enough, then Opt: Od ~ C,)- Dž 47 mod Mti on N”, where M* is a rt-neigh- 
borhood of | Cyt: F(G*4) |,4 ri arbitrary (but is to be chosen <8), and 
N'I is a p*-neighbor hood of | Cyt: Oši], The values of t! give a maximum 
value to pt, but p? approaches zero with Enn Eig © Ej independent of 7%, 
and so can be taken < 6. 


19. Note that Ei Eiz ' © *,€; are determined after the i-th step of 
the fundamental construction (referred to in the sequel as f.c.) whereas 
| Opt F (Cx )| was determined and fixed previously, at the i-th step. 


20. Proof of B. Both Cp: C and Op: Dj are intersections in the 
sense of L. T., ch. iv, of the chains Cp? and C**/ which do not meet one 
another’s boundaries modulo M‘/, They are, therefore, homologous as stated 
if the «’s are small enough. Since the distance from Apt — Opt to C*# is 
greater than zero and depends on the «’s, no points of A,‘ not in Cpt can have 
images in A,’ meeting Dr provided that the «’s are small enough. 


21. Now let En: be a closed (h—1)-cell of F(Cx*), 1SkhSr, and 
suppose Er = C,*- H*_., where #*,, is a closed (gy—1)-cell of F(C**). 
Further call Hg. any one of the closed (¢—1)-cells of sA,** of which H*y., 
is an image. There are point sets, E, of which Hy, is image in each A,*, 
15Sa < k— 1, and because regular subdivision was used in f.c., no € has 
points in more than one closed q-cell of Ag’. Let Fẹ be a closed q-cell of Ag? 
carrying an €. 


22. THEOREM C. If 1 Shr, all cells Ey. which are not cells of 
O: Dzik or in Mti, i < j < k, are cells of some 0: Ore, k <s Sr, provided 
Pints Ei" ©, & are small enough. 


ł Following the recent usage of S. Lefschetz: if A is a simplicial chain, | A | is the 
complex carrying A. 
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Proof. In order‘to show that Er- is in some C,*-C**s it is, because 
of £. c., sufficient to show that Eg is not in an F'(C*,'), } < k, and that Ih» 
is within some Z,,° by a distance of at least 4¢,. ` l 

Because of the condition of No. % and the smallness of 63, €2,° ° +, Ek 
neither F (Cp) ror F(C,z) nor their deforms play any rôle in F(Ci*). So for 
Ey, to be in F(Cy*), Hg. must either be 

1) a cell in F(C*/), j <k, (now denoting chain and subdivision by 
F(C*)) ; 

2) a cell of F(A), i < j < k, (see No. 15) or the image of such a cell; 
or 3) a cell within 46, + e of F(En*) and not in 1) or 2). 

In case 1), every cell of F (0*4) either belongs to C*4 or is not deformed 
onto K*,* (condition 3, No. 15). Therefore the images of such cells are 


Tn case 2) let A’g'4 be the image of A, and let Ais = F (4) 
— (Cha — Di). Now let Atii* be the part of AM, in P(0* œ). If 
Ck. ae did not lie in Mt when the «’s are small enough, there would be 
for each of an infinite number of sets of these «’s as they approached zero, 
a point, P, of the corresponding C,*- A*t#* at a distance, d(P) > p > 0 from 
| Opt F (Or ) |> which complex is not a "function of the «’s mentioned. The 
points P would then have a limit point, L, at a distance = p from | Opt- F( ox) |. 
i. Suppose ZL is not on | F(C z) | but has a distance d’ > 0 from it. The 
chain Ai being the image of the deformation chain of F(C*#) would, if 
y+ Eja ts ten < d/4, lie within d’/4 of | F(C*#)|, so O: ARII, a 
subset, would also; and the points P would be, after a certain one, all within 
d'/2 of | F (0%) | contrary to the hypothesis that L is their limit point. Thus 
case 1. cannot occur. 

ii. Suppose, then, that L is on | F(C*#) |. Since by f.c., no points 
of Ap? not on Opt can meet | P(C =u, it is possible by taking the e’s small 
enough to bring the point set intersection of | C,*| and | F (#4) | | arbitrarily 
close to | Opt- P(O ai/)|. Then the points P, since each is on a C,” and near 
|F (04%), will again, after a certain one, be nearer by a finite amount to 
| Opt - F(o#4) | than L is. So since i. and ii., are exhaustive, Cy. An 
must be in Mi, 

In case 3) there must be a first n-cell, #,%, a 54% containing Hy, in such 
a way that all its points are at a distance of at least 6/2 from F(H,*) 
(condition of No. 8). If a> k the theorem is proved. If a < k there is jn 

- En? and Fg of the type defined in No. 21 which must be inside F,*% by a 
margin of [8/2 — (& + &1 +: ` ++ €a)] > 4é:. Therefore Eg is a cell of 
F(C*,/), J Sa, or Ag, <y <a. This reduces case 3) to cases 1) and 2) 
already considered, since the only cells of Ag*” deformed are on F(A"). 
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23. TurorEM D. If Era is in Cyt Date and in C,*- Dei, i<j <k, 
it is in M? provided Eis fi12,° °°, En are small enough. 


If Hg, and Big, are the originals of H*g. in C*# and Cae? respectively, 
then they must be within ex of each other. Then Fig- must be within 2e; of 
| P(e) |; for, since ¢ is less than the meshes of both K*,‘ and K™*,/, it is 

- only by being in a q-cell of Os? abutting on | F (0ž%)]| that Fi,, can be 
within e of C##, Therefore Fos is within 2e; + & of | F(C gal But 
F- is also on a part of C,* which was obtained by an £i ae Cine =i -+ Ek 
deformation from Opt. Therefore if these <’s are small enough, Eg is within 

ih of | Opt F (03%) |, i.e. in M™, (Note once more that M* is independent 
of Eiis Eiz "o's Er). 


24. THEOREM E. 
F(C:*) =$ 0# Dees = Cg O žk mod 3M, 


It is a consequence of f. c. and Theorems C and D that each cell of F(C*) 
not in M is in one and only one of the chains on the right-hand side of the 
formula above. It remains to make sure of the coefficients in each case. Those 
cells in the second term have the right coefficient by Theorem A* and the 
definition of Ome As to the first term, since Oy is an oriented chain, D*#* is 
negatively related to F(C**), so C,*- Deri is negatively related to F (Ch). 


25. The condition of No. 8 makes it sure that f.c. comes to an end at 
the 7-th step: all (h —1)-cells of C,”- F(C*,") belong either in — C,"- Di 
j < r, or in M = 3M since there can be no OTe sbr. 

Form the sum 


r r(i<k) i 
Ch = > Ct — > C.* 
k=l 4,k=1 
where Ori —> Cyt ae — OF - Det mod M# on Ni, 


The existence of C,** follows from Theorem B. Since it is within (r + 1)8 
of G, Cn is arbitrarily close to G. Computing the boundary of Or formally 
(L. T., p. 169) and using Theorems B and # and the Theorems A, gives that 
- F(Ca) is an (hk —1)-cycle on M. But M is an arbitrarily small neighborhood 
of an (h— 2)-complex, so, as in F.M. 2, p. 541, F (Cn) ~ 0 on W where 
M’ is a neighborhood of M whose size approaches zero with the size of M, 
“and whose distance from G approaches zero with the size of M. Eeee ee 
there is a complex, Vr, on W such that Vi P(C). i 
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26. Then In == Ca— Va is a semi-simplicial h-cycle on Jf, arbitrarily 
close to G. + The cycle is defined as an intersection cycle on the covering 
Ent, By?,: + -, En” of the chains Op and Cy. 


27. The next numbers will be devoted to the proof of the following 
theorem. 


THEOREM F. Two intersection cycles Ty and tT, of the chains Cp and Ca 
are homologous in any arbitrarily small given neighborhood of G provided the 
deformations used in getting them are small enough, even if Ta is on the 
covering Ent, En, °, Ent, and T, isona different covering, Hw, Hn,’ +>, Hn’. 


If M, is orientable, Ent and Hn’ must be oriented concordantly with the 
fundamental cycle on Ma. Otherwise the work is done modulo 2. It should be 
noted that T» and Ty, are said to be on the same covering if the n-cells and their 
order are the same, and if on each Wnt the same fundamental complex Kx’, 
is used in obtaining T» and Ty. Otherwise the coverings are termed different. 
The proof of Theorem F depends on two lemmas. 


LEMMA 1. If Ty is an intersection cycle on the covering Bat, En’, ++, Ent 
and obtained by small enough deformations, and Un is another n-cell of some 
covering of My, and e > 0 is an arbitrary number; then there exists an inter- 
section cycle, An, on the covering Un, Ent, En, ++, En", and such that Ty ~ An 
within © of G. 


Lemma 2. If T» and Ñn are both on the covering Brt, En? > +, Ent, and 
é>0 is given; then, if the deformations producing Ta and Ty are small 
enough, Tn ~T; within e of G. 


28. It will now be shown that Theorem F follows from the lemmas. 
If Th ts on Ent, En, © +, Bat, and Dn is on Hnt, Ent, En’, + +, Hn"; then 
Th ~ Dn with proper stipulations as to size of deformations ete. By Lemma 1 
there is a cycle, Am, on the second covering such that T} ~ Ar. Then, again 
with proper stipulations, Lemma 2 gives An ~ Tx; from which follows I ~ Th. 


29. If Ty is on Ha, Hn > +, Hn, Ert, Bn?,-- +, Bu? and Dh is on 
Ent, En’, © °, Enf; then Ta~Ty. This result is obtained by repeated use 
of the argument of No. 28. But since Hat, Hn?,: - +, Has covers G, if the 
deformations are small enough the compound covering is equivalent ‘to 
H., Ha? > © +, Hat from the point of view of intersections. The statement 
at the head of this number is thus equivalent to Theorem F. 
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30. Proof of Lemma 1. The chains to be deformed to get A, from Tn 
are A,” and Ag’. These, it should be recalled, are the final deforms of Cp and 
Cq used in getting Ty. Starting with these chdins begin, on Un, to build up 
A, in the same way that T, was built up from Cp and Cg in f.c. The simplicial 
piece of An on Un will be in part deforms of parts of the A’s which gave rise 
to simplicial pieces of Ty. So if the additional deformations are small enough 
(from Ty to An) and Ih itself was got by small enough deformations, L. T., 
ch. iv shows there are homologies within ¢/2 of G between corresponding parts 
of T, and A; mod neighborhoods, N, of (h —1)-complexes on I» of the type 
| Cyt Os | (see No. 10). These neighborhoods depend in size on the parts 
of Th on cells, Enf, i < k, and on the additional deformations used to get Az, 
so they can be arbitrarily small. 

If Ty,” is the sum of the closed h-cells-of Th on Un, and: N” is a suitable 
neighborhood of the complex carrying the simplicial part of F(Tn”); then 
Ta ~ A, mod N +N’ + (M,— Un); and the diameter of N” approaches zero 
as the deformations producing A, from I approach zero. Outside Un, An can 
be identical with T» so Ta~ A, mod (N + N°). Since N + N’ is an arbi- 
trarily small neighborhood of an (4—1)-complex, Ta~ Ar as stated in 
Lemma 1 (see F. M. 2, p. 541). 


31. Proof of Lemma 2 (see No. 5). The proof involves the construction 
of an (h + 1)-chain, Orn on My such that Ong Ty within « of G. 
This construction is similar to f. c. and is to be made by induction. In what 
follows the notation of f.c. will be used for Ty. The same notation with a 
circumflex accent (*) added will be used when Ty is in question. 

Step 1. The actual proof proceeds as follows. Choose an 7 > 0. Since 
A; and Âp are both deforms of Op, there is a chain, W+ 4; > Apt — Âp! on My 
of mesh ¢,/2. Similarly there is a (q + 1)-chain, Wta —> Ad — Â. By 
an &,/2-deformation carry the closed (p -+ 1)-cells of W*,,, entirely on Kat 
into a subchain, Ctp, of Ka, leaving Apt and Âp! invariant. This is possible 
because the requisite parts of the p-chains are already on Kn’. Add the 
deformation chain of the boundary of the piece which was deformed, and call 
the entire new (p + 1)-chain Atp. 

Deform Wgn in the same manner using K*,* instead of K,) and leaving 
invariant all q-cells of Wg not in En and not at a distance of more than 4e, 
from F(E»), unless they have a point of C*," or OF gt on their boundaries 
in which case they are deformed with the rest. The chains O*7 and C* 
themselves are to be left invariant. Add the deformation chain of the 
boundary and call the total deformed chain Ag and the part of Atg.1 on 
K”, OF. The chain X* = F(0*) — (C*— @*,) is then nowhere 


qt 
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nearer than 2¢, to F (Ent), whereas Xp = F(C%p.a) — (CF — O,*) is nowhere 
farther than ©, from F (Er). A 
Let Otra = (— 1) Opa O E H Ĉĉ; 1. 0*1 


gti? 


intersections being of chains on Kat and K*,', are here meant in the sense of 
L. T., ch. iv, $1. Then if s, is small enough L. T., pp. 169 and 187 give 


On > On — Ôr + Xe, where, since F (C,*) . Cn = 0, 
Xi = (1) "Ona POP) + Opt X40 


32. Assume steps 2, 3,:-..,4——1 to have been made and the necessary ` 
chains to have been defined for i and j, t< j< k. Let X*,i* be the chain 
-sum of the closed q-cells of X*gi which are 1) entirely on Ent, and 2) have 
no point within 48, of F (Ea¥) unless a (q — 1)-cell of O* or Gs *jk is on their 
boundary, and 3) have no interior points on XY*,/9 or Y* Rri g< ke The chain 
X*i# plays the rôle in this proof of Ce in f.c. It is, roughly speaking, the 
iat of X* in Hy” but not in En’, and is so defined that all cells of a 
and Gs *ik are on its boundary. 

Step k is then made as follows. As a consequence of step k— 1 of the 
induction and step & of f.c., there are on Mm chains Lael and Wee such 
that Wri — Ast — Â (s = p,q). Subdivide the cells of Wes and Wri until — 
their mesh is ¢,/2 and & respectively without altering the is which “already 
satisfy this condition. Call the new chains sW** and sW*. l 

Now carry swta into A*,,, just as W1),, was oaeoi into Atp Call the 
new (p +1)-chain on Kat Op. 

Next sWre i is to be treated. 


Lemma, If sweet contains a (q + 1)-cell, Ha. having a q- face, E, in 
X* or Y* 85, s< j = k, and à q-face E’q in Rg (see No. 15), a resub- 
dwision of swi will avoid this without creating new situations of the 
same type. 


Proof. If Hy and E’g have a (¢—1)-face in common, it is, by con- 
struction, a (¢—1)-cell of OS or Desi, But ‘by definition of R#+ this is 
impossible. So a subdivision of Bins by section (L. T., p. 68) will avoid the 
situation in the desired way. A similar lemma holds for Îg-+. 

This lemma shows that if the «-subdivisions. are small enough the fol- 
lowing definition of Er is self-consistent. The chain R** is the set of all 
closed. g-cells of sW**in ” By and at a distance of more. than; 4e, from F(E) 
minus the cells which are 


t 
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1) in CM j <k; 

2) in Ail, the deformation chain joining X*¿ and Y*,44; 
plus 3) such g-cells of swe in #,* but not in 1) or 2) as have on their 
boundaries, 

a) for some j a point of X*,/* but no (q¢—1)-cell of Xs 48 or Y* 84, 
s < k, (see No. 15), 
or b) a qg-cell of R> or RF. 

By an é, deformation carry R*? into a sub-chain, C**, of K™n*. Add 
the deformation chain of the boundary of the deformed part and call the new 
chain Atg. Let Y*,i*, t < k, be the image under this deformation of X tik, 
` Take ex so small that no cell of Y*,* is within 2e, of F(Hn*). This new 
chain plays here approximately the rôle of D** in f.c. Now the chain 
x* =F (03k )— (O* g — C*) is nowhere nearer than c, to F( Hn"), whereas 
X = F (Op) — (C — Ô) is nowhere farther than ¢, from F (Ent). 


38. Let Cia = (—1)" 4% O* a+ GF: Ož. Then if ex is nr 
enough, C*n,1 —> Orë — Oy + Xt within ky of G, where, since P (Ô): Ci 
Xit = (— 1) 90%. F(O*F) + ÔF: Z*E. Define Xr, Vit, Init, i< ` 
as follows: 

Xni == (— 1) "104, + OH Opt X* i 
Yi = (— 1)" a0% Prt Lid + Ô+- yea; 
L* is the Ay-neighborhood (0 < Ai < 7) of 


q-t g-i 


| Opt F(X* i) | + | Got O= | 4 | Opt eH | | 6,* Owe |. 


Take A; so large that L** includes the neighborhoods N, M, Ñ and WM, 
The diameter A; approaches zero as § does, (see f.c.). Note that L‘* does not 
depend on Eir €t42,' * *, Ek- 


THEOREM G. If1=k=r, for every M, the quantities Eus Eng’, Et 
can be taken so small that there exists an (h + 1)-chain, Cie , within (k -+ 1) 
of G such that 
Of — Xr — Ya mod L®. 


Proof. The intersections Otpa C ee and Cpa DEM are in the sense of ; 
L. T., ch. iv, considering as the original chains Op and C ag which do not 
nreet one another’s boundaries ‘mod L*, so the proof goes through like 
Theorem B, No, 18, as far as this pair is concerned. The same sort of proof 
holds for Cy‘ and Xi 
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34, The construction of the preceeding paragraphs has been so made that 
all h-cells of X, are either images of h-cells in Xn‘, t < k, or within 5e, of 
F(#,*). The construction is also such that Theorems C and D (Nos. 22, 23) 
hold for C%p,.°F(C#*) and C,*- X*,* and the neighborhoods L‘/ as they do . 
for C,*- F(C*,*) and the neighborhoods Mti. This is because the construction 
of C*,,, and X*,* is exactly analogous to that of C,* and F(0**). Combining 
these results for C%),.-F(C**) and Oye X* gives: 


Turorem O. If 1SkSr, all h-cells of Xi* which are not cells of Y*,i* 
are in D4,4 <5 < k, or in some X* #8 k <s 5r, provided the e’s are small 
enough. 


Turorem D’. If an h-cell of Xi? is in Y*q* and Y*Gii<j<k, tt is 
in L* provided the ¢’s are small enough. 


As before, £*/ is always fixed after £1, €o,: * *, € have been determined. 

These two theorems combine to give the analogue, E’, of Theorem E 
(No. 24). Theorem Æ’ plus the fact that the process here considered comes 
to an end at the r-th step, gives C'mı—> (Cx'—Cn*) mod 3L% within 
(r+1)y of G, where Cmi = 30% — %C%,. Since L D N% and Ño, 
C'n —> In — Tn + Qn, where Qr is an h-cycle on SL. If £1, Ez + +, Er are 
small enough, Qix~ 0 within (r + 2)y of G, so there is an (A +- 1)-chain 


Ora —> I'a — Ô, 


within (r -+ 2)y of G. Ify = €/(r + 2) this proves Lemma 2, and completes `’ 
the program outlined in Nos. 1-5. 


CORNELL UNIVERSITY. 


ON THE IMBEDDING OF METRIC SETS IN EUCLIDEAN SPACE.* 


By W. A. WILSON. 


1. It is the purpose of this note to make a slight extension of results 
previously obtained, by-the writer ł and to give a modification of Menger’s 


- general conditions for the imbedding of n points of a metric space in Euclidean 


space. 

‘With regard to the first topic it is proved on pp. 515-16 of the paper 
mentioned that a complete space, which is convex and externally convex and 
has the four-point property, has the n-point property for every integer n. 
We now proceed to show that the requirement of external convexity is needless. 

Using the notation of this proof, let Ty = T'a, To = T'o, and To. ™ Fs. 
If the line through a’, and a’, meets To, external convexity is not needed for 
the proof as given.{ In the opposite case it is clear that there is a point 
w in T’, near enough to the centroid of T'o so that: if a’) and a’, are on 
the same side of Wy. and a'u” is produced to meet T'o in g’, wg’ lies also 
in To; and, if a’, and a’, are on opposite sides of By», «w cuts T'o In 
the congruence T, ~= T’, let u~u’. Then by the argument of p. 516 the 
points u, @1, @2,° ` *,@ can be imbedded in En and the sign of the determinant 
D(u, Gy, Moy" * “s Qn) =~ sign(— 1)”. ` 

Let us now suppose that sign D (do, 01` * *, An) = sign (— 1)”. Since D 
is a continuous function of each variable and changes sign when dy is replaced 
by u, there is some point » on the segment ua, for which D (v, a;, a2,° ++, an) = 90. 
Then the points v, a, @2,* * *,@, can be imbedded in Hy. so that To = T”, in 
one of two ways: (1) v’ on the same side of Ha. as œi; (2) v on the 
opposite side. 

In the first case, since v lies within T4, the congruence v + ae +° © +--+ an 
=w+ta,+---+a's, which is a sub-congruence of v-+a,+::-+ a, 
=v Here e o Hn, defined in the preceding paragraph, is also a sub- 
congruence of T, = Tı, which, includes To = T'o} If s~v in the con- 
gruence T, = Tı, we have a, +v -+r =g +y -+r and (by the previous 
paragraph) v+a¢+a,~v'+2'+4a’, Now by the four-point property 


* Presented by title to the Society, September, 1934. 

+ “A relation between metric and Euclidean spaces,” American Journal of Mathe- 
maties, vol. 54 (1932), pp. 505-517. 

{For we can then refer to Theorem I of § 8 instead of Theorem IV. 
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ae F e+ a ~a to’ +e’+a1, where a”, is some point, of En. These 
congruences See give Vao = vty = va", and Xa!) == Th = zao while 
CU == wy’ + va’ and wa”) =<2a'v'-+v’a",. Hence a’)—a%, and so 
gd, = A’ o's, 

-*Precisely the same argument applies when v’ and a’, are on opposite sides 
of Hy... Thus the assumption that sign D (ao, d1,° ` +, an) == sign (— 1)” is 
false, since it has led to the contradiction that Qo, &,° * *, An can be imbedded 
in #y.. That is, the theorem in question is valid when external convexity 
is not given. , 

It follows, therefore, that the theorem of § 12 (loc. cit.) can be modified 
to read: A convex complete separable space which has the four-point property 
is congruent with a sub-set of some En or of Hilbert space.* 


2. Turning to the second topic, we recall Menger’s condition ¢ for im- 
bedding n -+ 1 points of a metric space in En, namely that, if the distances 
between the respective pairs of any k+ 1 (k&n) of these points are sub- 
stituted in the formula for the volume of a k-dimensional simplex in terms 
of the edges, the result is real. This condition can be put into another form 
which is of some interest. 

Let the n -+ 1 points be designated by the integers 0,1,2,---,m; then 
01, 02, etc., will denote segments or lengths of segments. Assuming for the 
moment that the points can be imbedded in En, let 0:7s denote the angle 
between the segments 0r and 0s. Then 


(1) (rs)? = (0r)? + (0s)? — 2(0r) (0s) cos 0: rs. 


For four points 0, 1, 7, s, which are the vertices of a tetrahedron let 01: rs 
denote the dihedral angle of edge 01 and faces 01r and Ols. It is well known 
that 

(2) cos 0: rs = cos 0: 17 cos 0: 1s + sin 0: 1r sin 0: 1s cos 01: rs. 


In general, if 0,1,---,4-+1,7,s, are the vertices of a k -+3 dimensional 
simplex, let 01: -k-44 1:rs denote the space-angle having the “edge” 

‘k-+-1 and the “faces” 01---%-+1,r and 01:--k+-1,s. (This 
is the angle between two k -+ 2-dimensional spaces in a k + 3-dimensional 


* The referee states that the reasoning employed above can be applied with little 
change to the corresponding work of L. Blumenthal, “Concerning spherical spaces,” 
American Journal of Mathematics, vol. 57 (1935), pp. 51-61. See Theorems 3.3, 4.1, 
and 4.2, The property of external convexity corresponds to that of being “ diameterized ” 
in spherical spaces. 

+ “ Untersuchungen über allgemeine Metrik, II,” Mathematische Annalen, vol. 100, 
pp. 133 and 136. 
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space.) The spherical cosine law is also valid for these generalizations of 
dihedral angles, giving * 


(8) cos 01--: - k: rs == cos 01: - ‘k:k-+1,rcos01--:-k:k-+-1,8 
-+sinO0l:--k:k-+1,rsinOl---k:k+1,scos01---k+ 1:78. 


Now, if V is the volume of the simplex (012- - n), it is known + that 
the formula used by Menger can be transformed with the aid of (1) into 





vo (01)*(01)*- + = (07)? a 


(n!)? o> 
1 cos 0:12 cos 0:13 ++ + cosO:1n 
cos 0:12 1 cos 0:23 -- - cos0:2n 
cos 0:13 cos 0:23 1 ~- + cos 0: 8n 
where An = . . . . 
cos0:1n cos0:2n cos0:3n -v 1 


Multiply the first column successively by cos 0:12, cos 0:13, etc, and 
subtract from the columns headed by these factors. Clearly 1— cos? 0: 1s 
=sin?0:1s. We also get terms of the form cos 0: rs —cos0: 1r cos 0: 1s. 
In such cases substitute sin 0: 1r sin 0: 1s cos 01: 7s by means of the spherical 
‘cosine law (2). We can then remove common factors and get 


An = sin? (0:12) sin?(0:18)- - -sin?(0: 11) + Ana, 


1 cos 01:23 cos01:24-- - cos 01: 2n 
cos 01:23 1 cos 01:34 --- cos 01: 3n , 
cos 01:24 cos 01:34 1 >> + cos 01: 4n 
where An. == : ‘ ; ; 
cos 01:22 cos01:3n cosOl:4n--:- t 





We treat this determinant as we did An, using formula (3) above for the 
case that k = 1 and we get 


An- = Sin? (01:23) sin? (01:24) - > sin? (01: 2n) ` Ane, 


*This is given by James McMahon, “ Hyperspherical goniometry and its applica- 
tien to correlation theory for n variables,” Biometrika, vol. 15 (1923), p. 187. It can 
also be deduced from a result of Ernst Liers, “ Über den Inhalt des vier dimensionalen 
Pentaeders,” Archiv der Mathematik und Physik, 2d Series, vol. 12, pp. 344-351. 

ł See Study, Zeitschrift fir Mathematik und Physik, vol. 27, p. 150. 
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where Ay. has n— 2 rows and columns and its elements are cosines of the 
space-angles 012: rs. ' 
Continuing in the same fashion, we finally reach the relation 


A, = sin? (012; - -n— 4: n— 3, n—?) sin?(012- + -n—4:n— 3, n— 1) 
sin? (012 - - -n — 4: n— 3, n) As, 
where 
: 1 cos 012... n— 3: n—2, n — 1 cos 012... n— 3: n—2 n 
A, = j|cos 012...n—3:2—2,n—1 1 cos 012...n—8:n—~l1,n 
cos 012... n—3:n— 2n cos O12... n — 3: n— l,” 1 
= sin? (012... n— 3: n— 2, n — l)sin? (012... n — 3: n— 2, n)sin? (012... n—2:n— l, n). 


This reduction expresses V? as the product of non-negative factors. It 
follows, then, for n + 1 points in any metric space, that V is real if formulas 
(1), (2), and (3) above define real angles and the reduction can be carried 
to the end. Looking back, we observe that the angles 0:7s defined by the 
plane cosine law always have definite real values, since the space is metric. 
The successive space-angles 012---&+1:7s (k=0,1,---,n—38), are 
defined by the spherical cosine law (3), which can be written 


cos 012- - +k + 1:18 
__ cos 012+ - -k:rs—cos012- > - kik +1,rcos012- - kikti, s. 
gi sin 012- --k:k +1, rsin 012: c- k:k +1, s 


The space-angle thus defined has a definite real value unless the absolute value 
of the fraction is greater than 1 or the denominator is zero. 
Let us now assume the following postulates for angles of all orders: 


I. 012- -kirs +012: -kirt + 012---b:stS Rr; 
II. |012- + -k:rs— 012- + -k:rt|S012- - -bist £012; - skirs 
+012: -ekiri 


If sin 012- - - k: k + 1,r = 0, this angle is 0 or m. It then follows from 
these postulates that angles 012- - <k: +1, t and 012- <- k:rt are equal or 
supplementary for every value of ¢. In that event the columns of A,z which 
contain cos 012: - -k:k + 1,r are identical or one is the negative of the other. 
In both cases An- = 0 and the introduction of higher space-angles is unneces- 
sary, as V? = 0, 

If neither sin 012---k:k-+1,r nor sin012---k:4+1,s is zero, we 
can easily show by elementary trigonometry that 1 + cos 012- - -k +- 1:rs 220 
and 1—cos012---k-+-1:rs=0; whence 012- - -k-+ 1:rs has a definite 
real value between 0 and m. Thus, if the above angle postulates hold for 
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every k, either V? 0 or the reduction of the determinants can be carried 
out to the end. i : 

We can then state as a theorem that n + 1 given points of a metric space 
can be imbedded in En unless there is some set of k + 3 points, LS kSn—2, 
determining three angles or space-angles Qiz’ ` * ak: Gräs, ttz ` ` Qp: Orde, 
Gh: > -Api Qst; Such that their sum is greater than 2r or the metric triangle 
inequality fails. i 

The reader will note that this result is an extension of Blumenthal’s 
theorem on the equivalence of the four-point property and Postulates I and II 
for plane angles.* Neither result is any simpler to apply tọ a metric space 
defined by the distances between the respective pairs of points than are 
Menger’s criteria, but both have some interest as showing that the determinant 
criteria may be regarded as phases of the triangle inequality. 


YALE UNIVERSITY, 
New Haven, Conn. 


* L. M. Blumenthal, “ A note on the four point pfoperty,” Bulletin of the American 
Mathematical Society, vol. 39, pp. 423-426. It may be remarked in the case of four 
points that the condition that 0: ab +0: ac +0: bes2w is unnecessary, as a failure 
of this at any vertex involves a failure of the metric triangle inequality at some other 
vertex. 


ON SEMICOMPACT SPACES.}+ 
By Leo ZIPPIN. l 


1. Introduction. It is a well established idea in topology to consider 
spaces in which certain general properties are assumed to hold only locally, 
and it is not new to go a step further and transfer these properties from 
neighborhoods to boundaries of neighborhoods. None the less the fundamental 
notion of compactness does not appear to have been treated from this point 
of view. It is the object of this paper to prove two theorems, based on a 
property we call semicompactness, which seem to us not uninteresting. 


Definition. A topologic (Hausdorff) space C is called semicompact at a 
point x if every neighborhood Us contains a Vs such that B(V.), the boundary 
of Vz, is compact. It is called semicompact if it has this property at every 
point. Of course B(V.) is necessarily closed so that it is actually self-compact. 


1.1. Now we have allowed that B(V2) may be vacuous. Therefore it is 
clear, for example, that every zero-dimensional topologic space is semicompact. 
This suggests, at least, that this concept is hardly likely to be very fruitful 
without some restriction on the nature of the topologic space C. In this paper 
we shall go quite a way in delimiting the class of spaces we consider. We shall 
require of O that it be a separable, complete metric space; that is to say that 
C can be metrized in such a way that every Cauchy sequence converges. In 
these spaces it will transpire that the notion of semicompactness is strikingly. 
‘ near to that of local compactness. A semicompact C which is separable and 
complete metric will be called, for shortness, an s. C.-space. 


1.2. The two theorems of this paper are concerned with the possible 
compactifications of an s.C.-space. Thus while a locally compact separable 
metric space can be compactified by the addition of a single “ point,” an s. C.- 
space may always be compactified by the addition of a countable set (Theorem I). 
In Theorem II we demand that the s. C.-space be connected and locally con- 
nected and obtain.a considerable generalization of a Theorem of Freudenthal.{ 
We shall conclude with a few remarks on, and some applications of, this 
theorem. 


f Presented to the American Mathematical Society December, 1933. See Abstract, 
Bulletin of the American Mathematical Society, vol. 40 (1934), p. 56, no. 97. 
_ See § 6 and note thereto. We were not aware of Freudenthal’s paper at the time 
of publication of the Abstract for this paper. 
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2. THEOREM I. Every s. 0. -space O may be compactified by the aodition 
of a countable point-set. 


We may suppose that C is not compact, otherwise the theorem is trivial. 
We shall associate with C a metric in which every Cauchy sequence converges. 


"Definition. An open subset V of C such that B(V), the boundary of V, 
is compact will be called a domain: an e-domain if its diameter < e.t . 


21. The «Partition. Let V denote any non-compact domain of C, e.g. 
C itself. Then V is complete in our chosen metric and there must exist an 
€ > 0 such that F is not the sum of any finite number of subsets of diameter 
<<«.{ Any positive number < e’ will be called suitable for our Partition. 
Choose some fixed e 0< e< g. From the separability of C and its semi- 
compactness, there exists a sequence of e-domains, U1, U2,° - -, which cover V. 


š -1 
Let Kı =V - U, and, generally, Ka = V - (Un — X 01). 
1 


2.2. We assert that the Kn are «-domains.§ It is obvious that they are 
small enough, and open. We must show that B(K,) is compact. It is if it is 
vacuous. If it is not vacuous let eC B(K,) C EnC V: Ün Then 


nol 2h 
sŒ $, U; which is open and contains no point of Ka. Then if s c$ Ui, 
1 1 


-1 
z C Ox — Us = B (Ur) for some k <n. On the other hand if s Œ S Gi, then 
1 


either cŒ Un or cE V. For if cC Y- Un it follows that s C Ka: by 
assumption, however, # C B(Kn). Therefore since æ C V+ Un, it follows that 
2CV—V=B(Y), or else £ C Un — Un = B (Un). Then B(Ka) C B(V) 


+ Š B(U;), and this sum is compact. 
1 


2.3. It is important for us to notice that although the K, are not open 
they “cover” F in a very definite sense. Let z be any point of V and n the 
least integer such that z C Un. Let 21, 22° - +, be any sequence of points of y 
converging to z. Without loss of generality we may suppose them in Un. Let 
y denote an arbitrary one of the points Z, 21, 22,: + +, and let Y1, Ys, * - *, denote 
a sequence of points of V converging to y. We may assume that these points 


This is a slight departure from customary terminology, which we SEparo by 
italics. - 

ł Otherwise ¥ would be compact. See Hausdorff, Mengenlehre, 2nd Ed, p. 108. 

§ We agree that the null-set is open, therefore an‘ e-domain. 

{1 Here, as in the sequel, æ denotes any. point of the space, restricted in so far ‘only 
as is immediately made evident. 
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also are in Up. Now let z denote an arbitrary one of the. points Y1 Ya °°; 
and let m be the least integer such that æ Œ Üm.. This integer sevens on g, 
of course, but for every choice of z, mn. Finally, let %1, %,- * +, denote a 
sequence of points of Um converging to v. oF but a finite number of these are 
in V, and at most a finite number of them can belong to >) Ti. Therefore 


almost all of them belong to Km and consequently s C Kim. "Then iti is clear 
that for every integer k, yr C 5 K;. But then y too belongs to this set, and 
i=l 


this means that every one of the points z, Z1, Z2 * - *, belongs to it. What we 
have proved can be expressed as follows: to every point z of V there exists 


an n such that z is an inner point (relative to V) of > Ki. 
è q=1 


2.4, Let Oi VS Ri It is clear that the On form a monotonic 
"1 : 


sequence, i. e. On D Onis, Whose product is vacuous, and that each is open 
relative to V. It is easily seen ¢ that B(On) is compact. Now since B(V) 
is compact and closed, there is an. integer n such that B(V) is a subset of 


inner points, relative to V, of > Ki, i.e. no point of B(V) is a'limit point of 
Š 1 


SR = On. This follows from the concluding remark of the previous 
1 


section by an application of the Heine-Borel Theorem. Now B(V)-0On=0 
implies On C Ý. Let D, denote the first Om such that D, C V. Then D, is 
a domain of C. Let D, denote the first Om thereafter, such that D.C D, 
It is clear that we can find a subsequence Dm of the On such that: 


řDyYDDĎDDDDDDD, D.. 
It is clear that each D, is a domain of C and that HD, == 0. Notice that no. 


N 
Dn is vacuous, since V Ç $, K; for any integer N, by our choice of «. The. 
1 


sequence of cells, K, will be called an e-partition of V. The corresponding 
sequence Dm will be said to define an ideal point associated with this partition. 


.8. The ideal points of C. For notation’s sake, we write C= (,°. Let 
us make an €-partition of C,° for a suitable f e < 1. We designate by P,° 
the associated ideal point and by D°s.m, (m = 1, 2,- - -), the domains defining 
P,°. Now let.C;*, C2",- - +, denote those of the cells of this partition which 


Compare § 2. 2. 
$ See §2.1.° 
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are'not compact. If there are any, we make an en-partition of each Ont for 
a suitable emm (which varies with the cell) <4. This is possible since each 
cell is a domain. The associated ideal point is denoted by Pnt, its defining 
domains by D'n,m, (m=1,2,---). Now let C,?, C2?,- > -, denote those cells 
which are not compact which result from any one of the countable set of 
preceding partitions: their totality is at mest countable. Each of these, if any 
exist, is subjected to an e2,n-partition, every esn < 1/4. 

Now we may arrive at an integer N such that all the cells E us 
after the N-th partition are compact.ł In this event the process will be termi- 
nated and no further ideal points introduced. Otherwise we continue the 
partitioning indefinitely, every non-compact cell Cm” of the N-th stage being 
eN AED E OPa for a suitable eym (depending on the cell) < 1/2%, 
(N =1,2,3, 0). 

Whichever of the above alternatives we face, it is clear that we have 
introduced an at most countable set P of ideal points where each one is some 

m in our construction,{ being associated with a cell Cm, diam. (Om) < 1/27. 
The point Pa is defined by a properly monotonic sequence, DY mn, 


oO 
(n=1,2,: - +), of domains of Cn, II DNm, = 0. 


nal 
3.1. Now let O” denote the abstract “point-set” O + P topologized as 
follows. Let G, G2,- + >, denote a sequence of domains of C which generates § 


the space C and which includes every defining domain for every ideal point 
Pa in P. Now if PY is any ideal point of C, and Gys any domain of the 
sequence, we shall say that Pm belongs to Gy if this set contains any one of 
the defining domains for Pm (in which case, of course, it contains almost 
all of them). Now let Gy’, G.”,- - -, denote the point sets Gn to which have 
been added all the ideal points belonging to them. By definition, each G,” 
is a neighborhood of every point of O” which it contains. Let us observe at 
once that Gm’ Gn = 0 (in O) implies Gm’: Ga” =0 (in O”). This is obvious, 
for if Gm” ` Gn’ contained an ideal point it would have to contain a non- 
vacuous domain of C, and if it contained a point of C this would have to 
be a point of Gm’ Gn. 


3.2. It is trivial that every point of O” belongs to at least one neighbor- 
hood of the system and that if it belongs to two neighborhoods it must belong 


f Actually this cannot happen unless 0,°—C is locally compact, but that is im- 
material to the proof. 

{The ranges of N and of m in its dependence on N depend on the particular choice 
of partitions. 
§ i.e. is a basis for the neighborhoods of C. 
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to’'a neighborhood common to both of them. Then, since each Ga” is a 
neighborhood of every one of its points, we merely have to show that if z and 
y are distinct points of O”, there exist Gm” D g, Gn” D Y, Gn’ > Gr” = 0, 
in order to conclude that O” is a Hausdorff space. This is trivial, excepting 
possibly in the case that v is an ideal point PY and y is some P of P. Here 
we may suppose, on symmetry, that N S< N’. Now PY is associated with the 
partition of a non-compact cell OY and P^” with that of Cy”. If NW’ =N, 
k’ =k, the two points are not distinct. If NM =N, W 4k, PiN belongs to 
a domain Gm CO," and Pe belongs to a domain Gn C Cy and Gm: Gn 
CON + Cy” =0. On the other hand, if N’ > N, Or’ CON for some h. 
_ If h Ak we have the same situation as above. If h = k then Cy’ = CN" C ON. 
But then there is a domain Gm to which PY belongs such that Gm: Cj; = 0 
and P, belongs to a subdomain Gp of C;4**. Therefore, in view of the last 
remark of § 3.1, we have been able, whichever of the cases above may have 
arisen, to find Gm” D PN =g and Gy” D Py,’ = y such that Gm”: Gn” = 0. 
Therefore O” is certainly a Hausdorff space. It is trivial that O” is completely 
separable (i.e. has a countable neighborhood basis). It is clear that C may 
now be regarded as a topologic subspace of O”, if we ignore the convenient 
metric we have attached to it. 


3.3. Let us prove finally, that O” is compact.t To this end, let 
Tı, Za, * + denote any sequence of points of C”. 


i) If there exists any integer NV such that infinitely many of the cells 
resulting from the first N partitions contain at least one point of the sequence, 
then there is a first such W. Then the sequence (£a) has an infinite sub- 
sequence in some Om and has at least one point in common with every DYA, 
(n=1,2,: > -). Therefore, in this case, the ideal point Pm is a limit point 
(not necessarily the only one) of the sequence (sn). 

ii) If there is any NV such that an infinite subsequence of (2,) belong 
to a compact cell (in C) or belong to the boundary (which is compact) of any 
cell of the N-th partitions, then the subsequence consists of points of O which 
have at least one limit point in C and this is also a limit point of the given 
subsequence, in 0”. 


iii) Finally, if neither of the previous cases ever arises, it is easy to see 
that we can find a monotonic sequence of non-compact cells, 


C= CL, Ca,’ On”, Ty ° 


such that for every C™,,, there is at least one point ay,, of our sequence which 


+ We may suppose all topologie notions defined for O”, as customarily. 
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belongs to it. But by our construction, the diameters of these cells converge 
to zero. Then it is a well known consequence of the completeness of O (our 
metric exhibiting this completeness) that there is a unique point of C common 
to the closures of these cells, and it is clear that this point is a limit point 
in O” of the given sequence. f 

Therefore O” is a compact, completely separable Hausdorff space and, 
as is well known, metrizable. We have observed that our space C is topo- 
logically equivalent to a subset © of O” = 0 + P where P is countable and 
PC = 0”. Then (” is a compactification of C and Theorem I is proved. 


4. We may remark that Theorem I is characteristic of s. C.-spaces. This 
follows from the simple 


THEOREM. If O” is any compact, metrizable space and C=C” —Q 
where Q is any totally disconnected Fo,t then C is an s. C.-space. 


It is clear that C must be separable metric, and well known (Alexandroff) 
that it is complete in some metric. We merely have to show that it is semi- 
compact. This will follow if we can show that, under our hypotheses, every 
point of O” has arbitrarily small neighborhoods whose boundaries are vacuous 
relative to Q. Write Q = 3Qn, where Qn is closed, and totally disconnected. 
There=ore Q» is zero dimensional in the Menger-Urysohn sense. 


4.1. Then if x denotes any point of O”, «+ Q is a zero dimensional 
point-set.[ Therefore, for any fixed e > 0 we can write «+ Q = H, + Ho, 
H,: H,=0, where H, D z, diam.(H,) < «/8, and both sets are closed in 
s+ Q. Now cover every point y of H, by an open set Dy (of 0”) 
0 < diam. (Dy) < Min.[1/36«, 1/2 dist. (y, H2)], and let D = > Dy. It is clear 

Y 


that 0 < diam. (D) < e, and that H, C D which is open. It is easy to see 
that H: D = 0.§ Then the boundary of D cannot contain any point of Q 
so that D is the desired neighborhood, and the theorem is proved. 

We need hardly remark that it is not necessary that an Fe subset Q of a 
compact metrizable O” be totally disconnected in order that G = 0” — Q shall 
be an s. C.-space. 


TO =Z Q, closed. This includes the case that Q is countable. 

We are appealing to the “Summensatz” of dimension-theory. A proof of what 
we need can be carried through by a method which Menger has called “ Methode der 
‘Modification der Umgebungen in der Nähe ihr Begrenzungen” and on which his proof 
of the Summensatz rests. See his book Dimensionstheorie, p. 94. 

§ Compare the lemma of Urysohn, “Sur les multiplicités Cantoriennes,” Funda- 
menta Mathematicae, vol. 7 (1925), p. 69. 
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5. It is clear that if an s. C.-space C is connected, the O” of Theorem I 
is also connected. If, further, O is locally connected, we may suppose. that 
those G, (of § 3.1) which generate O were chosen as connected point-sets and 
the corresponding Gy” will be connected. Then, in this case, O” will certainly 
be locally connected at every point of C. Consequently, by a theorem of 
Mazurkiewicz, ©” will be locally connected since C” —C = P is totally dis- 
connected. 


Definition. A connected and locally connected s. C.-space will be called 
_ semipeanian.t 


5.1. We have just proved the 


COROLLARY. A semipeanian O is topologically ‘contained in a peanian 
0” = G=C--+ P, P countable. 


Now there are many possible compactifications of C. If we require that 
the set of ideal points which we adjoin shall be at most countable, then there 
is not any ©” which is invariantly associated with a general C.f Moreover, 
in this case, the ideal points of C will, in general, “interrupt” O”, in the 
sense, for example, that it may not be possible to join two neighboring points 
of C by a small arc of O” which avoids P. If we do not insist on compactifying 
C with a countable point-set, then we can show that there exists a peanian C* 
invariantly associated with C and rather simply related to it. We may say that 
the ideal points offer a minimum of interruption. The sense of this will be 
made precise in Theorem II. 


_, Definition. A totally disconnected subset Q of a peanian C* will be called 
totally avoidable provided that D—-D-@Q is connected for every open con- 
nected subset D of C*.§ 


6. THEorem IL. Every semipeanian C is topologically contained in a 


f Complete-metric, separable, connected and locally connected spaces are commonly 
called quasipeanian. Thus, semipeanian == quasipeanian +- semicompact. Compact, 
metr., con. and loc. con. spaces we shall call peanian. 

¢ We shall return to this in § 7. 

§ This is a special case of a more general definition of total avoidability, due to 
Wilder. 

{ We have already remarked that this is a Theorem of Freudenthal in the case 
that Ọ is locally compact. See H. Freudenthal, “Uber die Enden topologischer Raume- 
und Gruppen,” Mathematische Zeitsherift, vol. 33 (1931). Satz 7, p. 702. A similar 
compactification was used by us in characterizing subsets of a simple closed surface 
which we called cylinder-trees. See “Study of continuous curves ... ,” Transactions 
of the American Mathematical Society, vol. 31°(1929), Theorem 6, p. 763. However 
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uniquely determined peanian C* = Č such that Q = C* —C is a totally dis- 
connected and totally avoidable Fo. 


Proof. By the corollary of § 5.7, C may be compactified to a peanian 
C” =C + P, P countable. Let Un”, (n=1,2,- - +), be a null-sequence { 
of open connected subsets generating O” such that P- B(Un”) =0.8 If U” 
denotes any Un”, U =C: U”, and a is any point of U, then U D Us D g 
where U, is connected and open in C. This is an immediate consequence of 
the fact that C is topologically contained in O”, and is locally connected. It 
follows at once that the set of components of U is at most countable. 


6.1. Although we do not need it at this moment it is convenient to 
prove now that if p is any point of P- U” and 2 = dist.{p, B(U”)} there are 
only a finite number of components of U = C-U” which meet 8(p,¢).f For 
if æ is any point of U- S(p,«) any y denotes any point of C — U, the existence 
of an arc zy of O shows that the component Us D x, of U, has at least one 
point on the boundary of every S(p, e) where e < e < 2e. Then if there were 
infinitely many components in question, there would exist at least one point £e 
on B{S(p, ¢)} which was a limit point of points of distinct components. Now 
ze Œ U, since the components are open in U. Therefore ve Œ P. But this is 
impossible since the ge are distinct for different <, and P is at most countable. 


6.2. Ideal points of C. The totality of components of C- Un”, 
_(m==1,2,- > +), is countable, by the last remark of § 6. We denote them, in 
some simple order by W:, Ws,---. A monotonic sequence Wa, (i= 1,2, +), 
of sets Wm will be called a proper sequence if the product of their closures 
(in C”) is a single point of P. Two proper sequences Wn,, Wm, (i= 1, 2,°°*), 
are called equivalent if for every j there is a k such that Wn, D Wm, and con- 
versely to every k a j such that Wm, Wa,. It is trivial that our definition 
satisfies the usual conditions for equivalence. A class of equivalent proper 
sequences will be called an ideal point of C. It is clear that with each ideal 
point of C there is associated a unique point of P, this correspondence being, 
in general, many-one. The totality of ideal points we denote by Q. We shall 


this process is there carried out in a very special case and its essential generality was 
not then suspected by us. Our method there, as here, differs from Herr Freudenthal’s 
in that we exploit a preliminary compactification of the space. 

t The use of C” is a pure convenience to facilitate the handling of the ideal points 
which we presently define. A 

ti e. diam.(U,”) converges to zero in an arbitrary fixed metric for 0”. 

§ This condition is easily fulfilled. See § 4.1. 

T The set of points whose distance from p is < e. 


r 
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say that an ideal point q belongs to a set W of C if W D Wa,, where Wm, is _ 
any set in any proper sequence defining q. It is clear that W contains almost 
all the sets in any equivalent proper sequence. Observe that if q is an ideal 
point, p the associated point of C”, W” any neighborhood of p in O” and 
W = C- W”, then g belongs to W. ; 


6.3. The space O*. Let C* denote the abstract point set consisting of 
points and ideal points of C. We may write this C* =0 +Q. Let W*, 
denote the subset of O* consisting of all points of W» C C and all points of Q 
which belong to Wa by the definition of the preceding section. We shall 
topologize C* by agreeing that W*n, (n = 1,2,-- +), is a neighborhood of 
every one of its points. We observe that Wn-Wn—0 (in O) implies 
W*»- W*, =0 (in O*).+ It is trivial that these neighborhoods have all the 
Hausdorff properties with the possible exception of this one: that if z* and y* 
are distinct points of C* there exist W*, D 2*, W*, D y*, W*m:> W*n = 0. 
This is also trivial in the case that the points « and y of C” associated | with 
æ* and y* are distinct, in view of the observations above. We shall dispose 
-of the remaining case in § 6.5. 


6.4, Let us suppose that q is an ideal point of C and that every Wn, 
(j =1,2,:- +), of any corresponding proper sequence intersects a fixed Wn. 
We shall prove that q belongs to Wn. Let p denote the associated point of 
PCO”. Now pC Wn (in 0”). For otherwise there is a neighborhood D” 
of p, D”: Wn = 0. We have already observed that g must belong to D = 0: D” 
so that for some j, Wn, C D and Wa, * Wn = 0 which is contrary to assumption. 
Therefore p C Wa C Om” tor that m for which the given W» is a component 
of C- Um”. Then p C Um’, since B(Um”) -P = 0 by construction.§ Now if 
we consider the sets U;” which correspond to the Wn,, it is clear that there 
must occur among them sets UV,” of indefinitely large subscript, and therefore 
_ of arbitrarily small diameter since the U;” form a null-sequence. Otherwise 
it would follow that there were only a finite number of distinct Wn», and this 
would imply by the monotonie character of these sets that for some k, 


Was C Wa, for every j. But then p= I Wn, = Wa, D Wn, although 
jal 


Wn, C O and is not vacuous. This is absurd. Then, since p C Un” there is a 
Wn, such that the corresponding Ui” C Um”. It follows, exactly as above, 
that pC Ui”. Now Way C Um” — PUn” and is connected. Further 


t Compare § 3.7, last remark. 
Tif o* CC, a= a". 
§ See § 6.2. 
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Way’ Wn 0 and Wn is a component of Um” — P : Um”. Therefore Wn; C Wn 
and therefore g belongs to Wn. 


6.5. Now, to return to the argument of § 6.3, let us suppose that s” 
and y* are points of QC O* such that W*n2a*, W*n > y* implies 
Wn: W*, 40, therefore Wm’ Wn 5&0. Let Wm, and Wn, (i= 1,2,- -), 
define the ideal points z* and y*. Then Wm,’ Wn, 540 for every 7 and k. 
If we keep j fixed but k —1,2,---, we see from the previous section that 
almost all the Wa, C Wm,. Keeping k fixed, but letting 7 —1,2,-- -, we see 
that almost all the Wm, Wn, Then the two sequences are iia and 
define the same ideal point: i.e. ¢* = y*. This concludes the argument that 
C* is a Hausdorff space. It is trivial that C*-is completely separable. It is 
clear, also, that C is topologically contained in C*, and that every point of Q 
is a limit point (in the topology of C*) of points of C. Then C* = and is 
connected and every W*,— Wn» which is connected, so that C* is locally 
connected; where closure is to be understood in the sense of the topology of C*. . 
To show that C* is peanian we merely have to prove that it is compact. 

To this end let 2*,,2*,,--+ be any sequence of points of O*, and 
L1”, v2’, - + the corresponding sequence of not necessarily distinct associated 
points of O” (if an” CC, En” —=2*,). We may suppose that the second 
sequence converges to a point g” of O” (if Em” = £r” for some m and infinitely 
many n, then g” = am’). . 

i) '’COCO*. Let W*, be any neighborhood of #* =g” in Ọ*. 
Then s* C W, C O. Since W, is open in C there is a neighborhood U” of 
æ* in O” such that O- U” C Wa. Almost all the tm” C U”. If an” CP, 
for some m, £m belongs to at least one Wy C O : U” C Wn. Therefore tëm 
belongs to Wn and v*m C W*n. If Em” C O, 2% im = am” C Wa C W*n. Then 
it follows that «* is a limit point in C* of the sequence w*,, t*a: - - 


ii) #& CP. Let Un”, (¢=1,2,- +), be a monotonic sequence of the 
neighborhoods generating O” such that HUn,” =£”. By §6.7, there is a 
On”, 2” C Ung’ C Un,’ such that the points of C- Un,” are contained in the 
sum of a finite number of the components of O- Un”. Now almost all the 
Em” C Unm”. Therefore there is at least one component Wn, of C+ Un” such 
that infinitely many of the points z*, belong to Wn, and are contained, there- 
fore, in W*,,. Then it is possible by an easy “ diagonalizing ” process to find 
‘a subsequence , 
> Liy Dim t y Biat t, 
of our given sequence of points of C*, and a monotonic Seine of neigh- 
borhoods f 

Wig Wig e, Wigs oy 
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such that each W*;, contains almost all of the points of the sequence and such 
that each Un,” of this paragraph contains almost all of the W;,—C-W”*;, 
(n=1,2,---). Then the Wip (n= 1,2,: +), form a proper sequence 
associated with the point z” of ©” and define an ideal point z* CC*. It is 
clear that «* C W*,,, for every n. Now every neighborhood W*, of «* must 
contain at least one W;, and therefore the corresponding W*;„ Then, finally, 
x* is a limit point in C* of our given sequence. 

Then we have shown that C* is a peanian space, and that C is topologically 
contained in it. 


6.6. We shall now consider the point-set Q C C*. Let the points of 
P C O” be enumerated in a sequence, pı, Pa’ + >, and let Q, be the subset 
of points of Q associated with pa, (n = 1,2,-- +). Then the argument we 
have just given above shows that Qn is closed (in C*). Therefore Q == 3Qn 
is an Fo-set. This is also an obvious consequence of the known absolute 
‘ Gs-character of the space C. However, the relation of the sets Q and P is not 
uninteresting.| Let us now show that Q is totally disconnected. This will 
follow at once when we have shown that the boundaries of our neighborhoods 
*, are vacuous relative to Q. Now this is merely a restatement of § 6. 4. 
For if a point q C B(W*n), every neighborhood W*,, of q contains points 
of W*,. If ¢C @ itis an ideal point of O. If Wa, (j =1,2,-- +), defines 
q then Wy, : Wn 540 and, by § 6.4, almost every Wn, Wn. Then q C W#a 
and q B(W*,). We shall show, finally, that Q is totally avoidable in C*. 
Let D* be any open connected subset of C*, and suppose that v and y are 
points of C- D* which belong to no connected subset of D* — Q- D* = C - D*, 
Now D* is a locally compact peanian space f and it is known that there must 
exist a point q of Q such that W*,—Q-W*,=C-W*,= W, is not con- 
nected for every neighborhood I¥*, of g. But this is absurd since every Wy 
is a connected subset of C by construction. Now since an open connected 
subset of C is necessarily arcwise connected, the argument shows also that if 
zy is any arc of C*, s -+y CC, then there is another are zy of C in every 
neighborhood (in O*) of the given arc. 


6.7. To finish the proof of our Theorem we must show that C* is 
uniquely defined by its relation to C. This includes the statement that C* is a 
topological invariant of C. We shall prove somewhat more, namely that 
if Cı and C, are homeomorphic semi-peanian spaces, O*, = O: + Qu, and 
C*,==C,-+ Qz the corresponding compactifications with the properties we 


7 See § 7. 
f It makes a pretty terminological sequence to call such spaces near-peaniun. 
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have already established, and T(C,) = Ca any homeomorphism carrying O, 
` into O, then T can be extended to a homeomorphism T*, T*(C*,) = C*s, 
£* (Cy) == T (C1). f . 

By a theorem of Alexandroff it will be sufficient to show that T and its 
inverse are uniformly continuous, since C, and C, are dense in O% and O*s. 
By argument of symmetry, it is sufficient to prove this for T. Now to do this 
it is. merely necessary to prove that if a, %,°--, and T'i to," * +, are two 
_ sequences of points of C, converging to the same point of Qı, and yn = T (£n), 
-Yn = T (z'n), then the sequences y1, y2,° * +, and Yi, Y2’ * *, converge to the 
same point y of Q». Each of the last two sequences certainly has at least one 
limit point in C*.. 

Now if either of these has at least two limit points, or if they do not have 
the same limit point then we can find a subsequence yn,, (1 = 1, 2,° > +), con- 
verging to a point y and a subsequence Y'm, (i= 1,2,° +), converging to 
y y. Let en, and m, denote the corresponding sequences in Cı. Since 
C*, is peanian, it contains arcs an,2’m,, (i= 1,2, - +), such that these con- 
verge to a, i.e. if z; C Em2 my then z; converges to x. Now since Q, is totally 
avoidable, we may suppose without any loss that these arcs belong to C;.+ 
Let Yn: Ym, =T (En; Zm). These arcs belong to Cz. There is a subsequence 
of them which converges. to a limiting continuum K D y + y of C*.. Since 
Qa is totally disconnected, there is at least one point y* of K, y* C Ca, and 
there is a sequence of points y*1, y*2,° > -, converging to y* such that no two 
of them belong to the same arc Yn,¥m, Therefore no two of the corre- 
sponding points (under the inverse of T) x*,,2*.,- --, belong to the same 
are &n,'m, and therefore they converge to æ. Then the inverse of T cannot 
be continuous. This contradiction establishes our argument and brings our 
proof of Theorem II to a close. 


7. Here we shall consider the relation of the subset Q of the uniquely 
defined C* associated with a semipeanian C and the countable subset P of a 
compactification C”. We have seen that if we start with a O” we arrive at C* 
with a resolution of Q into %Qn, where each Qn is closed, every point of a Qa 
is associated f with the same point pn of P C O”, and the pn are distinct for 
distinct Qn. Now, conversely, if we consider C* and write Q = 3Qn, where 
Qm’ Qn = 0, m= An, and each Qh is closed, then each such resolution of Q 
gives rise to a space C”. This space C” is simply the decomposition space of 
C% where each point of C and each set Qn» is regarded as a point. For it is 


7 See the last remark of § 6. 6. 
ł See the opening sentences of § 6. 6. 
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clear that 0” is peanian, since it is the continuous image (when it is .topolo- 
gized as customarily) of the peanian C*, and contains C topologically as an ` 
everywhere dense subset. 


8. There is a simple converse to Theorem IT. 


THEOREM. If O* is peanian and Q a totally disconnected and tally : 
avoidable Fo, then O = C* — Q is semipeanian. j 


We have shown that C is an s. C.-space.t It is clear from the definition ` 
of total avoidability that C is connected and locally connected. It need hardly 
be remarked that it is not necessary that Q be totally disconnected in order 
that C be semipeanian. 


9. The space I,, The dimension of C* cannot exceed that of O by more 
than one, i.e. dim O S dim O* S 1 + dim C. This is an immediate con- 
sequence of the totally disconnected character of Q = C*—C. On the other 
hand, the dimension of C* may have the larger value. Thus if Ọ is the 
space I, of irrational points of a Cartesian plane (at least one codrdinate 
irrational) then C* is a topologic sphere. In this case: dim C* —2, dim J, = 1. 
It is amusing that Theorem II permits a characterization of ITa. It is.easy to 
see that J, is 1) semipeanian, 2) nowhere locally compact. It is clear, further, 
that 3) every simple closed curve J of I, separates it and 4) no arc of any J 
separates I>. Finally, if we follow Freudenthal { and define “ends ” abstractly 
as any monotonic sequence of open connected sets Dn, (n = 1,2, > +), with 
compact boundaries, such that ILD, = 0, then 5) J, has an at most countable 
set of distinct “ends,” distinct being used in the sense of non-equivalent. 
Although we shall not prove it here it is not difficult to show that these five 
properties completely characterize Is. 


10. Primitive skew curves. By primitive skew curve we understand 
either of the two non-planar linear graphs.§ 


THEOREM. If C contains no primitive skew curve, then O* contains none. 


The proof is quite simple. For if K* is a skew curve of C* then we can 
replace each are of K* with endpoints in C by.an are of O which lies in an 


+ Compare § 4. 

ł Loc. cit., p. 695. The distinet “ends ” coincide with our ideal points Q. 

§ See C. Kuratowski, “Sur le probleme des courbes gauches en Topologie,” Funda- 
menta Mathematicae, vol. 15 (1930), pp. 271-283. 
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arbitrary neighborhood of the first. We can conclude easily that O* contains 
a skew curve K” of exactly the same type as K* whose vertices, at worst, do not 
belong to O. It is fairly obvious that if these vertices are of order three 
we can displace K” slightly at its vertices and obtain a similar skew curve 
K in ©. If the vertices are of order four we may not be able to “ reproduce” 
K” in C. None the less it is readily seen that by introducing small ares of C 
in the neighborhood of the vertices of K” we can arrive at a skew curve K 
of C, which is in general of the first type.ft -> 

The theorem above permits a complete extension to semipeanian spaces 
of the recent work of S. Claytor.§ This work is a very considerable generaliza- 
tion of a Theorem of Kuratowski { on planar subsets. 


11. In large part, it has been the burden of this paper that for quasi- 
peanian spaces at least, local compactness and semicompactness are very close 
kin. In this concluding section we shall prove the , 


THEOREM. A semipeanian group manifold G has at most two distinct 
“ ends” || in the sense of Freudenthal. 


Let ¢* denote any point of G* — G, where G* is the compactification of G 
in Theorem II, ta, (n = 1,2,- - +), a sequence of points of G converging to ¢*, 
and g any element of @. Now each element of G gives rise to a translation 
of G into itself, which is a homeomorphism. This extends to a unique homeo- 
morphism of G* into itself where the complement of G is invariant, by § 6. 7. 
We may denote this extended homeomorphism by g. The translated points tng 
must converge to ?*. For, if they did not, we could find a neighborhood D* 
of ¢* with boundary in @ such that tag Œ D* held for infinitely many n; 
` by thinning our sequence we may say for all n. Now if y is any arc of G, 
from g to the identity of G, the translated arcs tny must all have at least one ` 
point bn on B(D*) C G, where bn = tn@n, Gn Cy. We may suppose the 


} By the total avoidability of Q =O*—C. See the last remark of §.6. 6. 

{Compare Mazurkiewicz, “Uber nicht plattbare Kurven,” Fundamenta Mathe- 
maticae, vol. 20 (1833), p. 284. 

§ I am advised by Claytor that his paper is to appear in the Annals of Mathematics 
in October of this year. See Abstract Nó. 158, Bulletin of the American Mathematical 
Society, vol. 39 (1983), p. 357. ` 

T See note of this section. ‘ 

* || See note to §9, also “Satz 15,” loc. cit. Our argument here will differ very 
slightly in form but hardly at all in essence from that of Freudenthal. We are obliged 
to make this change since local compactness is required by one of his subsidiary 
theorems (Satz 13). 
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Qn > at Cy, bn—>b C B(D*). It follows that the t,t, t== bat? CG, 
Since this is contrary to assumption, the łn being a “divergent sequence ” f 
in G the assertion is proved. Now this shows that each point of G* — G is 
invariant under the homeomorphism g, where g is any element of G.§ If we 
now consider the element g as fixed the tn as a sequence of homeomorphisms 
of G*, then the tag now denote the successive translations of g, and these 
converge to ¢*, for every sequence ¢, converging to t*. By uniformity argu- 
ments, the translated sets t,Jf where M is any self compact subset of G, 
converge to t*, so that for an arbitrary open D* D ¢*, there is an n such that 
ta M C D*.4 

Let us suppose that G*— G contains as many as three distinct points 
a*, y*, 2*, Let V* Da*, W*Dy* be neighborhoods, z* Œ V* + W*, 
y*-W* —0, and M= B(W*) CG. It is an easy consequence of the 
avoidability of x* that there is a neighborhood U* D 2*, V* D U*, such that 
any two points of G* — V* can be joined by an arc of G* — U*: in particular, 
the point z* and any other. By the preceding paragraph there is at least one 
element z of G such that sM C U*. Now with every subset H* of G* there 
is associated the homeomorphic set a{H*}. Since z* is a fixed point, 
s{G* — W*} D z*. Therefore, since 


B(a{G* — W*}) = a{B(G* — W*)} C a{B(W*)} =a C U*, 


it follows that «{G*— W*} D G*—V*. From this it must follow that 
«z{W*} C V*, Now this is impossible since y* C W*, y* (. V* and is a fixed 
point under the homeomorphism z. Therefore G* — @ cannot consist of more 
than two distinct points. This shows at once that @ must be locally compact 
and completes the proof. 


INSTITUTE FOR ADvanceD STUDY, 
PRINCETON, New JERSEY. 


7 Read “ converge, as elements of the group manifold G, to”: of course, they also 
converge as points. p 

$ Associated with the “end” determined by t*. 

§ Loe. cit., “Satz 12.” 

T Loc. cit., “ Satz 11.” 


ADDITION THEOREMS FOR THE DOUBLY PERIODIC 
FUNCTIONS OF THE SECOND KIND. 


By Warrer H. Gace. 


1. Introduction. In this paper we derive addition theorems for dagy(#, y), 
where : 
Viale + 4 
Papy (T, Y) -a , 
and where Da (« = 0, 1, 2,3) are the theta functions of Jacobi.* The formulae 
obtained are addition theorems, not in the ordinary sense, but according to the 
definition of Poincaré.t 


2. The fundamental formulae. From the special case of one of Jacobi’s 
theta-identities 


8.9, (y + 0)8,(v 4+ 2) 9o(a +y) 
= h(s +y + 0) 8o(&)P2(y)Ii(v) + Dole + y + POPR OPEIS 


it follows that 


(1) Bey) 91 (v) door (a, y H0) +e (y) 82 (v) bs91 (2, y + o) 
bds + v), (z + y). 
Do (x) V(x) 
If, in (1), we interchange y and v we also have 


(2) P1(y)P2(v) poor (2, y +0) + 2a (y)ð (v) pesi (2, y + 0) 
_ 1190s (2 + v) (s + y). 
D(z) Va (1) 
Solving (1) and (2) for sı (7, y + v), and simplifying the result by means 
of the identity 


d2(y) B22 (v) — D2 (y) (v) = 00 (y + v) ly — o), 


& 


we get 


(8) su(s, y +v) 
Y, 
= heu, ¥) bisa (Y, — 0) {hoor (2, V) pasz (T, Y) — 332 (T, V) poo: (T, Y) }- 


* For the duubly periodic functions see E. T. Bell “Algebraic Arithmetic ” page 88; 
for the definitions and notation of theta functions see Whittaker and Watson “ Moder n 
Analysis” Chap. 21 (4th ed.). 

t Poincaré, “Sur une Classe Nouvelle de Transcendantes Uniformes,” Journal de 
Mathématiques, Quatriéme Série, 1890. 
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Let us write this briefly as 


(4)° (331) = K (111, 122) { (001, 332) — (332, 001)}, 
where . 


(111, 122) = V/a . piri (Y, Vv) drze(Y, — v). 


Increasing v by 7/2 gives 


(5) (001) = K (111, 122) { (331, 002) — (002, 331)}. 
If we increase x by w7/2 in each of (4) and (5), there results 
(6) (221) = K(111, 122) {(111, 222) — (222, 111)}, 
(7) (111) = K(111, 122) { (221, 112) — (112, 221)}, 
respectively. 


The remaining formulae for the sixty triple subscripts @By of 
hapy(@, yY +v) can be obtained from (4), (5), (6), (7) ky using the relations 


(8) papy (2, Y + v) — tanla y HORE 
(9) papy(T, Y F v) = pasy (2, y + a ; 


For example 


(10) (828) = (331) È + ¥)Pa(z) 





O3(y +v) (x) 
= K (811, 122) { (001, 382) — (332, 001)) Fea 
— K (3811, 122) { (001, 322) — (322, 001)}, — 
and 
(11) (010) = K (011, 122) { (8331, 012) — (012, 331) }. 


3. The addition formulae. It follows readily from (4), (10), (11) that 


(12) g(t +u, y + v) = K (111, 122) K (011, 122) K’(311, 122) 
* {poro (V, + U)pszs (Y, £ + U) — pszs (0, © + U4) por0(y, © + u) } 
= K (111, 122) K’ (011, 122) K’ (311, 122) 
* {ps2 (T, Y) Poor (T, V) poro (U, Y) dais (% v) 
— poro (T, Y) pozi (L, V)ps22 (U, Y) Pars (u, v) 
+ poro (T, Y) para (T, V) p322 (U, Y) don (U, V) 
— $220 (T, Y) pais (T, V) poro (U, Y) poni (1, v) 
+ dais (2, y) 322 (2, v) oar (u, y) oro (4, v) i 
— $on (T, Y) p322 (T, V) para (U, Y) poro (t v) 
+ boz (2, Y) poro (2, V) pars (U, Y) ps2 (U,V) 
— gas (T, Y) poro (T, V) pozi (t Y) p322 (%, V) J; 
11 
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where K’ is the same as K with y and v replaced by x and u respectively. 
Notice that since ¢agy(@ + u, y +v) is equal to daya(y + v, £ u) we can 
obtain a formula for Peis (£+ u, y +v) by interchanging z and y and u and v. 

The formulae for all sixty-four functions can be found as above. By 
increasing the variables in turn by 7/2 and m7/2 we can also obtain other 
formulae for each function. . 

In §2 we used a formula of Jacobi’s containing the constant factor 3. 
and consequently K and K’ both contain #. If we start with a formula 
containing J or 3, we get new sets of addition formulae in which the terms 
corresponding to K and K’ contain # or #3 respectively. 


THE UNIVERSITY oF BRITISH COLUMBIA, 
VANCOUVER, CANADA. 


A THIRD-ORDER IRREGULAR BOUNDARY VALUE PROBLEM 
AND THE ASSOCIATED SERIES.* 


By Lewis E. WARD. 


Introduction. The objects of this paper are to discuss the characteristic 
functions defined by the system consisting of the differential equation 


(1) du/da + [p + r(x) ]u—0 
and the boundary conditions 


Wi(u) = gw” (0). + anw (0) + @ou(0) = 0, 
(2) Wa(u) = aavu” (0) + aanw (0) + azxu(0) 
-+ Bost” (r) + Baw (r) ka Bou(r) =0, 
W (u) = azw (0) + asou (0) = 0, 


and to consider the expansion of arbitrary functions in infinite series of these 
characteristic functions. 

In previous papers ł on this type of ere value problem it has been 
assumed either that the function r(x) appearing in the differential equation 
possesses a Maclaurin’s development in powers of zè and that the œs and f’s 

‘are specially chosen, or that r(x) == 0 and the a’s and f’s are arbitrary except 

that a certain determinant, of the «’s should not vanish, As a consequence 
of these assumptions it was found that an arbitrary function which is to be 
expanded in an infinite series of the characteristic functions must be analytic 
at æ =— 0 and its Maclaurin’s expansion must have a special form. 

In the present paper we make no restriction on the form of the function 
r(x), supposing only that it is continuous in the interval 0 S sS ~r (and 
for certain theorems either that r(x) has derivatives of all orders on some 
interval of which s = 0 is an interior point, or even that r(x) is analytic at 
z= 0). The hypothesis imposed on the o’s and f’s in a previous paper is 
retained, that is, they shall be real constants such that the determinant Da 
of the «’s arranged as in equations (2) does not vanish, that the matrix 


(fe Ou 7) 
0 Gar Zso 
* Presented to the American Mathematical Society, February 25, 1933. 
+D. Jackson and J. W. Hopkins, Transactions of the American Mathematical 
Society, vol. 20 (1919), p. 245, et seq., and L, E. Ward, Transactions of the American 
Mathematical Society, vol. 29 (1927), p. 716, et seg., and vol. 34 (1932), p. 417, et seq. 
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is of rank two, and that not all the #’s are zero. The removal of restrictions 
on the function r(x) allows us to offer a proof of the validity of the formal 
expansion of certain functions not necessarily analytic at v = 0. Due to this 
feature the proof has to follow lines somewhat different from those employed 
previously in irregular boundary value problems. 


Parr I. 
This part of the paper is devoted to a study of the characteristic functions. 
We first define the three functions * 


5, (E) = et + eet +. gest, 
è- (t) = eet nem: wget ner wge@st, 


83 (t) == e®:t aca wet > gest, 


in which a, = — 1, w.—=e7/®, and wg = eT, ` 


THEOREM I. A necessary and sufficient condition that u(a, p) satisfy 
equation (1) and the first and third of equations (2) is that 


U(@, p) = Ke[ 12051975: (pr) + %2%0p82(p2) + (11830 — 10831) 5s (pa) ] 


— (1/3) f ralo (e— t) Tult, p) at, 


where k is independent of x.t 

To prove the sufficiency we differentiate with respect to x three times 
both sides of the integral equation in the statement of the theorem. This is 
seen to result in equation (1). At the same time we verify that the first and 
third of equations (2) are satisfied. 

To prove the necessity we will show that if w(, p) satisfies equation (1), 
the first and third of equations (2), and also «su” (0) +-a,u’(0) + au (0) =1, 
where 1540 is given, and G2, a, % are chosen so that the determinant 


D= 0 Oar G30 
Op Oy Zo 


does not vanish, then a value of k, independent of v, exists such that u(x, p) 


* These functions were studied by L. Olivier, Cretle, Bd. 2, p. 243. Some of their 
properties will be found in my 1927 paper, p. 720, already referred to. : 
« We are concerned only with the solution of equation (1) which is continuous at 
æ = 0, or if r(e) is analytic at æ = 0, with the solution which is analytic at this point. 
In Comptes Rendus, t. 90 (1880), p. 721, Y. Villarceau gives the solution of the 
equation u(m) = rmu = V(a). The integral equation of this theorem may be regarded 
as a special case of Villarceau’s formula. , 
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satisfies the integral equation. First we note that a, a, % can be found 
such that D does not vanish. Hence a unique u(x, py is determined, which 
depends upon 1. On choosing k =1/(3Dp?), it is easy to see that the unique 
solution (zx, p) of the integral equation satisfies equation (1), the first and 
third of equations (2), and aou’”(0) + aw (0) + aou(0) =I. Hence 
a(z, p) = u(2, p). i 

Because of the homogeneous character of equations (1) and (2) we take 
k= 1 without any loss of generality. Instead of obtaining properties of 
u(x, p) from the above integral equation it is desirable to obtain properties 
of the solution of 


(3) ule, & p) =U (2,6 p) — (1/3) J rO Bloe — t) lult 6 p)dt, 
where U(x, £, p) = %12%s1p7: [p (£ — £) ] 
+ Gr2%g0p52[ p (£ — é)] + (211830 — @10%s31) s[e (£ — £) ], 


since the function defined by this integral equation enters in a later part of 
the paper. We note that u(2, p) = u(x, 0, p). 

Let m be the exponent of the highest power of p with non-zero coefficient. 
in U(s,é p), and denote by S, the sector of the p-plane defined by 
0S arg p 7/3. We prove 


Turorrm II. If 0S fS az, and if p is in 8, with | p| large, then 


u(t, é, p) = U (a, é, p) + evea- om- H (T, É, p)>* 
Ue’ (T, é, p) = Us (2, é, p) + evap (2-8) pm- A (a, £, p)» 
Ue” (T, é, p) E Us” (2, é, p) + evse(e-b) mH (zt, é, p). 


If we define z(x, é, p) by the equation 
u(x, é, p) = U (z, é, p) te eteta- a (zr, é, p)> 
we find that z(z,&,p) satisfies the equation 


alm, £, p) =— (1/3pt)er > f “r(4)%[o(@—#)1U(E & p)at 
— (1/3) f r(t)8sLo(@— t) 10ta £ p) dt 


If M denotes the maximum of | 2(2,é,p) | for OS éS sS vr, we have, for 
the values of x and é which give | 2(2, é, p) | this maximum 


'* Throughout this paper we denote by H a function of the indicated variables 
which is bounded when |p| is large. Consequently many different bounded functions 
will be denoted by the same symbol, but no confusion will arise. 
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M Z R 8p? |> | eet | fi la [o(E— t)]U (t & p) | di 
+ RM | 3p? fe ôs [p (£ — t) Jews t-a | dt, 


where R = max | r(t) | on the interval 0 S tS vr. y 

But on S, we have | d:[p(e—t)]|S3| eve) |, n= 1,2,3, and 
(U(t, é p) | SA | prera- |, where A is independent of t. é, and p. Also 
| [p(z — t) Jer t-o» |= 3. Hence MS RAr | p |" 4 RMr | p|. Hence 
M SB |p|”, where B is independent of a, é and p. Hence 2(z, £, p) 
== p"? E (x, é p). This gives the first conclusion stated in the theorem. 


Now we(z, &p)—U'a(% & p) + (1/30) È _ 72) SaLp(a—t) ult £, p)dt. 


Hence | we(#, & p)—U's(% € p) |B | 8p (+f *|BeLo(e—t) u(t, £ p) at 


On putting into this integrand the expression found above for u(t, é p) and 
using inequalities similar to those above, we obtain 


| wo(x, É, p) —U'e(#, & p) | SC | pmrerwte-® |, 


where C is independent of v, é, p, and from this follows the second conclusion 
stated in the theorem. The final conclusion is obtained in the same way. 

The function u(z, é p) is analytic in p for every finite p, and real when 
z, é, and p are real. Hence its Maclaurin’s expansion in p has real coefficients. 
Hence, denoting conjugates by dashes, u(x, é, p) = u(x, é, p). This fact will 
be used in the discussion of the characteristic numbers, and also in the third 
part of the paper. 


The characteristic equation. The characteristic equation is A(p) == 0, 
where 
Wi (u) W, (ue) W (ts) 
A(p) = | W2(t) We(ts) Wo (us) | 5 
Wa (u) Ws(u2) — Wa(us) 


and (2, p), U2(z, p), Us(£, p) are any three independent solutions of equa- 
tion (1). We define u(x, é, p), t = 1, 2, 3 by 


(9) wi(2, & ) = ille — E] (1/3) f “r(#)SaLe(@—t) Ju (t, €, p) dt, 
(i=1,2,8). 


Evidently these three functions, as functions of æ, are solutions of equation | 


(1), and 


va 
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u(a, É, p) = 4231p% (T, É, p) i 
+ Mz 2GgopUle (a, € Š p) + (1299 cae G19%s1) Us (z,é > p). 


We take u(r, p) = u: (z, 0, p). Then 


u(0,p) =3 U2(0,p) =0 us(0,p) =0 
u0 p) 0 u (0, pys —tu"(0, p) 0 
w” (0p) =0  w"(0,p) =0 us” (0, p) = 8p?, 
and l : 
l Baio f — Sap -  3atyop? 
A(p) = |3220 + Wiel)  —3anp + Wath) Sein? + Was) | 5 
BGgn — Basip : 0 


where Won (ui) == Boots” (m, p) + Barts’ (m, p) + Baoti (a, p). 
On expanding the determinant for A(p) we obtain 
, A(p) = 27 Dap? — 9pW or (U). 


If we let 82; be that 8 not equal to zero with the highest second sub- 
script, and use the expressions given in Theorem II for u(z,p) and its 
derivatives, we have 


A(p) = 2Y Dap? + prti ooer Abe (pr) etet + pE (p)], ` 


where A is independent of p and is not zero, and k is one of the numbers 
1, 2, 3. Hence 


A(p) = pri eow AB (pm) oF + pE (p)]. 


` 


This form is valid if p is in the sector 8, and | p | is large. 

For | p | large the function (pz) e™ is known to have zeros p'an which 
are simple and real, with successive zeros separated from-one another by a 
distance which is uniformly bounded from zero. Furthermore, if we construct — 
‘small circles all of the same radius, centered at the points p’n, and call 8%: 
the part of S, not inside these circles, we have in 8’; | 8x(px)e°™ | > 8, 
where 8 is independent of p and is positive.* Hence for | p | sufficiently 
Jarge and p in S’, we have 


(5) E LAC) > A | preven | 


where A is independent of p. : 
We denote by S and S’, the reflections of §, and S’, in the axis of reals. 
Then, since A(p) takes on in S, values conjugate to those it has in S,, we 


* Ward, loc. cit., 1927, pp. 718 and 719. 
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have in S's for |p| large A(p) > h | pie" |. Hence for |p | large the 
zeros of A(p) can occur only in the small circles. That there is just one in 
each such small circle and that it is real is shown in the usual way.* These 
zeros are the characteristic numbers, and are denoted in succession by. 
Pupo". 

The characteristic functions. The U(x, é p) of Theorem IT is identical 
with the u(x) in equation (4) on page 720 of the 1927 paper if a is replaced 
by é Hence by formula (5) of that paper 


u(a, é p) = gPa- [1203197 +- Gie%eop + (O11%30 — G19%31) ] 
+ 2er -8/2 aap? cos {31/29 (a — £) /2} 
— Gyo%gqp COS {— 7/3 + 8p (£ — E) /2} 
| = (011%39 — %10%31) cos {1/8 +- 3™?p (a — £) /2}] 
+ eap (a-£) gm- (a, é, p)- 


On putting é= 0, and p = px, we obtain the characteristic functions of the 
present paper in the form 


1 2031px" COS (8% p,0/2)— G1 2%sop% COS(— 2/3 + 38% pa /2) 
— (0 110%39 — O30%31) COS (7/3 + B4p,0/2) 

+ 7301012 Aog pH” + O12%30ph + (&11%30 en 1 9%31) }/2 
+ pi" °F (2, pr) 


Since px, is real, at least when & is sufficiently large, this form shows clearly 
the dominant terms in u,(@). 


(6) Uy (x) = Rere 


Part II. 


We consider now infinite series of the above characteristic functions, 


(7) Š an(2), 


where the œs are independent of s, and we shall derive certain properties of 
the sum of such a series. We prove first 


Turorem III. Jf series (Y) converges uniformly in 0 SaSeSau Sr, 
where %< Xo, and x, is any number less than zo, then | dis | < ype Pre, 
where y is independent of k. 


If k is sufficiently large, we can find a number 2’; in (z1, £o) such that’ 
any one of the cosines in equation (6) has the value unity for c= 2’, Hence 


* Ward, loc. cit., 1932, p. 420. 
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| a(x) | > prez, where y’ is independent of k. But | ayux(x)| < y”, 
where y” is independent of æ and of k. Hence | ax | < ypymerene’s/2 
< yp ™ePres/?, This inequality can be extended to include all values of k 
by choosing a different y if necessary.. 


THEOREM IV. If r(x) has deriwatives of all orders on the interval 
— 0/2 «Sx, and if the hypothesis of Theorem III is satisfied, then the 
sum f(x) of series (7) possesses continuous derivatives of all orders in the 
interval — 2/2 S L'S Ta, where 0 < Ta < Tı. 


It is clear from equation (3) and the equations obtained from it by 
successive differentiations with respect to æ that, since r(w) has derivatives of 
all orders in the interval — 2/2 x S To, the functions u(x) will also have 
derivatives of all orders on this interval, and these derivatives will all be 
continuous. Also, successive repetitions with slight variations of the argument 
of Theorem II show that | uz? (x) | < Lipt erre? if «20, and | um‘ (x) | 
< Lipy”*ie-* if æ < 0, where Ly is independent of k and of x. Hence, if æ is 
in the interval — 22/2 S T S t, we have | arug P (x)| < -yLjpyie ere? But 
for each j this is the general term of a convergent series of positive constants, 
and the series 3 aut‘? (æ) converges uniformly in the interval — 22/2 Se a, 
j being any positive integer or zero. From this follows the conclusion stated 
in the theorem. 

Let us define the w’s by means of the equations 


wo(e) = f(t), Wals) = wn a(z) + 7(e)Wnr(e), (m—=1,2,8,- °°). 


Sai 
Then Wn(x) = (— 1)” $ axpx"ux(a). Hence by the first and third of 
k=1 
equations (2) 
(8) Qia” n(0) + Wn (0) + Gictn(0) = 0 
G31 W'n (0) + Z3oWn (0) = 0 


We have, therefore, 


(n= 0,1,2,---). 


THrorEmM V. If r(x) has derwatwes of all orders in an interval of which 
x= 0 ts an interior point, and if the hypothesis of Theorem III is satisfied, 
then the sum f(a) of series (Y) possesses derivatives of all orders at x=0, 
which satisfy the infinite set of equations (8). 


Equations (8) consist of an infinite set of linear homogeneous equations 
` connecting the values of the derivatives of f(x) at r= 0. If they be grouped 
in pairs, the first pair arising from n = 0, the second from n = 1, ete., it is 


’ 
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evident from the first pair that one of f(0), F (0), f” (0) can be chosen arbi- 
trarily, from the second pair that the corresponding one of f” (0), FY (0), fY (0) 
can be chosen arbitrarily, and so on. The remaining derivatives then have 
unique values. 

This indicates the degree of arbitrariness in f(s). However, some further 
restriction beyond equations (8) must be made in order to establish the 
convergence to f(x) of the formal series. The particular restriction made in 
this paper is not a necessary condition on f(a), and its statement will be 
postponed to Part III. 

In order to discuss the convergence of series (7) for complex values of a 
it is desirable to have the asymptotic forms of u(x) for large k and for v in 
certain regions to be defined presently. “In order to obtain these forms we 
shall use equation (3) with é= 0, allowing æ to be a complex variable and 
p a positive constant, and we shall suppose r(x) to be analytic at v = 0. We 
shall take the ¢-integration over a single straight line. The existence of a 
unique solution of (3) analytic in v provided v is inside the region containing 
æ = 0 in which 7 (v) is analytic can be shown in the usual way.* We now prove 


Txrorem VI. If r(x) is analytic at v= 0 and if T; is the finite part 
of the sector 0 S arg  S 2x/3, including the boundaries, cut off by a straight 
line drawn so that T, contains no singularity of r(x), then in T} we have 
u(z, p) =U (g, 0, p) + e%*p"-2 (x, p), where E(x, p) is bounded and ana- 
lytic in x for p large and positive. If T, and T, are regions similarly con- 
structed in the sectors 44/3 SS arg x S 2x and 2r/3 S arg t S 4/8 respectively, 
then ' 

u(x, p) = U (z, 0, p) + 82%" (a, p) in Ta, and 
u(x, p) = U (2, 0, p) + et"? (a, p) in Ti. 


To give the proof for the region Ts we write ulz, p) = 7 (x, 0, p) 
-+ eveepm-27(%, 9). From equation (3) we see that z(%,p) will satisfy the 
integral equation ` 


z(2,p) =—p™ È rC BaLp (e — t) Je*meU (t, 0, p) dt 
= (1/3) FTO Lole — t) ernao(t, p) at 


From its definition it is clear that z(v, p) is an analytic function of x in the 
closed region Ts. Let | 2(2, p)| attain its maximum M in T, for s == a3. Then 


* See the 1932 paper, pp. 421 and 422, where the proof is given for a special case. 
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for z = z; we have MS | E,(p)| + M | B2(p)p*|, whence M is a bounded 
function of p, and z(#, p) is a bounded function of v and of p. 

The proofs for the regions T, and T, are given in a similar way. 

We can now consider the convergence of series (7) for complex values 
of « Let Ts, Ta, and T, be such that they form an equilateral triangle Te, 
whose center is at z = 0 and one vertex of which is at the point æ == x, on the 
positive axis of reals.* By Theorem VI we have in J's, | u(x, p)| & cp™er™/?, 
where c is independent of x and of p. If we suppose the hypothesis of Theorem 
TII is: satisfied, then | axu.(a)| < cyePr 229/2, If we now take 0 < t: < Ty 
the last expression is the general term of a convergent series of positive con- 
stants, and series (7) converges uniformly in the interior and on the boundary 
of Te, We have, therefore, 


THEOREM VII. If r(x) is analytic at z = 0 and if the hypothesis of 
Theorem III is satisfied, then series (7) converges uniformly in the interior 
and on the boundary of an equilateral triangle Ts, centered at x= 0 and 
having one vertex at t = £, on the amis of reals between t= 0 and g = to, 
‘provided Ta, does not have in its hind or on bie boundary a singularity 


‘of r(e). 


TueorEM VIII. If X is the upper limit of all possible choices of the zo 
of Theorem III, if y > X, and if r(x) has no singularity inside Ty, then 
series (Y) cannot converge at any point outside Tx but inside Ty except 
possibly points on the rays arg x == 0, 21/8, 40/3. 


We omit the proof, which follows the same lines as the proof of Theorem 
VII, page 423 of the 1932 paper. 

The derivation of equations (8) satisfied by the analytic sum f(x) of 
Series (7) is the same as in the case where the mere existence of all derivatives 
of f(a) and of r (x) was known. Accordingly we have 


Turorem IX. If r(z) 7 analytic at x= 0 and if the hypothesis of 
Theorem III is satisfied, then series (7) converges to a function f(x) analytic 
at == 0 and satisfying equations (8). 


* By the notation T, we shells mean an equilateral triangle Centered at æ = 0 with 
one vertex at =a, @ S 0. 

} In the proof there given the or 2’, is supposed to be such that 0 < arg 2, 
< 20/3 instead of 0 << arg 2’, < 27/3, as, was incorrectly stated. 
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Parr III. 


By the formal series for f(z) we mean a series of type (7) in which the 
a’s are determined by means of certain orthogonality relations involving the 
adjoint characteristic functions.* It is known that the sum of the first n terms 
of the formal series for f(z) equals the contour integral 


(Bri) f S BFO F(a, tp) at dot 


where G(x, t, p) is the Green’s function of the system (1) and (2), and yn is 
the arc of a circle centered at p= 0, of radius between pn and pns, and 
extending from the ray arg p = — 7/8 to the ray arg p = 7/3. 

A formula for G(x, t, p) useful in the present case is given on page 728 
of the 1927 paper. The function g(z, t, p) there defined is given by 


g(s tp) == (1/2) Su(e)o(), $ife>t —ita<t, 


where the ws are any three independent solutions of equation (1), and v;(t) 
is the cofactor of w’;(¢) in the determinant 


ws ( t) u's ( t) us ( t) 
W = | w(t) walt) w(t) | divided by W. 
U(t)  ua(t) a(t) 


3 
It is easy to show that the function $() = 3p? X, u; (x)v; (£) satisfies the 
gal 
integral equation (4) with i = 3. Hence 
g(a, tp) = + us(a,t,p)/(6p), +ife>t, —ife<t. 
The formula for G(x, t, p) is G(x, t, p) = —N (z, t, p)/A (p), where 


U(x) Us (x) Us(&) 9 (2, t, p) 
Wi(u) W, (ts) Wi (us) Wi(g) 
We (ty) Wa (ua) We (us) Wa(g) 

| Ws (u) Wa (u2) Wa (us) Ws(g) 


N(x, t, p) = 


We note that A(p) is the minor of g(x, t, p) in N(z, t, p). 
The Green’s function is independent of the manner in which u, (£), ue(2), 


*See the fundamental paper by Birkhoff, Transactions of the American Mathe- 
matical Society, vol. 9 (1908), p. 873, et seq. 
f Birkhoff, loc. cit., p. 379. 
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and us(%) be chosen, so long as they are independent solutions of equation 
(1). We shall take for them the functions defined by equation (4) for é= 0. 
This gives 


(a) . Uz (2) Us (x) g(a, t, p) 
N(a,tp)—|,, n° — Baup Baap? Wag) 
cons B29 + Wor (ux) = Bap + Wor (uz) Bap” + Wor (us) W.(g) 
830 = 3asip . 0 Ws (g) 


In order to evaluate this determinant we multiply the elements in the first 
three columns by vı(t)/2, va(t)/2, and vs(t)/2 respectively, and add these 
products to the elements in the fourth column. This gives zeros for the second 
and fourth elements of the fourth column. On expanding by minors of the 
elements of the fourth column we obtain 


N (a, t, p) =— A(p) [g (a, t, p) + uale, t, p)/ (6p) ] — 18pu(x) Wer(y). 
But Wer(g) = Wer(us)/(6p2). Hence 


G(x, t, p) = Us (a, t, p)/(3p") + 8u(x) Wer(us)/[pA(p)] if 2 >t, 
= 8u(2) Wen(us)/[pA(p) ] ifo<t. 


Denoting by I,() the sum of the first n terms of the formal series for 
f(x), we now have 


h(a) =e ff Tule t p) dt dp 


+5 f Es f "FCE) Wan (ua) dt dp. 


We introduce the function o(z,s) = J u f(t) us(s, t, p)dt, which will be 
0 


useful in transforming the integrands of the p-integrals in Z„ (s). Concerning 
this function we have first the following theorem. 





THEOREM X. The function o(2, s) satisfies the integral equation 


zt 1 T 
(9) (2,8) =Í A e ace p TE Lo(s — t) Jo (t, t) dé 
4 [ralle — tela tdt. 
3p z 
This theorem is a restatement of Theorem X of the 1932 paper. 
If we put s = z, we obtain from equation (9) . 
z 1 z ` 
(10) o(a) = f Opolu i f Oale oldi 


where. we have written e(z) = o(z, 2). 
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Before treating the general case it.is interesting to consider the special, 

. case in which w,(x) ==0.. This is the case in which f(x) is a solution of the 
differential equation f” + 1(x)f—0. We shall suppose that both f(s) and 
r(x) have derivatives of all orders in the interval 0 Ss S7. On integrating 
by parts three times the first integral in equation (10), that equation becomes 


a(€) = 3f (2) /p — f(0)8: (p£) /p + f’(0)82 (px) /p? — f” (0)8s (px) /p* 
S P Oblo — tdt — i f rOle tot) 


Now define ¢(x) by the equation o(x) = 3f(x)/p + (s). Then ¿(x) satisfies 
the integral equation 


f(a) = — fF (0) 8 (pa) /p + f’(0)82(px) /p? — f (0) 83 (px) /p* 
1 rt 
EA r(t)8s[p(«— t) ]é(t) dt, 


in the derivation of which we used the fact that wi(2)==0. But 


arf” (0) + auf (0) + aof(0) = 0 and asf (0) + æsf(0) = 0. Hence 
f(0) = AG 2%1, f'(0) = ——Adii2%g0, f” (0) = X(11%39 — 19%31), where A is a 
non-vanishing constant independent of p. Hence 


(2) ——AU (2, 0, p)/o"— (1/39) f “r(t)8Lo(@—t) TECE) ae. 


On comparing this equation with equation (3) for €=0 we infer that 
t(s) =—Au(#, 0, p)/p®. Hence we have 


(11) a(z) = 3f (x) /p — àu (z, p)/p*. 


It is in the obtaining of this equation that the necessary conditions (8) enter. 
As for the second p-integral in In(#), we have 


J, FO) War (ia) dt — Bas fF (aw tp) a+ Ba f FOW t p)dt 
+ Boo | Flu ms tp) at, 
where the accents mean derivatives with respect to the first indicated argument. 
Now from o(z) = f “#(t)us(2, t, p)dt we have o’ (£) = Í f(t) w's(a, t, p) dt, 
kd 0 0 
since u(x, s, p) == 0. Similarly o” (zx) =f reuse, t, p)dt. Hence 
0 : 


f PCE) Wor (us) dt = 8War(f)/o — War (u) (6 


we 
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We have, therefore, 


n(o) =  [8F(0)/p—dule) fot | 
+ Ds Rz {3 War (f)/p — Won (u)/p°}]de l 


m SIBIO p + ule) {Wax f) —ADa}/A l) lap 


Bri 


The cancelling of two large terms in this integrand was due to the form of 
a(x), which goes back to the form of f(z) imposed in accordance with neces- 
sary conditions (8). 

On account of the conjugate property of u(x, p) in p, already referred to, 
we have 


Tala) =} f, (3f(e)/0-+ Bula) (War (f) —ADe}/A(0) dp, 


where y'n» is the part of yz in 8; But in 8; we have u(x) = p™e"*H (x, p), 

while Wer (f) — ADa is independent of p. ` Recalling inequality (5) we see that 

I[n(@) = f (£) + en(£), where en(x) tends uniformly to zero as n becomes 

infinite, v being in the interval OSs S£ <r, where £ is any constant 

between 0 and m. Consequently the formal series for f(s) converges uniformly 

to f(z) in the interval OSs g. A similar discussion of the convergence - 
of the formal series can be given if w;,(x), k > 1, vanishes identically. 

_ r(e) is analytic at = 0, the uniform convergence of the formal series 
may be extended to appropriate regions of the z-plane by using Theorems VII 
and VIII. The largest region of uniform convergence may not be an equi- 
lateral triangle. Its shape depends upon the locations of the singularities 
of f(x) and r(x), and is not discussed here. 

© In the general case no such simple expression for o(a) as that in equation 

(11) can be obtained. We shall assume f(z) to possess derivatives of all 
. orders in an interval of which: s == 0 is an interior point and to possess a 

continuous second derivative in the interval OS ar. A different form 

for the integrand of the second p-integral in In(w) is desirable, and we proceed 
‘to the derivation of this. We have 


a 


S 7) Wer (a)dt— S IE) War (va) at + f F Wen (us) at 


Transforming the first integral on the right in an obvious way results in 


S EO Was (ua) dt Baz!” (2,0) + Base! (25) + Bano (ay) + “F(t War (ua) dt 
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where the accents mean differentiation with respect to s. This gives 


(12) In(a) 
B220” (a, 7) + Baio’ (2, 2) + Boor (2, 7) 


erie A(p) 4 f " f(t) War (tte) dt 





dp. 


We shall now obtain further properties of the function o(2,s), in which 
we are interested for s&s 7. We assume r(æ) to possess derivatives of all 
orders in an interval of which z = 0 is an interior point and that the series 


(18) 3 ia) 3 mla) +3 wale) — 
P p P 


converges uniformly in some closed interval J of which s = 0 is an interior 
point.* The latter assumption takes the place of the assumption (made in 
previous papers) that f(a) be analytic at z = 0. It could be lightened, but 
it is made in this form so that we may have a form of solution of equation (10) 
to which we can apply equations (8) readily. 

Using the defining equations of the ws we see from (13) that the series 


= f(a) -5 f'"(@) + r(#) f(a) ] +5 [0s""(2) + r(z)m (2)]— +: 


converges uniformly in J, and hence, by subtraction, that 


2 F” (2) ae w” (x) -+ 3 w” (2) tans: a 
P P p 


converges uniformly in J. Hence, by integration, the series 
3 77 r 3 of sr 
pa Saa Cagle [w (2) — w” (0)] +: 
converges unformily in J. But f” (0) a w (0) +: -- converges, its 
l p p 
terms being proportional to those of (13) at æ = 0 by equations (8). Hence 
3 3 eas 3 
ZPre) Sm" (a) + Gd" (a) — i 
converges uniformly in J, as does also 


3 p (2) —4 wi(a) +2 wale) —- >. 
P P P 


* The uniform character of the convergence is not necessary for the argument, but 
is made for convenience, 
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Consequently, denoting by r(#, p) the sum of series (13), the «-derivatives 
of r(2, p) are obtained by differentiating series (13) termwise. 
A set of equations equivalent to (8) is 


Wn (0) — AnG12%31 R 
Wn(0) = — AnO12%30 (n=0,1,2, °°). 
w'n(0) = An (811830 — %10%s1) 


These equations serve to define uniquely the A’s, which are independent of p. 
Furthermore the series 


do/p — da/p* + A2/p' —* i * 
converges, and we denote its sum by v(p). 


Trrorem XI. If f(x) satisfies equations (8), then t(x, p) satisfies 


w” + [pt + (2) Ir = Bf (2) 
7(0, p) = 3&2% (p) 

T (0, p) =— 3 2%s9r(p) 

T” (0, p) = 3 (411%30 — %19%31) V(p)- 


These are proved immediately by making use of equations (8) and the ‘series 
for r(x, p) and its a-derivatives given above. 


Turorem XII. If f(x) satisfies equations (8), then r(a, p) satisfies the 
integral equation f 


7(@, p) = “Ae U (x, 0, p) 
T 1 T 
+f, Olleta f rOle — TC 0) at 
This is an integral equation equivalent to the ‘differential system in the 
preceding theorem. 


The next theorem gives a form for o(#) analogous to that of the special 
case treated above. 


THrormm XIII. If f(x) satisfies equations (8), then 


o(a) = x(a, p) —"2u(a). 
P . 
This follows immediately from equation (10), equation (3) with = 0, 
and the equation of Theorem 12. We note that the first term in v(p)/p?, 
namely, A»/p*, is ‘the negative of the coefficient of u(x, p) in equation (11). 
12 
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THEOREM XIV. Jf f(z) ee equations (8), tien o(x, s) satisfies the 
integral equation 


o(a,8) = alp è [p(s — 2) Je (2,0) Leaver p) + 8elp(s—2) ]r”(25)] 


lus, 0, p) — aa "rbol — t) lult, 0, p) dt 


-i fiOn t) dt. 
We insert the expression for o(v) obtained in Theorem 13 into equation 
(9). This gives 
o(t,8) = a TOM — na ae “r(t)Bele(s—t)Ju(tydt 
af, Oaet] ssp )at— af" r(t)è[p(s —t)]o(z, oz 


Using Theorem 11 we have for the third integral in this equation 


JOH] p) 
= f aio — DIB — tp) ero] 
=3 f TOBE — lt — e f lole — tIl, pdt 
— f lo(s — i 1C p)dt. 
But, integrating by parts three times 


f 3e- t) Ir’ (t, p) dt = ôs[p (s — 2) ]r” (x, p) — pd2[p(s — x) ]r’(a, p) 

: + silo (s — 2x) ]r(2, p) — ès (ps) 7” (0, p) 
+ p82 (ps) r (0, p) — p81 (ps) 7 (0, p) 
7 —p* f [p(s — t], p) de. 
Hence i | 
a(z, 8) = [8s[p(s — £) ]r”(z, p) — pS2[p(s — a) ]7 (z, p) 

+ p78: [p(s — z) ]z (a, p)1/(3p*) 
— 2) [0 (5,056) — gs f r(#)Bslo(s—4) uC) ae] 


7 7 af r(é)%lo(s—#) ]o(@, t) dt. 


On T use of equation (3) with s = s and é= 0 this becomes the equa- - 
tion of the present theorem. . 
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From the equation of Theorem 14 the desired asymptotic forms of o(z, s) 
and its s-derivatives can be obtained. Let us write . 


a(z, s) =—v(p)u(s, 0, p)/p? + 8:[o(s — 2) ]f(2)/p + eee o (a, s, p) /p*. 
Then KICA s p) satisfies the equation l 
o(a, s, p) = me Lo, [p(s — 2) {r (2 p) — 3f (2) /p) 
EU SE (2, p) + 8s[p(s —2) ]7” (2, p) 1/3 
— gat (ejem » f POBL — t) [e(t — e) at 


nl aia f r(#) 8a[p (8 — t) Joe" n (a, t, p) dt. 
P z i 


Since 7(2, p) and its first two derivatives are continuous in a closed interval, 
we have | r(#,p)|, | 7’(2,)|, |7” (z,p)| < K/|p|, where K is independent 
of s and of p. Also | r(x, p) — 3f()/p'|'< K/ | p |t, where K has been in- 
` creased, if necessary. Hence, letting M (z, p) be the maximum of | (æ, s, p) | 
fore Ss S r, we have M(2,p) < K’ + K”M (s, p)/|p |3, where K’ and E” 
are both independent of x and of p. Here, of course, we have restricted p 
to the sector 8. It follows that v (æ, s, p) is an #-function if | p | is sufficiently 
large and p is in 8. 

We need also the asymptotic forth of o;(x,s) and o”s(x,s). These are 
found from the equations obtained from the equation of Theorem 14 by dif- 
ferentiation with respect to s. We incorporate them in the statement of 


Turorrm XV. If equations (8) are satisfied, then 


_ a(z, 8) = —v(p)u(s)/p? + 8:[p(s — 2) ]f (x) /p + eS p?E (2, s, p), 
‘o's (2, 8) =—v(p) wu’ (s)/p? — 8s[p(s — 2) If (x) + ee" pH (a, 8, p), 
os (a, 8) =— v (p)u” (8s) /p? + pd2[p(s — z) ]f() + oe? E (a, s, p), 


provided tS sz, |p | is large, and p is in Sy. 


We need also the asymptotic form of the t-integral in equation (11). 
This is given in 


THEOREM XVI. 
SJ EO War (ta) dt — Baf (7) /p + BBa (a) /p + eh pIAE (ap) 
— f(x) [B2208 [p (7 — £) ] — Borpds[ p(x — £) ] + B281 [p (r — £) ]]/p. 


This form is obtained by using the special case of Theorem 2 in which © 


362 LEWIS E. WARD. 


%2 == 0 and @11%9— %o%1 = 1. Taking the asymptotic forms there given, 
we have 


SF) War (us) dt = J EO adla — 8) ] — Baspbalp(#—1)] 
+ Bubile(e—t)T1dt + pi? S FO) E(t p) de. 


Integrating by parts twice the first integral on the right-hand side of this 
equation gives an equation equivalent to the one in the statement of the 
theorem. 

We are now ready to insert the results of Theorems 13, 15, and 16 into 
equation (11). Using at the same time the conjugate property of the integrand 
in equation (11), we obtain, after making simple reductions, 


+(2,p) — MEET) (a(n) + 9pWer(u)) 
Yn 4 miale) 


ART u(c) 
TO) (Bat (a) + Bef (r) + EE erwtrn p98 a, p) 








where y'n» is the part of yn in S. 

But (2, p) = 8f(2)/p + Ele, p)/*, ule) = pmeH(a, p), 
A(p) + 9pWzr (u) = 27 Dap? and v(p)/p? = E(p)/p*. Remembering also in- 
equality (5), we see that In (£) = f (£) + en(x), where e,(x) tends uniformly 
to zero as n becomes infinite. We sum this up in 


Turorrm XVII. If 

1) f(x) and r(x) possess derivatives of all orders in an interval of 
which x==0 is an interior point, | 

2) r(x) and f” (x) are continuous for 0 STS r, | 
8) f(x) satisfies equations (8), and 
4) the: series defining 7(2,p) converges uniformly in the interval of 

, hypothesis 1), then the formal series for f(x) converges uniformly 
to f(x) on every closed interval OS sE <a interior to the í 

- interval mentioned in hypothesis 1). 
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ON THE DIFFERENTIATION OF INFINITE CONVOLUTIONS. 


By AUREL WINTNER. 


The object of the present note is an elementary theorem on term-by-term 
differentiation which, when applied to infinite convolutions of distribution 
functions,+ implies results of the following type: 


If at least one term on==on("), — œ < x < + œ, of the convergent 


infinite convolution o,*o.*%- ++ has an absolutely integrable and bounded 
second derivative, then, as n—> œ, the continuous density of o, * a2*- +--+ * on 
tends to that of o, *o2*- + - for every z. 


The assumption that a ox has an absolutely integrable and bounded second 
derivative does not presuppose that the Fourier transforms of the densities 
of the finite and infinite convolutions vanish at infinity more strongly than 
o({#|+); and o(|¢|+) is an estimate which does not suffice for the absolute 
integrability of these Fourier transforms. 

It will be convenient to consider open intervals only. The classical 
theorem of Dini on term-by-term differentiation states that if a sequence 
{fa (è) } of differentiable functions is convergent and the sequence {f’n(x)} 
is uniformly convergent in an interval (a,b), then lim f,(«) is differentiable 
and its derivative is equal to lim f’n(«) at every point of (a,b). This theorem 
and its usual analogues introduce an assumption regarding the convergence . 
of the sequence of the derivatives. For the case of infinite convolutions, a 
criterion is necessary which is free of such an assumption. A criterion of 
this type is suggested by, and effectively may be deduced from, the theory of 
convex functions. It will, however, be convenient to present the proof in a 
somewhat modified form. One advantage of this presentation is that the 
proof may easily be extended to the case of more than one variable. The 
criterion is independent of the Lebesgue theory. 

A sequence of functions will be said to be of uniformly bounded variation 
in (a,b) if the total variation of the n-th function in (a,b) is less than a 
number which is independent of n. Under this condition the sequence is 
uniformly bounded in the interval if it is bounded at one point of the interval. 
The criterion in question runs now as follows: 


If a convergent sequence {fn(x)} of differentiable functions is such that 


t As to terminology, ef. a joint paper of B. Jessen and the present author, appearing 
in the Transactions of the American Mathematical Society. 
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{f'n(&)} is uniformly bounded and of uniformly bounded variation in (a,b), 
then i 

(i) {fa(2)} is uniformly convergent in (a,b); 

(ii) f(s) = lim fa(x) has at every point of (a,b) a right-hand and a 
left-hand derivative, and both derivatives are bounded in (a,b); ` 


(iii) f’n(a) > F(x) at every æ for which f'(x) eaists; 


(ii) F(s) exists with the possible exception of a set of points x which 
is at most enumerable. 


It may be mentioned that f’n(#) is continuous; in fact, a function of 
bounded variation cannot have a discontinuity of the second kind and a 
derivative cannot have a discontinuity of the first kind. 

Since {fa(x)} is uniformly bounded, {fn(v)} satisfies a uniform 
Lipschitz condition 


l fn (21) — fn(2) | <M | Tı — Xe l; 


where M is independent of 2,, %2, and n. Now a sequence of functions which 
satisfy a uniform Lipschitz condition is, according to a theorem of Arzelà, 
uniformly convergent in (a,b) if it is convergent on a dense set of (a,b). 
This proves (i). It is seen that it was not necessary to suppose the con- 
vergence of {fn(v)} at every point of (a,b). 

Every uniformly bounded sequence of monotone non-decreasing functions 
contains an everywhere convergent subsequence; this is a well-known theorem 
of Helly. It is obvious that if a sequence of functions is uniformly bounded 
and of uniformly bounded variation, then it may be represented as the dif- 
ference of two sequences each of which consists of monotone non-decreasing 
functions which are uniformly bounded. Hence, if a sequence of functions 
is uniformly bounded and of uniformly bounded variation in (a,b), then it. 
contains a subsequence which is convergent at every point of (a,b). 

Let {f’m, (2) } be a convergent subsequence of {f'n (£) }. Put gn(t)= fing (2) 
and let g’n(x) —> G(x), so that 


g a 
f TOLES G(t) dt, 
e e 
since {g’n(x)} is uniformly bounded. On the other hand, 


f gadt = gl) — le) >FE) — FO), 
since fa(x) —> f(z). Consequently, 


F(x) >fe) = f oat 
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This implies (ii) and (jiii), since G(s) is the limit of functions of uniformly 
bounded variation and is therefore of bounded variation. It is seen that if 
f(s) exists at x = 2, then f’(2)) = G(x), so that g’n(%o) — f (zo) holds 
whenever {g’,(2)} is a subsequence of {f’n(v)} which is convergent at every 
point of (a,b). ' 
Suppose finally that (iii) is false, i. e., that there is a point x. such that 
F (a) exists but f’n(xo) —> F (£o) does not hold. Since {f’n(#o)} is a bounded 
sequence of numbers, it contains a subsequence {hn (2) } such that h'n (ao) —> 1, 
where l4 f(z). Consider now the corresponding sequence of functions 
{h’,(e)}3 it is a subsequence of {f’n(x)}, hence uniformly bounded and of 
uniformly bounded variation. Thus the sequence {h’n(x)} contains a sub- 
sequence {g’,(z)} which is convergent at every point of (a,b). This sub- 
sequence of {h’,(w)} is a subsequence of {f’n(2)} and tends therefore at 
£ = To to f(z.) in virtue of the last remark of the previous paragraph. On 
the other hand, every subsequence of {h’n(zo)} tends to J in virtue of 
Malto) 21. Consequently f’ (xo) Fel This completes the proof, since 
F (£) 1 by hypothesis. i 
The enumerable set mentioned in (iiii) may actually exist and it may 
even be dense in (a,b). In fact, it is easy to see that every convex function 
f(x) satisfying a Lipschitz condition may be approximated by a sequence 
{fn(%)} of differentiable functions for which {f’n(2)} is uniformly bounded 
and of uniformly bounded variation. On the other hand, there exist convex 
functions which satisfy a Lipschitz condition but have a dense set of corners. 
The theorem yields a result, viz. (iii), also in cases where the eaistence 
of the derivative of the limit function is presupposed or obvious for every a. 
An instance of this situation is the case of infinite convolutions. 
Let p(x) be a distribution function possessing an absolutely integrable 
and bounded second derivative. Then p(x) S O, where 


o= fox) ae. 


Since p(x) and p”(z) are bounded Baire functions, they are integrable in 
the Stieltjes-Lebesgue sense with respect to any distribution function 7r(#). 
The convolution p*r has the continuous density 


J- edat) (0Sp' SC) 


which is not greater than C, a bound which is independent of œ and of the 

distribution function +. Furthermore, the total variation of the density of 
eee 

p* ris 
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[1a [er @—Nar(}/ae| E fo ear | de, 


which is not greater than 


To | pa —t)| de de(t) = J in | p” (s)| de dr(#) = 0-1, 


where C is independent of the distribution function r. Hence if e, is a dis- 
tribution function posssessing an absolutely integrable and bounded second 
derivative and if o2,03,: >- are arbitrary distribution functions, it follows, ` 
by placing po, and r=o2*---*on, that the sequence {f’n(x)}, where 
fn == 01 *-+ - + * on, exists and is uniformly bounded and of uniformly bounded 
variation. Finally, if the infinite convolution o, * a2 *- - - is convergent, then 
it possesses a continuous density, since p *7 == o, *7 has a continuous density ' 
for any 7, so that one may choose t = cs *o3*-- -. 

It is clear from the proof that the assumption regarding c, may be 
replaced by a somewhat weaker one, and that higher derivatives of the infinite 
convolution e, * a. *-+ - - may be similarly treated. 

A convergence theory of infinite convolutions has been developed in the 
joint paper of Jessen and the:present author, referred to above. There is an 
~ explicit sufficient convergence criterion which is of interest insofar as it applies 
also in cases where the distribution functions occurring in the infinite con- 
volution do not possess finite second moments: 


+00 


wF -00 


oo 
If = M, < + ©, where 
n=l hes 
m= f |æ] doa(2), 
~00 
then the infinite convolution o, *o2*- + - is absolutely convergent. 


In fact, Ma < + œ implies that the Fourier-Stieltjes transform 


be tities = sZ eitedon (2) 
1 ~00 


of o» has for every ¢ a continuous first derivative of absolute value SS Mn. 
Hence | L(t;on) —1 | S |t| Mn in virtue of L(0; on) = 1. It follows there- 
fore from the convergence of the series M, -+ Me +>- that the infinite 
product L(t;0,)L(t;o2)- - - is absolutely and uniformly convergent in every 
finite t-interval. This means that the infinite convolution o,*o,*--- is 
absolutely convergent. 
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POLYNOMIALS OF BEST APPROXIMATION ASSOCIATED WITH 
CERTAIN PROBLEMS IN TWO DIMENSIONS. 


By W. H. McEwen. 


1. Introduction. Let u(z,y) be a function which is defined and con- 
tinuous and possesses continuous partial derivatives of the 1st and 2nd orders 
throughout a square region of the zy-plane ax, yb. Let C be a closed 
curve lying wholly within the square, and let J denote the region bounded 
by C. Then, if it is a question of approximating to u(x, y) throughout the 
region J by means of polynomials of the form 


Mn 
Pin (2, y) = 2 tety, 


the problem becomes definite only when a measure of best approximation. is 
determined upon. In this paper we shall consider in turn two different situa- 
tions as regards the function u and the curve O, designated below as problems 
A and B respectively, and in each shall define a measure of best approximation 
and obtain theorems on the convergence of Pmn as m, n both become infinite. 


Problem A. This problem is characterised by two additional assumptions 
that we make respecting C and u: 
(1) C is an algebraic curve, and hence may be represented by the equation 
c(T, y) =0, 
where c(s, y) is a polynomial of some specified degrees m’, n’. 
(2) u(x, y) vanishes identically on C, i.e. u(«, 8) = 0, where (a, 8) 
represents a variable point on C. 


For the determination of Pma (x, y), the polynomial of best approximation 
to u of degrees m, n, we shall use 


Criterion A. Pmn(z, y) must vanish identically on O, Pma(a, 8) = 0, and 
must give at the same time a minimum value to the expression ~ 


SS | V? (u — Pm) |" de dy, °w = 0 w/Oa? + wy, 
J ` 


in comparison with all other polynomials of like degrees which vanish identi- 
cally on C, r being any given constant > 0. 
Our special concern will be of course to prove that under suitable addi- 
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tional hypotheses the polynomials Pm» will converge uniformly throughout J 
to the value of u as m and n both become infinite. Denoting the value of V*u 
by E(x, y), it is clear from the manner in which Pma is defined that the 
problem could be regarded also from another standpoint, namely that of 
furnishing an approximation to the solution of a given differential system 
V?u = E(2,y), u=0 on O. However, if this point of view were adopted 
it would be necessary to introduce into the discussion certain questions of an 
incidental nature, relating to the extension of the definition of the solution wv 
to apply in that region of the square which lies outside of J. By assuming 
in the first place that u is defined throughout the square, we have been able 
to avoid these additional questions and thereby to focus attention more fully 
upon the processes involved in the proofs of convergence proper. 


Problem B. In this case we shall discard the assumptions made in A, 
so that for the present at least, we may consider C as any closed curve lying 
wholly within the square, and u as the function described in the first para- 
graph and taking on arbitrary values on C. For a given pair of positive 
integers m, n the polynomial of best approximation Pmr of degrees m, n will 
be defined by 


Criterion B. Pm» must give a minimum value to the expression 
SS 192 — Pam) |7 de dy + à max on © | u(a, B) — Pan (2 B) |°, 
J 


in comparison with all other polynomials of like degrees, r, s and A being any 
given constants > 0, and (a, 8) the codrdinates of a variable point on C. ` 

For each problem we shall give two proofs of convergence, one based on 
Hélder’s inequality and applicable only when r > 1, and the other depending 
on Markoff’s theorem on the derivative of a polynomial in two dimensions and 
applicable generally when r is any real number > 0. By way of comparison 
it will be seen that for cases in which r > 1 the first method requires a less 
restrictive hypothesis than the second. The writer has considered already 
situations in one dimension corresponding to problems A and B,* while 
Kryloff ¢ has treated a problem similar to A but for approximating sums con- 
nected with the method of Ritz. 


* W. H; McEwen, “ Problems of closest approximation connected with the solution 
‘of linear differential equations,” Transactions of the American Mathematical Society, 
vol. 33 (1931), pp. 979-997; “On the approximate solution of linear differential 
equations with boundary conditions,” Bulletin of the American Mathematical Society, 
vol. 38 (1932), pp. 887-894. 

+N. Kryloff, “ Application de la méthode de algorithme variationnel à la solution 
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In connection with these problems it is of interest to note that the results 
' obtained in this paper, and also the reasoning used with only slight modifica- 
tions, are valid when the measures of best approximation are altered to the 
extent that the double integral of the r-th power of | V?7(u— Pma) | is replaced 
by the term 
X max ind | V?(u—Pmn) |"; 


r and N being any given positive constants. This statement can be made even 
stronger by asserting that for the case 0 <r 1 the hypotheses demanded 
by our theorems II and IV for convergence can be lightened to agree exactly 
with that required when r > 1. 


2. Preliminary discussion. In anticipation of later needs we shall de- 
velop next some results concerning the simultaneous approximation of an 
arbitrary function v(x, y) and its partial derivatives of first and second order, 
by means of polynomials and their corresponding derivatives. 

Let v(2,y) be defined throughout the square aa, yb. For sim- 
plicity in exposition we shall take this square to be —1S v, y S1, although 
the results obtained apply equally to the more general case. Suppose further 
that v(x, y) and its partial derivatives of Ist and 2nd order are continuous 
throughout the square. 

By means of the transformation w = cos 6, y == cos¢, we can put v in 
the form of a periodic function 


v (cos 8, cos p) = 0(9, $) 


having the period 27 in both its arguments @ and ¢, and thus having the 
entire @¢-plane as its region of definition. Then, by expressing v and its 
derivatives with respect to @ and # in terms of v and its derivatives with 
respect to x and y, it is readily seen that the hypothesis made in the paragraph 
above concerning v(x, y) will carry over automatically to 7(6,¢). Hence for 
all values of 6 and #, v and its partial derivatives of 1st and 2nd order are 
continuous. 

But for a periodic function which is continuous, such as @(0,¢), 
Mickelson * has shown that for every pair of positive integers m and n there 
exists a trigonometric sum of orders m, n 


approchée des équations différentielles aux dérivées partielles du type elliptique,” 
Bulletin de VAcadémie de PU. R. 8. 8., 1930. 

*E. L. Mickelson, “On the approximate representation of a function of two 
variables,” Transactions of the American Mathematical Society, vol. 33 (1931), pp. 
759-781; p. 76, Theorem II. In this connection see also ©. E. Wilder, “ On the degree 
of approximation to discontinuous functions by trigonometrie sums,” Rendiconti del 
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Tmn (0, $) _ [Ajj cos i8 cos jp + Bi; cos ið sin jọ 
asf 
+ Ci; sin 16 cos jo + Dj; sin 16 sin jp] 
such that 


for all values of 6 and $, K, being a constant independent of m and n, and 
w(8) being the modulus of continuity of v. It will be well to observe at this 
point that for functions which are uniformly continuous, such as those with 
which we will be concerned, lim (8) = 0. The function Tam may be obtained. 
for example, by making an extension to two dimensions of Jackson’s approxi- 
mating function.* The result is 


1/2 m/2 
Tmn(ð, $) = Iq (9, $) — hea f i J „7O + 2d, 6 + 2) Fog (A, n) dàdp, 


(sin pà) (sin qu) ` 
(p sin A) (g sin p) 


T, T/2 
1/hpa = I f Beals p) ddd 


and p and q are two integers such that 2p —2 S m S 2p and 2g—2 SE n S Rg. 

Letting é= 0 + 2A and q = ¢-+ 2p and substituting under the integral 
signs for A, », and making use of the fact that the integrand has the period 
2 in both the variables é and y, we get 


where Fpl, 6) = 


L'mn (8, p) = Ipa (0, p) == hpg S f T(E, n)® (E — 6) (4 — h) dédy 


where &(w) =4[ (sin pw/2)/ (p sin w/2]*. 

On differentiating this result with respect to 0, and replacing #6(&— 0)/30 
by its equal — [@@(€— 6)/0é], and then integrating the resulting expression 
by parts, we get 


T T ĝ 
Tml) =h | f 76n BEO) — h) déd 
which is precisely the Ip,-function associated with 00/00. Then, since 60/00 is 


Cireolo Matematico di Palermo, vol. 39 (1915), pp. 345-361; p. 358, Theorem X, in 
which it is shown that if the given function satisfies a Lipschitz condition the absolute 
value of the error will not exceed a constant multiple of (1/m -+ 1/n). 

*D, Jackson, “The theory of approximations,” American Mathematical Society 
Colloquium Publications, New York, 1930, p. 3. 
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itself continuous, there must exist, according to Mickelson’s result, a constant 
K, independent of m and n such that , 


| 00/00 — OT mn /00 |S Kyw(1/m + 1/n) 


for all values of ô and ¢. Similarly we can show that the remaining derivatives 
of T— Tm of ist and 2nd order have upper bounds which are constant 
multiples of w(1/m + 1/n). 

Furthermore, since 0(0, p) = v (cos 8, cos) is an even function of both 
6 and ¢, the function Tmn will necessarily be even. Hence, on changing back 
again to the variables x, y, we are led at once to a polynomial pmn(x,y) of 
degrees m,n, while the region of approximation becomes again the square 
—12,y 1. Moreover from the identities 


U(9, 6) —Tmn(6, p) = v (2, Y) — Pun (2, Y), ; 
O $) — Tm (0, )] = (1—28)* o(a, y) — pma (2, 9) ] 


SpOG) —Im(0 4) = (1—2) Palol, 9) — pe (2, 9)] 
+22 [0(@,9) — pma (2, 9) 1; ete. 


it is clear that if we restrict our attention to a region J which lies wholly 
within the square, so that (1—«?)* has a positive lower bound, then the 
quantities (d*4/dxdy/) [v (a, Y) — Pma (z, y)], (¢-+7—0,1,2), will have 
upper bounds in J which are constant multiples of w(1/m + 1/n). 

Furthermore, if the hypothesis regarding v is extended so that v and its 
partial derivatives of orders 1,2,---,% (k > 2) are continuous throughout 
the square, then by an appropriate generalization of the function Ipg,* the 
argument given above can be used to prove that the expressions 


09 (v — Pan) /Oxtdy!, (i+ j= 0,1, 2) 
have upper bounds in J which are constant multiples of 
(1/m + 1/n)* Q(1/m + 1/n), 


where Q(8) is the greatest of the moduli of continuity associated with: the 
_ k-th order derivatives of v. 

The results obtained in this section thus far may be summarized in the 
following two theorems. ° 


* See Mickelson, loc. cit., pp. 766-768. 
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THEOREM A. If v(z,y) and its partial derivatives of the 1st and 2nd 
orders are continuous throughout the square a S z, y Sb, then for every pair 
of positive integers m and n there exists a polynomial pun(x,y) of degrees 

, n, and a positive constant K independent of m and n, such that the relations 


| 4 (v — pon) /datdy! |< Kw(1/m+1/n),  (î+j=0,1,2) 


hold uniformly throughout any closed region J which lies wholly within the 
. square. 


THEOREM B. If v(z,y) and its partial derivatives of orders 1,2,°++,k 
are continuous throughout a S x, y S b, then, for every pair of positive in- 
tegers m, n, there exists a polynomial pmn(«, y) of degrees m, n, and a positive 
constant K’ independent of m and n, such that the relations 


_ [8 (v — pn) /Oxtdys | S K'(1/m +1i/n)*-Q(1/m 4+ 1/n) (i+ j =0,1,2) 
hold uniformly throughout the region J. 


_As yet we have not considered the questions of existence and uniqueness 
in relation to our polynomials of best approximation. It is not difficult to show 
that in both problems polynomials Pm,» as defined by the respective criteria do 
exist, and moreover when r > 1 are uniquely determined. Thus in problem A 
where C is an algebraic curve represented by c(2,y) = 0, and Pra is a voquied 
to vanish identically on O, we can write 


m-m! n-n! 


Pon (ct y) = 2 bishis (2, y), 


where yi; (x,y) = c(a, y)x‘y’, Then since no polynomial which so vanishes 

can be harmonic in J (unless it be identically zero there), it follows that 

VP imn aS BT hes cannot vanish identically in J and hence that it may 
aj 


be regarded as a linear combination of functions V?yi; which are linearly 
independent in J. On the basis of, this result the existence and uniqueness 
theorems can be proved by the use of an argument exactly similar to that used 
in the one dimensional problem.* By a suitable. modification of the wording 
the same type of argument would suffice also in problem B. 


3. Problem A. Convergence in the special case r > 1. Consider the 
function v(x, y) = u(a,y)/c(z, y). Let pm-ma-n be a polynomial of degrees ` 
m—m’, n— n, arbitrary for the moment, and let e > 0 be such that the 
relations 


* See the writer’s first paper, lec. cit. 
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(1) | 89 (0 — Pn-m' nn’) /Ou'dy! | Se (t+ 7 = 0,1, 2) 


hold uniformly throughout J. Ultimately we shall assume that v satisfies the 
hypothesis of Theorem A, so that « may be taken to be 

Ko[1/(m—m’) +1/(n—n’)] 
and hence lim «= 0. 


mMm n> 
Let mmn == CPm-m,nm. Then mmn is a polynomial of degrees m,n, and 


furthermore 
U — nm = c(v — Pm-m'n-n') » 
a dc a 
z — mmn) = (V — Pm-m’,n-n’) In +e an (0 — Pm-m'n-n'), ete. 


From these relations and (1) it is clear that the upper bounds in J of 
| 44 (u — mn) /Ox*dys |, (i + j = 0,1, 2) are expressible linearly in terms of 
« and the upper bounds of c and its derivatives. Hence there must exist a 
constant B independent of m and n to satisfy the inequalities 


(2) | 95 (u — mmn) Baty? | S Be (i+ j=0,1,2) 
uniformly throughout J. In particular then 
(3) | V2(u— aon) | S 2Be 


Now the polynomial of best approximation Pmn of degrees m, n is defined 
so as to vanish on C and at the same time to minimize the expression _ 


| V2(u—Pmn) |? dedy 
S 
J 


in comparison with all other polynomials of like degrees which so vanish. 
Such another polynomial is mmn. Hence, by virtue of this and (3), we can 
write 


(4) S f 1 Vu — Pan) |" dedy í 
Í sff | V? (u — rma) |" dedy S.A (2Be)’, 
J 


A being the area of the region J. ; 

Let G(x, y; énn) be the Green’s function of two dimensions associated 
with the homogeneous differential system V?w = 0, w == 0 on O. Then, since 
u and Pmn both vanish identically on C, it is possible to write 





874 W. H. MCEWEN. 


u(z,y) = f f G (a, y; & n) V2u(& n) dé da, 


J 


Pn (9) = f f OC 95 6) V*Pmn (E7) dé do, 
J , ` 


and therefore also 


TES ee J f C(e, 9389) VELU 9) — Pun (E 1) 12E dy. 


The function G is not bounded in J (becoming infinite as 





log V (z — £)? + (y—n)? 


at the point (é,7)), but nevertheless the double integrals over J of | G | and 
| G |r/r-) are finite in value. Hence, the number r being > 1, it is possible 
to apply Hélder’s inequality to this last relation and so obtain the result 


Ju — Pra SLL f 1G eae any E S f [V9 —Pnn) fae dn] 
J J ‘ 


The first factor occurring on the right is merely a constant, whereas the second - 
is bounded as shown in (4). Hence there must exist a constant D independent 
of m and n to satisfy the relation 


uniformly throughout J. 
If we assume now that v = u/c satisfies the hypothesis of Theorem A so 


that e may be chosen to make lim «== 0, then it is certain fyom this last 
M n—>00 


result that Pm» will converge uniformly in J to the value of u as m and n both 
become infinite. 

Likewise we can show that the partial derivatives of the 1st and 2nd orders 
converge. For we can write 


gis PIA ar T 
ggg O — Pan) = S S goa V O —Pm)dé dn, (i+j= 1,2), 
J 


and so by Hölder’s inequality and (4) obtain 
l | 04 (u — Puan) rty? |S D'e, (i+j=1,2), 


where D” is a constant independent of m and n. Thus we can state 


“sTHEoREM I. In problem A in the case when r> 1, if the function 


Begs 


-iga 
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u(x, y)/c(a, y) satisfies the hypothesis of Theorem A, there will exist a posi- 
tive quantity em = [1/ (m — m) + 1/(n—n’)], and a positive constant D, 
independent of m and n, such that the relations 


| 4 (u — Pmi) /Ovtdys | S Drem, (1+4 =0,1,2) 


hold uniformly throughout J, and lim” emn = 0. 
Ms POO 


4. Problem A. Convergence in the general case when r>0. Let 
F(a, y) = u(t, y) — amn (2, Y), Where mum is the polynomial described in the 
last section satisfying relations (2) and (3), 


(2) | 65 (F) /dxidy! | S Be, . (t+ j= 0,1, 2), 
(3): | V7(F)| <= 2Be, 


Then the function F, like u, vanishes identically on C and hence there will 
exist for it a polynomial of best approximation Qmn of degrees m, n (Criterion 
A). Moreover Qmn will vanish identically on C and the double integral 


=S | V? (F — Qnn) |" de dy 


will be a minimum for polynomials of like degrees which so vanish. But 0 
may be regarded as another such polynomial vanishing on C, and hence 


ys Sf | V2(F)|* da dy, and therefore by reason of (3), 
J 
(6) y S A(2Be)". 


Let 8 be the maximum value of | V?Qmn | in the region J, and let (£o, Yo) 
be a point of J at which | V?Qmn(2o, Yo) | = 8. Then, since V?Qmn is a poly- 
nomial of degrees not exceeding m, n, it follows as a consequence of Markoff’s 
theorem that | 0V?Qmn/éx |S Hm and | 0V?Qmn/dy | S Hm*s throughout 
the region J, m being the greater of the two numbers m and n, and H a 
constant depending on the region J * and independent of m and n. In the 
light of these results and the mean value theorem we can write 


| V’*Omn (2, y) pazi V?Qinn (To, Yo) | = [| T — To ] + | Y — Yo | | Hm?8. 


* In this connection it should be observed that certain broad requirements must be 
met by the region J in order to insure the applicability of Markoff’s theorem. It will 
be sufficient to assume that J is a region for which there exists a positive constant h 
and a small angle 60 such that from every point of the boundary curve two line 
segments of lengths k and inclined at an angle @ with one another can be drawn 
belonging wholly to the region. 


13 


ve 
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Now let us consider the square about the point (£o, Yo) defined by the 
inequalities | s — zo |= 1/(4Hm?), | y—yo|S1/(4Hm?). If j represent 
that part of the square which belongs to J, then throughout j, by virtue of 
the relation written above, 


| V?Qmn (2, y) 7 V?Qmn (Xo; Yo) | = 8/2, 
and hence 


(7) | Vma (2, y)| = 8/2. 
Let us assume for the moment that e< 8/(8B), so that | V?(F)| 
S2Be < 8/4. Then, by (7), | V? (F — Qmm)| > 8/4 throughout j, and hence 
y= ff 1 V9 — Onn) |" de dy 
ere 
= f f 1 VEE Onn) |" de dy > [1/ (4H m?)*] (8/4)". - 
j 


Therefore è S 4[16H?m*y]?/, and by (6) 
. §S 4[16H?m4A]/" (2Be). 


This result was proved: on the basis of the assumption e < 8/(8B). However 
is this inequality does not hold, then == 8Be. Hence in any case there will 
exist a constant H independent of m and n such that 
(8) 8S Eme 


But the function Qm, may be expressed in terms of the Green’s function, 


Qua (T, y) = J f G(x, y; E'n) V2Qmnn (E, n) dé dn. 
Hence throughout J 
|m 13 f f 18 jeien w. 


where W is a finite constant. Therefore, by (2), 
| Qnn |S Wit, 
From this and (2), it follows that 


| F—Qmn | S Be + WEmt/ e S Lm", 
where L = (B 4+ WE) is independent of m and n. 
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Now let us assume that v = u/c satisfies the hypothesis of Theorem B 
with the integer & taken =4/r, so that e may be given the value 
K’[1/(m — m) + 1/(n— n’) J O[1/(m — m) + 1/(n—n)]. Then as 
m,n both become infinite * m*/”e will approach zero as a limit and therefore 
the quantity | F — Qmn | will converge to zero. But, as we have noted already, 
F — Qmn is identical with u—Pmn, where Pmn is the polynomial of best 
approximation to u. Thus we have proved that under the hypotheses stated 
Pam converges to u. In a like manner it can be shown that the partial deriva- 
tives of the ist and 2nd orders of Pm, converge to the respective derivatives 
of u. The results of this section are set forth in 


THEOREM II. In problem A in the general case r > 0, if the curve C 
is subject to the limitations imposed by the requirements of Markoff’s theorem 
(see footnote *, p. 375), and if the function u/c satisfies the hypothesis of 
Theorem B with the integer k taken = 4/r, then there will exist a positive 
constant D, independent of m and n, and a positive quantity en, such that 


the relations 
| 05 (u — Pam) /Ox*0y) | S Drem, (i+ }=0,1,2) 


hold uniformly throughout J, and furthermore, provided m and n maintain 
the same order of magnitude, 


lim Emn = 0. 
MyNPD 


An explicit formula for emn is 


m*!"T1/(m—m’) + 1/(n—n’) J O[1/(m — m) + 1/(n— n’)]. 


5. Problem B. Convergence in the special case r> 1. From this point 
on we discard the suppositions made in problem A that C be algebraic and 
that u vanish identically on C. Let pmu be a polynomial of degrees m, n, 
which for the moment may be regarded as arbitrary, and let « > 0 satisfy 
the relations 


(10) | 99 (u — Dn) /batdy! | S 6, (i +j=0,1,2) 
uniformly throughout J. Then also 
(11) | V? (u — pm) | S 2. 


* It must be understood here that m,n become infinite in such a way as to maintatn 
at all times the same order of magnitude. That is, there must exist a constant a to 
satisfy the inequalities 1 < m/m < a, 1< m/n< a. Then the coefficient of @ in 
m4/re will not exceed as/r (m4/ kr] (m — mi ) + nakr /(n— n ))k, a quantity which 
has a finite limit when k > 4/r. 


378 W. H. MCEWEN. 


But the polynomial of best approximation Pn of degrees m, n (see Criterion B) 
is now defined to give a minimum value to the expression 


=S S | Y? (u — Pan) |" dx dy + A max | u(a, B) — Pma (a, B) |° 


in comparison with all other polynomials of degrees m,n, and therefore in 
particular with the polynomial pn. Hence 


Ys Sf | V?(u— Pmr) |" de dy + A max | u(%, B) — Pma (% B) |5, 
J 


and therefore, by virtue of (10) and (11), 
y S A(Be)” + re’. 


Ultimately e will be made to approach zero and so at this point we may 
assume that 2e < 1. Then if g denote the smaller of the two numbers r, s 


YS (AFA) (Be) 


But each term of y is Z 0 and hence each S y, and therefore 


(12) f f | V2(u—Pmn) |" da dy S (A + A) (2€)4, 


J 
(13) max | u (a, B) — Pmn(%, 8)| S [(A + A) (2e) 1A]. 


The function u may be expressed in terms of the Green’s function, 


way) = ff O(a 9582) VUE 1) db dy + 6a 9), 


J 


where ọ (x, y) is a function which is harmonie in the region J and which, on the 
boundary C, takes on the same values as does u(x, y), i.e. p (¢, 8) = u (a, B). 
So also, 


Pun(@9) = f f Gle, y5 61) VP (E 1) dé dy + ¥(2, 9), 


J 


where y(x, y) is harmonic in J and ¥(«, 8) = Pmn(a,8). Then 


u — P mn = ff G- V? (u — Pma) dé dy + [4 (z, y) — y (z, y)]- 
ee | 
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The number r being > 1, Hélder’s inequality can be applied to the first 
term on the right to give 


| Sf GV? (u — Pin) dé dy | 
7 . 
=| J fe nae dy pore [ J S| V8 (u— Pam) [dé do | 


from which it follows, by virtue of (12), that a constant M independent of 
m and n can be found such that 


SS G- V2(u— Pin) dé dy | < Mar. 


On the other hand the second term ($ — +), being harmonic in J, will take 
on its maximum values on the boundary C, so that 


| #(2, y) —¥(z, y)| S max | 4(a, B) —¥(@, 6) |- 
But p(x, 8) —y (a, 8) = u(a, B) —Pmn(a, B) and hence, by (18), 
| p —Y | S max | u(a, 8) — Pam (a, B) | S [(4 + X) (Re) A] = Nets, 
where NV is a constant independent of m and n. Thus we can write 
| u — Pun | SMe’ + NeW = (M+ N)e, 


a relation which holds uniformly throughout J. 

Hence if u(x, y) satisfies the hypothesis of Theorem A so that e can be 
taken equal to Kw(1/m + 1/n), it is certain that Pmn will converge uniformly 
in J to the value of u as m and n both become infinite. Hence we can state 


TuHrorem IIT. In problem B in the case r > 1, if u(z, y) satisfies the 
hypothesis of Theorem A, there will exist a positive constant D; independent 
of m and n, and a positive quantity emn = o(1/m + 1/n) such that the relation 


| u — Pan | = Deemn 


holds uniformly throughout J, with lim emn = 0. 
MsN-POO 


6. Problem B. Convergence in the general case r > 0. Let z 


F(a, y) = u(T, y) — Pm (2, y)» 
where Pmn is the polynomial of degrees m, n satisfying relations (10) and (11), 
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(10) +. [8 (F) /ðztðy | Se, (t+ j=0,1,2), 
(11) | V2(F)| S 2e. 


Then if Qmm is the polynomial of best approximation to F of degrees m, n, 
and q is the smaller of the two numbers r, s, we can write 


= Quin) de dy + Amar | F(% B) — Qan (9, g)|* 


sf fiver disdy 4a T 
S ARE) + ret S (A H A) (Be) 


Hence, since each term of y is S y, 


(14) | V2(F — Qm) |" de dy S (A + 2) (2e)4, 
ff 199 onra 

(15) max | F(a, 8) — Qmn(%, B)| S [(A +A) (2e)9/A]”*. 

So also, by reason of (15) and (10), 

(16) | Qmn (a, B)| S [(A +A) (26) /A]/8 + €. 


Let ô again denote the maximum value of | V?Qmn | in J, and let (ao, yo) 
be a point of the region at which | V?Qmn(%o, yo)| == 8. Then we can show, | 
exactly as in section 4, that a constant # independent of m and n can be found 
such that 
(17) 8S E (mta). 


where m is the greater of the two numbers m, n. Moreover Qmn can be written 
in terms of the Green’s function, 


Onn (@ 9) = S J F295 &0) V° Om (E 0) dé da + x(@ 9), 


so that throughout ge 


| Quon a9) E8 ff |G | dé dy + max | x(0,9)|. 
i J 


But x(z,y) is harmonic in J and therefore acquires its maximum values 
en the boundary C. Moreover x(«, 8) = Qmna(a, B), so that max | x(x, y) | 
== max | Qmn(a, 8)|, and therefore, by (16), 


max | x(#,y)| S [(A +A) (2) 2/a]¥/@ + eS Mers, 
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where Mf’ is a constant independent of m and n. By reason of this and (17) 
it follows that 


| Qo |S | f f | @ | dé dy | eden. 
J 


Hence if Pn» is the polynomial of best approximation to u of degrees m, n, 
we can write 


Se B (imre) | G| dé dy | + Wer < Bint, 
zaran [ff 01a] 





from which it follows that if u satisfies the hypothesis of Theorem B with the 
integer & taken = 4/r, the process converges. Thus we have established 


THEOREM IV. In problem B in the general case r > 0, if the curve O 
is subject to the limitations imposed by the requirements of Markoff’s theorem, 
and if u(x, y) satisfies the hypothesis of Theorem B with k taken = 4/r, then 
there will exist a positive quantity emn = m*/*(1/m.+ 1/n)*Q(1/m + 1/n), 
and a positive constant D, independent of m and n, such that the relation 


| u — Pmn | S Daem 


holds uniformly throughout J, and furthermore, provided m and n maintain 
the same order of magnitude, 
lim eka — 0. 


Mn 
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ON THE INVERSION FORMULA FOR FOURIER-STIELTJES 
TRANSFORMS IN MORE THAN ONE DIMENSION. II. 


By E. K. HAVILAND. 


A proof of the Continuity Theorem for multi-dimensional Fourier- 
Stieltjes transforms based on previous results of the author will be given in 
the present note. This proof,t which for simplicity is given in the case of 
two dimensions, is believed to be substantially clearer and more direct than 
the proofs previously given,{ the improvement being made possible on the one 
hand by the use of the Convolution Theorem for Fourier-Stieltjes transforms, 
first proved generally by the author,§ and on the other hand by the use of the 
inversion formula recently proved by the author.{ A previous proof || of 
particular results contained in the complete Convolution Theorem was based 
on the Continuity Theorem, while the present author’s proof of the complete 
Convolution Theorem is quite independent of it. 

We begin by proving a’ 


UNIQUENESS LEMMA.t} Let (i) f(a,y) be continuous in (— œ <a 
<+; are <y< +o), 


(ii) f f, | F(x,y) | dædy < + 0, where S denotes the entire (xy)-plane, 
s 


(iii) SJ. exp{i(sz + ty) }f (a, y)dady = 0 for every veal (s, t). 
Then f(a, y) = 09. 


f The present proof has been developed from a proof of the Continuity Theorem 
in the one-dimensional case given by A. Wintner in a class on the theory of probability. 

t For the one-dimensional case, cf. P. Lévy, op. cit.; for the multi-dimensional case, 
cf. V. Romanovsky, loc. cit., p. 41, and S. Bochner, loc. cit., p. 403. The references are 
collected at the end of the paper. 

§ Cf. E. K. Haviland, loc. cit. II, p. 651, Theorem YV. 

q Cf. E. K. Haviland, loc. cit. IXI. 

Professor ©. R. Adams has kindly called my attention to the fact that a state- 
ment by B. H. Camp, to the effect that a bounded monotone function is not necessarily 
of bounded variation, was not intended to refer to functions satisfying all the conditionis 
(14) of Hardy to which Camp refers, but that Camp’s statement, in its intended sense, 
is correct, contrary to a remark of the present author in a footnote on p. 95 of the 
foregoing paper. 

| Cf. S. Bochner, ibid.; cf. in this connection E. K. Haviland, loc. cit. II, p. 626. 

Tt The method of this proof is largely an adaptation of the treatment of a similar 
problem in one dimension by G. Pólya, loc. cit., pp. 105-106. Cf. also E. K. Haviland, 
toc. cit. II, pp. 638-641, 
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Proof. Let there be given a rectangle R, which may, without loss of 
generality, be taken to be (OS s< é; OSy<y). A function gs(2,y) 
is defined as follows: gs(z,y) —0 at those points of the rectangle 
Re: (OSes U; 0SySV), where U >é V >», which are not in Ri; 
also, gals, y) = 1 in R: (8 Se S é— s; 8 S&S y S&S ny — è), where 
0 <8 < Min(é/2, 7/2); finally, the value of gs(x,y) at a point (æ, y) of 
E, — R; is given by that point of a truncated pyramid having R, as base and 
R; as top whose projection is (x,y). This function gs(«, y) is extended to the 
whole plane by prescribing for it the periods U in v and V in y. 

As gs(x, y) is continuous everywhere in §, by the two-dimensional Weier- 
strass trigonometric approximation theorem ł there exists a trigonometric 
polynomial, 





P.(2, y) -È Š amn exp{i(2rms/U + 2rny/V)}, 
such that à l 
(1) | galz, y) —Pe(2,y)| < € 


for all (æ, y). Setting s = 20m/U, t = 2wm/Y in (iii), we see that 
; SJ, exp{i(2rmx/U + 2xrny/V) }f (x, y) dady = 0. 


Hence SS, P, (2%, y)f (x, y)dedy =0. We first let e—> 0 in (1). Since 


SS. IPE Mie a] ddys f f fey) dedy <a 


where y is arbitrarily small, provided «e (> 0) is sufficiently small and the 
rectangle R sufficiently large, it follows from the Arzela-Lebesgue theorem that 


ff, Pl wHe,u)dedy> f f glente yazin (90), 


so that the latter integral vanishes. 

In the second place, we let 8— 0, whereupon gs(z, y) > g (z, y), a func- 
tion equal to one within R, and its periodic images and to zero elsewhere. Let 
the rectangle R, now be denoted by Ayo and let Ry, (i = 1,2,3,---), be 
periodic images of Rio. If Rei be the periodic image of Rə containing Eii, 
it follows from (ii) and the inequality | gs(«, y)| 1 that l 


o 
@) SLL oenienddy—= f f penie nidy=o 
By again applying the Arzelà-Lebesgue Theorem, we find for every fixed v 


7 Of. L. Tonelli, op. cit., p. 494. 
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3) EPL was nariy>¥ f f Nenads (80), 


by ‘the definition of g(x,y). Since this implies that the integral on the right 
of (3) is zero, on letting v > œ, it follows that - 


5 f S. f(e, y) dedy —0. 


Finally, we let U —> + œ, V — + œ, whereupon we obtain, in view of 
the absolute convergence of the foregoing series and of the continuity of 
f(z, y) in Ryo, 


T da f renu- ff f(z, y) dady = 0. 


Since we may choose (é, 7) arbitrarily and since f(z, y) is continuous, we may 
differentiate the latter integral with respect to £ and y, obtaining f (£, n) = 0, 
q-e.d. It is to be noted that the hypothesis (i) was used only in the final 
step of the proof of the lemma. 

We are now in a position to prove the 


CONTINUITY THEOREM ror FOURIER-STIELTJES Transrorms.t If {$n} 
be a sequence of distribution functions and {A(s,t;¢n)} the sequence of 
corresponding Fourter-Stieltjes transforms, then a necessary and sufficient 
condition that the sequence {on} should converge to a distribution function $ 
is that the sequence {A (s, t; pu) } converges to a function h(s, t) uniformly in 
every finite region of the (s,t)-plane. Furthermore, h(s,t) == A(s, t; $). 


Proof. We first prove the sufficiency of the condition, noting that as a 
consequence of our hypothesis A(s,t) is continuous at every point of the 
(s, t)-plane and | A(s,¢){ 1. 

Let y(E) be the two-dimensional Gaussian distribution function; i.e 
to y(#) corresponds { the point function 


i 


Gay) = (2a) f f” exp(— (£ +7) /2)dédn, 


As the Fourier-Stieltjes transform of y(#) may be regarded as an iterated 
integral; its value may be computed from the known result in the case of one 
dimension to be 

(4) A(s, t; y) —exp(— ($ + #)/2}. 

We then set . 


{For definition of terms occurring in this theorem, cf., e.g., E. K. Haviland, 
loc cit. II, pp. 627-628. : 
4 Cf. J. Radon, loc. cit., p. 1304; E. K. Haviland, loc. cit. II, p. 627. 
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(5) ` L(s, t) = h(s, t) A(s, t; y). 
It is a continuous function of (s, t) and - 
(6) | L(s,t)| S| A(s, t; y)| = A(s; t57). 


Let {¢m,} be a convergent subsequence of {$n} and t= (FE) be its limit. 
7(J#) is monotone by the Compactness Theorem of Radon } and 07(#) S1 
‘for all F. We next put ft 


(7) pn = dm, * Y 
and 

(7) es p=r* y. 
Since § 


A(S, t; pn) = A(S, t; pm)’ A(s,t;y) and A(s tdm) 1S f É derbma(Z)—I, ' 


it follows that 
(8) | A(s, t; pn) | SACs, t3y), 


uniformly with respect to n. Similarly, 
| A(s, £5 p)| SA(s,¢5y). 


pn and p are both continuous by virtue of the addition rule of line spectra. We 
proceed to show. that, as n—> 00, pn(#) > p({R) for every rectangle R. Not 
only does 


P(E) = ff) dna — Pas) exp— (0° + 9°) /2}dady 


exist for every R, due to the continuity of y, but the integrand of pn has a 
bounded and absolutely integrable majorant independent of n. Also, 
dm,(H) —7(H#) on all non-singular lines of the latter as n— œ: Then, 
-by the Arzelà-Lebesgue Theorem, as n— œ, i 


(10) p(B) > S f +(R—Poy)exp{— (2 + y) /2)dedy =r *y =e. 


Since pn and p have no singular rectangles, we obtain by the inversion 
formula for Fourier-Stieltjes transforms 


7 Cf. E. K. Haviland, loc. cit. I, p. 551. 

$ Yy,” ya denotes the symbolical product (Faltung or convolution) of y, and ya 
It is sufficient for its existence that y, and Y, be monotone bounded functions, in which 
case the addition rule of spectra also holds. Cf. E. K. Haviland, loc. cit. II, p. 654. | 

§ This follows from the Convolution Theorem for Fourier-Stieltjes transforms. 
Cf. E. K. Haviland, loc. cit. II, p. 651, Theorem V. -It is important for what follows 
to note that the theorem holds for any two arbitrary monotone bounded functions. 

{ Cf. E. K. Haviland, loc. cit. III, p. 99, equation (8). 
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(11) — (27 )"pa (8) 
F SS. (st) tA(s, t; pn) [eist — 1) [e797 —1] giud dsdi, 
(12) — (@n)*p(B) 
=, SJ, (st) A (s, t; p) [esë — 1] [et — 1] ent s+ dst, 


It is not necessary to use Cauchy principal values in these equations, as both 
A(S, t; pn) and A(s,¢;p) possess absolutely integrable majorants in virtue 
of (8), (9) and (4). It follows from (10) that, as n— œ, the left-hand 
side of (11) approaches the left-hand side of (12). In consequence, the right- 
hand side of (11) must approach the right-hand side of (12). 

Now from (4), (6) and (8), together with the fact that [e#$—1]/s, 
[eitn — 1]/¢ are uniformly bounded for all (s, t), it follows that the Arzela- 
Lebesgue Theorem may be applied to the right-hand side of (11), so that, 
as n—> 0, 


(18) —(2n)2pn(B) > f f, (st)~2L(s, t) [ets — 1] [ettn — Lents dedi 


in virtue of (5), (7) and the Convolution Theorem for Fourier-Stieltjes 
transforms. Hence, by the last remark of the preceding paragraph, 


(14) Sf f(s, t) (st) [eist — 1] [e-t7 — 1 ]e-tustot) dsdt == 0, 


where f(s, t) = L(s, t) — A (s, t; p), so | f(s, ¢)| S 2A(s, t; y), which implies 
the absolute integrability of the integrand in (14). Then we may differentiate 
with respect to é and y beneath the integral sign in (14), obtaining 


(6) f J, Fs Dexpl—ils(E + u) + tn + o) ]asdt = 0. 


From (5) and from the definition of f(s, t), together with the fact that (15) - 
holds for all (€-+ u), (n + v), it follows that f(s, t) satisfies the conditions 
of the Uniqueness Lemma, so f(s, t) = 0, or L(s, t) = A (s, t; p), or by (5) 
and (7), as A(s, t; y) £0, 

(16) h(s, t) =4 (8, t;r). 

Consequently, A(s, ¢; r) does not depend on the special choice of the sub- 
sequence {¢m,} and as (by the inversion formula) 7 is determined up to its 
singular lines by its Fourier-Stieltjes transform, it follows that + does not 
depend on the special choice of {¢m,}. This implies that {$2} is convergent, 
for-otherwise it would be possible to select from {¢n} two subsequences con- 
verging to essentially distinct limits, say rı and te. As, however, 7, and rə 
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have the same Fourier-Stieltjes transforms, this leads to .a contradiction. . 


Finally, if we set s == ¢ = 0 in (16), we see that A(0,0;7) = 1, so r is indeed 
a distribution function. As r may thus be taken as ¢, this completes the 
proof of the first half of the theorem. 


To prove the second half of the theorem, we set exp{t(se-+ty)} ° 


= 9(s,t;2,y) and let J be a non-singular square of ¢ so large that 
(17) 0=¢(S—J) <e. 


Then let W’. be chosen so large that | ġa( 9 — J) —¢(S— ni <e for all 
n = N'e It follows that for all such n 


(18) OX ¢n(S—J) < 2. 


We next take a division of J: (—-MSe2SM;—-MSySM) by drawing 
parallels to the axes, these parallels being non-singular lines of ¢ and dividing 
J into a finite number, m, of rectangles Rẹ whose greatest diameter is 8m, 
lim ôm = 0. By choosing êm < 8 = 8(e), we can make 


| g (S, €3 Ers Yc) — 9 (S; t5 Vr Y'r) | < 6 
where (2x, Yr), (Uw Yr) are any two points of Rw, and 8(e) is independent 
of (s, t) in an arbitrarily fixed closed rectangle % of the st-plane. Then if 
m <8, we have + 


(19) [Š gls teo ve) bn(Be) — S f g(s #32, 9) derbn(2)| 


< SS daypn( E) = &, 
and similarly j 


(20) [Š g(s; Tr, Ye) $ (Bi) — f f enaa 


But m being fixed when 8 is chosen and the m rectangles Rs being non- 
singular rectangles of ¢, 


(21) 1 g(s, t; m m) A(R) — X g(s, t5 te we) nC) 
SÈ |R) — p(B) < 6 


provided n = N. Hence if Ne = Max (Ne, Ne’), it follows from (17), (18), 
(19), (20), (21) that 


I S S 98 #3, v)dovb(B) — Ff gls 450, 9) deba) l 
=| A(s #54) — A(s, t; dn) < 66 


ł Cf. J. Radon, loc. cit., p. 1324, equation (14). 


a.. 
ž.- 
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provided n= Ne, where Ne is independent of (s, t) in the arbitrarily fixed 
rectangle 3, q. e. d. i 


COROLLARY. If, as n—> œ, the sequence of Fourier-Stieltjes transforms 
{A (s, t; ġn)} converges in the whole (s,t)-plane to a continuous function 
h(s, t) then the convergence is uniform in every finite region of the (s, t)-plane. 


Proof. Bochner has shown + that the convergence of {A(s,¢;¢n)} to a 
continuous function h(s,#) is a sufficient condition for the convergence of 
{on} to a distribution function $, while we have shown that the uniform 
convergence of the sequence of Fourier-Stieltjes Transforms in every finite 
region of the (s, t)-plane is both a necessary and a sufficient condition for the 
essential convergence of {¢n} to a distribution function ¢. Thus Bochner’s 
statement of the Continuity Theorem Ẹ is in reality no more general than the 
usual § formulation of the theorem. - 
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that our proof for our sufficient condition may be used without modification to prove 
Bochner’s Theorems 16 and 17, save that in the former case the integrals must be con- 
sidered as Lebesgue integrals, so that from the differentiation of our equation (14) 
we may conclude only that f(s,t) =0 almost everywhere. 

£-Cf. J. Radon, loc. cit., p. 1324, equation (14). 

§ Cf. P. Lévy, op. cit. 


ISOLATED CRITICAL POINTS. 


By ÅRTHUR B. Brown. 


The object of this note is to replace an incomplete proof of an earlier 
paper * by a proof using the methods of that paper. Professor Marston 
Morse, originator of the general theory of critical points, who pointed out to 
the writer that in the proof of Lemma 14 of BI it is not shown that a defor- 
mation is determined, has published results of which this Lemma 14 is a 
corollary.+ The treatment t to follow is of different nature from the treatment 
of the point in question by Morse. 


Proof of Lemma 14. We subdivide the complex D (defined on page 265 
of BI) regularly at least once till the D-neighborhoods,§ say Ta, of-the centers 
P of the spheres 8, with boundaries, are interior to the spheres §. If we 
- remove the points P from Ta, then the remainder, N'a, of Na is covered by 
a field Ẹ of curves, each curve joining a point P to a point of W = Na— Na, 
as follows easily from the structure of a simplicial complex. Let B” be the 
set defined like B’, but for smaller spheres, say S2, so that any point of W is 
outside all the spheres S2. If we shrink N’4 down onto W by use of the field 
F, then the resulting deformation, say (D,), carries D’ over itself into a sub- 
set of B”. Points outside Ñz remain fixed under (D1). 

Let [S$] be a set of spheres slightly larger than S, concentric with the 
latter and satisfying the same conditions. Choose « >0 so small that the 


* A. B. Brown, “ Relations between the critical points of a real analytic function 
of n independent variables,” American Journal of Mathematics, vol. 52 (1930), pp. 251- 
270. We refer to this paper as BI. Cf. footnote 3 of the writer’s paper, “ Critical sets 
of an arbitrary real analytic function of variables,” Annals of Mathematics, vol. 32 
(1931), pp. 512-520. 

t Marston Morse, “The critical points of a function of n variables,” Transactions 
of the American Mathematical Society, vol. 33 (1931), pp. 72-91 (Morse I). Lemma 14 
of BI is a corollary of Theorem 9, page 84, of Morse I. See also Theorem 5.1, page 156, 
of Marston Morse, “ The caleulus of variations in the large,” American Mathematical 
Society Colloquium Publications, vol. 18, New York, 1934 (Morse II). For other papers 
. on critical points see bibliography of Morse IT. 

{The writer does not know whether the questionable statement in the “ proof” 
of Lemma 14 in BI is or is not true. Shortly before the appearance of Morse’s 
Colloquium the writer, having momentarily i a that Lemma 14 follows from 
results in Morse I, devised the present proof. 

§ That is, sets of all cells of D having a vertex at any of the points P. For nota- 
tions in topology see S. Lefschetz, “ Topology,” American Mathematical Society Collo- 
quium Publications, vol. 12, New York, 1930. That complexes in the sense of analysis 
situs are at hand is proved by B. O. Koopman and A. B. Brown, Transactions of the 
American Mathematical Society, vol. 34 (1932), pp. 231-251; also by S. Lefschetz and 
J. H. C. Whiteliead, ibid., vol. 35 (1933), pp. 510-517. The fact that complexes are 
present wag used in BI. 
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trajectories r (§ 9 of BI)* exist between and on the pairs of spheres 3 and So, 
at points where c—-e< fc. Recall that the parameter for the trajectories 
r is the distance r from P, in any sphere 3. Let as, and ao denote the radii 
of S, and X respectively, and M the minimum distance from the locus 
f Sc—</2 to the locus f = c, between or on the pairs of spheres S, and 3. 
Consider the transformation which acts only upon the points Q of S. satisfy- 
ing c—e= fc sending each such point into a point Q’ on the same 
trajectory r, and determined by 








(1) var EEES. (aga). 


We now determine a deformation (Dz) which keeps fixed all points except 
those on the trajectories + between the pairs of points Q and Q’. The defor- 
mation causes each of the trajectories QQ’ to shrink down to the point Q’, 
and is defined in an obvious way in terms of r. 

Since f = constant on any trajectory 7, it follows from (1) that B” is 
carried by (Dz) into a set whose points within distance 4$ (ao — ds,) from 82 
satisfy f SS c—«/2, and hence are distant at least M from the part of the 
locus f == c between or on the spheres Sz and $. Hence we can follow (D2) 
by a deformation along radial lines through P in each sphere %, affecting 
only points within distance Ọs, = min. [M, $ (ao — as,)] of Ss, so that, as a 
result of the two deformations, locus B” is deformed over itself into a subset 
of the corresponding locus for spheres of radius as, + Us, It is then clear 
that a finite number of such steps will deform B” over itself into a subset of 
B’, with B’ remaining on B’ during the entire resulting deformation (D3). 

If now we perform (D,) and then (D3), it is seen that the resulting 
deformation (D4) carries D’ into a subset of B’, while keeping B’ on B’. 
From Theorem 2, page 252, of BI, it follows that B’ and D’ have the same. 
Betti numbers, and Lemma 14 is proved. 


COLUMBIA UNIVERSITY. 


* In the more general case treated by Morse, the trajectories r become the ($f) - 
trajectories (Morse I, page 80; Morse II, page 153). The (f¢)-trajectories of Morse’s 
treatment do not appear in BI. 

+ We wish also to point out that on page 261 of BI, the definition of configuration 
is not given properly. In lines 7 to 2 from the bottom, “when »—s.... (ordinary 
points)” should be replaced by “when, after a non-singular linear transformation, 
n — s of the variables are the values of the dependent variables defined by the vanishing 
of n—s algebroid functions (pseudopolynomials), where the other s variables, say 
Ept- ->Ég are the independent variables for each algebroid function. These values 
are analytic at points where the discriminants of the algebroid functions are not zero 
(ordinary points)”, On page 262, line 4, “a@,,--.+,@,. Therefore if the” is replaced 
by “é,-.-,&- Therefore if a”. In line 6, “discriminant” is replaced by “ dis- 
criminants, separately and severally,”. In line 12, delete “variables 2,,%,,---,@, as”. 


CYCLOTOMY; HIGHER CONGRUENCES, AND WARING’S 
PROBLEM. 


By L. E. Dicxson. 


1. Introduction. This memoir does not presuppose any knowledge of 
the subjects treated. The outstanding Waring problem is to find s such that 
every large integer is a sum of s positive integral values of a given polynomial. 
An account of its recent solution is given in §29. One step is the proof that 
every integer is congruent to a sum of s values of the polynomial with respect 
to every prime modulus p and certain powers of p. The proof employs the 
number N of solutions of 2° + y° + 1==0 (mod p =ef + 1). 

By far the most effective method of finding * N is that of cyclotomy, 
which yields also the number of solutions of any trinomial congruence in- 
volving three e-th powers multiplied by any integers. 

The periods can be expressed by radicals in terms of certain resolvent 
functions. But this algebraic side of cyclotomy has little practicel application 
to our problem to find the e? cyclotomic constants (k, h), which are coefficients 
in the product of two periods expressed linearly in terms of the periods. 

Unfortunately the latter problem has been solved heretofore only when 
e = 5 and then the problem is so simple ¢ that there arise none of the diffi- 
culties for e = 6. 

While e= 6 had been treated, the solution involved the six numbers 
A,- : +, F in the decompositions 


p=A?+38BY  4p=IL? 4237M, 4p — E? + 3F?, 


whereas the true solution (§ 17): of the problem involves only A and B. A 
similarly perfect solution is obtained for the new cases e == 8, 10, 12. The 
odd values of e are not needed in Part 2. 

Our methods serve for further values of e. But the results must be 
postponed to later papers. 


* We need a formula for W which implies that N will exceed any given number 
when p exceeds an obtainable limit. In Journal de Mathematiques, vol. 2 (1837), 
pp. 253-292, V. A. Lebesgue found that N is congruent modulo p to a ‘long sum of 
binomial coefficients. But this result does not yield the needed property. 

ł Except for the proof when e==5 that the pair of Diophantine equations have 
essentially a unique solution. 
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Parr I. Cage HIGHER CONGROENGIS: 


2. The Di Let g be a primitive root of a prime p- Lete be a 
divisor of p— 1 and write p — 1 = ef. Let R be any (imaginary) root +4 1 
of z? = 1. The sums 


f~1 
@ m= SR (k= 0,1,--+*,e—1) 


t=0 


are called periods. For example, if p = 7, e = 3, then f = 2 and 3 ‘isa vali 
of g. Since g?=2, oe (mod 7), the Payee (1) are 


m=R+R, mH B+ Rs, “pa — BP RS. 


Let s be the summation index for 4. For a fixed s, we may replace ¢ in 
(1) by ¢-+s, which ranges with ¢ over a complete set of residues modulo f. 
Hence 


f-1 f-1 
(2) Nonk == SS BRIN; (N=1+ gett) ; 
g=0 ¢=0 
First, let N==0 (mod p). Since 0 S et + k Sef —1Sp—2, 


et +k =4(p—1). 


If f is even, k is divisible by e, whence k= 0, t= f/2. But if f is odd, 
k is divisible by ¢/2, while k 540 since ef/2 is not divisible by e, whence 
k = e/2, t = (f—1)/2. Make the definition 


3 ny = 1 if f is even and k = 0, or if f is odd and k= e/2; 
(3) n = 0 in all remaining cases. 


Hence N == 0 (mod p) holds for exactly nx values of ż, and the corresponding . 
part of (2) is fn. 

Second, let N be prime to p, whence N is congruent to a power of the 
primitive root g: 
(4) ., L4 ge ge" (mod p), 


where OS hASe—1,0S2Sf—1. When h (as well as k) is fixed, let 


(8) (k, h) be the number of sets of values of t and z, 
: each chosen from 0,1,---,f-—1, for which (4) holds. 


Hence (k, h) is unaltered if we increase (or decrease) either k or h by any 
multiple of e. For fixed values of ¢ and z satisfying (4), the corresponding 
part of (2) is : 
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fel f-1 
poeth = Reeth = 
since s -+z ranges with s over a complete set of residues modulo f. This 
completes the proof of 


(6) nome = 3 (kt) + fm (k= 0,1," --,¢—1). 


Replace R by RI". Then yy becomes 7x+m, in which we may reduce sub- 
scripts of y modulo e. Hence 


e-l 
(7) Nnm = 2 (k, h) gman + frm. 


3. The period equation. Since the e periods (1) contain without 
duplication R,: - -,R?*, whose sum is — 1, 


(8) L+H mH Hna m 0. 
Employ also (6) for k = 1,: > +,e— 1. Regard ņo as a constant. We have e 
linear homogeneous equations in 1, my’ * * sne- Hence 

1+ 1 of ate 1 
(9) fn, + (1, 0) a0 (1,1) — m: (1, e— 1) = 0, 


. 


fne- + (e— 1,0) (e—1,1) +++ (e—1.e—1)—m 
which is the period equation satisfied by yo and also by every nr- 


4, Auxiliary congruence. The number of sets of values of ¢ and z, each 
chosen from 0,1,- - -,f— 1, which satisfy 


(10) 1 + gett + ge == 0 (mod p) 


will be denoted by {k, h} = {h,k}. Evidently {k, h} is unaltered if we in- 
crease k and h by multiples of e. Multiply (10) by the reciprocal of its second 


term; we get 
1+ gerbe p gete-t+i-k ==) (mod p). 


Since — £ and z — ź uniquely determine ¢ and z modulo f, 


(11) {(—k, h — k} = {k, h}. 


We may express {k, h} in terms of our former (i,j). First, let f be even. 
Then 
p—1l==2e°f/2,  — 1 = g9 = get? (mod p). 
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Thus (10) may be written as 
1 n gott = goteet/204 (mod p). 
Comparison with (4) gives 
(12) {k, h} = (k, h), ff even. 
For f odd, (10) may be written as 
1+ g= g” (mod p), m=elz +40 —1)] +h + 4e, 
(13) {kb h} = (k, h + $e), Ffodd. 
From {k, h} = {h, k}, (11), (12), (13), we get 
(14) (k, h) = (h, k), (e— k, h— k) = (k,h), f even, 
(15) (k,h) = (h+4e,k+4e),  (e—k,h—k)= (k,h), fodd. 
By (12) and (13), the systems (14) and (15) are permuted when 
a6) (k, h) corresponds to (k, h + 4e). | 
5. Linear relations. The sum (2) involves f° powers of R. In (6) the 
number of powers of È (including 1) is 3(4,h)f-+- fm. Cancelling f, we get 
(2) 3 &i) fom TARL 


It may be verified by (14) and (15) that we may discard as redundant 
those relations (1%) in which k > e/2 if e is even, but k > (e —1)/2 if e is 
odd and hence f even. 


6. Case e== 2. We employ (3), (14)-(17). For f even, 


(0,0) + (0,1) =f— 1, (1,0) + (1,1) =f, 


a) (1,1) —(1,0) = (0, 1) =f/23, (0,0) df —1. 


For f odd, 


gy O@OFGY=A (0) +1) —f—1 
i (0,0) = (1,1) = (1, 0) = (f —1)/23, (0,1) = (F + 1)⁄2. 

Hence for every f, the (ij) are uniquely determined by p = 2f + 1. The 
period equation (9) isn? +--+ c = 0, where c = fn, — (1, 1), c =—3(p—1) 
if f even, c = 4 (p.+ 1) if f odd. 
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% When e = 8, (14)-(17) do not determine the (k,h), but must be 
supplemented by relations obtained by the following advanced theory. By (7), 


e-1 i e-1 e-1 
Die = DS (hh) issn + ofr. 
j=0 j=0 h=0 
For a fixed h we may replace j by j— h; the double sum becomes 
% [Sa (hk, h) Jn; = Z; (f — me) nj = — (F — m), 
by (17) and (18). Also 
i (f— n) = (ef +1) —f = pm —f, 
(20) Same pre —f (k =0,: ++, f—1). 
8. Jacobi’s functions. Let æ be any root £1 of ~> =—= 1. Write 
2 
(21) F(a) = S aR, 
k=0 


Usually we employ a special case of this function (21) due to Jacobi. Let 
p= ef +1 and let £ be a primitive e-th root of unity. In (21) take a = £”, 
write k = et + j and employ (1). Thus 


(22)  F(B™) = Sens 


Consider its product by F(8"). For j ie the summation index in F(6") 
may be taken to be 7 + k, which ranges with k over a complete set of residues 
modulo e. Hence 


F(Bm)F (BY) =È S BMAX arn 


e-1 e-l 
(23) F(p") F(f") =a BMren, Mr = R Bon nmi 
First, let m = — n, where n is not a multiple of e. Thus M+, has the 


value (20). Since the sum of the n-th powers of the roots 1, B,- +, 8° 
of x? = 1 is zero, 


e-1 
(24) = B™ = 0. 
Transpose . the term given by k= 0 or k= e/2 according as fis ever 
or odd, and apply (8). Note that if f is odd, e is even and B¢/? = — 1. Hence 
(25) P(B) E(B) = (—1)*fp, n not divisible by e. 
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Second, let no one of n, m, n-+ m be divisible by e. Write 
l e-i - e-i 
Nk = 5 pmi > (k, hajn- 
j=0 h=0 
By (7) with m replaced by j and (24), 
-1 
Ms — Ny = fm X BOI — 0. 
j=0 
Evidently Ny is the product of 
F(p”) pe San Garay SI Bwa k, h) s 
h=0 
Since the first sum is independent of k, 


(26) Se —3i pre > Bami k, h) = = = R(m, n) 


(no one of m, n, m + n divisible by e). 


We may shorten the computation of R(m, n) by combining its terms in 
pairs. By the second relation in (14) or (15), (e—j h) = (j,i +R). 
Hence the part of (26) given by k = e — j with j 21 is equal to 


-1 
pre? Seong, f] + h) . 
We may replace the index h by h —j and get 
e-i is 
pri > Bprommh(g, h). 
h=0 


If j < e/2, we may combine this with the new term of R given by k =j. 
Write E = ¢/2 if e is even, E = (e — 1)/2 if e is odd. Thus 


(27) R(m, n) -3 (pm + B”) S mni, h) + 5 pwno, h), 


when e is odd. But for e even, (27) holds only when in the term given by 
j= E: we replace fp") +B" by B™ if m==n (mod 2), but by zero if 
mzn (mod 2). 

Employ (25) also with n replaced 7 m and by m+n. Then (26) gives 


(28) E(m,n)R(—m,—n) = p, none of m, n, m+ n divisible by e; 


(29) R(—m,—n) is derived from R(m, n) by replacing 8 by 8>. 
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9. Case e—=3. Fora prime p= 3f + 1, f is even. By (14), 
(30) (10) = (01), (11) = (02), (20) = (02), (21) = (12), (22) = (01). 
Hence the nine (ij) reduce to-(00), (01), (02), (12). By (17) and (27), 
(31) (00) + (01) + (02) =f—1, (01) + (02) + (12) =f, 
(82) R(1,1) =u + 38M, u = (00) + 2(12) —3 (02), M = (01) — (02). 

By (28) and (29), 

4p = 4 (u + 3BM) (u + 38M) = (2u — 3M)? + 27M. 
Multiply equations (31) by 2 and 5, and subtract. Thus 
2(00) — 3 (01) — 3 (02) — 5 (12) = — 8f — 2. 

Hence 2u — 3M = L = 9 (12) —p—1. Thus 
(33) 4p = 1? +27M?, L=1 (mod 3), 
(34) 9(12) =p+1+L, 9(00) +p—8+4L, 
(35) 18(01) =2p—4—L+9M, 18(02) =2p—4—L—o9M.. 


Hence by (30) all nine (ij) are expressed in terms of p, L, M. By the theory 
of binary quadratic forms, L? and M? are uniquely determined by (33). The 
sign of L has been chosen so that congruence (33) holds. But the sign of M 
depends on the primitive root g employed; see below (93). 


10. Higher congruences. 


Tuxorem 1. If no c, is divisible by the prime p= ef +1, the number 


of solutions 21,: ` +, % all prime to p of 
(36) $ ciz; = d (mod p) 
i i=1 


is e” times the’ number of sets of values of zı,’ ` `,2n, each chosen from 
0,1,- +, f— 1, which satisfy ; ; 


(37) Š geva =d (modp), 


i=l . 
where g is a. primitive root of p and c; = g* (mod p). 


We may write z; == g” (mod p), 0 Suns p—2. Divide y; by f. Then 
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Yi = qf + zi 0OS%Sf—1,0SqS¢—1. The number of solutions of 
(36) prime to p is the number of sets y1,° * `, Yn taken modulo p—1 which 
satisfy 

(38) $ gorea) =d (mod p) . 


4=1 


Since g°f = 1, (38) reduces to (37) for each of the e” sets qi," * *, Gn. 
Let n= 2, a = @ = 0, d = 1. Then (37) is 





g@ + gl, 14+ 9%= 9" (mod p). 
THEOREM 2. The number * of solutions prime to p =ef + 1 of 
(39) at + y°=1 (mod p) 
is e?(0,0). The number of all solutions is 2e + e?(0, 0). 
THEOREM 3. For k and h chosen from 0,- --,e—1, the congruence 


(40) 1+ giem gly? (mod p — of +1) 


has exactly e?(&,h) solutions if h 40 and 
(41) -kÆ 0 if f even, k e/2 if f odd; 


e + e?(k, h) solutions if h =0 and (41), or if h 40 and 
(42) k= 0 if f even, k =e/2 if f odd; 
2e +e? (k, h) solutions if h= 0 and (42). 


By (5) and Theorem 1, (40) has exactly e?(k,h) solutions prime to p. 
The number of solutions with v = 0 is e or 0 according as k is or is not 
divisible by e. Next, y = 0 if and only if 


— gt = gern 


is an e-th power, viz., k +(p—1)/2 divisible by e. When f is even, this is true 
only if k is divisible by e. When f is odd, 4(p—1) = $e + e(f —1)/2, the 
condition is k == łe (mod e). 


THEOREM 4. When f is even, the congruence 
(43) 1 + g*a* =— gly (mod p = ef + 1) 


* False result by G. Cornacchia, Giornale di Matematico, vol. 47 (1909), pp. 225, 
235, 238, 241, ete. 
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has the same number of solutions as (40). When f is odd, the number of 
solutions is N = e?(k,h + $e) if h £ 4e, k 23e; e +N if h ge, k = the, 
or h= łe, k40; 2e+N if h= k = 4e. ; 


When f is even, there exists an integer w belonging to the exponent 2e, 
a divisor of p — 1 = 2e-f/2, whence w° == — 1 (mod p). 

When f is odd, — g" = g¥ (mod p), where H = h — $e + e(f + 1)/2, 
and (43) is equivalent to 


l 1+ gka?== gY e (mod p). 
Hence we apply Theorem 3 with h replaced by h — łe. The case k a = 0 
gives 
THEOREM 5. If f is odd, the number of solutions of 
(44) 1+ 2° + y= 0 (mod p = ef +1) 
is e°(0,4e). If f is even, it has the sume number of solutions as (37). 
THEOREM 6. If r,s, A are all prime to p > 2, 
(45) ra? + sy? = A (mod p) 


has p — N solutions,* where N = + 1 or —1 according as — rs is a quadratic 
-residue or non-residue of p. 


Since the theorem and the congruence are unaltered if we multiply 
T, 8, A by the same integer prime to p, it suffices to prove the theorem for the 
case A==—1. Hence it suffices to prove that 


(46) 1+ ræ? = ty? (mod p) 


has p— N solutions, where N == + 1 or — 1 according as rt is a quadratic 
residue or non-residue of p. 

Since a primitive root g is a quadratic non-residue of p, there are four 
eases: r, t= 1 or g. By Theorem 3 with e = 2, the number of solutions 
when f is odd is 


24+4(0,0) ifr—t—1, 4(0,1) if r—1, t=g; 
4+ 40, 0) if = =1; 2+4(1,1) ifr—t—g; 
* Jordan,- Traité des substitutions (1870), pp. 156-161; Comptes Rendus, vol. 62 


(1866), p. 687 (Lebesgue, ibid., P: 868). The case of n variables is proved by 
induction on n. 


. . 
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but when f is even is 4+ 4(0,0), 2 + 4(0,1), 2 + 4(1, 0), 4(1, 1), in the 
respective cases. Applying (18) and (19), we obtain the statement below (46). 
By Theorem 2 and (84), 


(47) a +y = 1 (mod p = 3f +1) 


has exactly p— 8 + L solutions prime to- p. In case 2 is a cubic residue 
of p, 24° = 1 (mod p) has three roots and (47) has nine solutions prime to p 
with z? = 4°. The solutions prime to p with s°ṣ&4° fall into sets of 
2 X 3 X 8 (where those of a set have fixed values of z? and 4°, also permuted). 
Hence p — 8 + L= 9 (mod 18) and Lis even. But if 2 is a cubic non-residue 
of p, p— 8 + L = 0 (mod 18) and LE is odd. 


THEOREM.Y. Congruence (47) has p—?2 + L solutions in all. 2 is a 
cubic residue of p if and only if L is even and p= P + 2%m? is then solvable. 


11. Casee=4. Here p=4f+1. By (27) with 6? =— 1, 


R(1, 1) = (00) — (01) + (02) — (038) — (20) + (21) — (22) + (28) 
+ 28{(10) — (11) + (12) — (13) }. 


Case e == 4, f even. For application to e = 8, we here write [ij] for the 
usual (ij). Then [h,k] = [k, h] and 


(48) [18] = [23] = [12], [11] = [03], [22] = [02], [83] = [01]. 
Let Lı, La, La denote the following equations, from (17): 


(49) [00] + [01] + [02] + [03] = f— 1, [01] + [03] + 2[12] =f, 
[02] + [12] = $f. 


Lı — L,—L, : 3[12] = [00] + 4f+1, 


Lı — 2L — 20, : [00] — [01] — [02] — [08] — 6[12] = — 97 — 1, 
(50) R(1,1)=—s+ 28y, o—2f+1—8[12], y= [01] — [03]. 
(51) p= 2 -+ 4y?, s= 1 (mod 4). 


. Here y is two-valued, depending on the choice of the primitive root g; 
see below (93). We get 


16[00] = p— 11 — 6a, 16[01] =h + 8y, 16[02] =h, 


(2) 16[03] = h — 8y, 16[12] =pt1—2%, h=—p—3-+ 2x, 


12. Case e= 4, f odd. By the correspondence (16), or direct, 
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(53) ` 28—20 = 00, 32 = 13 01, 12 = 31 = 03, 
33 = 23 = 30 = 21 = 11 = 10, 


(54) 00+ 01+ 02 +03=f, 01 +03 -+ 2(10) =f, 00 + 10 =4(f—1), 
R(1,1) =— 00 — 01 + 02 — 03 + 2(10) + 28 (03 — 01), ; 


Multiply (54) by — 1, 2, 2 and add. Hence 


(55) R(11) =— g + 28y, s =2f—1—8(10), y = (03) — (01). 
Thus (51) holds. All the (ij) are determined; for example 
(56) (02) = 3(10) —4(f—1), 16(02) = p + 1— 62. 


18. Case e==5, For a prime p == 5f + 1, f is even. For application 
to e = 10, write [ij] for the usual (ij). By (14), 


(57) 44= 01, 33 = 02, 22 = 03, 11 = 04, 34 = 14 = 12, 24 = 23 = 18, 


and [kh] = [hk]. The twenty-five [ij] reduce to 00, 01, 02, 03, 04, 12, 13. 
Here (17) reduce to ` 


m 00 + 01+ 02-+03-4+04—f—1, OL- 04+ 2[12] +13 =f, 
(98) 02 + 03 + 12 + 2[13] =f. 


Let £ be a primitive fifth root of unity, whence 
(59) BY + B+ B+ B+1=0. 
We eliminate the terms free of @ from (27) and obtain 


B(1, 1) = GB + aap? + aap? + aapt, 


(60) a, = [02]—[00]-+ 2[01]— 2[12], az = [04]—[00]+ 2[02]— 2[13], 
as = [01]—[00]-+ 2[03]— 2[13], a, = [03]—[00]+ 2[04]— 2[12]. 


By (26) and (27), 


p= m? + ay? + as? +a. + (8 + B*)B + (8 + f*)C, 
B == hyde + Assy + Agha, C == Milz + Aola + LEUZE 


Replace 8 + B* by — 1 — 8? — £ and note that (59) is irreducible. Hence 
(61) p = 4," + a? + a? + a —B, B =C. 
Replacing B by 4(B + C), we see that 
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62) 16p = x + 5[a, — ag — as + a4]? +--10F? + 104°, 
( — T= t, + l+ ts F ty F= 0 — t G= tr m la 
By the values of the a;, we get 


s= 25{[12] + [13]} —10f—4, a, —a2.—a, + a, = ŠW, 
(68) w = [13] — [12], 
F=2u—v, Q =u + 2v, u= [02] — [03], v = [01] — [04]. 
Hence 
(64) 16p = z? + 50u? + 509? + 125w?, 


and s= 1 (mod 5). Using B =C, we find that 
D = Œ + 4FG — F? = (a, + a)? — (a + a3)? = — Baw. 
Using 5u = 2F + G, 5v = — F + 2G, we find that 


25(u? + 4uv — v) = 5D, 
(65) v? — 4uv — u? = gw. 


By (58) and the value of a, 


(68) [00] —3[12] —3[138] + f + 1 = 0, 
25[00] = p — 14 + 3z. 
Hence by Theorem 2, 


(67) X" -+ Yi==1 (mod p = 5f + 1) has p— 4 -+ 3s solutions. 
By (62) and the definition (63) of w, we get 
(68) 4t, 4a, = 5w — r + 24; 402, 4t = — 5w — gv + 2F. 


THEOREM 8. There are exactly eight integral simultaneous solutions 
of (64) and (65). If (x,u,v,w) is one solution, also (x,—u,—v,w) and © 
(£, + v, = U,—w) are solutions. The remaining four are derived from these 
four by changing all signs. 


I. Elementary proof. Since 5 is a quadratic residue of a prime p = 5f + 1, 
there are two roots of s?==5 (mod p). We have 


(64’) 50(u? + v?) ==— 2? — 125? (mod p). 


` In (65) transpose 4uv, square and eliminate ut + vt by means of the square 


of (64’), and multiply by s?==5. We get 
(69) 8(a? — 125w?) = 100 (zw ae 5uv) (mod p). 
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From the products of (64’) and (69) by 50 and 10, 
(70) 2500(u + v)? == — 1000ew — 50(a? + 125w?) + 10s(2? — 1250). 


Employ an integer r belonging to the exponent 5 modulo p = 5f + 1. 

Write a = rt —r, b =r —r?. Then a? + b?==—5, a?—b?==s, where 

= — tt ft r? — r, $= 5, and ab == s. Define m = — 2a — 4b, 
t = 4a — 2b. Then 


(71) m? = 10s — 50, #&==—10s—50, mt=— 20s. 
Hence (70) is the square of either 
(72) 50(u + v) = ma + 5stw (mod p) 


or the like congruence in which the signs of u and v are both changed. This 
change is taken care of in the theorem. 
Write 2K =t + m, 2L =t— m. Then (72) is the sum of 


(73) 50u = Ks + 5sLw, 50v = — Le +- 5sKw (mod p). 


The product of (78) agrees with (69). The ambiguity in the determination 
of u and v is removed as follows. Replace r by 7? and w by —w. Then 
K, L, s, u, v become L, — K, — s, — v, u respectively. Hence (73) hold either 
for the given solution (x, u,v, w) or for the new solution (s, — v, u, — w) 
of (64) and (65). 

Let (x, u,v, w). and (Tı, Ur, V1, W1) be any integral solutions of (64), 
(65), (73). Evidently l 


st, + 50uu, + 50vv, + 125ww, = 0 (mod p). 
Denote the absolute value of the left member by A. By (64), 


(16p)? = A? -+ 50 (ru, — mu)? + 50 (2v, — vv)? + 125 (aw, — rw)? 
+ 2500 (uv, — uv)? + 6250 (uw, — uw)? + 6250 (vw; — vw)’. 


Hence AS 16p, 6p = A? (mod 25). By (64), s=w, 2, = w, (mod 2). 
Hence A = 2mp, 


4m? == 6 (mod 25), Im = 5} + 1, j= + 3 (mod 5), 23m = =+ 16 (mod 25). 


Hence A = 16p, š 
Dur — TU = 0, ` + +, VW, — Vw = 0. 


` Since (64) implies 2? = z, = 1 (mod 5), 2540, tı £0, 
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UJE = W/E, V/T == Vi, W/E = W/T. 
Hence (64) gives 2? = 2,7, whence u? = u?, ete. This proves * Theorem 8. 


Choose a definite one of the eight solutions of (64) and (65). Then the 
three linear equations (58) and the four linear equations whose left members 
are x, w, u, v uniquely determine [0h], h==0,---,4, and [12], [18], and 
_ hence determine uniquely all 25 numbers [i,j]. This solves the cyclotomic 
problem for e = 5. 


If. Proof of Theorem 8 by algebraic numbers. Let p==1 (mod 5). In 
the field F defined by an imaginary fifth root 8 of unity, the principal ideal 
(p) is the product + of four distinct prime ideals each of norm p. Since the 
class-number of F is 1, every ideal is a principal ideal. Hence 


(p) = (pi) + (pa) p= U pi ` po l 
where p; is a polynomial in 8t with integral coefficients independent of 4, 
and U is a unit. Write f(8) for pipe. Then f(6t) = paps. The sym- 
metric function pypepsps is an integer I. Hence p= UI, U = + 1. Thus 
+p=—f(8)f(8"). The lower sign is excluded by (62). Hence U =1 and 


(74) p=TFf(B)F(B*), FB) = aB + aR? + ap? + aft. 
Similarly, p.p3- p.p2 furnishes a decomposition of p of type (74). But if 
9(B) = pips, then g(f*) = paps is not the product of g(f*) =g(£) by a 
unit, and we do not obtain a decomposition (74). 

The replacement of B by f° yields (pipspsp2) and replaces (74) or 
pee by PspPı' pape or f(6*)f(B?), and gives rise to the substitution 

= (@424,4,). The replacement of 8B by f* of £? gives rise to the square 

a ae or cube (aaz) of S. 

Now & replaces æ, u, v, w by z, —v, u, —w. Hence apart from the 
powers of S, the only decompositions of p into two conjugate factors are 


p = Vf(B)- VFC), 
- where V is a unit. Every unit of the field F is of the form 


V=, J=B+ e, 


* In the much longer proof by G. Hull, Transactions of the American Mathe- 
matical Society, vol. 34 (1932), pp. 908-937, the sign of ¢ in (87) should be changed. 
His y, 2 are our u—v, —u—v. Our u, v, w, œ correspond to 0, D, A—B, 
4 (4p — 16 — 25 (A+ B)} of W. Burnside, Proceedings of the London Mathematical 
Society, (2), vol. 14 (1915), pp. 251-259. 

tł Kummer. Cf. Hilbert’s Report, Jahresbericht der Mathematischen Vereinigung, 
Bd. 4 (1894-1895), pp. 328-329. 


CYCLOTOMY, HIGHER CONGRUENCES, AND WARING’S PROBLEM. 405 


where & and n are integers. The condition for V+ == V(f*) is J” =J". But 
. P4tIJ=1, W=—-—1454%, [IJ|AL 

Hence n==0. If we change the sign of each factor in (74), we change the 

signs of each a; and hence of a, u, v, w. We have now accounted by the eight 
.solutions in Theorem 6. 

It remains only to consider 
p — BECB) - BF (Bt). l 
‘In view of our examination of the effect of replacing 8 by B*, it suffices to 
treat the case k = 1. For f in (74), 


B= ApH: ENA A, =—4,, Az = l; — G4, As = lz — ls, As = üg — ly 
Let V denote the function obtained from v by replacing a; by Ai. By the 
analogue of 5v = — F + 2G,.we get 
5V [= (A, =. As) + 2(Ay pare 44) — ae —- Ay =. 24s, 
20V = 22 + 2(3F — G) = 2s + 10u—10v, s= 0 (mod 5), 
contrary to z?==1 by (64). Expressed otherwise, if a; are integral solutions 
of (61) to which correspond integral’ solutions of (64) and (65), although 


the A, evidently satisfy (61), the corresponding solutions ¥,: - -, W of (64) 
and (65) are not integers. 


Example. p= 11, a,=0, lz =— Í, dg =—2, Oy = 2. Then z = w =], 
u=0, v=— 1; A= 4A: =— 2, A = — 3, Ara =— 4; X= 1l, U = 4/5, 
V = 3/5, W =— 1/5. 


14. Subdivision of periods. Let d be any divisor of e and write 
H=e/d. Then (p—1)/H—=df. Replacing e, f by E, df in (1), we see 
that the # periods are 


df-1 
= 5 p7" (k =0,: : -, E —1). 
t=0 . 
The values j, d+j,---, (f—1)d +j of t give the terms of mujm in (1). 


Hence 


4 , a1 
(75) : Yr = X hje 
j=0 


Take d = 2. Then e = 2F and 


(76) Yr, = q F qrim i A 
Yo¥u = (0 + an) (m + ma) 


nm = fm + 3 (8, h)m +3 (B+ H)ye ie 


406 L. E. DICKSON. 


from which we get yomn by replacing k by k+ E. Similarly 


nena fm +S (bs nea +3 (k, E + Dm 


by (7). Replacing m by k and k by E — k in (17), we get 


E-1-k 2E-1 


we—finr= X (Bb h)mat È+ 3 


h=0 n=2E-k 
In the first sum, take k + h =E + H; we get 
E-1 
2 (E —k, E + H — kyen- 
=0 


In the second and third sums, take k + h =— H. In the last case we may drop 
2E from the subscripts of n. Combining, we get 


E-1 
> (E — k, H — k)na. 
H=0 
The total sum must be equal to (6) for Y periods: 
Ea 
FY, = 2 (k, h)a¥n + 2fNx, Yn = m + nnm. 
By the coefficients of nn, 


(77) (ke, h)a = (k, h) + (k +E, h) + (k, E +h) + (E—k,h— k). 


By way of check, we may verify that the coefficient of qng in the total sum is 
also (77). By (14) and (15), 


(78) (00)s = (00) + 3(0#), f even; (00)z==3(00) + (0E), f odd. 
In (22) for e=2E, m—=2M, take j—J-+ 2 in the terms with 
j= H,---,2H—1. By (76), we get. 
E-1 
F(8™) = £ PMY; 
g=0 


Now B = @ is a primitive H-th root of unity. Let ¢(B™) denote the func- 
tion derived from F(@™) in (22) by replacing e by E, 8 by B, and y by F. 
Hence F (p24) = ¢(B”). Applying (26) also for , we get 


(79) R(2r, 28)e—= {R(r,8)z with 8 replaced by 2°}. 
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15. Jacobi’s Theorem.* If g™==2 (mod p), function (21) has the 


property . ke 
(80) F(— 1) F(a?) = MF (a) F(— a). 


For ¢ fixed, the coefficient of at in F'(a)F(— a) is . 
-2 
(81) > (— 1B, cemegtt + g! (mod p). 


coe this is the an ‘of amti in te PER nene of (80). If 7 is 
odd, the sum (81).is zero since j = J and j = i— J. give rise to the same 
value of c modulo p, while one of J, iJ is even and the other is odd. 

Henceforth, let i be even, t = 2t. Thus we seek. the coefficient of a?” 
in F(a). It is obtained by replacing a by a? in the terms of F(a) in (21) 
having k=m-+t and k—=m-+-t+4(p—i1). Hence.the coefficient of 
gmt in F(—1) F(a?) is | 

F(— 1) (Rom Rey, 

Of ny use “Ot i 2, 


' ane 2» a 
(2) S (Rew S (pepe 
k=0 k=0 z 


First, let J s4¢ [mod 4(p—1)]. ‘Then J and i—J are values of j 
incongruent modulo p — 1, leading to the same’e in (81)y'and the coefficient of 
R°is2(—1)/.. The term R° occurs in the first sum (82) for gt== g7 (gt — g’)?, 
and occurs in the second sum for g*=97(g' +97). In each case g” and g7 
are both quadratic residues or both non-residues of p, whence k == J (mod 2). 
Thus the coefficient of R° in (82) is 2(—1)/. 

Second, let J = t [mod 4$(p—1)]. Then g? = + gt, c= + - 2gt pa 
Now only one of the two sums (82) yields a term R°; the second when g* = 4g* 
and the upper sign holds, but the first when g#==— 4g* and: the. lower eel 
holds. In both cases, g*== 4g! (mod p), k==J.(mod 2), whence (— 1)” is 
the coefficient of R° in both (81) and (82). 

It remains to consider exponents c that do not occur in (81). Write 
z for g^. Then g**/z+z2==¢ (mod p) has no root z. Hence c? — 4g? is'a 
non-residue of p: Hence for one o£ the congruences’ : 


c—3g'= k, C+ Rg == g" (mod p), 
the solution g is a residue a for the other a non-residue. Thus 2° occurs 


in one of the sums (82) with the coefficient + 1 and in ane other with — 1. ° 


* Stated without proof in Journal für Mathematik; Bd.-30 (1848), p- 167. The 
present proof was recently obtained by H. H. Mitchell. 
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- Since we have found that (81) and (82) have the same coefficients of 
Re for every c, we have proved (80). ' 


16. The reduced R(m, n). By (25) and (26) 
(83) R(n, m) = È (m, n) = (—1)"R(— m— 12, n), 


when no one of m, n, m + n is divisible by e. 

When £ is replaced by a new primitive e-th root 8 of unity (j prime to e), 
R(m, n) becomes R(jm, jn). The latter is called a conjugate of the former. 
The relation obtained from (28) by this replacement evidently yields the same 
decomposition of p into integers that (28) itself yields. 

When we retain only one of a set of conjugate #’s and discard duplicates 
by (83), we obtain a set of reduced R’s. 

Examples of complete sets of reduced R’s: 


e=6: R(1,1); R(1,2), R(2,2). 
e=8: R(1,1), R(14,3), R(1,5), R(2, 2). 


17. THEOREM 9. When e = 6, the 36 cyclotomic constants (k, k) depend 
solely upon the decomposition A? + 3B? of the prime p = 6f +1. 


By (83), #(11) = (—1)'R(14). Employ the values of R(14) and 
R(12) from (26) and apply (80) for « = 8; we get the first of 


(84) R(i1) = (—1)/pR(12), (22) = 8”R(12), 
the second of which follows from (80) for a = 8. Here 
A ——1, B=1+ (—3)4, 2 = — 1 (—3)%, 
By (79) and (82), we get the first of 


(85)  2R(22) = L-+3M(—3)*, R(12) =— A + B(—3)%, 
2R(11) = E + F(—3)%. 


18. Case e= 6, f even. Since our results will be needed for e = 12, 
we shall here write [tij] for the usual (ij). Then 


[kh] = [hk], [01] = [55], 02 = 44, 03=33, 04 = 22, 


(28) 05 = 11, 12—15—45, 13 = 25 = 34, 14— 23 = 35. 


We retain the first one in each equation and [00], [24]. Then (17) reduce to 


ae 00 + 01 + 02 + 03 + 04-4 05 =f —1, 
(87) 01 + 05 + 2[12] +18 + 14=f, 
02 +04-+124+13414+24—f, 03-13 +14= 4f. 
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Multiply these by — 1, 1, 1, — 2, and add; we get 
(88) [24] — [00] — 3[03] + 3[12] —1. 
A —=2[24] —2[00] —1, B= [01] — [05] — [13] + [14], 
(89) #£—2[00] —6[03] —3[12] + 7[24], 
F — [01] + 2[13] — 3[04] + 3[02] — [05] — 2[14]. 
Thus A=1(mod6). By (32), (78); (812), (77); and (33) 
9[00] + 27[03] = p—8 + L, 4p—L?+27M?, L=1(mod3), 
(90) a — [01] + 2[13] + [04] — [02] — 2[14] — [05]. 
I. Let 2 be a cubic residue of p. Then 8°™ =1. By (84), (85), 
L = E = — 2A, F=2B—=3M. Then (87)-(90) give 


36[00] = p— 17—204, 36[03] ==, 36[12] = p + 1—24, 
(91) 36[01] =r +188, 36[05] =r— 188, 36[02] =r + 6B, . 
36[04] == — 6B, [13] = [14] = [24] = [12], r—p—5 +44. 


II. In g” =? (mod p), let m =? or 5 (mod 6). Then 
E=A—38B, F=—A—B, L=A+3B, 3M = A — B, 


36[00]— p — 17 — 84A — 6B, 36[03]— + 6B, 36[24]— p + 1 + 104 — 6B, 
- (92) 36[12]— 36[14]= p + 1— 24 + 6B, 36[05]— r — 12B, [04] = [01] = [03], 
36[13]— p + 1— 24 — 12B, 36 [02] = p — 5 — 84, t = p— 5 + 44. 


IIT. Let m==1 or 4(mod6). Then E= 4 + 3B, F=A—B, 
L—A—_8B, 3M =— A — B, and 


36[00]— p — 17 — 84 + 6B, 36[03]= 36[02]= 36[05]= r — 6B, 
36(12]— 36[13]— p + 1 — 24 — 6B, 36[24]— p + 1 + 10A + 6B, 
36[(14] =p +1—24 4+12B, 386[01]—=r +12B, 36[04]—p—5— 84. 


(93) 


We may deduce case IIT from IT as follows. 
For any e, f, replace g by a new primitive root g” of p, where r is prime 
to p— 1. Then in (1) becomes yry since rt ranges with ¢ over a complete 
` set of residues module f. By (6), (k, h) becomes (rk, rh). 
Let 17r = 1 (mode). Since rj = J ranges with j over a complete set of 
residues modulo e, #(8™) in (22) becomes 


e-1 


>> BTh pea F(8”r). 


J=0 


By (26), R(m, n) becomes R(mr’, nr’). 
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THEOREM 10. When g is'replaced'by a new primitive root g", R(m, n) 
becomes R(mr, nr’), where.rr= 1 (mode). The effect on any F or R is to 
replace B by B”. 


For our case e = 6, f even, take r== 5 (mod 6). The replacement of 8 
by #7 is equivalent to changing the sign of (—3)%. Hence by (85), 
A, E, L, 00, 03, 12 and 24 are unaltered, while B, F, M are changed in sign. 
But 01 and 05, 02 and 04, 13 and 14 are interchanged. Then (92) become 
(93) and conversely. 


19. Case e—6, f odd. We retain 03 and the first one in each equation 


00 == 30 = 33, 01—25 = 43, 02 — 14-538, 21— 45, 
(94) 04= 13 = 52, 05 —23—41, 10 = 22 = 31 = 34 = 40 = 55, 
11 = 20 = 32 = 35 = 44 = 50, 15 = 12 = 24 — 42 = 51 = 54; 


00 4 01 +02 +03 +.04 + 05 =f, 02 4+ 04410 411+ 2(18)=f, 
01+ 05 + 10-11 +is +i t, e 


(21) — (03) — 3(00) + 3(15) =1, 


(95) 


1 20(00)+ 9(03)— p +8, M= 01-+ 04 + 2(10)—02—05—a(11), 
A = 2(03)— 2 (21)= 4 (mod'6), e D ees 
(98) `a a(03j— 6(00)— 3(12) £'°7(21)+-2, 
F = 04 — 3(01)+ 2(10)— 02 +-38(05)— 2(i1). 


While L and M are the same functions of A, B as in I- m, E and P are > 
the negatives of their former functions of A, B. ` 


rh 2 = cubic residue of p. For’ t=p+i—2d; 
(97) 36(00) = p—11—84; 36(03) =t -+ 184, A EE 2. 


II. In g” =? (mod p), let m =? or 5 (mod 6), q = p + 1 + 4A -+ 3B. 
Then l ao Oh Yal oe p St Aa 
a 36(00) = p—11—24, bê(08) =g +94 + 9B. 


(08) | 36(15), =q +34—3B, 36(21) =q—9A + 98. 


II. If m= 1 or 4 (mod 6), change the sign of’ B in II. ` 


20. THEOREM 11. When.e=8, the 64 cyclotomic constants (k, h) 
depend solely upon the decompositions pa = a + 4y? and p= =a? 2 207, 
ess 4 = 1 (mod 4). 


F 
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Here p = 8f + 1, 8t =— 1, (8+ 8°)? =— 2. By (26) and (80) for 
a = 6°, we get R(16) = 6"R(13). Next, employ (80) for « = £ and divide 
by F(B°). Hence R(24) = 6°"R(15). Applying (83), we get 


(99) R(22) = B°™R(15), R(11) = (— 1)'8°™R(13), g” = 2. (mod p). 
21. Case e= 8, f even. By (14), (hk) = (kh) and 


"11 = 07, 17 = 12, 22 = 06, 23 = 16, 26 = 24, 27 = 13, 33 = 08, 
34 = 15, 35 = 25, 36 = 25, 87 = 14, 44 = 04, 45 — 14, 46 = 24, 
47 = 15, 55 = 03, 56 = 13, 57 = 16, 66 = 02, 6Y = 12, 77 = 01. 


Hence each of the sixty-four (ij) is equal to one of the fifteen : 
(100) (0h), h = 0,: 7+,7; (1h), h=2,-- -,6;5 (24), (25). 
Write [ij] for (ij)4. Their values are given by (52). Then by (77), 


(00) = [00] —3(04), (01) = [01] — (05) —2(14), 
(101) (02) = [02] — (06) —2(24), (03) = [03] — (07) —2(15), 
(12) = [12] — (18) — (16) — (28). 


Eliminating the left members from (17), we get 


[00] + [01] + [02] + [03] =2f—1, [02] + [12] =f, 

[01] + 2[12] + [03] = 2f, 

(07) = [03] + (05) + (13) + (14) — (15) + (16) + 2(25) — f, 
(04) + (14) + (15) + (24) =4f, 


the first three of which are (49) with f replaced by 2f. By (79), (50), (51), 


(102) 


(103) R(22) =— «+ 28y, p=—2?+ 4y?, s= 1 (mod 4). 


From &(mn) in (27) we eliminate the left members of (101) and (07) 
by (102), and get 


R(18) =—a +0(8 +6), p= a +20, 
— a = [00] — [01] + [02] — [03] — 4 (04) + 4(14) + 4(15) — 4 (24), 
b = [01] — [03] — 4 (05) — 4 (13) — 4 (14) —4 (25) + 2f. 
R(15)=4A +B, p=4 + B, 
A = [00] — [02] — 2[12] + 4{— (04) + (18) + (16) + (24)}, 
B = [01] + 2[02] — [03] + 4{— (06) — (14) + (15) — (24)}. 


aq 
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R(11) = Ay + 248 + Aap? + 2A, 
o = [00] — [02] + 2[12] + 4{— (04) — (13) — (16) + (24)}, 
A; = [01] — [12] + 2{— (05) — (14) + (18) + (25)}, 
Aa = — [01] + 2[02] + [03] + 4{— (06) + (14) — (15) — (24)}, 
As = — [03] + [12] —2(05)— 2 (13)— 2(14)— 4(16)— 6 (25) + 2f. 


All the (ij) are uniquely determined by our linear equations and (52). 
By the first and last of (102), we get 


(104) 4[00] — 16 (04) = A + A,—a—l. 

This with the first of (101) yield (00) and (04). Other simple relations are 
(105) A,— A; = 4{(25) — (12)}, 42+ B= 4{(02) — (06)}. 

Since 2 is a quadratic residue of p = 8f -+ 1, there are two cases. 


I. Let 2 be a biquadratic residue of p, whence m is a multiple of 4 and 
pe" == +1. Then (99) gives 


(106) A = — rt, B = 2y, A = — 4, 2A, = 2A; = b, A, =0. ‘ 
Then (52), (104) and (101,) give 
(107) 64(00) = p— 23 — 18r — 24a, 64(04) = p — Y — 2a + Ba. 


II. Let 2 be a biquadratic non-residue of p, whence m is the double 
of an odd integer, and B2"——1. Then by (99), 


(108) A=, B =— %y, o = l, 2A, = 2A; = — b, A,=0. 


(109) 64(00) = p — 23 -+ 6x, 64(04) = p— Y — 10r. 





Examples. If p= 17, (02) = (15) = (16) = 1; the others of (100) 
are zero, 





97 | 2 2 0 2 


. p 12 13 14 15 16 24 25 
97 1 0 2 1 8 83 «41 

113 1 3 1 1 8 2 1 

257 5 8 5 5 8B 4 5 
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22. Case e = 8, f odd. Here 


14 = 05, 13 = 16, 15 = 03, 22 = 20, 23 = 17, 24 — 06, 25 = 16, 26 — 02, 
27—12, 30 = 11, 31 ='32 FT, 33 = 10, 34= 07, 35 =17, 36 = 12, 
37 = 01, 40 = 00; 41 = 10, 42 — 20, 43 — 11, 44 = 00, 45 = 10, 46 — 20, 
4Y = 11, 50 = 10, 51 = 07, 52 = 17, 53 = 12, 54 = 01, 55 =— 11, 56 = 21, 
57 = 21, 60 = 20, 61 = 17, 62 — 06, 63 — 16, 64 = 02, 65 = 12, 66 = 20, 
6Y = 21, 70 = 11, 71 = 12, 72 = 16, 73 = 05, 74 = 03, 75 = 16, 76 = 17, 
77 = 10. 


“Write [ij] for (ij). j taken modulo 4. By (77), 


(04) = [00] —3(00), (05) = [01] — (01) —2(10), 
(110) (06) = [02] — (02) —2(20), (07) = [03] — (03) — 2 (11), 
(16) = [12] — (12) — (17) — (21). 


Eliminate the left members from (17); we get the first three in (102) and 


03 = [03] + 01 -+ 10—11 + 12 + 17 +.2(21) —f, 
00 -+ 10 + 11 + 20 = 4 (f— 1). 


The formulas for a,- - +, A are derived from those for f even by replacing 
(k, h) by (k, h + 4), from (16), where entries = 8 are to be reduced modulo 8, 
The [ij] are unaltered. We change the sign of a, so that the new a shall be 
== 1 (mod 4) for f odd or even. As before, 


(111) 


(112) 4[00] —16(00) = A + 4o +a + 1. 

I. | Let 2 be a biquadratic residue of p. Then 
(113) Ase Bee dy, Apa, 2A, = 2A, =—b, A:=0, 
(114) 64(00) = p— 15 — 2s; 64(04) = p +1— 182. 


II. Let 2 be a biquadratic non-residue of p. Then the second members 
- of (113) are to be changed in sign. Thus 


(115) 64(00) = p— 15 —10r— 8a, 64(04) = p+ 1+ 6x + 24a. 
23. Case e= 10. Then p> = — 1. By (80) with a = £’, 
(116) F(B)E (8+) = pF (6°) F(B"). . 


Divide by #(8°) and apply (26). Thus R(45) = p*"F(27). By (83), 
R(45) = R(14), R(27) = R12), R(14) = Bi R(12). 


414. : aes i E. DICKSON. 
y (80) with a=, R(18) = R (14). Thus: 
KUE) = PR (27), P(B)P(E) OG )s 


Hence i (116), 8 Bp F(R) E(B) = F(B°) P(B). Multiplication by 
F(B*)/F (8°) F (B*) yieldsp°"R (14) —R(44). By (83), BED )*R(18). 
Hence 


(117) R(i4) = B°"R(44), R(12)—= pm R(44), R(11)= (— spon (4s). 
These four R’s are the only reduced ones. BY (79), (62) and the cue 


below (83), 
(118) | E(44) =— HB + asf? — ap? F apt. 


We shall employ the notations 


, R(11) = bb + 028? + bsb? + bapt, 
R(12) =a p+: --, R14) = 0B H $ 8 + eft 


Since p in (62) is thé product of (60) by its conjugate,’ by changing 
B to —8, we obtain the present analogue of (62). by changing ‘the signs of 
a, and as. Just as (00); is determined by (66) from — v ae we shall 
find here that (00) and (05) are determined by 


(120) p(11) = — b; + ba — b; + ba, p(12) =— d, + də — d; a ds; 
p(14) = — ci + ca — t3 + Ca” 


I, m==0 (mod 5).' By (117)-(120) ` 
p(il) = (— 1) (a, + a2 + ds + aa), p(12) = p(14) = a, + ae + as + as 
II. 2m=? (mod 10). Eliminate constant terms by ° 
Bt— +f —B+1—0. 


ait y 


Then, 


pipe ac EE TE E E e ea E E E 
p(14) = a, + ae + a4 — 40s. 


II. 2m=4 (mod 10). p(11) = (—1)! (a; + a5 + a,— 4a), 
p(12) = a, + a2 + a,—4as, p(14) = az + as + a4 — 40. 

. IV. 2m=6 (mod 10). .p(11) = (— 1)? (a + t + a4 — 4as), 
p(12) = a + a + a — 4a», p(14) =a; + a, 4. as — ee 
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V. 2m==8 (mod 10). - p(11) = (— 1)’ (a1 + de + as — 40), 
p(12) = fy -+ Oy F Gy — 4th, p(14) = th, + ts + Os — 402. 
24. Case e= 10, f even. We have (h, k) = (k, h) and 


11 = 09, 19 = 12, 22 = 08, 23 = 18, 28 = 24, 29 = 13, 33 = 07, 384 = 17, © 
35 —= 27, 3Y = 36, 38 = 25, 39 = 14, 44 = 06, 45 = 16, 46 = 26, 47 = 36, 
48 = 26, 49 = 15, 55 = 05, 56 = 15, BY = 25, 58 = 27, 59 = 16, 66 = 04, 
6Y — 14, 68 = 24, 69 = 17, 77 = 03, 78 = 13, 79 = 18, 88 = 02, 89 = 12, 
99 = 01. 


Denote (kh), by [k, h] as in $13. BET: 


(00) = [00] —3(05), (01) = [01] —(06)— 2 (15), `. 

(02) = [02] orj 2 (25), , (03) = [03] —(08)— 2 (27), , 

(04) = [04] —(09)— 2 (16), (12) = [12] —(14)—(17)—(26), 
(13) = [18] —(18)—(24)—(36). l 


(121) 


The linear relations (17) reduce to (58) witk f replaced by. iha and. 


(08) == [03] + [18] + (07) + (14) +- an — (24) + (25) 

(122) — (27) + (36) — f, 
(09) = [04] + (06) + (14) + (15) — (16) + (17) + (24) 

+ 2(26) + (36) — f, 


(123) (05) + (15) + (16) +(25) + (27) = 3f. 
n (119) we have 


b — 00 — 03 — 05 —o7 + 2(01—06-+ 121417 —2(18) 4 +25 


+ 26 + 2(36)}, 
by = 04 — 00 + 05'+ 09 + 2{02 — 07 — 2(12) +18 + 2(14) — 16 + 18 
— 24 — 36}, l 
bs — 00 — 01 — 05 — 06 + 2{03 — 08 + 2 (12) —13 + 15—2(17) —18 
+ 24 + 36}; 
ba = 08 — 00 4 05 + 08 + 2{04— 09 — 12 + 2(18) 414417—26 
— 27 —2(36)}. 


Eliminate the left members of (121) and (122); ; subtract (17) for k= 0; 
and ‘add the Souble of (128); we get ' 


(124) p(t) == 20(05) — 1 — 5[00] + 2{— [01] + [02] + [08] — [04] 
— 6[12] + 6[18]} + 20{(14) + (17) — (24) — (36)}. 
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Write z; = 3(—1)*(jh), h= 0, ,9. Then in Ris 


Oy = Zo + Zi — 24, Co = — Zo + Z2 + 2s, C3 = Zo — 22 + Z3; 
125) Cy = — 2o + 21 + Za 
( p(14) = — 42 + 222 + Rza == — 4[00] + 4[01] — 2[02] — 2 [03] 


+ 4[04]— 2[12]— 8[13]— 2f + 20{ (05) + (24) + (26)}, 
after adding the product of (123) by 4. Next, 
R(12) = to + hb H > + bS, 


where 


to = [00] — 2[12] — 4(05) + 2(14) + 2(17) + 2(24) + 4(26) —2(36), 

tı = [01] —2(06) — 2(08) —2(15) + 2(17%) —2(26) + 2(27), 

ta = [02] + 2(06) —2(0Y) —2(15) —2(18) + 2(24) — 2 (25), 

ta = [03] —2[04] + 2[13] —2(08) + 2(09) + 6(16) —2(18) —4(24) 
— 2(27%) —2(36), 

ta = 2[02] + [04] — 2(07) —2(09) —2(14) —2(16) — 6(25) + 2(26), 

d =t + to de= t—to d= ts tity da= t — t. 





(126) p(12) = — 4to — tı -+ te — ta + ta 
— — 4[00]—[01]-+ 3[02]+ 3[03]—[04]-+ 8[12]-+ 2[13] 
— 2f + 20(05)—20(26)— 10{ (14) + (17) -+(24)—(36) }, 


after adding the product of (123) by-4. By (58) we find that 
(127) p(11) + 2p(12) + 2p(14) = 100(05) — 25[00] — 5. 
This with (121,), (66) and (68) determine (05) and (00). 


I. ms=0(mod5). 100(05) =p—9—2za, 100(00) = p— 29 + 182. 
II. 2m==2 (mod 10). 400(05) = 4p — 36 + 17s + 50u— 25w, 
400(00) = 4p — 116 — 8% — 150u + Y5w. 
III. 2m==4 (mod 10). 400(05) = 4p — 36 + 1%r — 50v + 25w, 
400(00) = 4p — 116 — 3z + 1500 — Y5w. 
IV. 2m==6 (mod 10). Change the sign of v in III. 
V. 2m==8 (mod 10). Change the sign of u in IT. 


25. Case e = 10, f odd. By means of the correspondence (16), which 
leaves the [ij] unaltered, we may deduce from the results for f even the 
equalities between the (ij), and the analogues to (121), (122), bi, Ci, ti 
But (123) is here replaced by 


CYCLOTOMY, HIGHER CONGRUENCES, AND WARING’S PROBLEM. 41% 


(128) (00) + (10) + (11) + (20) + (22) = 4 (f— 1). 


The present p(11) is therefore derived from (124) by replacing — 3 by +1. 
But for k= 2 or 4, the present p(1k) is obtained by subtracting 2 from. the 
former p(1k). Hence 


(129)  p(41) —2p(12) — 2p(14) = 100(00) — 25[00] + 5. 


I. m==0 (mod). 100(00) = p— 19 + 8a, 100(05) = p+ 1— 127. 


II. 2m==? (mod 10). 400{00) = 4p — 76 + Ys — 50u + 2ëw, 
400 (05) — 4p + 4 + 2%@ + 150u — 75w. 


III. 2m == 4 (mod 10). 400(00) = 4p — 76 + Te + 500 — 25w, 
400(05) = 4p + 4 + 2%¢ — 1500 +75. 
IV. 2m==6 (mod 10). Change the sign of v in III. 
V. 2m==8 (mod 10). Change the sign of u in II. 
26. THEOREM 12. When e = 12, the 144 cyclotomic constants (k, h) 


depend solely upon the decompositions p = x* + 4y? and p = A? + 3B? of the 
prime p= 12f + 1, where v= 1 (mod 4), A==1 (mod 6). 


As the reduced R’s we may take R(1k), k = 1, 2, 3, 5, 7, R(22), B(24), 
R(83), E(44). By (80) with a= £, f° or 5, 


R(26) = 6?"R(17), R(46) = B*"R(28), R(1,10) = p°"R(15). 
By (83), R(26) = R(46), R(28) = R(22), R(11) = (—1iV'R(1, 10). 
Hence 


(130) R(17) = B”R(22), R(11) = (—1)! po" R(15). 

Jacobi (loc. cit.) stated a formula involving an imaginary cube root y 
of unity. Thus y = £* or 8°. For either, his formula becomes 
(131) F(a) F (Bia) F(p 8a) =a pF (a*), g” ==8 (mod p). 

We employ this only for a = 8° or 6°, and eliminate p by (25) with 
n= 9 or 5. By (88), R(19) = (—1)/R(12). Hence 
(1382)  R(15) = (—1)/kR(33), R(12) =&R(87), k= BO. 


Since p == 12f + 1, 3 is a quadratic residue of p, while 2 is a quadratic 


residue (m even) or a non-residue (m odd), according as f is even or odd, 
whence 


(133) m’ is even, kh? =1; Bo" = (— 1). 
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In p= 6f +1, f’ is even. By (84) with f =f, (79) and (180), (83), 
(134) B(22) =R(44), B(17) = (—1)'R(44), B(14) = R(44). 
By (26), the last gives R(18)= R(45). Let R(13)= cR(15). Then, by (26), 
R(36)—=cR(45). By (83), R(36)—(—1)R(33), R(18)—(—1)/R(18). 
Hence R(33) =cR(13) =c?R(15). Then (182) gives (—1)'ke = 1. 
By (183), we 
(185) ‘either * k = (— 1)f, c= 1; ork=— (—1)/, =p; 
R(13) = cR(15)., , 
Then by (1302), R(43) = dR (11), d= (— 1)feß?™. By (26), R(23) 
—dR(14). By (83), R(37) = 4R(17). By (130), (132), 


(186) l  R(42) = (—1)'ckp”R (22). 
By. (79) and (85), = 3 

(187) 2R(22) = E + F(28£—1), 2R(44) = L + 3M (28 — 1). 
By (75) with d = 3, E = 4, e = 12, we find that 


(188) (0j)e = (07) + (47) +:(87) + (8,8 +4) + (0,8 +5) 
+ (4,8 -+9) + (444-7) + (8 4+9) + (04i). 
27. Case e == 12, f odd. By (15), 


16 = 07, 17 = 05, 18 = 15, 25 = 19, 26 = 08, 27 = 15, 28 = 04, 29 = 14; 
2, 10 = 24, 33 = 30, 34 = W, 35 = Z, 36 = 09, 37 = 19,38 = 14, 39 = 08; 
` 38,10 = 13; 8,11 = 23, 40 = 22, 41 = 32, 48 = 31, 44 = 20, 45 = V, 46 = X, 
4Y — Z, 48 = 24, 49 = 13; 4, 10 = 02; 4,11 = 12, 50 = 11, 51 = 21, 52 = 31, 
53 = 32, 54 = 21, 55 = 10, 56 = Y, 57 = V, 58 = W, 59 = 23; 5,10 = 12; 
5, 11 = 01, 60 = 00, 61 = 10, 62 = 20, 63 = 30, 64— 22, 65 = 11, 66 = 00, 
67 = 10, 68. = 20, 69—30; 6, 10 = 22; 6, 11 = 11, 70 = 10, 71 =Y, Y2 = V, 
Y3 = W, 74 = 23, 75 — 12, 76 = 01, 77 = 11, 78 = 21, 79 — 31; 7, 10 = 32; 
%, 11 = 21, 80 = 20, 81 = V, 82 = X, 83 = Z, 84 = 24, 85 = 13, 86 = 02, 
87 = 12, 88 = 22, 89 = 32 ; 8, 10 = 42 ; 8, 11 = 31, 90 = 30, 91 = W, 92 = Z, 
93 = 09, 94 = 19, 95 = 14, 96 = 03, 97 — 13, 98 — 23, 99 = 30; 9,10 = 31; 
9,1132; 10,022; 10, 1—23; 10,2—24; 10,3—19; 10,4= 08; 
10,5 = 15; 10,6 = 04; 10,7 =14; 10,8 =24; 10,9=W; 10,10 = 20; 
10, 11 = 21; 11,0 =11; 11,1 = 12; 11,2 =13; 11,38 = 14; 11, 4= 15; 
11,5 = 07; 11,6 =05; 11,7 =15; 11,8 =19; 11,9=Z; 11,10=—7; 
+1, 11 = 10; : 








ı * We shall see that in some cases the ambiguity of the sign of ¢ may be removed 
by choice of the primitive root g, while in the remaining case the sign is fixed by the 
‘ condition that the (ij) be integers. 
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where X = (0,10), P= (0,11), Z= (1,10), V= (1,11), W = (2,11). 
, Hence the 144 numbers (ij) reduce to 31: : 


(139). 00,- < -,09,10,- - +, 15, 19, 20,- - -, 24, 30, 31, 32, 42, 
. X,Y,Z, V, W. 
Write [ij] for (if), for the ten [ij] in ` 
(OL) = [01] — (07) —2(10), 02 = [02] — (08) — 2(20), 
` (08) = [03] — (09) —2(30), 04—= [04] — ¥ — 2(22), 
(140) (05) = [05] —Y—2(11), 06 = [00] — 3(00), 
(12) = [12] — V — 15—21, (18) = [13] — W — 19 — 31, 
(14) = [14]. — Z — (23) — (32), (42) = [24] —3 (24), 
which follow from ( 7). ` Then (17) reduce to (87) with f replaced by 2f, and 
l (07) =a +f +Y + W—104+11—15 4.21 4 23 + 31 32, 


(141) | 
(08) =b—3(f+1) + X¥+4+7— W—00-—10—11—15— 19°" 


l — 2(20) — 21—2(24) — 50 + 82, 
(142) (22) =4(f—1) —00 —10 — 11—20 —30,. n 
(148) fa [05] — [12] — [18] [14], b = [02] + [12] + [18] + [24]. 
‘By (27), B(83) = h + 2nB', pak + ee, where a 
j= — 00—01 + (02) — 08 — 04 —05 + 06'— 04 — 08 —09 8X — F 


+ 2{10 4 11—12 — 13'414 -+ 15 + 19 —'Z — V 204 BL a 
+28 —24 + W + 30— 81 32 + 42}, 


n=—01 +. 03—05 -+ 07 — 09 -+ 2 (12) im +200 208) 
HE 422.. 


In p—10f HIF, Paap is odd. - By § 12, 
(144) poo ay, 2==1(mod 4), 16 (02).—p-+1—6z, y—(03)<—(Ol)« 
By (138) we find that n= y, and by (140), 
(145) $(02)«—4{ [00] +-3[02] +2[24]}—(00)—(08)—2(20 }—2(24) +2. 
-To.A add (17) for k= 0 and eliminate the left, members of (140) and 
(142). We get . 
=— 1 4 2([00] — [12] — [18] + [44] + [24]) (amoa.4) 
=—1 + 2((08] + [18] + [14] += HH) m 
by (88) and (874). Hence h =z and ` 
(146) R(33) = — z + y. 
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From the values in (27) we eliminate the left members of (140) and get 


gan EOB) = + Btw, RAT =p + Bro, R(11)— H + BG + BC + HD, 
R(12)= R +88 + AT + BU, R(18)—= J + BK + eP + pQ; 


z =z —4(00) + 2 (08) + 4(10) + 4(11) — 2 (15) — 2 (19) — 2 (20) 
— 2 (21) — 6 (22) + 4(24) + 4(80) + 2(32) —2X + 22 — 2W, 
z’ = [00] — [01] — [03] + 2[04] — [05] + [12] + [13] — [14] — [24], 
w =w + 2{07 + 2(09) + 10 + 11 — 15 — 2(19) — 21 — 3(23) + 2(30) 
— 31 — 82 + F —2Z—2V + W}, 
w = — [01] —2[03] — [05] + 2[12] + [13] + 3[14], 
p = p + 4[— 00 + 10 — 15 + 19 — 21 — 2(24) —30—-X¥ + W, 
p’ = [00] — [01] + [03] + [04] + 2[12] — 2[13] + 2[24], 
o =o’ + 4{08 — 10 + 11 — 19 + 2(20) — 32 +X —Z— W}, 
o = [01] — 3[02] — [04] — [05] + 2[13] + 2[14], 
. H = H’ + 4{— 00 — 10 + 15 — 19 + 21 — 2(24) + 30 — X — W}, 
H” — [00] + [01] — [03] + [04] —2[12] + 2[13] + 2[24], 
G = 2[05] — 2[01] — 4[13] + 4{07 + 10 — 11 + 19 + 2(31) + 32 
—Y¥Y—Z W, 
C—O + 4{08 + 10—11 + 19 + 2(20) + 324+ ¥%4+74W}, 
C’ = — [01] — 3[02] — [04] + [05] — 2[13] — 2[14], 
D =— 2[03] — 2[05] — 4[12] 
+ 4{09 + 11+ 15 + 214 30—32 + Y +Z -+ 27}, 
R = R’ + 2{08 —2(00)-4+2(11) +15 —20 + 21 —2(24)—2(30) +32 +Z}, 
R = — [00] + [03] — [05] — [12] — [14] + [24], 
S = Y + 2{¥ —2Z — W — 07 — 10 + 11 + 2(19) — 3(28) + 31 — 32}, 
S’ = [01] — [05] — [13] + 3[14], 
T = T’ + 2{—08 + 2(10)— 2(11)— 19 + 20 — 3(22)— 32 —X¥ —Z —W}, 
T” =— [01] + 2[04] + [05] + [13] + [14], 
U = U’ + 2{07 — 2(09)+10-+ 15 — 2(19)-+ 21 — 2(30)— 31 + 2V + W} 
U’ = — [01] + 2[03] —2[12] + [13]. 
J = J’ + 2{— 2(00) — 08 + 2(11) + 15 + 20 
+ 21 + 2(24) — 2(30) + 32 + Z}, 
K = K’ + 2{07 + 10 —11 — 2(15) + 2(21) — 23 — 31 — 32 — Y — W}, 
P =P" + 2{08 + 2(10)— 2(11)— 19 — 20 — 3(22)— 32 + ¥ — Z — W}, 
Q = Q+ 2{2¥ —W +07 +10 4 2(11) +15 — 21 + 2(23)— 31 + 2(32)},. 
J’ = [00] + [03] — [05] — [12] — [14] — [24], 
K = [05] — [01] + [13] + [14], 
P = — [01] — 2[04] + [05] + [13] + [74], 
Q’ = — [01] — 2[05] -+ [13] —2[14]. 
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The ten [tj] were found in § 18 and are here regarded as known. The 
31 numbers (139) are connected by the 10 + 3 equations (140)-(142), the 
16 whose left members are z,---,@Q, and the two final equations (144), 
amplified by (145) and (188). These 31 linear equations uniquely determine 
the 31 numbers (139) and hence all 144 of the (ij). 

We seek especially (00) and hence (06) by (140). We shall find 00, 
24 and 30 simultaneously by three linear equations: 


2p +- o + 2P + 4I =s + 2P’ + 4)’ + 6f — 6 — 36 (00) —36(30), 
2p +o + 4R + 27 — 2z = s + 4R p 27" — 22’ + 4b —2f —2 
(148) + 12 (00) — 48 (24) — 36 (30), 
2p +o +2H +0 + %4 (02), =s + 2H’ + 0 + %{[00] + 3[02] 
- + 2[24]} — 24 (00) — 48 (24), 


s= [00] — [01] — 3[02] + 2[03] + [04] 
— [05] + 4[12] — 2[13] + 2[14] + 4[24]. 


I. Let 2 be a cubic residue of p. Then m is an odd multiple of 3, and - 


om — I, 


In (148), insert the values (91) of the [ij], and solve. We get 


144(00) =p — 23 — 20A + 20 — 2r + 24, r— 2p $a + OP + 4, 
(149) 144(30)—p—11 +44 —22—2r—24, $ —4R +27 —22 2H —0, 
144(24)—=p +1—24 + 2a +1 — p — 3 (2p -+ o) — 6H — 30. 


By I of §18, L = E = — 24, F = 2B = 3M. By (137), R(22) = R(44) 
=— A— B4 28B. By (130), -4-0 =24, G=0 =0, H=z, D=w. ` 


L. Let 3 be a biquadratic residue of p. Then k= + 1 in (132). By 
also (135), (136), 


R(15) =—R(83), R(13) =+ 6°R(15), R(12) = + B'R(22), 
2=2, w =— 3y, K =P =0, J= +y, Q=+ż+sr, R=T=0, 
S= + 2B, U= =+ (A— B). 


The upper signs are replaced by the lower when g is replaced by g", 
r= — Í (mod 12). By Theorem 10 we see that z, z, A, E, L, K, G, S, 
00, 30, 24 are unaltered; y; w, B, F, M, P, C, T, o are changed in sign; and, 
if J becomes Jy, hen Jı = J + P, Q = — Q — K, ee od 
D, =— D — G, R =R+T, U U — S, pı =p +o. We get 








144(00)= p—23 — 244 — 6r = 16y, 144(80)=p—11 + 6z = 16y, 


(150) 144(24)= p +1—6A + 8y. 
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I,. Let 8-be a biquadratic non-residue of p. Then k =— 1; z = — T, 
w= K=P=—S—T0—), T Q= 23y, R= = (4A +B), 
T = = 2B, ! fe l — 


144(00) =p —23— 244 i 10s + 8(A g), 
(151), . 144(30) = p—11—10¢ = 8(A+2), 
144(24) = p + 1— 6A + 4a = 4(A—2). 


. The signs are not affected by the choice of the primitive root g, but are 
determined by the fact that the right members shall be integers. The upper 
signs hold, if p = 157, the lower, if p = 397 or 997 (the only p’s < 1000). 

‘For m= 1 or 4 (mod 6), H,- - +, M, (4) are given by ITI of § 18. Then 
(148) give a 


144(00)— p— 23 + 248A + 6B + 2(v—u), 
(152) 144(30)— p—11— 22-444 —6B—2(v+4), 
144 (24)— p + 1 + 2e + 104 +6B—v+u—3 (3+0 eto); 


te Hed ae 4, wee 4 oP Gp eo 


IL. Let 2m==2 (mod 12), k+—1. Theh (130)-(187) ‘give 
C =z =t, w= y, H=2, G=—2%zy, D=0, 2p + o = — A + 3B, 
J= +s, Q= y, R= + (A+B), T= F ?B, K =P =8 =U = 0. 


144 (00) = p— 23 + 4a + 64 + 8(4 — z), 
(153) 144(24) =p +1—2e+ 124 = 4(A—2), 
144(30) = p—11—4e + 6A — 12B = 8(4,+ 2). . 


I. , Let. 2m = 2 (mod 12), k = 1. Then | 


z = 0 =r, H =— r, Q = + z, G= 2, w = — y, J = + Yy, 
D = K = P= R = T = 0, § = +.2B, U = + (A — B), 2p- o =— A + 8B, 


144(00) = p— 23 — 64 = 16y, 144(24) =p + 1+ 62+ 124 + 8y, 


(158 144(30) = p— 11+ 64 — 12B = 16g. 


We may take the upper signs. ` For; if g be replaced by a new primitive 
root g", r==7 (mod 12); k is unchanged, 2m’ is ‘unaltered monn oe yo is 
changed in sign, while 


(155) (00), (30), (24); z, A 
and B are unaltered. 
If r=— 1 (mod 12), we saw under E that (155) are unaltered while 
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y and B are changed in sign. If r==5 (mod 12), (155) and y are unaltered, 
while B is changed in sign. This proves 


IO. If 2m=10 (mod 12), k =—1, change the sign of B in IL. 


IIT, If 2m==10 (mod 12), #—=1, change the sign of B in Il, The 
upper signs hold when g is chosen properly. There are no further cases with 
f odd, since m is then odd. 


28. Case e = 12, f even. We replace (144), (145) by 





pa? + 4y’, c=1 (mod 4), 16(00), = p —11— 6a, y= (01), — (08), 
$(00)4—= 3{[00] + 3[02] + 2[24]} — 
— (02) + (04) — (06) —2(26) — 2(2, 10). 


The further formulas for f odd hold here if we change the signs of the 
expressions for R, 8, T, U (and hence of R’,---), replace (k, h)- by (k, h + 6), 
and change the constant terms as follows: to — 4f in (141,), to $f in (142), 
suppress —6 and —2 from the first and second equations (148), replace 
(02), by (00), in the third. nae 


I. Let 2 be a cubic residue of p. Then 2?" = +1. Now 2p + o =— 2A. 
Change the constant terms in (149) to — 11, 1,1. 


I. Let 8 be a biquadratic residue of p. Then k 1, 


H =z =r, D =w= y, J=+e, Q= zy R=+ (A+B), 
T = = 2B, G= 0 = K =P = 8 = U [= 0, 


144(06) = p— 11 + 10s — 164 + 8(4 + 2), 
(156) „  144(36) =p -+1— 10s +84 + 8(A—z), 
144(2, 10) = p + 1 + 4r + 2A = 4(A +2). 


I,. Let 3 be a biquadratic non-residue of p. Then k =— 1, 


H =z =r, D =w = 23y, J = + y, Q = +2, 8 = + 2B, U = + (4 — B), 
G=0 =K =P =R =T=), 


144(06)— p— 11 —6s— 164 = 16y, 144(2, 10)= p + 1 -+ 2A = 8y, 
144(386)—= p + 1 + 6z +84 = 16y. 


For m = 4 (mod 6), the products of (06), (36), (2, 10) by 144 are given 
by (152) with the constant terms replaced by — 11, 1, 1 and 


(157) 


IL. Let 2m==8 (mod 12), k =— 1. Then 
16 l 
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0 =2 =g, w=— 3y, G= 2’, H=— r, J= + y, 2p + o = A — 3B, 
Q= +r, S= + 2B, U= + (4A— B), D =K [=P =R [=T [/ 0, 


15g) 244(08)—= p— 11—104 + 12B = 16y, 144(386)= p + 1 +24 16y, 
(158) 144(2,10)—= p +1 + 6c +84 + 12B + 8y. 


The sign of y is changed when g is replaced by g", r= Y (mod 12). 
II. Let 2m == 8 (mod 12), k =+ 1. Then 


C=2=—2, w=2y, H =r, G=— 3y, J= +r, 2p +o = A — 3B, 
Q = z ?y, R= + (A+B), T= 2B, D =K =P =s [=U [=], 





144(06) = p— 11 + 4s — 104A + 12B + 8(A +2), 
(159) 144(86) = p + 1— 4r + 24 + 8(A—2), 
144(2, 10) = p + 1 — 2e + 84 + 12B = 4(A + 2). 


III. Let 2m == 4 (mod 12). When g is replaced by g”, r = — 1 (mod 12), 
(06), (36), (2,10), A, z remain unaltered, while B and y are changed in 
sign. Making the latter change in II, and II,, we obtain the present values 
of 144(06), ete. 
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SPINORS IN n DIMENSIONS. 


By RICHARD BRAUER AND HERMANN WEYL. 





Introduction and Summary. Let dn be the group of orthogonal trans- 
formations o: ` 


(1) tı > Š 0(ik) am (i= 1,2, n) 
k 


of the n-dimensional space, and d,* the subgroup of proper transformations, 
having determinant + 1 and not — 1. We shall first operate within the 
continuum of all complex numbers, whereas the particular conditions pre- 
` vailing under restriction to real variables will be studied only. at the end of 
the paper (§§ 8 and 10). A given representation T : o—> G(o) of degree N 
defines a certain kind of “covariant quantities”: a quantity characterized 
by V numbers a,’ > >, ay relative to an arbitrary Cartesian codrdinate system 
in the underlying n-dimensional Euclidean space will be called a quantity of 
kind T, provided the components ax experience the linear transformation G (o) 
‘under the influence of the codrdinate transformation o. The quantity is called 
primitive if the representation is irreducible. The proposition that every 
representation breaks up into irreducible parts, states that the most general 
kind of quantities is obtained by juxtaposition of several independent primi- 
tive quantities. 

By a tensor of rank f we shall mean here what usually is called a skew- 
symmetric tensor: a skew-symmetric function (i, + -i;) of f indices ranging 
independently from 1 to n which transforms according to the law 


a(i: i> È olit): + - o(irkr) valha: +- ke) 
Bree gs 


under the influence of the rotation o. The tensors of rank f form the sub- 
stratum of a representation Ty of degree (”). 

. We often have to distinguish between even and odd dimensionality, and 
we shall accordingly put n = 2v or n==2y+1. Let us use the notation 
v= <n> and in passing notice the congruence 


gn(n— 1) = <n> (mod 2). ` a 


E. Cartan developed a general method of constructing irreducible repre- 
sentations of $, (or any other semi-simple group) by considering the in- 
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finitesimal operations, and he found + as the building stones of the whole 
edifice the tensor representations T; together with one further double-valued 
representation A : o—>S(o) of degree 2”. The quantities of kind A are called 
spinors. In the four-dimensional world this kind of quantities has come to its 
due honors by Dirac’s theory of the spinning electron. Cartan, according to 
his standpoint, states the transformation law S(o) of spinors only for the 
infinitesimal rotations o. Here we shall give a simple finite description of the 
representation A and shall derive from it by the simplest algebraic means the 
main properties of the spinors. One will be able to judge by this theory to 
what extent recent investigations about spinor calculus reveal those essential 
features that stay unchanged for higher dimensions. One of the chief results 
will be that Dirac’s equations of the motion of an electron and the expression 
for the electric current are uniquely determined even in the case of arbitrary 
dimensionality. l 

Our investigation will be arranged as follows: we start (§2) with a 
certain associative algebra II of order 2” which proves to be a complete matrix 
algebra in 2” dimensions, and leads to the desired definition of A ($3). We 
shall first get A as a collineation representation such that only the ratios of 
the spinor components have a meaning. In the case of even dimensionality 
n == 2v we shall prove ($3) that the product A X AofA by the contragredient 
representation A splits up according to the equivalence: 


AXA~DQ+n4+h+:°-+h, 
whereas in the odd case 
AX Ä ~T + Te +i p aa 


(§5). The collineation representation A can be normalized so as to give an 
ordinary, though double-valued representation A satisfying the equivalence 
A~A (§§ 4,5). If one restricts oneself to the proper orthogonal trans- 
formations in a space of even dimensionality, A splits up into two representa- 
tions A* and A- each of degree 27 (§6). The four products of the type 
AXA will be determined individually for A—A* or A-, and so will the 
equivalences of type A~ A. The transition from our finite to Cartan’s 
infinitesimal description can be easily performed (§7). In considering real 
transformations only, the differences of the inertial index have to be taken 
into account (§ 8); it will be proved that A is equivalent to A again—but for 
a sign the determination of which is of peculiar interest and closely related 


f Bulletin Société Mathématique de France, vol. 41 (1918), p. 53. Compare also 
Weyl, Mathematische Zeitschrift, vol. 24 (1926), p. 342. 
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to the inertial. index. Irreducibility and equivalence of the occurring repre- 
sentations will be ascertained in $9, and the relation to physics will be dis- 
cussed in §10. In parts of the investigation we must have recourse to the 
law of duality of tensors and tensor representations Ty as formulated in the 
preliminary §1. The last section (§ 11) is devoted to the demonstration of a 
well-known fundamental proposition concerning the automorphisms of the 
complete matrix algebra, a proposition indispensable for the definition of A. 


1. Duality of tensors. Yn is the representation of degree 1 of the full 
rotation group Îr associating the signature o (0) with the rotation o :e(0)== + 1 
for the proper, o(0) ==— 1 for the improper rotations. Any representation 
T : o->G(o) gives rise to another representation oT : o—>o(0)G&(0), coin- 
ciding with T under restriction to b,*. 

The equation i 
(2) a (a, - +n) = a(t: i) 


in which h: -ipti + +n denotes any even permutation of the figures 
from 1 to n, associates a tensor a* of rank n — f with every tensor æ of rank f. 
This relation is invariant with respect to proper orthogonal transformations. 
Thus the law of duality Tn-t ~T; prevails for the tensor representations Ty 
of d»*. When taking the improper orthogonal transformations into considera- 
tion it is to be replaced by 

Fn- ~ oS. 


In the case of an even number of dimensions n = 2v, the representation Ty 
deserves particular attention. It satisfies. the equivalence oIy~Ty. (2) or 
rather A 
(3) až (ti ty) SP a(t + wy) 


now establishes a transformation « —> a* of the space of the tensors of rank v 
upon itself. We added the factor i in order to make this transformation 


involutorial: «** — a; for if ù- iti >- tv is an even permutation, 
Virt -y%- * -iv has the character (— 1)”. We may distinguish between 
positive and negative tensors of rank v according as ¢*—a@ or «ë = — g. 


Any tensor of rank v can be decomposed in a unique manner into a positive 
and a negative part: 


a= $(a-+a*) +4(a—a*), 


Hence, as a representation of the group $*2», Ty splits up into two representa 
tions Iy* + Ty of half the degree. 


2. The algebra I. Our procedure is exactly the same ‘as followed by 
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Dirac in his classical paper on the spinning electron. We introduce n quanti- 
‘ties p; which turn the fundamental quadratic form into the square of a 
linear form: 


(4) m? H i Bn? = (piti Fi + ++ Poln)’. 
For this purpose we must have 


(5) pè =l, Ppi =— pip  (kÆi). 


The quantities p; engender an algebra consisting of all linear combinations 
of the 2” units 


(6) Coy... Gn = Pr e (a, ° + +, integers mod 2). 
The recipe for multiplication of the units reads, according to (5) : 
© Cay... an” CBr... Bn = (1)? > ey... yn yi = % + Bi, è =E abe 


One easily convinces oneself that this rule of multiplication is associative. 
` One may write the most general quantity a of our algebra in the form 


(7) a=: ss CUA 2S alee +7 tp) pig” i Pt: “a (f =0,1,- s n), 


splitting a into parts according to the number f of the different factors p. 

Since the product of f different p’s like pi,- - - pi, is skew-symmetric with - 
respect to the indices i, - - tp, one will choose the coefficients a(i: ip) in 

(7) also skew-symmetric; one is then allowed to extend the sum & in (7) 

over the indices i,,:--,%, independently from 1 to n. Consequently the 
quantity æ is equivalent to a “tensor set” consisting of n + 1 tensors, one 
of each of the ranks 0,1,:--,f,:--+,m. The addition of two tensor sets and 
the multiplication of a set by a number has the trivial significance within the 
algebra II. But how are we to express the multiplication of two tensor sets 
aand 6? It suffices to describe the case of an a containing merely one tensor a 
of rank f, and a b containing merely one tensor 8 of rank g (whereas the other 
parts vanish). The product splits into different parts according to the 

number r of coincidences among the indices of œ and 8. As 


Bik Pips ful Pr Ph ¢ Pi Pia” a, 
= (—A)ro-pe puts Pi p-r Pra © | Prg- 


‘one gets as part r of the product essentially the «contraction z 


t Proceedings of the Royal Society (A), vol. 117 (1927), p. 610; vol. 118 (1928), 
p. 351. 
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(8) y(i ine bane) D airh le) Barkat Bor). 
This process, however, has to be followed by “ alternation,” i.e. alternating 
summation over all permutations of the f + g — 2r ‘indices in y. Since y is 
already skew-symmetric with respect to the f-—r indices + and the g—r 
indices k, it is sufficient to extend an alternating sum over all “mixtures” of 
the indices i,- - -,t;- with the indices kı + + kg-re This will be indicated by 
the symbol M. By taking into consideration the factor 1/f! attached to the 
f-th term in (7) and the several distributions of the r equal indices l> - - 1, 
among the indices of æ and £, one gets finally the result: The “product” of 
the two tensors æ and £ is a tensor set in which only tensors of rank f +g— 3r 
appear; the integer r is limited by the bounds 


120, wzZf+g—n rSf, r&y. 
The part r is given by 
(—1) 1r!) Mylia +s tp ka + + kgr) 


where y denotes the contraction (8).—We are not so much interested in the 
exact description of this process of malp pieaton as in the fact that it is 
orthogonally invariant. 


3. Spinors in a space of even dimensionality. In this section we suppose 
n == 2v to be even. The algebra I is known to the quantum theorist from the 
process of “ superquantizing ” that allows the passage from the theory of a 
single particle to the theory of an undetermined number of equal particles 
subjected to the Fermi statistics. This connection at once yields a definite 
‘representation p; > P; by matrices P; of order 2”. Into its description enter 
the two-rowéd matrices 
01 
= | 10 


10 ,_ | 
t= rb: 
The two rows and columns will be distinguished from each other by the signs 
-+ and — 1’, P, Q anticommute with each other; their squares are = 1. 
Besides pı,* **, Dev we sometimes use the notation p.,- + -, Pr, qu © +) Q» 
The representation then is given by 














| || 0s 
~ i—i o0 








Pa Py VX: “XVM PxKIX:: xd, 


9 
(8) la> Qa= X: XXXIX: -XL 


On the right side we have y factors; the factors P, Q respectively, occur at the 
a-th place. The rows and columns of our matrices or the coërdinates za in 
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the -dimensional representation space, according to the notation introduced, 


are distinguished from each other by a combination of signs (on 02," * *, ov), 
(oq == +). One verifies at once that the desired rules prevail: 
(10) ' Pe =l, PP; = — PPk (i k). 


In this manner we have established a definite representation s —>X of 
degree 2” for the algebra 1. We maintain that all matrices X appear here as 
images of elements x of the algebra. As the algebra II is of the same order 
2°” === (2”)? as the algebra consisting of all matrices in the 2’-dimensional 
space, the relation æ > X isa one-to-one isomorphic mapping of II upon the 
complete matrix algebra of the 2”-dimensional “spin space”: the algebra II 
is isomorphic to the complete matrix algebra in spin space. In order to prove 
our statement, let us compute the matrix Ua representing Ua = pada: 


(11) Ua = iPaQa = 1X- KIxKVYXKIXx:: xi 
and. then 
(11’) Ui: © -UasPa =l X: XIXPXIX::-XI 


together with U,-- - Ua-1Qa. (The factors different from 1 occur at the a-th 
place.) Thus the following elements 


$(1 + Ua) = 2,**, Su Say Ua-1 (Pa — iqa) = Za", 


PUat è t Maa (Pa F iga) = 2a, > 3(L— ua) = 2a” 
are represented by products similar to (11) but containing one of the matrices 
f 0||- 0 | I 0 0 a 
0 Oj’ 0 O04’ [1 Oj? 0 1| 


























at the a-th place. Consequently the image of the element I (2.7472) is the 


matrix containing a term different from 0, namely 1, only at the crossing 
point of the row o,° - -ovy with the column ri’ + - tv (og = =, Ta = £). 

We are now in a position to establish the connection with the rotations 
0 == || o(2%) || in the n-dimensional space (Method A). We change, by means 
of the orthogonal matrix o (ik) 


(12) Pi > P* = S o(ki)Px, Pi = X o (ik) Pa* 
ket k=1 


and we observe at once that the new P*;, like the old ones, satisfy the relations . 
(10). Consequently p; > P*; defines a new representation of our algebra II. 
Since the full matrix algebra, however, allows only inner automorphisms, t 


f See the proof in § 11. 


, 
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this representation has to be equivalent to the original one; that is, there 
exists a non-singular matrix S(o) such that 

(13) P*, = 8(0)P; S(0)7 (== 1,2,---,7). 
S(o) is determined by this equation but for a numerical factor, the “ gauge 
factor”: S(o) is to be interpreted in the “homogeneous” sense, not as an 
affine transformation of the 2’-dimensional vector space, but as a collineation 
of the projective space consisting of its rays. After fixing the gauge factors 
for two rotations o, o’ and their product o'o in an arbitrary manner, we neces- 
sarily have a relation like 


(14) ` (do) =c- S(0’)8(0). 


Consequently we are dealing with a collineation representation of degree 2” 
of the rotation group, the so-called spin representation A: o —>8(0). 

The same connection can be described as follows (Method B). Or- 
thogonal transformation of the tensors of an arbitrary tensor set defines an 
automorphic mapping «—>2* of the algebra I of the tensor sets upon itself. 
Such a mapping however, in the representation > X of the tensor sets by _ 
matrices X of order 2”, is necessarily displayed in the form 


X—>X*—=SXS" (S independent of x). 
Let us write down this equation in components: X = || ssx ||; it then reads 


x* x =È sin SKT TRT- 


Š = || Sux || is the matrix contragredient to S. Hence the components t,x 
experience the transformation S X 8 and this proves the reduction 


(15) axdan tnt tnn{ opt phe tf + (Ir~ oT). 


The quantities {y4} and {¢4} of the kind A, A shall be called covariant 
and contravariant spinors respectively. Let us write the components y4 of a 
covariant spinor as a column and the components ¢4 of a contravariant spinor 
as a row. Our last equation tells us that one is able to form by linear com- 
‘bination of the (2”)? products ¢ay?: one scalar, one vector, one tensor of 
rank 2, etc. The scalar is, of course, 


py => payi. . 
A 


t 


The vector has the components Piy. Indeed, in carrying out the trans- 
formation y* = Sy, ¢* = gS, one gets, ~ 


` 
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$"P, y* = oSP,Sy — > 0 (ik) pS P*, Sy = So (ik) bPx y. 


The tensor of rank 2 has the components (PiPs)y [¢54k]; etc. In this 
manner we are able to carry out the reduction (15) explicitly. . 


4. Connection between covariant and contravariant spinors. Let n be 
even as before. We propose to show that the representation A is equivalent to 
the representation A. For this purpose we observe that the relations (10) 
characteristic for the matrices P; hold at the same time for the transposed ` 
matrices P’;, According to the proposition on the automorphisms of our matrix’ 
algebra II we already have had: occasion to use, there must exist a definite 
non-singular matrix C such that 


(16) P’; = CP,0+ 
for all i. It is easy to write down C explicitly. For we have 
P'a = Pa, Qa =— Qa (a==1,---,y). 


But the product p,’ - - pv commutes with the pa and anticommutes with the 
qa, if v is odd; if vis even the situation is reversed. Hence one can take 


c= Pi py OF =i q 


according as v is odd or even. In this way one finds in both cases: 


(17) C= I: i | x I al Kns (v factors) 





sls 





and one verifies at once the relations (16). 
Along with (12) we have 


Pi => P= ps o (ki) Py. 
This transition is expressed on the one hand in the form 
P', > S (0) P'i S’ (0) = Š (0) Pi 8(0)+. 
On the other hand the transformation of P’; = CP;C* is obviously performed 
by means of CS(o)C. Hence an equation like 
| C8 (0) C+ = p(0) - Š(0) 


must hold where p(o) is a numerical factor dependent on o. On multiplica- 
‘tion of S(0). by A, S(0) is multiplied by 1/A and p is thus changed into pa’. 
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Hence we may dispose of the arbitrary gauge factor in S in such a way that p 
becomes = 1: 


(18) 5(0) =CS(0) C+. 
This has the effect that 
(19) (det 8)? = 1. ` 


S(o) is now uniquely determined but for the sign. After normalizing this 
sign for two rotations o, o’ and the compound o'o in an arbitrary manner, 
the composition factor ¢ in (14) becomes = + 1; for the matrices X = 8 (00) 
and X = 8(0’)S(o0) both satisfy the normalizing condition ` 

: X= 0X04. 


A now is an ordinary, though double-valued representation instead of a collinea-. , 
tion representation. 

Equation (18) gives the explicit relation between the covariant and 
contravariant spinors: if O is the matrix || cas || the substitution 


ba = > Can ye 
B 


changes the covariant spinor ¥. into a contravariant spinor ¢.. 
The “square” of the double-valued representation A is single-valued and 
is decomposed, according to formula 


f AK A~To+T +: o o H Tna t Pa 
into the tensor representations T4. 


5. Odd number of dimensions. n = 2v + 1. To our quantities p.,°+-, pov 
a,further one Pays has to be added, Pev = 1, which anticommutes with the 
previous p;. The representation p; > P; (i=1,- - -,2v) can be extended by 
establishing the correspondence 


PaPa Y XY XxX (n == 2v + 1). 
Let ı be = 1 or i according as v is even or odd. The product. 
(20) U = Papa: ` ° Pr 


commutes with all quantities of the algebra and satisfies the equation u? = 1. 
In the representation just described u is represented by the matrix 1. There | 
exists a second representation of the algebra: . a 


(21) pı —>— Pi (t==1,2,--- 0). 


in which u—>— 1 and which thus proves to be inequivalent to the first one. 


434 RICHARD BRAUER AND HERMANN WEYL. 


The order 2+ (2”)? of the algebra II this time is twice as large as the 
order of the algebra of all matrices X in the 2’-dimensional spin-space. Our 
isomorphic mapping z — X therefore becomes a one-to-one correspondence only 
after reducing H modulo (1 — u) ; this is accomplished by adding the condition 
u = 1 to the defining equations (5). This new algebra may be realized as a 
subalgebra in If in different manners; for instance, as the algebra of the 
quantities x satisfying the condition v == uz. It is more convenient to consider 
the even quantities in Il. Their basis consists of the products of an even 
number of p; in (6) one has to add the restriction a, +-- © + a = 0 (mod 2); 
the corresponding tensor sets contain tensors of even rank only. Any odd 
quantity may be written in the form wa where v is even. The arbitrary quantity 
æ -+ ua’ of the algebra H (s and 2’ even) is represented by the same matrix 
_ as the even quantity x + 2’. Hence the correspondence s — X is a one-to-one 
correspondence within the algebra II, of the even quantities. The second 
representation (21) coincides with the first for the even quantities. 

The procedure is now as above (Method A). Let ||o(i¥)]| be a proper 
orthogonal transformation. Then (12) yields a new representation of II. 
By multiplication we get ` 


U* = P*,- + - P*a = det [o(ik)]-U = U. 


Hence this representation like the original one associates the matrix + 1 
(and not —1) with u; by means of P; —> P*, we thus map the algebra II 
reduced modulo (1 — u) isomorphically upon itself, and consequently an equa- 
tion like 

P*, = SPS 


holds. The representation A: o —>S(o) may be extended to the improper 
rotations’ by making the matrix + 1 or — 1 correspond to the reflection 
zı > — v; that commutes with all rotations. (Whether one chooses + 1 or 
— 1 does not make any difference here since the representation A is double- 
valued.) 4 

(Method B). The orthogonal transformation o is an isomorphic mapping 
of the manifold of all even tensor sets upon itself. After representing this 
manifold by the algebra of all matrices X in 2” dimensions in the manner 
described above, o appears as an automorphism X —> X* of the complete matrix 
algebra: X* == XS. One gets S(o) here at the same time for all proper 
and improper rotations 0. Furthermore, we obtain the decomposition 


(22) AXA~DQ+rhn+:° -HI~I + ol, + Ho He, 
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. the last sum concluding with the term Ty or oI. Consequently there is con- 
tained in AXA a proper scalar, an improper vector, a proper tensor of 
rank 2, ete. 

The n = (2v+1)-dimensional group of rotations >, comprises the - 
(n —1)-dimensional one D,-, by subjecting the variables 2,,°- ', S to an 
orthogonal transformation and leaving Tzv unchanged. This restriction to a 
subgroup carries the representation A of Dp, as here defined, over into the 
representation A of the (n—1)-dimensional group of rotations which we 
defined in § 3. The same restriction splits a tensor of rank f in the n-dimen- 
sional space into two tensors of rank f and f — 1 respectively in the (n — 1)- 
dimensional space. And thus the decomposition (22) goes over into the 
decomposition (15). 

The matrix O, (17), which satisfied the equations P’; = CPC“ (for 
i—1,2,:--,2v) fulfills the condition 


OP,C-1 = (—1)"P'n 


for Pa = Pav. Hence it can be used here for the same purpose as in § 4 only 
if v even, In the opposite case one must replace O by OPa: 


1 | 0 
o| i |: 


and one then has CP,;C+ = — P’; (for all i). Under both circumstances the 
equation (18) obtains for the O determined in this manner and after an 
appropriate normalization of the gauge factor in S (0). Here again we have 
A~A and we are able to express explicitly the transformation O which 
changes covariant spinors into contravariant ones. 


0 4 


i o—|_ | 0 














x 





6. Splitting of A under restriction to proper rotations. In the case of 
odd dimensionality it makes no difference whether one considers the group 
Dn or d,* since the reflection commuting with all rotations is an improper 
rotation. If, however, n == 2v is even, restriction to ĝẹ„* effects a splitting of 
the spin representation A into two inequivalent representations At and A` of 
degree 2”"*, and one will have to distinguish between “ positive” and ‘“‘ nega- 
tive ” spinors accordingly. This comes about as follows. 

Again we form 


(23) u= (Py Poy >U =Y XX: XY, 
We separate the even combinations of signs (1,: * -,ov) as characterized by 
o,* * *av = + 1 from the odd ones. According to such an arrangement 7 


appears in the form 
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(24) U = |]. 
i 0 |—1 


As a consequence of equations (12) one has for the proper rotations o: 
U — U* =U. As P*,=SP;S+* implies U* == SUS the matrix §' com- 
mutes with (24) and thus breaks up into an “even” and an “odd” part: 


oj S 


The matrices ©*(0) and S-(o) in the two representations A* and A~ of degree 
2-1 are uniquely determined but for a common sign. Hence the fact that 
the reflection is associated with the matrix + 1 in A*, with the matrix — 1 
in A~, means an actual inequivalence. 

What is the significance of the partition of X into four squares for the 
corresponding quantities x of the algebra IT or for the tensor sets? (1), We 
see from the equation UP; = — P,U that the even quantities commute with U 
and that the odd ones anticommute. Even and odd quantities are con- 
sequently represented by matrices of the following shape respectively: 


x x 
(25) Saal maak (26) TNE cana 
x x 


(the squares not marked by a cross are occupied by zeros). (2) ‘The in- 
volutorial operation 
a—>a* = au, A>A* = AU 


leaves the two front squares in 


unchanged while it reverses the signs in the two back squares. Let us agree 
to ascribe the signature + or — to a quantity a according as a* =a or 
a* = —a. These quantities then are represented by matrices of the form 
(27), (28) respectively : 
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(27) BESE LES A (28) saas], 


Every quantity may be uniquely written as the sum of two quantities of signa- . 
tures + and —. (Besides the operation a — a* one could of course also con- 
sider the following one: a— at = ua.. But the crossing of both signatures is 
carried out in a more convenient way by crossing the signature here applied 
with the division into even and odd quantities. For we have at = a* for even 


quantities and at =: — a* for odd ones.) Thus we finally get this scheme: 
x x 
x x 
even odd odd even 
+ = + — : signature. 


The question as to how our star operation is expressed in terms of tensor 
sets is answered by the equation: 


pi pu (—1)° “Pta + Pw 
showing that the transition from a == {a} to a* = {a*} is defined by 
ges ety) me (At) Oo AET 


(where i - - api’, + + ,-7 is any even permutation). The factor (— 1) S>., 
equals 7”, 

Hence, taking into consideration the splitting of Ty into I+- Dv as 
explained in § 1, we get the following reductions: 


A X At~ Hr o AX A~n -HR o 
AX A~n ARH | AK AHH. 
Of the two sums in the first column, one breaks off with Ty_,, the other with 


Ty*, whereas the sums of the second column end with Ty and T,-ı respectively. 
From (16) we obtain by multiplication 


(29) 


(—1)’'U’ =0U0+ or CU = (—1)'UC. : 


This shows that C is of form (25) or (26) according as v is even or odd. 
With Cı, C2 being the partial matrices of C, we thus have 
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S*(0) = 0, 8*(0) 07, pee ee (v even), 


At~ At, awe 
5+(0) Pe Š-(0) o (v odd). 


y, Infinitesimal description. 

Even number of dimensions. For the purpose of infinitesimal description 
it is more. convenient to put the quadratic form which is to be left invariant 
by the orthogonal transformations into the shape 


(30) ay? ty f+ ary" i 


. (x, y* being the n= 2v variables). Correspondingly one will have to use 
the following quantities instead of Pa, Qa: 


Pa— Ya __ Pa + iga 


3 aak 9 = ty 


with the relations 


Sata + tasa = 1, Satg + gSa = 0 (for Ba), 
SaSp -+ SBSa = 0, tatg + tata = 0 (for all q, £). 


TEETE axax: sXL 


+ 7 0 
a> Te = VX XX A 








Xix- KL 








(The factors written down as matrices stand at the «-th place.) 


All infinitesimal rotations are linear combinations of rotations of the 
following types: 


(a): dta = Ta, da = — Ya; 
(b) : dta = tp, dyg =—ya  (@ <P). 


(The increments not written down are 0. In (b) one is allowed to exchange 
independently of each other a, with ya and xg with yg.) A represents (a) by 
the infinitesimal transformation 


(31) 40a=4(1X* | XIX V XIX: Xd) 


whereas to the infinitesimal rotation (b) corresponds the matrix S,7'3. In 
érder to prove this the only thing to be done is to verify the eer 
equations : 


(a): = 40», X] = (UeX — XU.) =0 
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for X — 8, or Tg (8 = a), but dIa = Sa, dTa = — Ta. 
(b): SX = [STe X] =0 forall S and T 
except for X = Sp, and Ta for which we, have: 
882 — Sa, i= — 7, 
This is readily seen from the expression 
[Sal'p, X] = Sa(TpX + XT) — (Zsa + SaX) Tg. 


In this’ way we have arrived at Cartan’s infinitesimal description of the spin 
representation. 
Nothing essential has to be added in the case of odd dimensionality. ` 
It is then most convenient to assume the fundamental quadratic form in the 
shape 
(2°)? + 2 (zty? + cee + ary”). 


(31) shows that A is double-valued and not single-valued. For in ac- 
cordance with this equation the rotation o: 


al> eth gt yt ett yt (all other variables unchanged) 


is associated with the operation S(0) multiplying the variable £o,,.. oin the 
spin space by int (og = + 1). 


8. Conditions of reality. For the real orthogonal transformations the 


question arises whether the conjugate complex representation A : o —> 5(0) 


is equivalent to A. The P; being Hermitian matrices, P; equals P’;. Further- 
more, the equations: 


P*,=D\0(ki)Px imply P*;= So(ki) Py 
k k Š 
provided the o(iķk) are real. This leads at once to the result 


§(0) = p(0) (0). 


Hence the Hermitian unit form Xz4%, in spin space goes over, by means of 
the substitution S, into p fold the unit form. So p must be positive and 


| det 8 |? = p?” f 


But on account of our normalization of S causing (det S)* to be = 1 we find 
p=, 
17 
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5(0) =8(0), À =å; 
i.e. the representation A of the real orthogonal group is unitary. 
When restricting oneself to real variables one must be aware of the possi- 
bility that the fundamental quadratic form 
(32) Dd aunetak 


4,k=1 
may have an inertial index t different from 0. This is of particular import for 
physics as, according to relativity theory, t = 1 for the four-dimensional world. 
One now has to subject the determining p of the algebra II to the equation ` 


(pa ++ > ++ pn”)? = Sauatc® or $( pipe + Pepi) = dix 
One will get the new p; from the old ones by means of the transformation H’ 
if the fundamental form (32) arises from the normal form with ai, = bix by 
means of the transformation H. 
But here again it is convenient to base a more detailed investigation upon 
the real normal form l 


(38) EEA (a)? —-: se (at)? + (2t)? +. . -+ (a8)? = Z a (st)’. 


(Without any loss of generality we may suppose 2t S n.) In accordance with 
physics, let us call the first ¢ variables 2+ the temporal, the last n— +¢ the 
spatial codrdinates. The subject of our consideration is the group În» of 
Lorentz transformations; that is, of all real linear transformations o carrying 
the fundamental form (33) into itself.+ 

Pis’ ++, Pa keep their previous significance, while P,,- - -, Pe assume 
the factor i = V—1. We thus have 


Bi =— P for ((=1,---,t); PoP for (i —t4+1,---,n). 


‘The Hermitian conjugate A’ of a matrix A may be denoted by A. The P; as 
well as the P’; satisfy the fundamental rules of commutation. Both sets of 
matrices must be changed one into the other by means of a certain transforma- 
tion B. It is easy enough to write down B explicitly: 


(84) Bont. Ps Py, 
To be exact, we have 

{To be quite definite: the variables œi are subjected to the Lorentz-trans- 
formation o : wt — Sio(ik)ak. ‘The p, (or P,) then undergo the contragredient 


k ‘ 
transformation; but in raising the index by means of pi=e,p, one may introduce 
quantities p? transforming cogrediently with the variables æi. 
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(35) ` Pı=BP; B> or — P'r= BP, Bo 


according as ¢ is even or odd. The factor i- SÈ has been added in order to 
` make B Hermitian: B= B. The transposed matrix B’ coincides with B but 

for the sign, namely B’ = (—1)SB. In the case‘of an even n the matrix B 

is of form (25) or (26) according as ¢ is even or odd. All these properties 

could: be fairly easily derived from general considerations; it is not worth the 

trouble, however, as one may read them at once from the explicit expression 

(34). ` 

One obtains from (35) the relation 


(36) B&(0)B- = p(0)8(o) 
or after multiplication by S’ (o) on the left: 
S’BS = pB: 


the Hermitian form B goes over, by means of the transformation §, into the 
multiple p of itself. In consequence p is real and one infers, in’ the same 
manner as in the definite case, the equation 


; plo) = +1. 
. As to its dependence on 0, p(o) satisfies the condition 


p(0'0) = p(o’)p(o). 


A new consideration, however, is required for determining this sign p. 

In a Lorentz transformation || 0(th)|| the teniporal minor of the whole 
determinant : l 

o(11), +++, o(1t) 

eS oats is either = 1 

et) oe gee Tg OS owas ow ‘ or S&S — l. '’ 

o(tl), >- -, o(tt) 

We shall put o.(0) = +1 or — 1 according as the first or the. second case 
prevails, and call o.(0). the temporal signature; it is a character, i.e. 


o.(0'0) =a_(0’) -o_(0). 


We need not trouble.to prove this here directly because we shall see in the 
course of our further investigations that the p(o) in (36) coincides with o(0). 
In the same manner one may introduce a spatial signature o,(0) by means of 

- the spatial minor of the matrix || o(ik)||. ‘The latter, though, is = e (0): Q; 
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hence the character e(o) distinguishing the proper and improper transforma- 
tions equals e,o.. Of the Lorentz transformations having o- == — 1 one may 
say that they reverse the sense of time whereas those having c, ——- 1 reverse 
the spatial sense. The group of Lorentz transformations falls apart into four 
pieces not connected with each other and distinguished from each other by the 
values of the two signatures s- and o, 

To prove (37) let us introduce the two vectors 


bi’ = {o(41),- ++, 0(ét)}, 06” = {0(4, +1), + 0(%n)} 


in the realms of the temporal and spatial codrdinates respectively. The scalar 
product (a’-6’) in these two partial spaces has its usual significance 


Wibi +++ +--+ a:b’ The relations characteristic for the Lorentz trans- 
formation then read: 

(05704) == ĝi + (0: 0”) (1,4 =1,2,---,¢). 
From these we derive 
(00), > +, (00r) L (0101), (010), e 5 (01/02) 
(0:0), e; (oro) (0:0), (0:0), ee, (1 + 00) 


t t t ( D” 0:”) ( 0: 0g”) 
= Í 1/1! "yf! 1/2! Ha th z. "ote 
+ ( i P> (0: D ) ete ( / ) 2 (ox 0”) (oo) + 
All terms on the right side are = 0; hence the whole determinant on the left 
is 21. This determinant however is the square of Q. 
The fact that the sign p in (86) equals o- is proved in the following 
manner. In accordance with l 


P*; = Š o (ki) Pr 
k=l 
we find 
f o(11) --- o(1t) 
(38) Pt PH | www Pat Petes. 
o(t1) --- o(tt) 

But a product like Pa: < < Pa: Pat + + Pi where ù> > -% are different indices 
always has the trace 0 except if 4,- - - a is a permutation of 1- - -¢; whereas 


tr(Pi: + > Pe: Py- + + Pi) = (—1) ®© tr(P2- + Py?) = (—1)-<- g, 


“Hence on multiplying equation (38) by P,---P: to the right and forming 
the trace, one is led to this value of the determinant Q: 


VA = (— 1)" tr(P*,- + + P*,-Pys + Pa). 
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Using the definitions of S: P*; = SP;S+, and of B, one readily obtains: 


20 = tr(SBS*: B) =tr(B: SBS*). 
According to (36) 
S- = pB’8B’ — pB“SB.. 


Replacement of B’ by B is allowed as B’ coincides with B but for a numerical 
factor. So one finally gets, with T = BS = | tux |: 


VA = p+ tr(BSSB) = p tr(BS: SB) =p-tr(T:T) SPA | tux |2, 


and this equation shows p to have the sign of Q. 
Any representation T : 0o-»G(o) of the Lorentz group gives rise to 
another one oT : 0->0.(0)@(o). Equation (36) or 


5(0) =o_(0)B48(0)B 


then proves the equivalence: 
(39) A~doA. 


The transformation B changes the conjugate of a covariant spinor y into a 
contravariant spinor $: ¢’ = By (in so far as we confine ourselves to Lorentz’s 
transformations of temporal signature o- = 1). (39) yields, on account of 
(15), (22), the decompositions 


ag Tos RA S OSE RAN, 


AX A~ HoT tote: -: [n = 2v +1]. 


The latter series breaks off with o_Iy or orv. 

In the case n= 2y we have the splitting of A into At and A~, when 
restricting ourselves to the group 5,* of proper Lorentz transformations 
[o(o) ==1]. -This restriction wipes out the difference between the two signa- 
tures o_ and o,. As we mentioned before, B is of form (25) or (26) according 
as t is even or odd. Hence one has 


for even 7: At ~ odt, A ~ oA; 
for odd #: At~oA, A- ~ At. 


9. Irreducibility. Irreducibility of Tr is granted a fortiori if one is able 
to prove that there does not exist any homogeneous linear relation with con- 
stant coefficients (independent of o) among the minors of order f of the 
matrix of an arbitrary rotation || o(ik)||. This can be shown without using 
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any other rotations than permutations of the codrdinate axes combined with 
changes of signs. For let us assume that we have such a non-trivial relation Æ 
in which a definite minor A Ce) occurs with a coefficient different from 0. 
By suitable exchange we can place this minor in the left upper corner of the 
matrix. We will now take into account the changes of signs only: 


+1 
+1 


| o (ae) || = 


+i 


the matrices of which have only their chief minors A (ù +- ip) different from 0. 
The linear relation R will contain, apart from A(12- - -f), at least one more 
term A(1’%---/’) with a coefficient different from zero. At least one of 
the indices 1’ 2’- - - 7’, let us say J, is different from 1,2,---,f. By changing 
the sign of the one variable x, the relation E is carried over into a new one 
R in which A(12-- -f) occurs with the same, A(1’ 2’: - -f”) however with — 
the opposite coefficient. Hence the sum 4(& + R’) certainly is shorter than 
R, that is, contains less terms than R; but A(12- - -f) occurs in it with the 
same coefficient different from 0 as before. The procedure of shortening may 
be continued until the presupposed linear rélation H—O0 leads to the im- 
possible equation A(12---f) =0. 

These considerations were based upon the complete group Da. If one 
allows proper rotations only, d,*, one may have to combine the permutation 
in the first step with a change of sign of one variable. The second step can 
be performed in the same manner provided 2f < n, for then one may choose 1 
as above: as one of the indices 1’,2’,---,/? different from 1,2,-- -,f, 
furthermore choose m as an index that does not occur in the row 1, 2,:- -,f, 
1’,2’,- + +, f, and then change the signs of both variables zı and 2» simul- 
taneously. Even when n = 2r, fv the procedure of shortening will work 
as long as the relation È still contains a term A(1’2’- - -) the indices of 
which are not just the complement »y-+1,---,n of 1,---,». Thus one will 
be led in this case finally to a relation of the form: 


(41) oA, +A +1- + =n) 0. 


' Such a relation obtains indeed: 


A(v+1,- e,n) = A (1,2,: <v) 
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but there exists of course no other one of the type (41). From this we 
learn not only that the two representations T,* and Ty are irreducible, but 
at the same time that they are inequivalent; for it proves that there does not 
hold any linear relation with fixed coefficients between the components of the 
two matrices associated with the same arbitrary rotation o in these repre- 
sentations. For the components of these two matrices are 


3 [2 ce) £28 (fey) 


with 

Big) 404 Gig) HAGE) 
tye thy, os -Yv and ky: > ckv, i’, + -k'y are even permutations of the 
figures 1,2,---,». The reasoning above shows that there exists no-universal 


linear relation between the quantities B (e og »). 

The inequivalence of two such T; the mee f of which do not give the 
sum n, is granted by their having different degrees. 

This whole argument was based upon the complex orthogonal group. But 
nothing is to be modified when one confines oneself to the real orthogonal 
transformations. Furthermore one sees, by formulating the result in an in- 
finitesimal manner, that it cannot be effected by the inertiel index. The 
infinitesimal transformation 


(42) ax, = Uk, dEr == — vi (i of k) 


(all other increments being 0; this transformation engenders the permutation 
Ti —> Tr, Te —> — T; as well as the change of sign 2; > — 2, r —> — Tp) has to 
be replaced, if the fundamental quadratic form contains terms with the minus 
sign, for couples («;, 2%) consisting of a temporal and a spatial variable by 


dti = Ek, dtk = Ti 


while it has to be kept unchanged for couples of variables (a, s) both tem- 
poral or both spatial. The statement of irreducibility under all transforma- 
tions (42) in the definite case is identical with the statement of irreducibility 
under the transformations replacing them in the indefinite case; one only 
needs to replace the temporal variables x, by VZT: x. 

The product T X I of a representation T with its contragredient I con- 
tains the identity To at least » times when T reduces into » parts. If we are 
allowed to make use of the general and elementary theorem that the irreducible 
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parts of a representation are uniquely determined + (in the sense of equivalence 
and except for their arrangement), then the formulae (15), (22), (29) show 
at once the irreducibility of A or At and A` respectively and the inequivalence 
of the latter. Another direct proof runs as follows: 

Take the full group d, in the even case n = 2v. Using the fundamental 
quadratic form in the shape (30), let us consider the “ diagonal ” infinitesimal 
rotations 
(43) dLa = ipata, dYa = — thalfa (a=1;:--,v) 


($a independent parameters). It is associated in A with the diagonal trans- 


formation 
dio,.. Ey (1/2) (oii + - ok + ovdy) £o. +. Oy (oa = +). 


Given a partial space P’ of the total spin space P, different from 0 and in- 
variant under A, one chooses a non-vanishing vector z: 


2 = È zaa = {24} [A = (01,° X -,6v)] 


occurring in P^. By performing the substitution (43) repeatedly one is 
able to isolate each term zaea, as these parts are of different “ weights” 
(1/2) (0161 +- ` - + ovdv). Therefore at least one of the fundamental vectors 
ea occurs in P’. But ea = éo,...c, goes over into any other fundamental 
vector en...r, by exchanging %— Ya, Ya—>%a those couples (Ta, Ya) for 
which the signs ca and ra do not coincide. P’ is therefore identical with the 
total P.—Irreducibility of A for odd n = 2v + 1 is an immediate consequence 
of the irreducibility for even n, we just proved; one has to restrict oneself 
merely to the subgroup Dn, within Dn, n= 2v + 1. One sees in the same 
manner that the two parts At, A- are irreducible and inequivalent for the 
group Dnt, n = 2v. 


10. Diracs theory. Let us suppose we are dealing with a spinor field 
yA(at-- +a") in an n-dimensional “world” with the fundamental metric 
form (33). The most essential feature of Dirac’s theory is that one should 
be able to form a vector by linear combination of the products ¥4y8. If n is 
even, one sees from equation (40) that exactly one such vector s; exists—that 
behaves like a vector at least for all Lorentz transformations not reversing 
the sense of time; and one such vector for all Lorentz transformations not 
reversing the spatial sense. In the case odd, one vector of the second, and 


Compare e.g. Weyl, Theory of Groups and Quantum Mechanics (London, 1931), 
P 8 y 
p. 136.. 


4 


SPINORS IN 7 DIMENSIONS. 44% 


no vector of the first kind exists. Only the first type can be used when one 
believes in the equivalence of right and left, but is prepared to abandon the 
equivalence of past and:future. n has then to be even and the vector is 


si = yBP iy. 
From this vector one can derive the scalar field: 


(44) x VBP? (dy/da*) (Pi = Pi). > 


One needs a scalar that arises from linear combination of the products 
y4- dy2/dx* in Dirac’s theory as the main part of the action quantity which 
accounts for the fundamental features of the whole quantum theory. There 
is no ambiguity: for (A X A) XT, contains the identity To or rather the 
representation oI'y just once if decomposed into its irreducible parts. That 
is shown by equation (40) when one takes into account the fundamental 
lemma of the theory of representations asserting that the product T X qr, 
contains the identity T once, or not at all, according as the two irreducible 
representations I, T, of the same group are equivalent or not. Dirac’s quantity 
of action contains, apart from (44), a second term which is a linear com- 
bination of the undifferentiated products y4y?; it is multiplied by the mass, 
and accounts for the inertia of matter. There exists just one such scalar, 
namely yBy, in the case of an even as well as an odd n. 

Furthermore one may consider as essential the fact that the time com- 
ponent of the electric current is positive-definite in Divac’s theory, namely 
proportional to the “ probability density ” > y4y4; this grants the atomistic 


structure of electric charge. If the fundamental form (33) is of inertial 
index £, this property however is not possessed by the vector convened: in 
A X A but by the tensor of rank ¢ with the components 


Siz... 4, = YBP: + Pi (t1,° * +, % different), 


the “temporal” component, si2,.,+, of which is =W (but for a numerical 


factor). It seems to be required by the scheme of Maxwell’s equations that 


electric current should be a vector; this requirement, together with the postu- 
late of the atomic structure of electricity, compels us to assume the inertial 
index ¢ to be = 1. j 


11. Appendis. Automorphisms of the complete matriz algebra. A one- 
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to-one correspondence X = X*'of the ring of all n-rowed matrices upon itself 
is isomorphic when satisfying the conditions l 


(X +Y)*= X*+ Y*, (AX)*=A-X*, | (XV)* = X*V* 
(à an arbitrary number). The only such automorphism is “ similarity ” : 
X* = AXA, 
A being a fixed non-singular matriz. 


Proof. The equation GX =y% has a solution X 0 only if y is an 
eigen-value of the matrix G; for the columns of the matrix X must be eigen- 


© vectors belonging to the eigen-value y. The eigen-values of G thus are char- 


acterized in a manner invariant with respect to the given automorphism. 
Consequently G* has the same eigen-values as G. Thus we are led to proceed 


' as follows. Let us choose n fixed different numbers y:,° © -, yn and with them 


_ form the diagonal matrix 


Yı 


Yn 


As G* has the same eigen-values as G, a non-singular matrix A can be de- 


: termined such that G* = AGA. Let us replace every X* by X** = A> X*A 


and now consider the automorphism X —> X** that leaves G unchanged. The 


' matrix Hy, containing an element different from 0, namely 1, only at the 


; properties 


crossing point of the i-th row with the k-th column is determined by the 


GEix = vil, BG = yBix 


except for a numerical factor. Hence we have 


' (45) Lin ER Ginn. 


.The equation #?;,—H,, furnishes @74; =, «i = 1. After putting 


Zir = Qi, Ox = By, the relation 
Eir = Bink 


i leads to ir = &ißr. On account of æ; = 1 one therefore has 8; = 1/«; and 
' ain = Qi/@r Hence in accordance with (45) an arbitrary matrix X = || £a | 


and its image X** — | z** | are linked by the relation 
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o3” = Qitik/4n or X** = AX Ao” 


where A, is the diagonal matrix with the terms @,°:- *, %. 

This demonstration furnishes a method for constructing a spinor from a 
given tensor set g. The method will be used preferably in the case where g 
consists of only one tensor of definite rank. Our representation of degree 2” 
of the algebra II associates with g a matrix G. Let us assume that G has the 
(simple) eigen-value y and let y be the corresponding eigen-vector in spin 
space: Gy =y: y. The rotation o carries g into a set g(o) represented by the 
matrix G(o). y is a (simple) eigen-value of G(o) as well as of G, and the 
solution y(o) of the equation 


G(o)y(0) = y-¥(0) 


arises from ẹ by the transformation S(o) corresponding to o in the spin . 
representation. 
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ON THE THEORY OF APPORTIONMENT. 


By Wittram R. THOMPSON. 


1. If in an accepted sense, P is the’ probability that one method of 
treatment, Tı, is better than a rival, T2, we may develop a system of apportion- 
ment such that the proportionate use of T, is fi), a monotone increasing 
function, rather than make no discrimination at all up to a certain point and 
then finally entirely reject one or the other. The only paper * which has so 
far appeared in his field, as far as I am aware, is one by myself in a 
recent issue of Biometrika. In this paper I have considered the case of 
choice between two such rival treatments,t and for symmetry suggested that 
fo) == 1— fir) where Q = 1— P. Then the risk of assignment to Ti when 
it is not the better is Q' fp), while the corresponding risk for T is P: fo- 
Accordingly, I suggested further that we set fp, = P, which is a necessary 
and sufficient condition that these two risks be equal. Their sum, the total 
risk, is then 2PQ. 

A special case was considered wherein the result of use of Ti at any given 
trial is either success or failure, the probably of failure being an unknown, 
pi, à priori (independently for i= 1,: : -, k) equally likely to lie in either 
of any two equal intervals in the possible range, (0,1). It is further assumed 
-that for a given T; we have an experience of exactly n; independent trials, 
the number of successes being s; and of failures being rı == nı — si; and the 
probability of obtaining such a sample is 


C) * pitt q; where qi = 1 — pi. 
Restricting consideration to the case, k — 2, dropping the subscript one and 
using a prime instead of subscript two, then it was shown that 
g eee ‘eae ea 
(1) P= Yers s == iaa G + n’ + 2 ` 
n+i 
Now, it is well known that the probability, P, that by drawing at random 
* W. R. Thompson, Biometrika, vol. 25 (1933), pp. 285-294. 


t By treatment we imply a special mode of dealing with individuals of a given 
class of things. 
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without replacements from a mixture of W white and B black balls we shall 
encounter w white before b black is given by 


Ga 


(2) WB 
G +b— 1 

where h = Min(b—1,W—w). The object of the present paper is first, 
to show exactly how y may be expressed in the form of (2) and thus make 
possible the use of a machine based on this principle in the apportionment, 
and thereby avoid an enormous amount of calculation where tables are not 
available; and second, to develop a complete statement of the group, G, of 
substitutions of the arguments of Yia,asasa Which leave y invariant, and also 
those of the set, A, which change the value to 1 — Yra,,c,0,,0,)- The application 
of these substitutions to give a convenient form for calculation * of y or for 
other purposes is obvious. On this account the y-function is a convenient 
form for expression + of the incomplete hypergeometric series, as in the case 
of two problems considered by Pearson,{ where for certain original variables 
which we may denote by a, b, c, and d we may express § a required probability 
by Wa,d,0,d-1)« 





2. We begin by considering the function, Nq,s,-,s) of four rational 
integers = 0, defined by 


S r+ +1 s+s +1 
@) Bearer Fh, eee) Cee 
.and extend this definition to include 
(4) Desas = 0 = Mearns, and 
r 7+1 
N r,s, »=( eo ale J= Meare 


‘Now, in the previous paper, I have defined an N-function identical with 
Ñ for the arguments in (4) and otherwise equal to the numerator of the right 
member of (1). Obviously, 


* B. H. Camp, Biometrika, vol. 17 (1925), pp. 61-67. 

7 W. R. Thompson, loc. cit. ` 

$ Karl Pearson, Philosophical Magazine, Series 6, vol. 13 (1907), pp. 365-378; 
Biometrika, vol. 20A (1928), pp. 149-174. 

§ W. R. Thompson, loc. cit. 

TW. R. Thompson, loc. cit. 
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ere ert nade ee een 
‘as has been proved for the N-function,* and 
(5) Ñ er,3,0,07) = N ¢r,8,0,3") > 
and we may verify readily by (8) that in general 
(6) Ñ ers, = Ñ ers- F Ñ r,8,7',8'=1)3 


which relation was shown in my first paper to hold for the N-function also. 
Accordingly, by complete induction we may demonstrate that 


(7) Nor,s,r',8) = Nor,s,r',85 
and therefore 

Sr o): Cee ») 
; ao \r+i+a s—a /. 
(8) Pirs rsh = = Ga + 77 I s +F 3\ $ 

r+s+1 

By a simple rearrangement of factors after expressing the binomial coefficients 
in (8) by factorial numbers we may obtain 


S A ee) 

a \rtita r —% 

(9) Wor,s,r',3') = r+ 7 +s+ s +2 

( rtrd 

which is the equivalent of the expression in (2) if we set W=r+s-+-1, 
B=r 4s +1, w=r +1 and b= + 1, which is the required relation. 
Furthermore, (8) and (9) give : 


(10) Perserne = Vor,rs,8") 


1. @., Wray,oo,¢9,a,) 18 invariant under the substitution (2,3), which therefore 
belongs to the group, G. Now, by the identities of (10) and (23) of the 
previous paper,+ we have obviously established that (1, 4) (2,3) is also in G, 
and that (1, 2)(8,4) changes y to 1— y and is therefore an element of the 
set A. On the other hand if a, = 3, ag=2, a; = 1, and a,—0, the sub- 
stitution (1,3) brings a change in value of y from 9/14 to 18/14, and there- 
fore (1,3) belongs neither to G nor A. Now, if the four arguments are all 
‘different they may be arranged in 24 different ways; whence, if m is the 


* W. R. Thompson, loc. cit. 
t W. R. Thompson, loc. cit. 


ON THE THEORY OF APPORTIONMENT. ` 453 


number of different substitutions in the group, G, then 24/4 = m= 0 (mod 4). 
Accordingly, we have established the fact that the complete group leaving y 
invariant is generated by the two transpositions, (2,3), and (1,4); i. e. 


f (11) i G = [(2, 3), (1, 4)]. 


Moreover, the set of substitutions, A, changing y to t= y may be represented 
in the form, 


(12) A= {g : (1,2) (3, 4)} 


where g is an element of G. 

By the aid of (11) and (12) we may prove and as in simple form 
certain relations,* and prior to any use of the y-function obtain the most 
convenient arrangement for the work; and in tabulations only 3 values need 
be listed for each combination of the four arguments without loss of complete- 
ness, namely Ya,0,0,4)> ¥ca,b,d,c), ANd Ya,oa,v». We may readily verify also that 
if two of these arguments are equal then two of the. three values are’ sufficient, 
if three of the arguments are equal or there are two pairs, of equal arguments 
then one value is enough, and if a = b = c = d then none is needed in order 
to evaluate y in a simple manner by means of (11) and (12). By-use of the 
N-function as previously suggested + instead of y intabulation in a systematic 
process with increasing arguments we may list only values of this reduced 
form of table; e. g a= 2d2zc2zb>0 with the relations given in (6) and* 
(7) and 

7 e J 
3) Hearne (HEALTH (EH) 
and N (r,0,1',8") = ( = fe Ẹ *) i 


* W. R. Thompson, loc, cit. 
ł Thus we may obtain readily, the relation, 


atean Cr C7) 


(1-1, 8,7",8") (r +s+ ue +s+ r + s’ + *) j 
r+s-+1 





Yir, re =Y 


and simply from limit relations previously established, 
1 
Irse = per, — (") pgs 


= lrans + (7) prt. gs ` 


x 
=] — = z(u) 

where q = 1 —p, and Liaw zea, 
10,0) 
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3. For my own purposes I constructed a rough machine based on the 

probability relation {9) as follows: 
_ I took the cover of a square cardboard box; which I cut and bent along 
the diagonal forming a box having the shape of an isosceles triangle with 45° 
base angles. In this I placed n -+ n’ + 2 balls as used in bearings. Of these 
n + 1 had been made dull by a copper sulphate bath. I shall call these black 
and the others white. I then shuffled these balls in the box, and at random 
allowed them all * to line up along the long side or hypotenuse of the box. 
This alignment I regarded as a draft proceeding from left to right. Here the 
advantage of a prior arrangement of the arguments of y so as to make the 
number of balls to be scanned as small as possible is apparent. The critical 
condition was to encounter r + 1 white before 7 + 1 black balls. 

I supposed now that I was considering a case of the sort where I have 
to assign individuals to one of two methods of treatment,+ 7, and Ta, in 
proportion based on the y-function of the accumulated evidence in the con- 
ventional r, s, 7”, s’ form. I then gave certain values to p, and pe to govern the 
chance of failure when T, and T, were tried, respectively; but otherwise acted 
as if p, and p were unknown. Starting with no experience, then 
"= $ = 7” = g = 0, I placed r+ s + 1 = 1 white and 7’ + s -+ 1 = 1 black 
ball in the box, and shuffled. After alignment then T, was chosen if the 
white ball was at the left and otherwise T was chosen. The treatment chosen, 
T;, was tried by the corresponding probability, pi, and the result recorded in 
new values of 1, 8,7’, s’; i.e., if T, were tried with success these new values 
then were 0,0,0,1; if with failure then they would have been 0,0, 1,0. 
Similar remarks hold if T, were chosen. I then added a ball, white if T, had 
been tried and otherwise black. These three balls were now shuffled and 
aligned at random. As before, if the critical condition of encountering r-+-1 . 
white before 7” + 1 black balls were met then the treatment, T, was used at 
this turn, and otherwise T». The result of the treatment indicated was noted | 
and new values of 7,s,7”,s’ obtained, and another ball added to the box 
according to the criterion described for the last turn, and so on until a given 
number of trials had been made. 

In the accompanying table values of p, and pz used in such experiments 
are given together with the final results—the total number of trials, n + n; 


* As a matter of fact it is not necessary that all the balls be lined up. The object 
iš simply to quickly establish a random draft order. 

+ By treatment we imply a special mode of dealing with individuals of a given 
class of things. 
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the number of these wherein the conventionally worse method (T,) was used, 
n; and the number of failures, r, among these n trials. 

: To make the table quite clear, take the numbers in the second row. Here 
“we have the record of four parallel experiments wherein T, was governed by a 
condition such that failure might be expected about half the time and T, to 
fail always. The total number of trials, n + n’ = 40, and the number of these 
systematically allotted to T, was n = õ, 9, 7, and 5 in the respective experi- 
ments, and r, of course, had the same values here. The relatively small value 
of these even in so small a total number of trials, indicates strikingly the 
rapidity with which this systematic apportionment between the rival treat- 
ments, T, and T, tends to favor the better, even though prior knowledge as 
to the fact that T, is the better is disregarded. 

Although the machine used is extremely crude, all the results obtained 
were extremely favorable. A more carefully constructed machine along the 
same lines might give even better results. I have conducted a few additional 
experiments with this simple box, in which I have deliberately arranged an 
unfavorable start. I was greatly pleased to note the rapidity with which the 
machine brought about a reversal of favor to the better method, Te, as the 
experiments proceeded. 


4. The system of apportionment which we have examined admits a 
simple extension to the general case of k rival treatments, (Ti). As defined 
- in § 1, we let p; represent the unknown probability of failure by treatment T4, 
and our experience with this treatment to consist of r; failures and s; successes, 
where 1==1,---,k. Now, if we place r; + s; + 1 balls of a kind, C;; for 
t==1,:-+, k; in our box, shuffle and draw as before, then we note that the 
probability of drawing r: -++ 1 of the i-th kind before r; + 1 of the j-th kind is 
independent of the presence of the balls of other kinds and identical with Pi; 
where 1547 and 
(14) Pi; = Wor serps) 


Thus we see that the probability that r; + 1 balls of the i-th kind be so drawn 
before r; + 1 of the j-th kind, where ix4j—=1,---+,k is exactly P; defined 
by the relation 
k jzk 

(15) Pi= J] Pu =2 J] Pa. 

tsé j=1 j=1 
Arbitrarily, as in the case k == 2, we may apportion individuals among the 
k vival treatments by assigning to each T; the portion, f:, or making the chance 
of this assignment equal f;, respectively. We may thus arbitrarily take f: = P4, 

18 
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which may be calculated or we may use the machine, as we have seen that a 
unique answer is given at each turn just as in the special case, considered 
previously. Unlike that case, however, we are unable to state that P; is the 
probability that T; is the best of the & rivals; but its composition in (15) 
indicates that it may well serve the proposed purpose. 











TABLE. 
Total Trials Trials Failures Approx. 
Dr Pe (n+ n) of T (n) of T, (r) (n: pa)* 
D 0 20 2,1,1,1 2,1,1,1 0 
1, 1/2 40 5,9,7,5 5,9,7,5 2, 4,3,2 
1/2 0 40 6, 2,3, 5 2, 2, 2,2 0 
3/4 1/4 100 3,4 3, 3 1,1 
r- 3/4 100 14, 10 14, 10 10,7 
3/4 1/2 100 23, 14 17,11 8,5 
1/2 1/4 100 10, 13 5,6 2,3 
1/4 0 100 4,6 1,1 0 


YALE UNIVERSITY. 


* Eapectation of loss in the same n had Ta been used. 


ON A GENERALIZED TANGENT VECTOR.* 
By H. V. Craig. 


1. Introduction. The purpose of this paper is: (a) to prove that the 
left members, E, of the Euler equations associated with the function 
F(a,- +--+, 0; dat/dt,---, da*/dt;..--; d™a/dim,---, d™a"/di™) and 
the quantities T,, to be iodid, transform as the components of covariant 
tensors; (b) to make manifest certain points of similarity existing between 
T, and the covariant tangent vector of Synge-Taylor geometry; and (e) to 
indicate a rôle that T, might play in the development of a geometry based 
on F. 

In Section 3 we develop certain formulas based on the rule for differ- 
entiating a product and in 4 apply them to establish by induction the 
covariance of H, and Tp. These tensors are associated with the function F 
and the induction consists of proving that if for a given F(a,---, d™x/dt™) 
the T- and Æ, related to F(x,---, d™x/di"+, K) (K is a set of n con- 
stants) are tensors then the same may be asserted of the T, and FE, corespond- 
ing to F (a, + +, d™4/dim, d™x/dt™). 

2. Notation. The symbolism to be employed in this paper is exhibited 
in the following table: 
xt — da'/dt; ct — dpx/di?; (lo—=1; mCu is a binomial coefficient; 
ðar /By* pe, Xr = ar, brr åy i =r yor; OF /ðrwr cs Fas 
OF Jiye = Pai; Tr =$u(— e E, = 3 (— LF. Ca) 5 


u=0 


S, = For + X (w—1) (I) — Ty). 


3. Preliminary formulae. The point transformation of g" = at (y) 
gives rise to the following equalities: 


F m 
J fis i a 
gt — Xy 4 ; gimtDr s (Xiri *) m) — mo wd ur ye 
u=0 


F(z, z, ` syg) =F (y, JS 9); A (mT gee X; 3 


(m+1)j 


X (mI e mO mr X D A mO; = mag OX jr. 


(nj 


This last relationship suggests the formula: 
(1) r — m0 X; Pr 


(m-1) 4 


* Presented to the Society, June 20, 1934. 
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which we shall now proceed to establish by pea thus 


A ASPE l 1X; (4) r + $ noX- -u)r yni 


(m-D Í wo (m-1) f+ 


= mO mtr 4 HP" + > nOr mau? i-u £j Tya 


u=0 
= mOm-1rd 54? + mO1 > 10; uğ j oryn i 


= malina jE", 


A second equality to be used in the sequel is as follows: 


(2) 3 u(— 1) (FXmr) CM-L) eee m(— 1) m2 From) Yr, 
aL 


To verify this we note that by virtue of (1) the left member of the fore- 
going may be written 


m u-i 
> u(— 1) nOu > wa sO X mor, 
s=0 


ual 


Now if s is not m — 1 we have 


m m 
= u(— 1) mO mu n-10u-1-2 = M m1Cm-1-s X (— 1) mn-s-10u-s-1 


u=8+ uzg+l 
m-8~1 


= E M m-l m-ra 5 (— 1) ln-s-101 = 
i=0 
from which (2) follows. 


4. The vector character of T, and EH, The covariance of T, for m 
equal to one or two may be established * readily and so we pass on to the 
induction. Thus, if for any function F(a, 2’,---,¢%"-P) T, is a covariant 
vector, then we may write 


Zu DF re D Su(—1yr.. eX 


u=l uzl 


aS u(— 1 (F mrX mr) 


uzl 


from which we attain our conclusion by way of (2). 


* See H. V. Craig, “On parallel Displacement in a non- -Finsler space,” Trans- 
actions of the American Mathematical Society, vol. 33 ae p. 133. 


{ The assumption that the 7, associated with F(a, 2’,- .-,a@(m-1),k) is a tensor 
implies that for F = F(a, a’,. ..,a(m-1),k) 
m-1 z 
ane aa > (P praon) OP = Sul DADP Xr 
usl 


and from the nature of R reduction it follows that the same simplification can be ` 
made if & is replaced with æm), 
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This accomplished there remains to, be- proved that the left members of 
the Euler equations transform according to a tensor law, or more explicitly 
that Z; = #,X;". Again we employ mathematical induction, thus - 


om a m-1 m 
$ prp =S (yer wx +S (D o). 
By expanding the last term of the foregoing and evaluating the derivatives of 
ar by means of (1) we obtain the expression 


u=0 im) 


m ' u 
> (— 1)u X aQ F- D) pOu X mOr 
s=0 ' r 
which reduces to (— 1)” P., since for s not m 
r 


a (— Ie mOu aCs 
U=8 
is zero. š 


5. Certain generalized geometries. A metric manifold such that the 
are length of a curve O (C : a=" (t)) is given by the integral 
Sf P(x, > a; t e o aa) di is called a Finsler space. The function F is 
among other things assumed to satisfy the identity "F ayr = F ; this insures 
the invariance under parameter change of the integral fFdt. J. L. Synge and, 
independently, J. H. Taylor have investigated the geometry of a Finsler space 
having for its metiio ensor the quantities frs (2frs = F’ciyrcays). AS an imme- 
diate consequence of the identity 2’"F(1), = F they derive that vfp3 = FF (yr. 
Consequently if the parameter is the Finsler arc (in this case F maintains the 
value unity along the curve in question) the quantities g’, Fiar are said to be 
the contravariant and covariant descriptions of the unit tangent vector. One 
of the salient properties of this geometry is that the auto-parallel curves 
6c" = 0 * coincide with the extremals associated with F. Likewise, it may 
be proved easily that @F(y,-—=2, (E, = F ayr — For. Furthermore, 
TOF ayr = 0 and so the vector 6F,, may be regarded as the covariant princi- 
pal normal vector. — 

Spaces involving metric tensors whose components are functions of not 
only x and a but of higher derivatives as well were first investigated by 
Akitsugu Kawaguchi. Accordingly, we shall refer to the manifold associated 
with fF (a, ’,- ++, 2™)dt as a Kawaguchi space. Incidentally, a Euclidean 


* For a discussion of Synge-Taylor geometry including the @ process reference may 
be made to J. H. Taylor, “ A generalization of Levi-Civita’s parallelism and the Frenet 
formulas,” Transactions of the American Mathematical. Society, vol. 27 (1925), p. 255 
or J. L. Synge, “A generalization of the Riemannian line-element,” ibid., p. 61. 
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x 


plane may be made the bearer of a Kawaguchi space in the following manner. 
Let there be given the set of all plane curves of class O™, «= z (t), y = y(t) 
together with the set of normals to the z, y plane and let each of these curves 
be warped into the corresponding space curve; t—2(t), y= y(t), 


t 5 
z= f (E? (a, y5 2, y'> y gm, y™) — (2? +y”) )4dt. Obviously, 
o 
the length of are of the part of one of these curves that joins the normals at 
Pa 
P,(%, Y1), Po(@2, Y2) is given by the integral f, Fdt taken along the 
P. . 
base curve. : 
In addition to the evident requirements as,to differentiability etc., we 
shall assume in what follows that F satisfies two conditions, namely: (a) F 


is positive along each regular curve; (b) Fdé is invariant in functional form 
under an admissible parameter transformation. 


6. Thevector 7. Obviously, if m is one, T+ is Far and so our “ tangent ” 
vector is a generalization of the covariant tangent vector of Synge-Taylor 
geometry. Furthermore, in this case it is well known that (b) implies the 
identity «’'T, == F and, as a matter of fact, this same implication has been 
established for m = 2.* Thus we are led to consider the situation in general. 

As a preliminary we shall demonstrate that 


(3) S (— 1) Ooi [em] (v-1) ae (— 1) %e" pm 
url 


is an identity. 


Proof. By the rule for differentiating products, we have 
y 8P 
[emv F] (0-1) pe S pauro pa, 
, w=0 


í +1 
Consequently, the coefficient of 2(""- pow in (3) is by (— 1)? nC v1 * vw, 
e=wtl 


which, by virtue of the equality mCo1 v-10w = mC m-w m-wCv1+-w and the sub- 
stitution v = u -+ w + 1 may be written Wags 1) mwla But, by a 
usd 


well known property of the binomial coefficients this last expression is 
(—1)™8.” and the lemma is established. This accomplished, we turn to the 


THEOREM. A necessary condition for the invariance of functional form 
of F(a, 2’, + +,a™)dt under a parameter transformation is aT, = F. 


*See H. V. Craig, “On arallel displacement in a non-Finsler space,” loc. cit., 
D Pp P. Pp 
p- 183. g 
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Proof. If F has the invariant property in question and T is any function 
of ¢ then 


(PTY = $ (aT) F ur" 
u=0 


From this by setting T = t, 17/2! etc. successively, we derive- that 


m 
S CyB yr = StF (v = 1,2,- + -,m). 


URE 
Designating the left member of this equation with Ly we find by direct 
calculation, for small values of m) that $ (— 1) oL,°, which is ob- 
pel 


viously F, reduces identically in F“™ to aT, If we assume that this re-' 
duction takes place for a given value of m and, in the case m + 1, represent 
T,— (—1)"(m+1)F:--™ with Tr, then we may write 


miir 


m+l m m .| 
5 (— 1) v LOY = > (— 1) v 5 uC er Pays] tw-1) 
pal UA 


v=l 


m+1 ý 
+> (— kO kai Vma Oy (Emr P onar) n 
vl, 


But the first term in the right member of the foregoing is by assumption 
wT’, while the sécond can be put in the form 


m+. 


xs (m + 1) $(— 1)? mOmi-o (rF emar) (v-1) 

= 
which by (3) reduces identically to (—1)"(m + 1)a’F;-™, and hence the 
theorem follows. 

As a consequence of this we can so select the parameter that gT, will 
maintain the value unity along any prescribed regular curve. Also, if we were 
to choose the quantities Fumyrqms + Tr-Ts as the components of the. metric 
tensor frs then, because 2’ Fomjrcmys == 0, we would have 2*f,,==T;, and, 
with a properly selected parameter, 2’7a’*f,,—1; T,Tf™* = 1. 

With regard to possible future developments based on T., we note that 
an obvious consequence of the definitions of T, and S; is the following: 
if {7} is any two index connection + then the extremal curves associated with 


*See Adolph Kneser, Lehrbuch der Variationsrechnung, Braunschweig (1900), 
' p. 195. 5 

t I.e. an object which transforms as wef ZY, see L. P. Hisenhart, Riemannian 
Geometry (1926), p. 19. For a most general connection reference may be made to 
A. Kawaguchi, “Die Differentialgeometrie in der verallgemeinerten Mannigfaltigkeit,” 
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F are those for which the vectors 67, (OT, = T’,— T;{1}) and S, coincide. ° 
Should F and the connection be such that 8, is zero then the extremal curves 
may be characterized as auto-parallel and in this case we may conclude from 
(b) that «’6T, vanishes.| As a matter of fact such connections may be 
conggructed. For if {7} is any two index connection and the generalized arc the 
parameter, then the quantities {7}* defined by {2}* = {J} + sS, also con- 
stitute a connection. Evidently, this connection is such that the associated S*, 
vanishes, for S*, may be written S, — Tj2’JS,. 


TEXAS UNIVERSITY. 


Rendiconti di Palermo, tomo 56 (1932), pp. 245-276; also see H. Hombu, “On a non- 

Finsler metric space,” Tohoku Mathematical Journal, vol. 387 (1933), pp. 190-198. 
+See H. V. Craig, “On the solution of the Euler equations for their highest 

derivatives,” Bulletin of the American Mathematical Society, vol. 36 (1930), p. 560. 








- CYCLOTOMY, HIGHER CONGRUENCES, AND 
PROBLEM IL. 


By L. E. Dickson. 


Part 2. THe WARING PROBLEM ror POLYNOMIAL SuMMANDS. 


29. Introduction and summary. In 1770, E. Waring conjectured that 
every positive integer W is a sum of 9 integral cubes = 0, also that N is a:sum 
of 19 fourth powers, etc. Hardy and Littlewood proved that every sufficiently 

large V is a sum of 


(160) s = ($k—1)2*+h+5+& a 


integral k-th powers = 0, where & is the greatest integer = the quotient of 
(k —2) log 2 —logk + log (k —2) by logk—log (k—1). Except for 
very small values of k, & is quite small compared to (160); for example, 
10 = 50, fog = 493. 

Waring conjectured also that every W is a sum of a limited number of 
values of a polynomial in x of degree &. In precise form, this was proved by 
E. Kampke.? But-neither writer gave any information as to the number ‘of 
values needed. For k= 3, 9 values suffice? For k = 4 the analytic part 
of the proof that s values of a polynomial suffice for a large N has been made 
by Miss Humphreys.* We here treat the second part of the proof, viz., that 
if A is any integer and p is any prime not dividing 5 k, then A is congruent 
modulo p toa sum of n values of the polynomial, where n < s in (160). 
find that 








bj 3 4 56 6 7 8 9 10 
n A 6 12 24 48 72 144 216 
S 9 19 41 87 192 425 949 2113. 
If & is one of the even numbers 6, 8,: - -,18, then 


n =n(k) S8- 34, 


which is less than the first term of (160) since 3 < 4. 


+ Part I of this paper appeared in the current volume of this JOURNAL, pp. 391-424. 
2 Mathematische Annalen, Bd. 83 (1921), pp. 85-112. 
3 Dickson, Transactions of the American Mathematical Society, vol. 36 (1934),° 
pp. 1-12, 739-741; R. D. James, American Journal of Mathematics, vol. 56 (1934), 
` pp. 303-315. ia 

t Duke Mathematical Journal, vol. 1 (1935). 

5 For the case when p divides k, see § 45. 
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For any odd k, n(k) S 2n(k—1), whence n(%) is much less than the 
first term of (160) when n=7,9,--°,19. If we write s = S -+ ĉr, then 


k 20 22 24 26 


n 384,912 1,154,736 57,736,800 173,210,400 
S 4,718,617 20,971,547 92,274,717 402,653,215. 





Hence n < s for k < 28. For n = 28, s exceeds a billion, and the actual value 
of s is of slight interest beyond the fact that there exists an s (Kampke). 


30. Normal polynomials. We may exclude polynomials g(x) whose 
values for integers x are all multiples of p, since integers not multiples of p 
are not represented as a sum of values of g(x). The true Waring problem 
relates to summands g/p and not to summands g. 

By the degree of g(x) modulo p we mean the exponent of the highest 
‘power of « whose coefficient c is prime to p. We seek n such that 


(161) AS g(a) (mod p) 


has integral solutions x; for every integer A. We desire that the same n shall 
serve not only for every A, but for every polynomial g(x) of given degree 
k modulo p. We write n = n(k) = n(k, p). 

Determine d by ecd==1 (mod p). Then dA ranges with A over a com- 
plete set of residues modulo p. Hence the problem for (161) reduces to that 
for dg(x), whose c is = 1 (mod p). If is prime to p, we take z = X + z 
and choose z so that the coefficient of *-* is divisible by p. If C is the 
constant term of g(s), write g= H +0. Then (161) is equivalent to 
A— nC = 3H. 


THEOREM 13. When k is not divisible by p, the problem for (161) 
reduces to the like problem for a NORMAL polynomial whose leading coefficient 
is unity, while the coefficient of x** and the constant term are both zero. 


Lemma 1. If neither r nor s is divisible by p > 2 and if A is any integer, 
there exist solutions of 
ra? + sy == A (mod p). 


This special case of Theorem 6 is evident since each of rz? and A — sy? 
„takes 1 -+ 4(p—1) incongruent values and hence have a common value. 
When k= 2 the only normal polynomial is z?. Then Lemma 1 with 
r == s = ] gives 
(162) n(2, p) =È, p>R. 


-$ ' 
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31. Odd k. Let k be not divisible by p. By choice of z, g(e+2). 
becomes 


f(x) =y eat, cı not divisible by p. 
. isd 
f(x) + f(—2) = 2a + et ++ > >= H(z). 


Take p> 2. Then 2c, is prime to p. By definition, any A is congruent to a 
sum of n(k— 1, p) values of H (s). 


THEOREM 14. If k is odd and not divisible by p > 2, then 
n(I, p) S2n(k—1, p). 
COROLLARY. (3, p) S4 if p> 3. 


32. Case k= 4. We employ the fact that the sum of the fourth powers 
of a+ d, a—d and — 2a is 2é?, the sum of their squares is 2¢, and their 
sum is zero, where t= 3a? +- d?. For p> 2 every normal polynomial of 
degree 4 is of the form f(x) = zt + Zus? + va. Hence 


Bt? + 2t- 2u = f(a + d) + f(a—d) + 7(—2a). 


The left member is 2(y? — u?), where y = t+ u. Employ also a second such 
identity and add the two. Hence N —2(y? + 2?— 2u’) is a sum of six 
values of f(a). i 

Take p > 3 and apply Lemma 1. Thus integers y and z may be chosen 
so that NV takes any assigned value modulo p. For the ¢ determined by y, 
3a? + d?==t (mod p) is solvable. Similarly for + determined by z, 3a? + 8 
=r (mod p) is solvable. This proves 


(163) n(4,p) S6 if p>3. 
Hence by Theorem 14, 
(164) , n(5,p) S12 if p>5. 


33. Lemma 2. For every integer A, there exist ù integral solutions of 
_ (165) S ht = A (mod p), 
4=1 
where r is the g.c.d. of k and p—1. 
Taking A = — 1, hr, = 1, we obtain 


€ Landau, Vorlesungen über Zahlentheorie, I (1927), p. 290. The proof is quite 
elementary. 


466 L. E. DICKSON. 


Lemma 3. For K =r + 1, there exist solutions of 
: K 
(166) ~ She 0, not every hi =0 (mod p). 


4=1 


34. Even k. Let k be not divisible by p > 2. As in § 30, it suffices to 
consider a polynomial of the form f(r) =a2*+a%1+---. By (166), 


(167) Ply) =È y) =0 ++ (mod p), Cm SHH. 


If C is not divisible by p, we have the result desired. Next, let C = 0. By 
(166) a certain h; is prime to p. Let Q(y) be derived from P(y) by changing 
the sign of hj. If also the leading coefficient of Q(y) is divisible by p, 
evidently 2h;*1*==0, k; = 0 (mod p), contrary to hypothesis. 


THEOREM 15. Let k be even and not divisible by the odd prime p. Choose 
K (=r-+1) so that (166) is solvable. Then 


n(k, p) S Kn(k—1, p). 
35. Lemmas, chiefly on congruences. 


Lemma 4. If q is prime to p—1, every integer is congruent to a q-th 
power modulo p. 


Since there are integral solutions of v(p— 1) + 1 = ug, 
g= g(a?) = (xt) 1 (mod p). 


LEMMA 5. Letr be the g.c.d. of k and p—1. If each a; is prime to p, 


(168) ' att +: + ++ aszt = c (mod p) 
has the same number of solutions as 
(169) | ays” +++ ++ asy” = c (mod p). 
Consider any solution of a2, H: + ists = 6 (mod p). For 
(t= 1,- + -,8), we shall prove that v: =z; and y;" = z; (mod p) have the 


same number of roots. This is evident unless z; is prime to p. Then 
k Ind x; = Ind z; (mod p — 1) 
has no root or r roots z; according as Ind z; is not or is divisible by r. The 


same is true for r Ind yi = Ind %. , 
From Theorem 6 and Lemma 5 we obtain 


Lemma 6. If p==—1 (mod 4) and if q is prime to p—1, there are 
exactly p+ 1 solutions of 
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ok -+ y*==—1 (mod p), k= 2"q, mel. 
The conditions are satisfied if p==— 1 (mod12), q == 3”. l 
Lemma Y. If p=1 (mod 4) and if q is prime to $(p—1), there are 
exactly p— 1 solutions of 
Ot + yt = — 1 (mod p). l 
LEMMA 8. If p > 2, there are at most km simultaneous * solutions of 
(170) 4 E=], he4 H”=—1 (modp), myk. 


Let d be the g. c. d. of k and m. Comparing (— H*)™/4 and (— H™)*/4, 
we get 
(174) (M (hm 41), 
which is not identically == 0. It has at most km/d roots. Since d is a linear 
combination of k, m, we see from (170) that H? is congruent to a poly- 
nomial in h. 


Lemma 9, n(k, p°) S p?—1. 


We exclude polynomials f(x) all of whose values are multiples of p. As 
in § 30, we may assume that the constant term of f(x) is zero, Let v denote 
a value prime to p of f(z). 


I. If A is any integer prime to p, tv = A (mod p°) has a solution t, 
1St<p*% Thus A is congruent to a’ sum of ¢ (equal) values of F(z). 
Il. Jf A=0 (mod p°), then A==f(0) (mod p°). 
ITI. Let A = pa, 1S m'‘< e, a prime to p. By I, Gi 


a = + zpe™, ` 8 = sum of pe™ — 1 values of fis). 
Multiply by p”. Hence A is congruent modulo p° to , 
ps = sum of p”(p™ — 1) < p? —1 values of f(z). 
36. Case k=—6. We shall prove that (6, p) & 24 if p > 3. 


I. p=1 (mod 4). Then h?==—-1(modp) is solvable. Hence 
h? + 1=0. Thus K —2 in (166) and n(6, p) S2-12 by Theorem 15 and 
(164) if p > 5. For p= 5, use Lemma 9. 

II. p=— 1 (mod 12). By Lemma 6, there are exactly p+ 1 solu- 
tions of ; ` 


“If m/d and k/d are both odd, there are at most 25-+ km — 3dm simultaneous 
solutions, where ô is the number of roots of gå = — 1 (mod p). ' 
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(172) Ma + ha + h = 0 (mod p), hs = 1. 

If p+1> 24, Lemma 8 shows that (172) has a solution for which 
hit + hets&—1, and one for which A? + h? 5&— 1 (mod p). But if 


p = 11 or 23, n(6, p) S 22 by Lemma 9. 
Consider a normal polynomial 


(173) f(t) =e + ost H o o H aa. 
Then 


3 4 3 
(174) P(y) =F fhn) =F My (mod p), M= Dd 


If P(y) is not identically == 0 (mod p), (6, p) S 3n(4, p) S18. Next, let 
P(y) be identically ==0 for all solutions of (172). Since (172) holds also 
when ka = — 1, there are solutions with M, £0, whence c;==0. Similarly, 
M,540, c,==0. We saw that there are solutions with M.s40, M,5<0, 
whence c,==0, c,==0. Hence f(x) ==2° and n(6, p) =2 by Lemma 2 or 
Lemmas 1 and 4. , 


Lemma 10. Hacept for p = 7, 31, 67, 79, 139, 223, there exist solutions 
of h° + H°? = — 1 (mod p), if p==7 (mod 12). 
Since p= 6f + 1, f is odd and the number N of solutions is 36(0, 3) 
by Theorem 5. By § 19, 
N=p+1+164, N=p+1+104412B, p= A? + 3P, 


according as 2 is or is not a cubic residue of p. The sign of A was there 
chosen so that A ==4 (mod 6). By Theorem 7, B is'a multiple 3y of 3 in 
the first case; but in the second case, B is prime to 3 and we may choose the 
sign so that + B == A (mod 8). 

Let N=0. Eliminate p. In the first case, 


Y = {$ (4 + 8)}? + 34? = 4 -+ 3, A——2 or — 14, B? = 9, p = 31 or 223. 


In the second case, p and 37 are the products of A + BV 3 and 
ë— 2V — 3 by their conjugates, whence, by multiplication, 
3%p =X? 4+ 8Y?, X= 5A + 6B=2? (mod 6), Y=—?2A + 5B, 
and Y = 3w, X + 8Y = 3v, v odd. If N =0, p=—1— 2X, 
l 148 = v? + 3w? = 121 +3 -9 or 1+ 3:49, 
whence p = 7, 139 or 67, 79, 
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Ill. p==% (mod 12). First, exclude the six p’s in Lemma 10. Then 
(172) is solvable. There exists an integer e belonging to the exponent 
6 modulo p. Hence (172) holds also when h, is replaced by eh. Hence 
* (172) has solutions for ‘which Mj340, g=0 (j=l, ;',4 in turn) 
in (174). 

We have the following solutions of (166) with K = 4, k=6. 


p= 67, 1+1+ 14 228e=0; 
p= 19, 1+1i+ti0+ 67=0, 1l0=9 679%, g=29; 
p= 139, Tti+ 6+1381=:0, 69°, 13l==9%, g—92; 
p = 223, 1+4+ 8+210=0, 2=108, 210 = 105, 

For each such p, n(6, p) S 4-6. 


Lemma 11. If p= 1 (mod k) and if every integer is congruent modulo p 
to a sum of s k-th powers, then n(k, p) & sk. 


There exist k roots h; of h? = 1, whence 3h; = 0 (mod p) for 1 Sj < k 
by Newton’s identities. We may take f(s) = 3* +: +. Then 


Š f (huy) = kyt (mod p). 


Since r is now k in Lemma 2, we have 
Lemma 12. If p==1 (mod k), n(k, p) S k’. 


For k = 6, p = 31, we find that s = 4 in Lemma 11, whence n (6,31) 24. 
For p = Y, apply Lemma 9. 


TuroREM 16. If p > 3, n(6, p) S 24. 
37. Case k—=8. Proof that n(8, p) S 72. 


I. p==—1(mod4). By Lemma 6, there are exactly p+ 1 solu- 


tions of 
(175) h? + H° = — 1 (mod p). 


By Lemma 8, (175) has at most 48 solutions in common with one of 
he +- H°" = — 1, h + Ht=— 1; h? + H?==—1. Hence if p+1> 48 
there is a solution of (175) for which Ms 3£ 0, one for which M, 5<0, one for 
which M:53£0, where the notations refer to (174) with (j ==1,:> -,6), 
whence n(8, p) S 3n(6, p) S72. For p+148, we have n(8, p) S 46 
by Lemma 9. i 

II. ps=1 (mod8). Then n(8, p) S64 by Lemma 12. 
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Lemma 13. Let p= 4f + 1 = 2 + 4y, t1 (mod 4). The number 
N of.solutions of ht + Ht =— 1 (mod 4) is p—3— 6a if f is even, but 
p+ 1— 6z if f is odd. so 


For, by Theorems 2 and 5, N—8-+16(00) or 16(02). Apply (52) 


`” and (56). 


III. p==5 (mod 8). If in Lemma 13, p+1—6x—0, eliminate p 
from 2? + 4y? =p. Thus 2+ y? =2, z =4(r— 3). Hence z= +1, 
z= 1 or 5, p= 5 or 29. 

Let p45, p 429. Then ht -+ H*=— 1 has solutions. By Lemma 5 
it has the same number of solutions as (178). Thus 


(176) ha® + h£ + h = 0 (mod p) 


has solutions with hs prime to p.. There exists an integer e belonging to the 
exponent 4 modulo p. We have (174) with (j7—1,---,6). Let the new 
, (174) be identically = 0 (mod p) for all solutions of (176). As below (174), 

. f(x) involves only even powers of x. We do not alter (176) if we replace 
hs by ehs. If the old M, is == 0, the new M, is £ 0, whence c,==0. Similarly 
¢gs==0. Hence f(x) = <x? + cst. Employ 


4(a + b)* -+ 4(a— b) + (2a)t + (2b)* = 24 (a? + b?)?. 
The corresponding sum of eighth powers is 8S, where l 
S = 38 (a° + b°) + 28 (ab? + a®b*) + 70atd*, 
We may take a = 1, b? = — 1 (mod p). Then S==80. Hence there exist 
solutions of 


10 
È hit = 0, DAF=S8 X 80 340 (mod p). 


i=1 


Then f(hiy) = 6404". In Lemma 2, r is now 4. Hence every integer is 
` congruent to a sum of 4 X 10 values of zë + cya. 
For p = 29, n(8, p) SS 28 by Lemma 9. 


THEOREM 17. (8, p) S 72. 
38. Case k = 2q, q a prime > 3, 


I. p=1(modq). Then n(k, p) Sk? by Lemma 12. 

II. p1 (modq). By Lemmas 6, 7, there are exactly p= 1 solu- 
_ tions of 

(177) h: + H* = — 1 (mod p), 
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according as p= œ 1 (mod 4). Apply Lemma 8 with m< k. Thus 
n(k, p) & 8n(k—2, p) if p + 1 > k(k—2). 


THEOREM 18. If p27, n(10, p) S 216. 
` This was proved if p + 1 œ> 80. But if S 79, apply Lemma 9. 
39. Case k= 12. To prove that n(12, p) S 648. 
I. p=1 (mod 12). By Lemma 12, n(12, p) S 144. 
Il. pe=—1(mod12). By Lemma 6, 


(178) hi? + H? ==— 1 (mod p) 


has exactly p+1 solution. If p+1> 120, Lemma 8 shows that 
n(12, p) S 3n(10, p) S 648. If p+1 120, apply Lemma 9. 


III. p==5 (mod 12). Since every integer is congruent to a cube 
(Lemma 4), the number W of solutions of (178) is the same as the number 
of solutions of 


(179) 2t + wt==—1 (mod p), 
which is true also by Lemma 5. Here p==5 or 17 (mod 24). 


IV. ps=5 (mod 24). By Lemma 13, N = p + 1 — 6r, s= 1 (mod 4), 
a? -+ 4y? = p. Thus N==0 (mod 24). Since — 2 is a quadratic non-residue 
of every prime p= 5 (mod 8), 2*s4w* in (179). Also, wte=-— 1 implies 
weal, wr = 1, wt==1, whence z3£0, w3£0 in (179). But z*==1 has 
four roots. Hence N is a multiple of 2 X 4 X 4. Hence N is divisible by 96. 

If N > 12 X 10, Lemma 8 gives n(12) ‘SS 3n(10). It remains to treat 
N = 0, N = 96. By III, § 37, N = 0 requires that p = 5 or 29. If N = 96, 
eliminate p = 6s + 95 from 2* + 4y? = p. Hence 


26 = 4? + 42, v=} (s — 3) = odd, v= t, +1, 
p= 53, 101, 173 (125). Apply Lemma 9. l 


V. p= 17 (mod24). By Lemma 13, N = p — 3 — 6x. Hence 
N == 8 (mod 24). Since there exists a number e belonging to the exponent 8, 
et == — 1 (mod 4) has four roots. Thus (179) has eight solutions with 
z==0 or w = 0, and hence has N — 8 solutions z, w both prime to p. If the 
quadratic residue 2 is a residue of a fourth power, there are four solutions 
of 2zt == — 1 and hence 16 solutions of (179) with 2t = wt, whence N — 24 
is a multiple of 2 X 4X 4. This with N ==8 (mod 24) gives N = 56 (mod 96). 
Next let 2*s4w*, then N — 8 is a multiple of 32. Hence N == 8 (mod 96). 
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By Lemma 8, it remains to treat N 120, whence V = 8, 56 or 104. Elimi- 
nate p and write v = $ (x — 3) = odd. 

If N= 8, 5 =v? +y, v = + 1, p= 1Y or 41. i 

I£ N = 56, 17 =v + 4”, v= +1, p= 89, or 53317 (mod 24). 

Tf N = 104, 29 = v? + 4°, v= + 5, p= 65 or 185 (not primes). 


For these primes apply Lemma 9. 


`- VI. p=? (mod 12). By Lemma 5, the number N of solutions of 
(178) is the same as that of z + y°=— 1. If N= 0, Lemma 10 gives 
pS 223, whence Lemma 9 applies. Let N > 0. Since there exists an integer 
belonging to the exponent 6 modulo p, the usual proof gives n(12) & 3n(10) 
unless f(s) == g” +- cx’, 

Suppose that (178) has a solution in common with 

(180) hé + H°==—1 (mod p). 
Elimination of h° gives H? + H° + 1s=0, whence H*s41. Thus the g. c. d. 
of the exponents in H**==1, H?*==1 must exceed 6. Hence p==19 (mod 36). 
Conversely, H + H® + 1 == 0 then has twelve roots. Write h = tH?, t = 1. 
Then (180) holds and there are exactly 72 simultaneous solutions of (178) 
and (180). 

It therefore remains only to treat the case N = 72. By the results below 
Lemma 10, N = p+ 1 +164 or p+1-+2X. Eliminate p. In the first 
case, 15 = 2? + 8y?, z = $ (— A — 8), which is impossible. In the second 
, case, 37: 12 =v? + 3w”. Thus v= 3u, 148 = 8u? + w?. The only solu- 
, tions are (u?, w°) = (9,121), (16,100), (49,1). The ps are 19, 199, 271, 
91 and 217 (factors 7), 733419 (mod 36). Apply Lemma 8. 


THEOREM 19. If p27, n(12, p) S 648. 


40. Case k = 14. If p 1 > 14 X 12 = 168, § 38 applies. If 
p += 15 168, Lemma 9 applies. Hence 


THEOREM 20. If p= 1, n(14, p) S 1944. 
41. Case k=16. To prove n(16, p) S 5832. 
I. p==1(mod16). By Lemma 12, n(16, p) S 256. 


II. p==—1(mod4). By Lemma 6, with q = 1, there exist exactly 
' p-+1 solutions of 


(181) h -+ H" = — 1 (mod p). 


CYCLOTOMY, HIGHER CONGRUENCES, AND WARING’S PROBLEM. II. 4.73 


By Lemma 8, (16, p) S 3n(14, p) unless p + 1S 224, and then Lemma 9 
applies. ‘ 
III. p==5 (mod 8). By Lemma 5, (181) has the same number N of 

solutions as zt + y*==—1(modp). By Lemma 13, 


N=p+1—6z, p =r + 4y?, r= 1 (mod 4). 


Since — 2 is a quadratic non-residue of p, h**54H** in (181). Also 
hs40, H340. If j= 1, then j*==1. Hence the solutions fall into sets 
of 2 X 4X 4, so that N is a multiple of 32. There remains the case N 224. 
If N= 1 (mod 3), p would be divisible by 3. 

If N = 0, p = 5 or 29 by III of § 37. If N == 96, p= 53, 101 or 178 by 
IV of §89. Write v = 4(r— 3) odd. If N = 32, 10 =v? + 4°, p= 18, 
37, 61. If N = 128, 34 = v? + 42, p = 109 or 181. If N = 192, 50 =v? + 9°, 

v? = 1, 25, 49, p = 149, 197, 269, 2938. If N = 224, come S p= 157 
or 277. For these p’s apply Lemma 9. 


IV. p==9 (mod 16). By Lemma 5, (181) has the same number M of 
solutions as l 


(182) h8 + H? ==—1 (mod p). 
By Theorem 5, M == 64(04). By (114), (115), 
(ie M = p4 1—i8r or M = p+ 1+ 6r -+ 24a, p= 2? + 4y’, 
p= a? + 2b. 
First, let M > 0. Since there exists an integer belonging to the ex- 
ponent 8, n(16) < 3n (14) unless f(z) = q + ca®. As in VI, § 39, if there 
_ be a simultaneous solution of (181) and (182), then 


HY +H®4+1=:0, H%=1, H®s£—1(modp), p= 25 (mod 48). 


Conversely, there are then exactly 16 X 8 128 common solutions. Hence 
there remains only the case M=-128. Then in (183,), p= 18s + 127, 
whence 52 is the sum of the squares of 4(a—9) and y, viz., 36 and 16, or 
vice versa. Thus p == 73 or 483 = 1 (mod 16). Next, if M = 128 in (1882), 
then 
pt1l—30Vp< 128, p< 1156. 

But for p == 73 or p < 1156, Lemma 9 applies. 

Second, let M = 0. Evidently p < 1156. 

THEOREM 21. If p> 7, n(16, p) S 5832. 


42. Case k=18. Let p=— 1 (mod 3). By Lemma 6, with q = 9, 
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(184) W8 4. H = — 1 (mod p) 


` has exactly p + 1 solutions. By Lemma 8, if p + 1 > 288, n (18, p) & 3n (16, p). 
Apply Lemma 9. : 

For p > 2, there remains the case p= 1 (mod 6). If p==1 (mod 18), 
apply Lemma 12. Henceforth, let p==7 or 18 (mod 18). By Lemma 5, 
(184) has the same number N of solutions as 2°-+ y*==—1(modp). By 
Lemma 8, there remains the case N S 18-16 == 288. 

In the respective cases below Lemma 10, 


p+1S—16A + 288 <16Vp+288, p< 729, 
p+1 288 — 2X S 288 + 2 V 37p, p = 580. 
Apply Lemma 9. Hence we have 
THEOREM 22. If p=, n(18, p) S 17496. 


43. Case k—=20. When p£1 (mod), p==—1 or +1 (mod 4), 
we find by Lemma 6 or Lemma 13 the number N of solutions of h?° + H? 
==— 1 (mod p), and proceed as usual. If p==1 (mod 20), apply Lemma 12. 
There remains only the case p==11 (mod 20); since N is not known, we 
resort to the rough Theorem 15 and Theorem 14 and obtain 


THEOREM 23. (20) S11 n(19) S 22 n(18). 


44, For k= 22, we employ §38 with g=11. It remains to treat 
p + 1< 440; apply Lemma 9. 


, 


THEOREM 24. n(22, p) S 3 n(20, p). 


45. It remains to treat primes p which divide k. Let p* be the highest 
` power of p which divides &. Write 


P= p" if p> 2, P =+ if p== 2, 


We seek N such that every integer is congruent modulo P to a sum of N 
values of any polynomial in x not all of whose values are multiples of p. 
By Lemma 9, NS P—1. Hence if & =3, N38; if k=4, NS15; 
if k= 5, NS24; if k=6, NSS. For these, Ns in (160). For 
TSk3S 26, N < n= n(k), for the n listed in § 29. 
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THE EQUIVALENCE OF NON-SINGULAR PENCILS OF 
HERMITIAN MATRICES IN AN ARBITRARY FIELD. 


By J. WILLIAMSON. 


The problem of the equivalence of two non-singular pencils of real sym- 
metric matrices in thé real field was first solved by Muth.1 More recently 
Trott,? Wegner,’ Ingraham * and Turnbull ë have solved the similar problem 
for two Hermitian matrices under conjunctive transformations in the complex 
field. The notation used by Trott was such, that he was able to discuss the 
Hermitian case and at the same time the real symmetric case. In this paper 
we show how Trott’s method may be extended to the similar problem of the 
equivalence of two non-singular pencils of Hermitian (or symmetric) matrices 
with respect to a general commutative field K. Incidentally, as is often the 
case with a generalization, we show why the results in the case of the complex 
field (or real field) are comparatively simple. We prove that a necessary and 
sufficienti condition for two such pencils to be equivalent is that; 


(a) they have the same elementary factors with respect to K, 
and (8) certain diagonal matrices be equivalent in over fields of K. 


_ In the simple cases already considered conditions (8) can all be expressed 
in terms of the equality of certain integers—the signatures of the respective 
quadratic or hermitian forms. That no such great simplification is possible 
in the general case is apparent from a consideration of two pairs of one rowed 
matrices a, b, and c, d in the rational field, where a, b, c, d, are all rational 
numbers and b and d are both different from zero. The pair a, b, is equivalent 
to the pair c, d, if, and only if, a—Ab and c— Ad have the same elementary 


1 P. Muth, “Uber reele Aquivalennz von Scharen reeler quadratischer Formen,” 
Crelle’s Journal, vol. 128 (1905), pp. 302-343. 

2G. R. Trott, “On the canonical form of a non-singular pencil. of Hermitian 
matrices,” American Journal of Mathematics, vol. 56, no. 3 (1934), pp. 359-371. We 
shall refer to this paper as Trott, 1. 

°K. W. Wegner, “ Equivalence of pairs of Hermitian matrices,” Bulletin of the 
American Mathematical Society, vol. 40, no. 1, January (1934), Abstract 103. 

4M. H. Ingraham, “The singular case of the equivalence of pairs of Hermitian 
matrices,” Bulletin of the American Mathematical Society, vol. 40, no. 7, July (1934), 
Abstract 242. 

5H. W. Turnbull, “Pencils of Hermitian forms,’ Proceedings of the London 
Mathematical Society, series 2, vol. 39 (1935), pp. 232-248. 
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divisors, i. e., if a/b = c/d (condition «), and, if b ==k?d, where k is a rational 
number (condition £). 

Section I is devoted to preliminary definitions and proofs; the main 
results are proved in § (2) and a short discussion of these results is given in 
§ (3). No attempt is made to consider a similar problem for singular pencils. 

1. Let K be any commutative field of characteristic zero ° and let K (+) 
be a quadratic field over K, where 2 is a root of the equation g? — a = 0, 
irreducible in K. Then every element a of K(i) is of.the form a = a, + ia, 
where a, and a lie in K, so that the conjugate of a is the element @ = a, — ia. 
If R is a matrix over K (i), R = R, + iR, where KR, and R, are both matrices 
over K, and R= R,—ik,. The matrix R* is defined to be the conjugate 
transposed of R so that 

R* = Ẹ = PR’, — iP’... 


When R is a square matrix of order n, we may consider È as a matrix 
of matrices and write 


a) R = (Ri), (i, j = 1, 2,- i -,t), 
where Ri; is a matrix of r; rows and r; columns and 7, -+- 7. +° or =n. 
If S is a second n-rowed square matrix and § is written as a matrix of matrices, 
(2) S = (Su), (4,71, a2 8 78); 


where Ss; is also a matrix of r, rows and ry columns, we say that S and R are 
similarly partitioned or that (2) is a partition of S similar to (1). Ifin (1), 
when 1 is different from j, Ri; is the zero matrix, we call R a diagonal block 
matric and write 

= [Ris Ros, sees Ret]. 


If D is a square matrix of order n, whose elements lie in XK, the invariant 
factors H;(A) of D—AF are polynomials over K. We call” the powers of 
the distinct irreducible factors of H;(A) the elementary factors (with respect 
to K) of D—AL. Let the elementary factors of D — dH be 


(3) [2 (A) ]™, 
(i =1,2,: etats j=1,2,- : ki; nts È nis Z 1, if j <s), 


° It is not essential for this discussion that the characteristic p of K be zero. On 
the other hand p cannot be arbitrary. We, however, restrict ourselves to the case 
p = 0 for the sake of simplicity. 

7Cf. Neal McCoy, “On the rational canonical form of a function of a matrix,” 
American Journal of Mathematics, this volume, p. 492; J. H. M. Wedderburn, Lectures 
on Matrices, pp. 123-126. 
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where p;(A) is a polynomial over K of degree n, irreducible in K, with leading 
t ki 

coefficient unity and such that p: (A) s4 pi (à), i£ isj. Then n = È ni X nij- 
i=l j=l 


Further let p; be a square matrix of order n,- with elements in K, whose 
characteristic equation is p:(à) = 0, and let Ni; be the matrix 


Pi ĉi 0 -< + 5 Q 
0 li 2 . é 0 f 
(4) Ni; = i (t= 1, 2,- nary 
= 0 0 0 F j~1,2,- . >, Ka), 
0.0 0 Pi 


where e; is the unit matrix of order n; and Nij, considered as a matrix of 
matrices, is of order ņ;;. If M; is the diagonal block matrix 


(5) M= [Wi Vis, - . s Nix], (i = 1, 2,- . ʻi), 
and 
(6) M = [M M: 7 *, Mt], 


"the elementary factors of D — AF are the same as those of M—)AH. Hence 
M is similar to D in K and is a canonical form of D in K. 

We now define two matrices of order 7:;, whose elements are matrices of 
order n;i. These two matrices are the auxiliary unit matrix 


0 ĉi 0 s + 2 0 
0 0 Cy 24 too 0 
(7) U; = 


o o 
S- 
o o 
> s 


and the counter unit matrix 


0 0 i 

0 e; 0 
(8) Tu = t 

Og Y om n 0 0 


The matrix N:;, defined by (4), may accordingly be written in the convenient 
form : 
Ni; = pEi + Vis, 


where H,; = T?;;. Moreover a simple calculation shows that 


(9) UTi = TiU. 
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Let qi be a non-singular matrix over K of order n, satisfying the equation 


(10) Qipi = Dida, (i= 1,2, t) 
It has been shown that such a matrix q; exists and that it is necessarily 


symmetric. Further, if, 


(11) Qiu = UT, (t= 1, 2,- : "t; j =1,2,: E tki), 
` then 
aLi Niz = iT is (pB + Vis), 
= (p'iEi + Ui)giTi by (9) and (10), 
so that 
(12) QiiN is = N'i. 
Accordingly the matrix 


(18) Q — [Q Qe, T ER Ql, where Qi = [Qa Qiz MT PD Qin, |, 
is a non-singular symmetric matrix over K, satisfying the equation 
(14) QM = WQ. 


Moreover, if Ẹ is a matrix over K (i), such that 


(15) i RM = WR, 
then 
(16) R = QS, 


where § is a matrix commutative with M. The form of § is known.® In fact 
8 is a diagonal block matrix : 


(17) O S= [SuSa +, 5] 


partitioned similarly to M in (6). Further, if for simplicity we write 
ni Ti Uy, q, p, and k for qij, Tij Uii, qi, pi and k; respectively and let 


(18) S; = (Srs), (r, s = 1,2, > k), 


be a partition of S; similar to that of M; in (5), Srs is a matrix of 7, rows 
and ys columns, where qr = ys, if r&s. Moreover, if r&s, 


(19) Sa (F), Se= (Vau), 


E R. C. Trott, Bulletin of the American Mathematical Society , vol, 41, no. 1, part 2, 
January (1935), Abstract No. 95. We shall refer to this paper as Trott 2. 
°? Trott 2. 


NON-SINGULAR PENCILS OF HERMITIAN MATRICES. 479 
where Grs and Gs, are both square matrices of order ye == y, while 0 denotes 
the zero matrix of orders y,—7, 7 and 0’ its transposed. More exactly, 


Qt 


4-1 
(20) Grs = 2 GreaU st, -È Jara t > 


where grsa and gsra are polynomials in the matrix p with coefficients in E (i). 
We now define the two matrices 


(21) Srs =e (0, Gs), Bue — (4) rss, 
so that in particular, if qr = ņa, 
(22) Srs == Srs; Nr == Na. 


It should be noted that -s is formally the transposed conjugate of Sys, if p is 
considered as an indeterminate instead of a matrix. 
It follows from (20) that 


G*, 6917's = 2 g * ras Ts, 
= 23 Grew t by (9) and (10), 
a=0 


= qT sGrs. 
Hence, if rs, 


S*,.qT'r = (G*rs 0) qT, (0 the zero matrix of orders nr — ns, 4s) 
= (0 G*rsqTe) = (0 qT sGrs) = qTs(0 Gre) = qT ers by (21). 
Similarly, 


0 f 0 G¢ 
¥ — = = = Sf) oom a 
man (e)n (a) (9) a 
Therefore for all values of r and s 
(23) S*qlr baa qT Ses. 


If the matrix R, defined by (16), is such that R = R*, on equating 
corresponding elements of the two matrices we have 


qT Ses == (q?sSsr) Sr 


or 


(24) qT -Srs = 8*,q7's = qT, (Ser) by (23), 
so that 
(25) Srs == Sar. 
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In particular, if 7, = qs, it follows from (22) that 


(26) Srs = Ser, (r,s = 1,2, > +, k) 
and, if r = s, that 
(27) Srr = Ser, (r =1,2,: > nk), 


so that S, lies in K. 


2. We now consider two square matrices, A and B, of order n, with 
elements in the field K(i), of which the second, B, is non-singular. The 
matrices A and B are such that A = A* and B = B*, so that both matrices 
are hermitian matrices or else, when A and B are both matrices over K, 
symmetric matrices over K. Moreover, if A and B are both matrices over K, . 
in the sequel every matrix P is a matrix over K and P* is to be interpreted 
as P’. Since A = A* and B = B*, the invariant factors E;(à) of the pencil 
A—AB, which are certainly polynomials over the field K (t), are unaltered 
by the substitution of —1 for t and are accordingly polynomials over K. We 
are therefore at liberty -to talk of the elementary factors (with respect to K) 
of the pencil A—-AB. We let these elementary factors be the polynomials (3), 
so that 4—2AB has the same elementary factors as M — AF. Since the 
elementary factors of A —AB are the same as those of AB — AF, the two 
matrices AB and M are similar. Hence there exists a non-singular matrix P, 
such that 

P*(AB—)d#)P = M — AE, 
or ; 
(28) (A —AB) BOP = P(M— dE). 
In general the elements of the matrix P lie in K (t), but, if A and B are both 
symmetric matrices over K, P is also a matrix over K. As a consequence of > 
(28) we have 


(29) P*B+ (A —dB) BP = R(M — AB), 
where 
(30) R = P*BRP., 


It follows from (30), since B* — B, that E= R* and from (29) that 
RM = P*B“AB"P, so that RM is hermitian, and accordingly that 


* (31) RM = M*R* = WR. 


We shall now reduce the pencil of matrices R(M — AE) by a conjunctive 
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transformation ° to a canonical form G(M— AE); that is, determine a non- 
` singular matrix W such that 


(32) W*R(M—AR)W = G(M—naB). 


Accordingly, as a consequence of (29) and (32), the pencil A —AB is 
equivalent under a conjunctive transformation to the pencil G(M — AAE). 
Moreover, it follows immediately from (82) that G == W*RW and that 
W*RMW = GM = W*RWM. Hence G = G* and 


(33) MW =WM, 


so that throughout the various stages of the reduction the ee 
matrices are all permutable with M. 

As a consequence of (31) R= QS, where Q is defined by (13) and § 
by (17), (18) and (19). Therefore, 


= [Ry Ra +, Re]; 
is a diagonal block matrix, where , 
Ri = Qi, : (¢=1,2,---,¢), 


and, since MW — WM, the matrix W is also a diagonal block matrix 
[Wi Wo, © >, We], where W; is of the same order as M;. Hence we see that 
in reducing R we may reduce each R; separately by transformations W; 
permutable with M;. As this is tle case we temporarily drop all suffixes 7 and 
write M, R, 8, q, T; etc. for Mi, Ei, Si, Qi, Ti; respectively. 

We first show that without any loss of generality we may assume Sı, 
to be non-singular. Since m = y=: ::-2=m=1, we may suppose that 
m =q =: 0 == ys > sn, LSS Sk. TE Su, is singular but, for some value 
of j Ss, S;; is non-singular, by interchanging the first row and the j-th row 
of § and the first column and the j-th column, we move S;; into the place 
of Sa. Moreover such an interchange may be accomplished by means of a 
conjunctive transformation permutable with W and Q.44 We now assume that 
S;; is singular for all values of j, 1S js. If sı; denotes the first element, 

e., the element in the first row and first column, of the matrix Sij 
| Sj; | = | s;; |” and, since s;; is a polynomial in the matrix p with coefficients 


10 We shall use the term conjunctive transformation to include the case of a 
congruent transformation; i.e, a transformation of matrix W, where wW lies in K, 
so that W* = W”, 

4 Turnbull and Aitken, An Introduction to the Theory of Canonical Matrices, p. 11. 
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in K (equation (27)), sj; =0. In particular sı = 0, and, since, from the 
nature of Si, (equation (19)), si: = 0 when > s, there is at least one value j, 
1<jsSs, such that sj,;540, as otherwise S would be singular. After a 
suitable interchange of rows and columns we may therefore suppose that sz 
is not zero. Let 


n- &) a] ot mo [(E 2). a 


where #, and E, are the unit matrices of orders nig, and ni (qs + qa +e +H m) 
respectively. The two matrices W, and W, are both permutable with M as 
are the matrices W*, and W*, with Q. A simple calculation shows that, if 


W*,QSW,—=QX and W*,.QSW=QY 
and X and Y are partitioned similarly to M, 
Xa ai Su + Sor + Si. + Soo, Yu = Su + 4( Siz — Ser) — PSr. 


The first two elements of these matrices are respectively 241 == S12 + So, and 
ir = t (S12 — S21), SINCE S = S22 = 0, As 52,540, at least one of 214 Or Yn 
is different from zero, so that at least one of Xi: or Yy, is non-singular. 
However, as W, is not a matrix over K, we must still show that, if S is a 
matrix over K, the matrix X4, is non-singular. This is in fact the case; for, 
since S* == 8, by (26) se: == Siz, so that if S lies in K, go: = 512 = S12 and 
Tı = 282,340. Hence we may assume without any loss of generality that 
Sı is non-singular. 

We next show that § may be reduced to a diagonal block matrix parti- 
tioned similarly to M. Let 


E, — iSi —Sut8i °° + — Sux 
x 0 H, 0 a2 et 0 
W = 0 0 E; ney Ht 7 0 A 
0 0 0 of, tg Ey 


so that W is certainly permutable with M. The element in the r-th place, 
r > 1, of the first column of W*Q is 


— D*ar (Stu) qT = — I*r TS = — QT Sn Siu by (24). 


Hence wg == QH, where H is obtained from W* by replacing the element 
‘in the r-th place, r > 1, of the first column by — 8,181.7. A simple calcula- 
tion now shows that if, 
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W*QSW = QD = Q (Drs), (r,s =1, 2, ° k), 
Dy =8u, Dna = Dır =0, (r£ 1), 
Drs = Srs — rir Sis, (r,s = 2, 3,- >>, k). 


We have therefore shown that there exists a non-singular conjunctive 
transformation permutable with M, which reduces R = QS to the form 
QS, H], where H is a square matrix of order ni (qz + ns +` © <) and is 
commutative with [N:, Na, © +, Na]. Accordingly H is of exactly the same 
type as S and we may repeat our previous argument with S replaced by H. 
Hence in k— 1 steps we deduce the existence of a non-singular matrix V, 
permutable with M, such that 


(34) V*QSV = Q[ G, Go, ° x "> Gr], i 


where G; is of the same order as Nj, (j=1,2,---,%). Moreover Gy is 
permutable with N; and Q;G; is hermitian. Hence by (27) G; is a matrix 
over K and Q;G; is symmetric. . 

We now show that it is possible to reduce Gj, (j =1,2,:--,), toa 
diagonal block matrix. For simplicity we write n = nj, so that 


-1 
Gy = 5 gaU; (formulas (19) and (20)), 
a=0 


where ga is a polynomial in p with coefficients in K. Since G; is non- 
singular, go is non-singular and is accordingly different from zero. If 
Jı = 92 =" ` `= ge = 0 and c—y—1, G is a diagonal block matrix. If 
¢<y—1 and ge. 540, we consider the matrix 


W = E; = wU ;°**, where w = Jor/29o, 
so that 
. GW? — Gi (E; — 2wU jo + w02), 


1-1 
ml gE; + heU; + >> haU 32 = ij, 
a=c+2 


where hey = Jour — 29w = 0 and he is a polynomial in p, when a=c-+ 2. 
But 
W*Q;G;W = W’qTjG;W = qT; WG;W by (9) and (10), 
= gT;G; W? = qT jH;. 


Hence the matrix W reduces Q;G; to Q;H;, where H; is of the same form as 
G; except that the coefficient of Uj! is now zero. If the coefficient of Uj”? 
in H; is different from zero, we may repeat our argument with G; replaced 
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by H;. Accordingly in at most »—1 such steps we can reduce G; to the 
diagonal form g.H;. Let us therefore suppose that G; is already in diagonal 
form, so that, after an obvious change of notation, 


(35) Gj = g;f;, (j=1, By :,k), 


and g; = g;(p) is a polynomial in p with coefficients in K. Equation (34) 
therefore becomes, 


(36) V¥QSV = QG = Q[9:Er gE: ` +, grHu), 


and we call the matrix on the right of this last equation a canonical form for 
the matrix QS. ; 

It is apparent that this canonical form may not be unique. Suppose 
therefore that there exists a non-singular matrix Y, permutable with M, 
such that 
(37) Y*QSY = QF = Q[fsB:, falls,’ +, fubul, 


where fj = f;(p) is a polynomial in p with coefficients in K. Then, if 
W—V-"Y, W is permutable with M and, as a consequence of (36) and (37), 


(38) W*QGW — QF. 


If W= (W), (r,s = 1,2,- -, k), is a partition of W similar to that of 
M, Wrs and Wer are of the same forms as Srs and Ssr in (19). We define 


Ws in an analogous manner to rs in (21), so that in particular, if 4r = qs, 


Ws = Wrs. The matrix equation (38) may now be written in the form 


k 
> W*arglagaWas = 8rsG 2 rfrLr, (7, s = L 2, sit ia k; org the Kronecker 5). 
azi . ` 
Hence by (23) , 
k n 
qT, 2 Warga Was brsQ@l rf Lr, 
a P 


or, on dividing by the non-singular matrix gT,, 


k a 
(39) > WarJaWas = Srsfr Br. 
k a=1 


If wi; is the first element of the matrix W,; and w;; the first element of l 
the matrix Wii, it follows from the nature of the matrices W;; and Wij (cf. 
equations (19) and (21)), that the first element of the matrix WargaWas is 
WerJaWas. Accordingly by equating the first elements of each component 
matrix in (39), we have 
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k 
(40) a py WarJaWas vane Sisfr- 
a= 
But by (19) and (21), 
Was = 9, if na < 983 War = 0, if Na > Nr; War = War, if na = sips 


Hence, if Ne- > Yo = No = © 0 Oe > hir and (SSS d, cs r= d, 
WarJaWas—= 0, when œ< c or «>d. Accordingly (40) becomes 


(41) Š WarJaWas == Srsfr- 
a=e 


Let D be the matrix (dij), (i,7—=1,2,-:-,d—ce-+1), where 
dij = West-1,c4j-1- Then it is a consequence of the form of W that, since W 
is non-singular, D is non-singular, for, after a proper interchange of rows 
‘and columns, it can be shown that | D | is a factor of | W |. Each element 
dı; of D is a polynomial di; (p) in the matrix p with coefficients in K(i) and 
therefore (41) may be written in the form of a matrix equation 


(42) | Digo Fors’ i "2 92] D= (fe, feu,’ © -, fal, 


where D= (du) = (dj), i, =1,2,°--+,d+1—c; ef. equation (21). 
It is important to notice that D is. not the same as D*, since D* = (d*4;), 
where d*;; = dj;(p’). Let 2 be an indeterminate and let D(2) denote the 
matrix whose typical element is dij(z). Then, if 


(48) | D(c)| = p(x) + io (z), p(x), o(£) polynomials with coefficients in K, 
(44) | D| =| p(p) + to(p) | “2 
Similarly | D | = | p(p) — io (p) |, so that 

(45) 1D] |D| =|(e(p))?—#(e(p))* | = | a) |, 


where p(x) is a polynomial in with coefficients in K. Since D, and simi- 
larly, D, are both non-singular, D D is non-singular, so that by (45), a(p) is 
PEE AA Hence, since u(p) is a polynomial over K, 


(46) e(p) 0, , 
is a necessary and sufficient condition that D and D both be non-singular. 

If @ is a root of the irreducible equation p(s) = 0,. the field K(6) ‘is 
simply isomorphic with the field formed by all polynomials in p with coeff- 
cients in K. Consequently it follows from (45) and (46) that 


12 J, Williamson, “ The latent roots of a matrix of special type,” Bulletin of the 
American Mathematical Society, vol. 37 (August, 1931), p. 587. ; 
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(47) | D(8)| | D(6)| = (8) 0 


~ 
and accordingly that both matrices D(@) and D(#) are non-singular. Since 
the elements of D (0) are no longer matrices, D(#) — D* (0), and we therefore 
have, as a consequence of (42), 


(48) D* (8) [go(6),° > -,ga()]D(8) = [fo(9),- > `, fa(8)]; 


where D(6) and D*(6) are both non-singular. In other words the two 
matrices [gc(9),:*:,ga(0)] and [fc(@),- > <, fa(@)] are conjunctively equiva- 
lent. Conversely, if (48) is true and both D(@) and D*(6) are non-singular,?® 
p(0) ~0 by (47) and accordingly (46) is satisfied, so that (42) is true, 
where D is non-singular. Hence not only does (42) imply (48) but also 
(48) implies (42). 

Before summing up and stating our results in the form of a theorem 
it will prove convenient to alter our notation slightly. Accordingly we relabel 
the integers y; in the following manner; 


(49) See 2 ee ey é > N8y41 = 13442 "== Ysy+8_ == é > Nsat8otl 


ay Eva > Iets... Spl ==" . t = Yoyiset... 48, == Er, 


where Ss, -+s,-+:-+-+-+s,—4&, and write 


I; = [Ee Boss, * : -, Ha], L; = [Ne Nons i -, Nal, 

(50) yi = [Gos Jan: . “s ga], 3 = [fo fos" ` ‘s fals 
T; = [gcle, GorrLb esr, * : `, gaLa], hj; = [feHe, ferrE ors" o , JaPa], 
1P =q[To Toast t *, La), (1 =1,2, "565 


where c = s, + s2 H’ e t Sja + L, d= s pirt + +--+ s;. Using this nota- 


tion we may express our last result in the form of a lemma; 


Lemma I. If the two canonical forms QG and QF of equations (87) 
and (88) respectwely, are equivalent, there exist 2r non-singular matrices 
D;(0), D*;(0) with elements in K(6,%) such that, 


(51) D*, (0) 73(8)D; (8) = ¢; (0), (jo, 8,6 > +57); 


i.e., the matrices y;(0), 6;(9), (7 = 1,2,: > +,7), are equivalent under a non- 
singular conjunctive transformation in the field K(6,%). 


The converse of this lemma is also true. In fact (51) implies that 


13 If ¿ lies in the field K(6), | D(@)| 40 does not imply | D*(é)| x 0. 


EN 


wi. 
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DiDi =¢; (j =1,2::-,r), where |D;|s40. I£ W; is the matrix 
obtained from D; by replacing each element d of Dj by Esses.. .+s, it imme- 
diately follows that 


W; W; = %, (j=1,2,---+,7), 
and since Q; W; = W*;Q,™, that 
WQ UT W; = Qi PS). 


Hence, if W—[W,, Wa: > °, Wr], W is non-singular and W*QGW = QF, 
so that the two normal forms QG and QF are equivalent. 

In stating the theorem given below we use a notation conforming with 
that explained in (49) and (50); the matrices defined in (50) are associated 
with a particular polynomial p;(A) and for convenience in writing we dropped 
the suffix i but now we find it necessary to replace it, We have proved the 
theorem: . 


THEOREM I. Let A, and B be two matrices, of which the second B is 
non-singular, with elements in K(i) and let A= A* and B= B*. If the 
elementary factors of A—AB are the polynomials [pi(A)] of (3), then a 
canonical form for the pencil A — AB under a non-singular conjunctwe trans- 
formation ts the diagonal block matria 


(52) QG(M—2E) = Q[Ti; (Lis —Mis) J, (t= 1,2,---, 6; j=1,2,°°+, 1%), 


where Q is defined by (18) while Lii, Vij and Ii; are defined by (50). 
Two canonical forms QG(M—AL) and QOF(M—dAEy, where F = [®;;], 
(i= 1,2,- + -,t; j= 1,2, - +, Tı), are equivalent, if and only if the diagonal 
matrices yı; (0:1) and pi; (0:1) are equivalent under a conjunctive transformation 
in the field K(6;,1), (t= 1,2,---,t; 7==1,2,--°,7%). 


Thus, if [pi(A)]* occurs exactly s;; times among the elementary factors 
of A — àB, in a canonical form (52), there is associated with this elementary 
factor a diagonal matrix y:; (84) of order s:;, whose elements lie in the field 
K (0:), where ĝ; is a root of the irreducible equation p,(A) = 0. The matrix 
yi; (0:1) is determined apart from a conjunctive transformation. 

- Throughout we have used conjunctive transformation to include the case 
of congruent transformation. We therefore see that, if A and B are symmetric 
matrices over K, Theorem I is true when ‘ conjunctive’ is replaced by ‘ con- 
gruent’ and K(i) is replaced by K. 

We now state two corollaries of Theorem 1. 
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CoRroLLARY I. We may determine the matrices yi; of a canomcal form 
(52) in such a way that no element of yı; contains a factor 1°, where r is a 
polynomial in the matris p with coefficients in K. ' 


For, if ġia; = pis*yij, and pij is a diagonal matrix whose elements are 
polynomials in p; with coefficients in K, přiyijpij = bij 80 that gi; is 
equivalent to yiz. 


CorortaRyY II. Two pairs of hermitian matrices A,B and O, D, with 
elements in K(i), the second of each pair being non-singular, are equivalent 
under a non-singular conjunctive transformation in K(i), tf, and only if, 
the two pencils A —dB and C —AD have the same elementary factors and, 
if the matrices yı; (01), associated with each distinct GEENA factor, are 
conjunctively equivalent in K (4, 6). 


CororLaRY III. Corollary II remains true if hermitian is replaced by 
symmetric, conjunctive by congruent and K (i) by K. 


We may use Theorem 1 to determine a canonical form for any non- 
singular pencil of matrices A —AB with elements in K(i). For, if B is 
singular but | 4A —AB|5£0, we may determine a new basis for the pencil, 
A, and Bi, where B, is. non-singular and A —AB = A,— pB,.** We apply 
Theorem I to the pencil 4; — pB, and thus determine a canonical form for © 
the non-singular pencil 4 — AB. 


3. Ordinary hermitian matrices and real symmetric matrices. If K is 
the field ‘of all real numbers and K(i) the complex number field, the poly- 
nomials pi(A) of (3) are either quadratic or linear. If pi(A) is quadratic, 
K(6;) =K (i) and hence, if y:; (8:1) is one of the matrices: associated with 
Pilà), yuli) is a diagonal matrix, whose elements are complex numbers. 
Let yı; (0:1) = [gr] and let W = [w,], where w, = 9,%, if gr 540, and wr = 1, 
if gr= 0. Then the matrix W is a non-singular matrix with elements in 
K(6:), as is the matrix W. But (W-*)’y:;(0:) W is the identity matrix.” 
Hence each matrix yı; (0+) associated with p;(A) may be reduced to the identity 
matrix of the corresponding order. If p;(A) = A? — 2a,A + a:i? + b:?, we 


may choose for p; the matrix bs =a) and for qi the- matrix C a) 


If, however, pi(A) is linear, K (8,1) = K, the field of all real numbers and by 
Corollary 2 each associated y:;(@;) may be reduced to a diagonal matrix with 
elements, whith are either +1 or — 1. If pi(X) =A—Ai, p= and 


14 Cf. Turnbull and Aitken, op. cit., p. 117 sq.; Trott 1, p. 370. 
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g==1. The normal form (52%) therefore coincides with the normal form 
given by Trott 1, page 368, formula (11). In this particular case, however, 
_ the condition of Lemma 1 is greatly simplified, for two diagonal matrices 
with real coefficients ‘are equivalent under a conjunctive or congruent trans- 
formation, if, and only if; they have the same signature. Thus Trott’s con- 
dition (15) merely expresses the fact that y:;(6:) is conjunctively equivalent 
to ij (9s). 

In the general case no such simplification of the conditions in Lemma 1 
is possible. The conditions for the equivalence of two quadratic or hermitian 
forms have been determined but are very complicated." We however state 
necessary and sufficient conditions in the two simplest cases (a) si = 1, 
(b) sij == 2. These conditions are due to Dickson. 

(a) If ys;(0:) is of order one, y: (0:) is an element of K(6;). Then. 
yis(Gi) is equivalent to $:;(0:) if, and only if, there exists an element f of 
K (4, 64), such that t 

pis (03) = Ffas (84). 


(b) If the matrices yı; (0:1) and gi; (8:1) are both of order two, they may 
be represented as (ye ) and G $ı s) respectively. Then yi; (6:) is equiva- 


lent to pi; (0i), if, and only if, a exist elements f, -g and h of K(6,%), 
such that ¢,—=y.ff + yegg and ip: = hhyryz. _In the symmetric case the 
elements f, g, h lie in K and'f = f, g = 9, h =h. 


4. We conclude our discussion by giving an explicit form for the matrices, 
pi and gi, which occur in the canonical form (52). The matrix p= p; is a 
matrix of order n = n;, whose characteristic equation is the irreducible equa- 
tion pi(A) = p(A) = 0 of degree n. If 


P(A) = A" — anA — Gnd"? > > — A — Qh, 
we may take for the matrix p the companion matris of p(A), 
00° +: + 0 aH 
10: : + 0 @ 
p= |]O1+ ++ 0 @], 


0 0: + + I th 
“as L. E. Dickson, “ On quadratic, bilinear, and Hermitian forms,” Transactions of 
the American Mathematical Society, vol. 7 (1906), pp. 275-292; “On quadratic forms 
in a general field,” Bulletin of the American Mathematical Society, vol. 14 (1907-8), 
pp. 108-115; H. Hasse, “Symmetrische Matrizen in Körper der rationalen zahlen,” 
Crelle, vol. 153, pp. 12-43. 


X 
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and for qg == q; the matrix 


10 0 0 0 0 

0 0 0 0 0 be 

0 0 0 0 b b 
(58) 1= jlo 0 0 b bh bhl’? 

i 0 be bs Ss 3 & Dus Dns ban 


where bz = a; and bin = Dednge-i + Osnye-i ttet + bian, (t= 2,3,-°-,n—1). 
It is obvious that q is non-singular, for p is non-singular and hence b: = a, = 0. 
Moreover it is easily verified that gp==p’g. The matrix g is not uniquely 
determined by the matrix p, but the matrix q in (53) is as simple in form as, 
if not simpler than, any other matrix q, satisfying the equation p’qi = qıp. 
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ON THE RATIONAL CANONICAL FORM OF A FUNCTION OF A 
MATRIX. 


By Nat H. McCoy. 


Let A be a matrix of order n with elements in the complex number field, 
and (A) a given rational integral function of A. In 1906, Kreis* gave a 
method of determining the elementary divisors of ¢(A) from those of A. 
In recent years the same problem has been discussed by Krishnamurthy,? 
Turnbull and Aitken,? Rutherford * and Amante.” It is sufficient to consider 
the case in which A has a single elementary divisor (A— a)”, as the general 
case easily reduces to this one. The principal result of these writers may then 
be stated in the following way. Expand ¢(A) in powers of à —.a, 


(A) = a + a1(A—@) +a,(A—a)?+-°°. 


Suppose the i-th number of the sequence d1, @2,° ` * , @n-1; 1, is the first which 
is not zero. Define positive integers k and l by the relations, 


n=(k—1ji +, k2Z1 1S1Si. 


Then (4) has the elementary divisors (A —ao)* taken J times, and (A—ay)** 
taken t — 1 times. 

So far as the writer is aware, no solution has been given of the problem 
corresponding to this one, for the case in which the elements of A and all 
operations are restricted to an arbitrary domain of rationality. In this more 
general problem one does not have the use of the comparatively simple Jordan 
normal form of a matrix, and a different method of attack must therefore be 
used. It is the purpose of the present paper to present a solution of this 
problem. 

In § 4, we shall also give a brief account of an application of the main 
result to the solution of certain matric equations. 


1. The rational canonical form. Let: denote a given field. Unless 


1H. Kreis, Contribution à la théorie des systèmes linéaires, Zürich, 1906. 

3 Rao S. Krishnamurthy, “Invariant-factors of a certain class of linear substitu- 
tions,” Journal of the Indian Mathematical Society, vol. 19 (1932), pp. 233-240. 

2 H. W. Turnbull and A. C. Aitken, Canonical Matrices, Glasgow, 1932, pp. 75-76. 

4D. E. Rutherford, “On the canonical form of a rational integral function of a 
matrix,” Proceedings of the Edinburgh Mathematical Society II, vol. 3 (1932), pp. 135-143. 

8 S. Amante, “ Sulle riduzione a forma canonica di una classe speciale di matrici,” 
Atti della Reale Accademia Nazionale dei Lincei, Rendiconti VI, vol. 17 (1933), pp. 31-36 
and pp. 431-436. 
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‘otherwise stated, it will be assumed henceforth that all matrices and vectors 
have codrdinates in K, and all polynomials have coefficients in K. If a poly- 
nomial is irreducible relative to the field K, we shall simply say that it is 
irreducible. 

Let f(A) =A? — a,A2 1 — + + -— ap be a given polynomial, and form 
the ‘matrix, 


0 1 -0 0 

0 0 1 0 
B= 

Qp Qp- Qp-2 `° Aa 


This matrix may be called the companion matrix of the function f(A) or of 
the equation f(A) —0.° The minimum function of B is then | A— B | = f(A). 
Let now A be a given matrix of order n, and H,(A), (i= 1,2,°°°,7), 
the non-constant invariant factors of X—A. Perhaps the most common 
rational canonical form of A (with respect to similarity transformations) 
-is a matrix A,, which is the direct sum? of the companion matrices of the 
E,(A). However, it will be convenient for our purpose to use a somewhat 
different rational canonical form, which will now be described. 
If we factor the #;(A) into powers of distinct, irreducible’ polynomials 
px(X), each of which has leading coefficient unity, say 


Bi(d) = [p (A) [pe (a) e > + [p (A) te (G=1,2,-- +57), 


then such of the factors [p.(A)]* as are not mere constants may be called 
the elementary divisors of A. We can then choose as a canonical form of A, 
a matrix Az, which is the direct sum of the companion matrices of the ele- 
mentary divisors of A.° This is the canonical form used throughout this paper. 
The advantage of this form over the other lies in the fact that if A = C + D, 
the canonical form of A is the direct sum of the canonical forms of C and D, 
and the elementary divisors of A are the elementary divisors of C, together 
with those of D. f 


° See ©. C. MacDuffee, The Theory of Matrices, Berlin, 1933, p. 20. 
IfA =(5 p} where C and D are square matrices, then A is called the direct 


sum of C and D, and we write; A = C + D. 

_ *W. Krull, “Theorie und Anwendung der verallgemeinerten Abelschen Gruppen,” 
Sitzungsberichte Heidelberger Akademie der Wissenschaften, 1926, pp 25-28; B. L. van 
der Waerden, Moderne Algebra, vol. 2, Berlin, 1931, p. 137. For a somewhat different 
canonical form, but one which also uses the notion of elementary divisors, see J. H. M. 
Wedderburn, “Note on matrices in a given field,” Annals of Mathematics, vol. 27 
(1926), pp. 245-248. 
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We shall now establish two lemmas °? which will be useful also in a later 
_ section of the paper, and then apply them to show how to find a non-singular 
matrix which transforms A, into Ao. 


Lemma 1. Let V; be a given row vector of dimension n, X an arbitrary 
column vector of dimension n, and B a given square matrix of order n. 
Denote by R; the matriz of e; rows and n columns, whose rows are respectively 
the vectors 

Vi; V;B, V;B?, © +, Va Bor, 


If now hj(A) =A — bert —- : -—be, is a polynomial such that 
Vih;(B) =0, and we set-€; = RX, Y = BX, nj = RY, then it follows that 
ni = Qi€), where Q; is the companion matris of h; (à). 


By definition, we see that € = {&)1, j2, °° t y &je,} and qi = {ju Niz Nje} 
are column vectors of dimension e;. The lemma follows at once from the 
following calculation : 


Vix = jn 
nı = ViBX = js, 
niz = ViBPX = &s, 


NG ej-i = Vi BUX = Éj e; 
Ni, ez == V; Be X — bi$j ej- -+ bo; ej-2 +e beji. 


Lemma 2. Lete; (j= 1,2, > +, q) be positive integers whose sum is n, 
and for each j suppose V;, Rj, &), ni hi(A), Qi -satisfy the conditions of 
Lemma 1. If we set 


Ry é Ñi 

R Éz 2 
R= : ? é= ? d as ; ? 

Ry $ éa na 


then £= RX, Y —BX, n= RY, and q= Q£, where Q=Q1 4 Q4 -4 Qa. 
Further, if R is non-singular, then Q = RBR=. 


The first part follows almost immediately from the preceding lemma. 
We then find that RBX == QRX. But since X is entirely arbitrary, we must 
have RB = QR. Hence if È is non-singular, Q = RBR. 


? I am indebted to a referee for suggesting the introduction of these lemmas. Their 
use has considerably improved the proof of Theorem 1. 
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Let U == (ts, Uz, ` ` `, Un) be any row vector. Then there exists a unique 
polynomial g(A) of minimum degree and with leading coefficient unity, such 
that Ug(A) =0.° This polynomial g(A) is called the R. C.F. (Reduced 
Characteristic Function) of A relative to U, and its degree may be called the 
grade of U (relative to A). A fundamental property of the R. C.F. of A 
relative to U is ;that, if A(A) is a polynomial such that Uh(A) = 0, then 
h(A) is divisible by g(à). ` 

We, now return to the problem of transforming the matrix A, into Ax. 
Since A, is the direct sum of the companion matrices of the invariant factors 
of A— A, we may assume for our purpose, that \— A has a single invariant 
factor H(A) of degree n. If H(X) is a power of an irreducible polynomial, 
then clearly A,—A,. Hence suppose #(A) = p (A)y (à), where (à) and 
w(A) are relatively prime, and have leading coefficients equal to unity. Let 
the degrees of (A) and ¥(A) be respectively n, and me. 

From the form of A,, it follows thatthe vector, U, = (1,0,---,0), 
is of grade n relative to A,, and the R. ©. F. of A, relative to U, is therefore 
(A). We may now apply the above lemmas by placing e: = nz, ez = ty, 
B= Ay, Vi = Up (41), Vo = Uy (A1). Since 76(A1)¥(A1) = 0, it follows 
at once that hı (à) = y (À), Ao(A) = (A). If now we assume for the moment 
that R is non-singular, we see by means of Lemma 2 that RAR = Q, where 
Q is the direct sum of the companion matrices of (A) and of y (à). If either 
(A) or ¥(A) can be expressed as a product of relatively prime factors, the 
process can be continued, and so on until the form Az is reached. 

We now show that F is non-singular. For suppose there exists a relation 


nal tigrl 
VLE > ci (Ax) Ax? + > day (Ar) As‘) acre 0. 
Since F (à) is the R. C. F. of U, relative to Ai, this implies that the polynomial 
nal n-i l 
PAJ E OA) 2 GANN) 2 aN 


is divisible by F(X), and being of degree at most n— 1, must therefore 
vanish identically. From the fact that (A): and y(A) are relatively prime, 
it follows that all coefficients c; and d; must be zero, and thus È is non-singular. 


2. Another lemma. Let p(A) and 4(A) be given polynomials, of which 
the first is irreducible and of degree s Š= 1. Since there exist at most s poly- 
nomials which are linearly independent modulo p(A), it follows that the 
polynomials 1, ¢, $7, <, $° are linearly dependent modulo p(a). By a 


2° furnbull and Aitken, op. cit., chap. 6. 


CANONICAL FORM OF A FUNCTION OF A MATRIX. 495 


familiar argument, there then exists a unique polynomial f(v), with leading 
coefficient unity, and of minimum degree, such that 


Fe) = 0 (mod p(a)). 


It follows readily that f(x) is irreducible, and also that if g(x) is a poly- 
nomial, such that g(#(A)) =0 (mod p(A)), then g(v) = 0 (mod f(x)). We 
shall let ¢ denote the degree of f(a). 
Let p denote a root of p(A) = 0 in a properly extended field, and consider 
the three fields, ; 
K CK ($(p)) CK(p): 


The field K((p)) is seen to be of degree ¢ over K, as $(p) satisfies the 
irreducible equation f(x) 0. Also K(p) is of degree s over K. Hence, by 
a well known theorem," K(p) is algebraic of degree m = s/t over the field 
. K($(p)). That is, ¢ is a divisor of s, and p satisfies no equation of degree 
less than m with coefficients in K(#(p)). We may now prove the following 
lemma: 


Lemma 3. If F(x,y) is a polynomial in the indeterminates £, Y, of 
degree at most m — 1 in y, and if 


F($(A),2) =0 (mod p(A)), 
then F(x,y) =0 (mod f(a)). 
Under the hypotheses of the lemma, we have F(¢(p),p) =0. Let 
P(a,y) =SFi(a)y*. We have then SFi($(p))p#=0. But if some 
420 4=0 


* Fi(¢(p)) £0, this contradicts the fact that p can satisfy no equation of degree 
less than m with coefficients in K(¢(p)). Hence Fi(¢(p)) =0, and thus 
Fi(¢(A)) s=0 (mod p(a)), (4=0,1,---,m—1). It follows that each ` 
F(x) = 0 (modf(#)), and the lemma is established. We remark that if 
the degree of F(x,y) in v is at most t — 1, then F(x, y) vanishes identically. 


3. The elementary divisors of ¢{A). Wecome now to the main problem 
of the paper. Let A be a given matrix, and (A) a given polynomial in A. 
Since (HAH) = H(A) H™, there is no loss of generality in assuming that 
A isin canonical form. If A = A, + As, then (A) = 4(A1) + (4z), and 
the elementary divisors of ¢(A) are precisely those of (4), together with 
those of ¢(42). We shall therefore assume henceforth that A has a single 
elementary divisor [p(A)]*. It follows that the minimum function of A is 
[p(A)]*. Tf the degree of p(A) is s, then the order of A is n = rs. 


11 See, e. g, van der Waerden, op. eit., vol. 1, p. 98. 
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Let f(x) denote the unique irreducible polynomial of degree ¢ defined in 
the preceding section. Then we have 


F(o(A)) =0 (mod p(a)). 


It may well happen that f(¢(A)) is divisible by a power of p(A) greater than 
the first. Suppose that it is divisible by [p(A)]? but not by [p(A)]*. We 
now define an integer i as follows. If g 21, we set i= r, while if q< r, we 
place i = q. Hence in either case we have f(¢(A)) ==0 (mod [p(A)]*). We 
further define positive integers X, 1 by the relations, 


(1) r—(k—1i+l, eab 151Si. 
It follows that [f((A)) ]* == 0 (mod [p(A)]*), while 
[F(p(A)) * AO (mod [p(A)]*). 


The minimum function of ¢(A) is therefore [f(A)]*, and the elementary 
divisors of (A) are all powers of f(A). If we denote the integer s/t by m, 
we may state the following precise result : 


THEOREM 1. The matric (A) has as elementary divisors, [f(A)]* 
taken lm times, and [f(A) ]** taken m(i— l) times. 


We shall prove this theorem by actually exhibiting a matrix Æ which 
transforms ¢(A) to canonical form. Let U denote a vector of grade n = rs 
with respect to A. The R. O. F. of A relative to U is then [p(A)]’. 

Let æ and £ be integers such that OS aSi—1,0SfSm—1. We 
shall now make use of Lemma 1, the notation being as in the statement of 
the lemma, with the exception that we shall find it convenient to replace each 
subscript j by the two subscripts « and 8. That is, ej becomes eap, hj (A) 
becomes hag(A), and so on. Two cases will be considered separately. ` 


Case L OS ea St—los ps m — 1i. Let egg = th, 
Vap—=U[p(A)]*48, B= (A). Since Ulp(A)]*A*[f(4(A))]*—0, it 
follows that hag(A) = [f(A)]*, and Qag is therefore the companion matrix 
of [f(A)]*:; The matrix Rag has as rows the vectors, 

(2) U[p(A)]*4*, U[p(A)]*4°6(A),- +, U[p(A)]2A°[p(A) ] 7. 

Case 2. I< @S1—1, 0=fSm—1, In this case, let eag =t(k—1), 

Vag = U[p(A)]*4%, B= (A). Since now f(¢(A)) is divisible by [p(A)]#, 


+ If A is in canonical form, we may choose U = (1,0,-.-,0), as in § 1. 
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it follows by relations (1), that U[p(A) ]*4*[f((A)) ]** = 0, and thus that 
hap (à) = [f(A)]**. The matrix Fag has as rows the vectors, 


(3) Ulp(A)]*4?, U[p(4)]*4°6(4),- > +, ULp(A) JA [e (A) En, 


-1 m-i 
Tt is easily seen that by > eag == n, and the hypotheses of Lemma 2 are 

a=0 B=0 
satisfied. The matrix R then is formed by arranging the matrices Rag 
(@==0,1,---,+—1; 8B =0,1,- : +,m-—1) in some fixed order, and using 


the same order for the. ég and nag to define é and y as in the statement of the 
lemma. Let us now assume for the present that E is non-singular. We then 
have Q = Rọ (4) R*, and by the determinations of hag(A) above, we see that Q 
is the direct sum of the companion matrix of [f(A)]* taken ml times, and 
of the companion matrix of [f(A)]** taken m(i—-1) times. But since f(A) 
is irreducible, Q is therefore the canonical form of (A), and the elementary 
divisors are those stated in the theorem. Des 

There remains only to prove that R is non-singular. Any linear com- 
bination UF'(¢(A), A) of the row vectors of R (of the types (2) and (3)) 
corresponds to a polynomial F(z, y) of the form 


(4) F(a, y) =F File y) oy), 


where the degree of Fj (x,y) is at most m—1 in y, while its_degree in v is 
- at most th—1 for j7=0,1,--*,1—1, and at most t(k—1) —1, for 
je=l,l+i,---,¢—1. If the linear combination of the rows of R is the 
zero vector, we have 

UF($(A), 4) =0, 


dnd since the R. C. F. of A relative to U is [p(A)]", it follows that 
(5) > P($(à) a) =0 (mod [p(à)]"). 


We shall complete the proof by showing that under these conditions, all 
F;(z,y) vanish identically, and thus the rows of R are linearly independent. 

We first dispose of the special case in which 1 = r, and hence k = 1, I = r. 
In this case, all F; (x, y) are of degree at most t— 1 in x. From relation (5), 
we find that 


ERUN ss 0 (miod [p(a)}). 


Now clearly Fo(¢(A),A) =0 (mod p(A)), and by Lemma 3, it follows that 
Fo(z,y) =0 (mod f(x)). But being of degree at most ¢— 1 in z, Fe(s, y) 
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must vanish identically. We now pass on to F, (x, y), and a similar argument 
. shows that it is also identically zero. A continuation of this process estab- 
lishes the fact that all F; (x, y) vanish identically. 

Suppose now that i< r. By definition of i, we know that f(¢(A)) is 
then divisible by [p(A)]* but not by [p(A)]*?. We now assume that all 
F; (x,y) are divisible by [f(x)]’ where 0S y < k— 1, and shall show that 
they are all divisible by [f(x)]”*. If we set Fj(2,y) = [f (£) F; (s, y), 
we get from (5), 


(6) EPODA = (mod [p(à) 17). 


Clearly Folp(à), A) = 0 (mod p(à)), and by Lemma 3 we have 
F’,({z, y) = 0 (mod f(z)). Suppose that F';(v, y) = 0 (modf(z)), 

(j =0,1,; --,8) where 0&8 < i—i. Since r—yt> i, it follows that 

F's ($(A), 4) = 0 (mod p(à)), and thus Fan (2, y) = 0 (mod f(x)). Hence 

E(x, y) =0 (mod f(«)), (7 =0,1,: - -,i—1). It therefore follows that 

all F; (z, y) are divisible by [f (z) ]”*, and a process of induction then shows 

that they are all divisible by [f (x) ]*. But the F; (z, y) (j=1,1-+1,---,i—1) 

are of degree at most t(k — 1) — 1 in g, and hence must vanish identically. 

Now let Fy(a,y) = [f(a) E (2y), (70,1, 1—1). From 
relation (5) we then have 


(7) = F*;($(A),A) [p(a) =0 (mod [p(a)]}). 


A repetition of the argument of the preceding paragraphs shows that each’ 
F*;(,y) is divisible by f(z), and thus Fj(a,y) is divisible by [f(«)]*, 
(j =0,1,: > :,}— 1). But these F;(2,y) are of degree at most tk — 1 in z, 
and must therefore vanish identically. ‘This completes the proof of the theorem. 


Examples. Let K be an algebraically closed field, and suppose A has 
the single elementary divisor (A—a)*. Then in terms of our notation, 
we have p(A) = à — 4a, s = 1, r—n. Let now (A) be expanded in powers 
of A—a, 

P(A) = dy + as (A— a) + a2(A—4)? +° °°. 


Then clearly (A) —a==0 (mod (A—a)), so that f(r) =ax—a), and 


t = 1, m = s = 1. If now the first number of the sequence aj, d,° © *, Gn, 1, 
which is not zero is the i-th, then we have 
7(o(A)) =0 (mod (A—a)*), 


while if i < n, 
F(e(A)) 0 (mod (A—a) #4). 
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Thus this definition of į corresponds to that given in the notation above, and 
if we define k and l by the relations (1), our theorem tells us that ¢(A) has 
the elementary divisor (A— da )* taken J times and (A— a)*1 taken (i —1) 
times. Thus our general theorem reduces to the one obtained previously for 
this case by the writers referred to in the introduction. 

As a second example, let K be the field of real numbers, and A a matrix _ 
of order n = 6, with the elementary divisor (A?-+1)°. We may take A in 
the canonical form, 


oo ocor 
woeerae 
O oomoo 
wokrnrnoo oo 
OrmOOÞSO oO 


Then p(A) =à? + 1, s = 2, r= 3. Suppose (A) = A3 + 3A. Then 
(A) = 2d (mod p(a)), [6(A) ]?==— 4 (mod p(à)), and hence f (£) = g? + 4. 
We have then t = 2, m = 1. Itis easily verified that 6? + 4=0 (mod [p(A)]?*), 
but £0 (mod [p(A)]*). Hence i =?2, k= 2, l= 1. Our theorem then 
states that (4) = A’ + 3A has the elementary divisors (A? + 4)?, A? -+ 4. 
Thus the canonical form of ¢(A) is the matrix 


01 #00 00 

00 10 T 

00 01 00 

@= | 46 0 —8 0 00 
0 00 01i 

0 0 0 —4 0 


"The vector U = (1, 0, 0, 0,0, 0) is of grade 6 relative to A, and so the matrix 
R is a matrix whose rows are respectively U, U¢(A), U[o(A)]*?, U[(A) F, 
U(A? +1), U(A?-+1)¢(A). A calculation shows that 


O m OD OC OC 
BPO 0 Or O 
O O OW O & 
Hooooo 


It is easily verified that Re (4) = QR, and hence that Q = Rọ (4) R7. 
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4. Solution of matric equations. Let B be a given matrix of order n, 
and ġ(à) a given polynomial in the scalar variable A. It will be understood: 
that all elements and operations are to be restricted to the given field K. 
We shall now give a brief account of an application of the results of the 
preceding section to the solution of the equation, 


(8) $(X) =B, - 


where X is a matrix of order n to be determined. A different method of 
solving this equation has recently been given by Ingraham.** 

If S is a non-singualr matrix, then ¢(SXS*) = 8¢(X)S* = SBS. 
Hence there is no loss of generality in assuming that B is in canonical form. 
We shall assume henceforth that B is in canonical form, and is therefore the 
direct sum of the companion matrices of its elementary divisors. We observe 
that, if X is a solution of the equation (8), then SS is also a solution, 
if and only if § is commutative with B. 

We shall consider first the case in which the elementary divisors of B are 
all powers of a single irreducible polynomial f(A). Let 


(9) FCDA) ) = alp (A) J" Epe (A) J" > Epe (A) 1", 
be the decomposition of f (p (À) ) into powers of its distinct irreducible factors, 
each with leading coefficient unity. It follows easily that, if p(A) is any 
irreducible polynomial, with leading coefficient unity, then f(x) is the unique 
minimum polynomial (defined in § 2) such that 
F($(A)) 0 (mod p(A)), 

if and only if p(A) is one of the p;(A) occurring in (9). 

Let X denote a solution of the equation (8), and Y the canonical form 


of X. That is, Y = Y, IF q - - --} Yn, where the F; are the companion 
matrices of the elementary divisors of X. Then i 


(Y) =$(¥1) + o(¥e) +: o HH) 


is similar to B, and the elementary divisors of B are precisely the elementary 
divisors of all the ¢(¥:). But by the results of the preceding section, ¢ (Y+) 
can have elementary divisors which are powers of f(A), if and only if Y, is 
the companion matrix of some power of a pi(A) occurring in (9). Suppose 
then that the elementary divisors of Y are 


1: M. H. Ingraham, “On the rational solutions of the matrix equation P(X) = 4,” 
Journal of Mathematics and Physics, vol. 13 (1934), pp. 46-50. For additional references 
to matric equations see MacDuffee, op. cit., chap. 8. i 
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[pi(A)], > > + As 
(10) [ps(a) I" Pe Ng [p (à) J", 
[pu (A) J", > a) [pr (à) |", 


where ni; = nu if 1> j. Let the degree of pı(à) be denoted by N: Then 
we must have 


(11) (aa + aa: mat, Na (tie F ne + nt.) Ni =n. 


We are now in a position to give a method of finding all solutions of the 
equation (8). Form the diophantine equation (11), and solve it for the m4; 
under the condition that ni; = ni. if L> j. Each solution gives us the ele- 
mentary divisors (10) of a matrix, which is a possible solution of our equation. 
Form the matrix Y, which is the direct sum. of the companion matrices of 
these elementary divisors. Then by Theorem 1, it is easy to find the ele- 
mentary divisors of (Y). If these elementary divisors are not the same, as 
the elementary divisors of B, this Y is discarded. If, however, the elementary 
divisors are identical, then ¢(Y) is similar to B, and the proof of Theorem 1 
shows how to find a matrix È such that R¢(Y)R1—B. If we let X = RYR-, | 
then X is a solution of the equation (8). If Xi, X2,- - -,Xq is a complete set 
of dissimilar solutions, all of which can be found. by this method, then the 
most general solutions are of ‘the form LX;L, where L is a non-singular 
matrix commutative with B. 

It is not difficult to write out additional equations, which together with 
the equation (11) will serve to determine completely the admissible matrices 
- Y, but the tentative procedure outlined above is perhaps as easy to apply in 
any given case. g 

We now return to the general case in which the elementary divisors of B 
` arè unrestricted. Suppose these elementary divisors are 


L(A) "m, «= =, [fa (A) Jrs 
(12) l [fe(A)]™, -o [fa (A) "ere 


[fi (Ay ls, eat [fi (A) ia 
where the fi (à) (i= 1,2, > -,1) are distinct and irreducible. We may then 
write B = B, Ab Ba le Bı, where B; is the direct sum of the companion 


matrices of the elementary divisors occurring in the i-th row of the table (12). 
We shall now prove the following theorem: 
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THEOREM 2. If X is any solution of the equation (8), then 
X=X%, 4X% + o +, 


where X, is of the same order as Bi, and is a solution of the equation, 
o(X) =B, (i =1,2,; < +,1). 
Let 


(13) Falp (A) ) = bi[pa (A) Je [pi (A) Jre + + [piss (A), 
(i =1,2,: : -,t) 


be the decomposition of the f;(#(A)) into powers of distinct irreducible fac- 
tors, each with leading coefficient unity. If X is a given solution of equation 
(8), it follows by an argument similar to that used above that the elementary 
divisors of X are all powers of the pij(A) (t= 1,2,---,1; j= 1,2,--+, si). 
Let Y; denote the direct sum of the companion matrices of the elementary 
divisors of X which are powers of the functions pii(A),° © *, pis, (A) 
(i= 1,2,--+,1), and set Y—¥,+Y,+---+¥:. Since the f;(A) are 
distinct, it follows that the pi;(A) are all distinct, and the elementary divisors 
of $(Y) which are powers of f;(A): are precisely the elementary divisors of 
¢(¥i). Hence Y; is of the same order as Bi, and #(Y;) is similar to B; 
(i = 1,2,- >,1). Let us set S¥8S? = Y, Tiọ(Y:) Trt = Bi, 
T=T, + T, 4: -T We have then T¢(¥)T- = B, from which it 
follows that p(TSXS 7T) = B, and thus T'S is commutative with B. It is 
then known ™ that T'S is of the form M, + M.+----+ Mi, where M, is of 
the same order as B;, and is commutative with B;. A calculation shows that 


X = MOTY TM, +e + MTY TOM. 


We find also that ¢ (M Ti YTM: )= M: Tip (Yi) TM: =U OB Mi = Bi. 
The theorem is therefore established. . 

By means of this theorem, the solution of the general equation (8) is 
seen to reduce to the solution of a set of equations of the comparatively simple 
type, in which the elementary divisors of B are all powers of a single irre- 
ducible polynomial. Thus all solutions can be found by the method discussed 
earlier in this section. 


SMITH COLLEGE, 
NORTHAMPTON, MASS. 


14 See O. Schreier and B. L. van der Waerden, “Die Automorphismen der projektiven _ 
Gruppen,” Abhandlungen aus dem Mathematischen Seminar der Hamburgischen Uni- 
versitét, vol. 6 (1928), p. 308. 


ON CERTAIN TYPES OF HEXAGONS.* 


By J. R. MUSSELMAN. 


1. The resolvent, Vy = £o + et, + Pa. +: +--+ ettn, where e is a 
primitive n-th root of unity, was introduced by Lagrange? in his memoirs 
devoted to the fundamental principles of the solutions of the cubic and quartic 
equations. Its entrance, however, into the field of geometry is very recent. 
If we represent any point P in the plane by the single complex number `p, 
and if My (k==0,1,; - -,n— 1) represents the n vertices of a positively- 
ordered polygon, then when the codrdinates py of these vertices are subject 
to one and only one condition, namely that 


n-1 
Vi = $ Pr = 0 
k=0 


we obtain a polygon which we shall call a positive n-gon of type M. R. L. 
Echols è has used’ these polygons in giving geometric pictures of the solutions 
of the cubic and quartic equations. The writer* has pointed out recently 
two different constructions in which these n-gons of type M occur. 

In addition to the above studies of this particular type of n-gon, the 
Lagrange resolvents (and their conjugates) have been used by L. M. Blu- 
menthal ë to prove that the norm-area of a 2n-gon is unaltered by translating 
either of its component n-gons, The Morleys ° in their recent book have shown 
that under homologies the n— 1 Lagrange resolvents for a n-gon form a 
complete system of relative invariants, and have used them in considering 
some special ordered n-points. In this article, the Lagrange resolvents are 
used to disclose some new facts about a well-known figure, to characterize 
certain interesting ordered six-points, and to prove that connected with any 


+ Read before the National Academy of Science, November 19, 1934. 

* Memoirs of Berlin Academy, 1769; reprinted in Oeuvres de Lagrange (Paris, 
1868), vol. 3, p. 207. 

*The Roots of Oirculants and Application to the Roots of Polynomials. The 
University of Virginia (1928). 

*“On certain types of polygons,” The American Mathematical Monthly, vol. 40 
(1933), p. 157. 

5“ Lagrange resolvents in Euclidean geometry,” The American Journal of’ Mathe- 
maties, vol. 49 (1927), p. 511. 

° Inversive Geometry, G. Bell & Sons, London (1938), p. 203. 
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six points there are two circumscribed hexagons, whose opposite sides are 
parallel and whose vertices lie on rectangular hyperbolas. 


2. If on the sides of any triangle A4424, we construct the positively 
ordered equilateral triangles A;A3Ays, A241421, and AAAs the codrdinates 
of the three vertices are Ays(— ot, — ws), Asi(—- wag — ot), and 
Ago (—— wg — w°) where œ? == 1. The vector A.A, is the Lagrange resolvent 
l + wt, -+ was, which we shall term us. Similarly, the vectors A34 and 
Ász are wus and ous Hence, we have the well-known theorem that the 
Lagrange resolvents A241, 41342 and Az, A; are equal in length and intersect 
at angles of 27/3. These vectors meet at a point f: whose codrdinate is 


(2.1) fo = g — Usily/Bilz. g = (a1 + de + dg) /3 


Similarly, if we construct on the sides of the triangle A14z4a the positively- 
ordered equilateral triangles A142412, A2AgAo3, and AsAıAsı then the vectors 
Assi, Agide and AysAdg are respectively wu, wu, and wu, where u, is the 
Lagrange resolvent a; + wz -+ waz. These vectors meet at the point f, whose 
coordinate is 

(2. 2) fi = 9 — Urtle/3t. 


The points fı and fz are variously known as the Fermat points’ of the triangle 
AAA; or as the isogenic centers.’ 

The area of the triangle A13;42:A32 is five-halves that of AAA; plus 
` 8%s?/8, while the area of Asi:A12425 is five-halves that of A,A.A; minus 
3%s?/8 where s? — A,A? + A,A,* + As4:?. Hence, the sum of the areas 
of the triangles Á1s421432 and AsgiAieAes is 5 times the area of the triangle 
A,A,A;3. The hexagons Aj2A2:Ag241343:A23, ArzAsiArzM4e1A4g2de3 and 
Ay2Ag:ArsAg2413A42, are n-gons of type M, i.e. hexagons for which the Lagrange 
resolvent V, vanishes. Their areas are respectively (A,A,? “+ A3A,?)3%/4, 
(A, Ay? + A,4,°)3%/4 and (A,A: + A.A;”)3%/4. In terms of their five 
Lagrange resolvents these hexagons can be characterized respectively as 
Vi = 2V3 + oVa = Vg — WV; = 0; Vi = 2V0 + Va = Vg — 2V; = 0; 
Vy = 2V, + oV = Vg — 2V; = 0. 

The hexagon A .34o:As1492412413 is worth some attention. Its area is 
twice that of the triangle A1424, aud in terms of its resolvents we find 
V: = Vı — 8V,4—=3V,-+ Vs==0. To discover the geometrical significance 
of these conditions it is essential to express the resolvents of the hexagon in 








1 Morley, loc. cit., p. 207. 
ER. A. Johnson, Modern Geometry, p. 218. 
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terms of the resolvents of its two component triangles. Thus, if we denote 
by u, and uz the two Lagrange resolvents of the triangle AzsAsiAi2, and by 
w, and wu’, those for the triangle Ag24i340, we can easily prove that the 
necessary and sufficient conditions for a positively-ordered hexagon to have 
Va = VF, — 3V, = 3V; + Vs=0 are that the centroids of its component 
triangles coincide, that the vector w; be negatively parallel to u, and half its 
length, and that the vector w be negatively parallel to us and twice its length. 
If we denote by fi, fo; Fu Fe; Fau Fo the Fermat points of the triangles 
AgsAgiArs, Agodigdn, ArAsds respectively; and by hı, he; Wi Ve; Hi, He 
the Hessian points of the same triangles, then the following facts can be 
verified—the three triangles have the same centroid; F, coincides with fẹ and 
F, with Fi; 9, fo f/x, ho, Ma and H, lie on a line and so do g, fo, Fo, hy Wi 
and H.. The distances between these points can be readily read from the 
relations j 
g— f: =2 (fe —9); Wh =2 f —9) 
(2. 8) g— H, =2 (ħa —g); g—H:=2(kı— g9) 
g—h, =4(g—H:); g—k:=4(g— M). 


3. In this section, let us consider, in terms of their Lagrange resolvents, 


some special ordered six-points which possess features of interest. We shall 
first prove the theorem that 


The necessary and sufficient condition for a positively-ordered hexagon to have 
Vi = Va = 0 is that the sides of the triangle x.tgv2 form positive right angles 


with the corresponding medians of the triangle £S, and equal 2.3-% ‘times 


their length, 
Since V, = V = 0, we have 


Tı + wl + wZ5 Lapa T + at, > A 
Lı F w tg + oT; = — T, — w Te — we 


whence by addition, ` 


' 3a, — 3g = 8% (Le — a2). 39g = Tı F Ta + Ts 
(8.1) or  Ta— t = 8%i (x, —g). 

Similarly, we can show that 

(3.2) Ta — Ta = Bhi (£ — g) 

ańd Te — Ly = Bhi (g5 — g) 


which demonstrates the theorem. The conditions can easily be shown to be 
sufficient. Now if g’ be the centroid of-the triangle x.%¢%2 one can show that 


+ 
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Lg — Tı = 841 (x2 — g’) 
(3. 3) Ls — Tg = Bhi (x, —g’) 

Tı — Ts = 3i (Te — 9’) 
so that the sides of the triangle 7,237; are perpendicular to the corresponding 
medians of the ‘triangle ,v,¢2 and equal to 2.3- times their length. Thus, 
we have a mutual relationship between the two triangles.® In addition, since 


Le Te Tz Jn B g 
Ta Be ` Ëa =e 3 Dy Zs g 
1 1i 1 1 1i 1 


we see that the area of the triangle 242e is equivalent to that of ars¢;. Also 
fa—g~fe—oy, h —g=g— f 
h—g =k — f, ha — g =g — h’ 
whence the vector fs — g is equal and positively parallel to f’.— g’, but fı — g 
is equal and negatively parallel to fı — 9’; ete. 

From the formulae (3.1), (3.2), and (3.3), we read that if perpendicu- 
lars, dropped from the vertices t., Ze, 2 of a triangle to the corresponding 
sides of the triangle x,2,%5, should meet at the centroid of zeta, then the 
perpendiculars from the vertices x, #3, zs to the sides of xyter, will meet at 
the centroid of a2s%s. 


The necessary and sufficient condition for a positively-ordered six-point 
to have Ve=V;==0 ts that the sides of the triangle vex. form negative 
right angles with the corresponding medians of the triangle ££ and equal 
2.3% times their length. This relationship is mutual and again both 
triangles are equivalent in area. If in addition V; = 0, both centroids coin- 
cide, and both Fermat points fı and /;, hence the diagonals of the hexagon 
meet at angles of 27/3. 


The necessary and sufficient condition for a positively-ordered siv-point 
to have V, =— V, = 0 is that the midpoint of each of its diagonals should be 
the midpoint of the centroids of the triangles ©1035 and %%—t2. The two 
triangles have their corresponding sides equal and parallel; they are inversely 
equivalent in area and also perspective. The opposite sides of the hexagon 
are equal and negatively parallel. Also 

Fz —g =g— f; fa go =g — f 
hy — g =g — Nk; ha — 9 =g — h. 


° If F, = F, = V, = 0, we have the special case of the above, in which the centroids 
g and g’ coincide. See Morley, loc. cit., p. 214 for details. 
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Hence, the join of /’, and f, is parallel to f, and f2; also the join of A’, and 
h’, to that of h, and ha If in addition V, = 0, we can construct the com- 
ponent triangles as follows—starting with the triangle £4£e®%2 with centroid g’, 
then a, lies on the median from a, such that 2, 2a.g’; similarly for 
Zz and Ts. 


The necessary and sufficient condition for a positively ordered six-point 
to have V, = Vs = 0 is that each diagonal shall be parallel and equal in length. 
` to the vector joining the centroids g and g of the two component triangles, 
These two triangles have their corresponding sides equal and parallel and are 
directly congruent. If in addition, we make V, = 0, then the two triangles 
will coincide throughout, and the hexagon is a doubly-counted triangle. 


4, Let A, (k=1,2,:--,6) be any positively-ordered hexagon and 
let us construct the following six positive hexagons for which the Lagrange 
resolvent V, vanishes, P’%,A,A;4sAsA6, P’2A344AsdeA1, P’shghsdeAiAe, 
PAsAgA,Acds, P’sAgAiAcAsA, and P’gA,AsAzd,A5. The coordinates of the 
points P’, (i= 1,2,- +,6) are respectively a, —V1, oV, -+ ae, a3 — Vi, 
Vi + ls, ds — oV, and wV, + a. The equations of the six lines 4P’; are 


Vie — Við + Vids — Vi = 0 

Vie — o° Vi + w Vid, — V1 = 0 

Fis — oV, + wV ig — aV, = 0 

Vic — Vie + Vids — tY = 0 

. Væ — o° VE + w Vids — tV = 0 

Viz — oV? + wV Gig — aV, = 0. 
From the form of these equations, they represent three pairs of parallel lines, 
also each line makes a positively-directed angle of 22/3 with the consecutive 


line. The coordinates of the point of intersection of each line with the con- 
secutive line are 


P: Vi (Ge —ã) + i(t — oa) + (1 — o°) Y: 


Py: oVi(ãi —ã:) + Fila — ota) + e 
Pz: wVi(G,—4s) + Vi (a3 — wa,) + S 
Pi: Vi (ās — Gs) + Vi (a, — oa) + s$ 
Ps: o°Vi(ãa— Gs) + Vilas — oa) + er 
Po: Vi (ds — Gg) + Vi (a5 — was) = & 


If we call the join of the lines A,P’, and A;P’s by Bs; of AP's and AsP’s 
by By; of A;P’; and AP’, by Bs; of AP’. and AP’: by Bu; of AP's and 
A,P’, by Be; of AP’; and AP e by B, then one can show that BiB;B; and 
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B.B.B, are equal positive equilateral triangles with corresponding sides posi- 
tively parallel. Now the necessary and sufficient condition that the six points 
of intersection of two parallel equilateral triangles—sides produced if neces- 
sary—lie on a rectangular hyperbola +° is that the sides of the two triangles be 
equal. Consequently, the six points of intersection of the triangles B1BsBa 
and B,B»Be, which are the six points P; (i =1,2,---,6), lie on a rectangular 
hyperbola. In terms of the Lagrange resolvents this six-point is characterized 
by Vi == V; = VsV;—4V2V3=—=0. Hence, the sides of the triangle PaPeP: > 
make positive right angles with the corresponding medians of P,P;P; and are 
equal to 2.3-% times their length; also the Lagrange resolvent uz of the 
triangle P,P3;P, is three times the length of the join of the two centroids. 

Again, if A; be any positively-ordered hexagon and we construct the six 
positive hexagons P’,A,43;4,A;A¢,‘ * > for which the resolvent Vs vanishes, 
we will obtain by a process similar to the above-mentioned one a six-point P; 
for which V; = V; == ViVi— 4V2V3 = 0. Hence, the sides of the triangle 
P.P.P, form negative right angles with the corresponding medians of PPPs 
and are equal to 2.3-% times their length, also the Lagrange resolvent u, of 
the triangle P,P;P, is three times the length of the join of the two ‘centroids. 
The points BBB; and B,B,B, are equal positive equilateral triangles with 
corresponding sides positively parallel and therefore the vertices of this hexagon 
lie on a rectangular hyperbola. Hence, associated with any positively-ordered 
* hexagon are two circumscribed six-points, whose opposite sides are peel and 
whose vertices lie on rectangular hyperbolas. 

However, if we construct the six positive hexagons P’;A,A;A.AsAo,° °° for 
which the resolvent V, vanishes, we will obtain a six-point P; for which 
Ve = Vi = ViVi1—4V3V,=—0. The points B,B,B; and B,B.B, are equal 
positive equilateral triangles with corresponding sides negatively parallel. 
Similarly, if we construct the six positive hexagons for which the resolvent V4. 
vanishes, we will obtain a six-point P; for which V; = V, = VsV;— 4VsV5 
=0. The points B,B;B; and B,B,B, are equal positive equilateral triangles 
with corresponding sides negatively parallel. Hence, associated with any 
positively-ordered hexagon are two circumscribed six-points whose opposite 
sides are equal and parallel, whose diagonals pass through a point, and whose 
vertices lie on conics. 
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ON THE ABSTRACT PROPERTIES OF LINEAR DEPENDENCE.* 


By HASSLER WHITNEY. 


1. Introduction. Let 0,,C2,--+,Cn be the columns of a matrix M. 
Any subset of these columns is either linearly independent or linearly de- 
pendent; the subsets thus fall into two classes. These classes are not arbitrary; 
for instance, the two following theorems must hold: 


(a) Any subset of an independent set is independent. 

(b) If Np and Npn are independent sets of p and p + 1 columns respec- 
tively, then Wp together with some column of Np. forms an independent set 
of p + 1 columns. 


There are other theorems not deducible from these; for in § 16 we give 
an example of a system satisfying these two theorems but not representing any 
matrix. Further theorems seem, however, to be quite difficult to find. Let 
us call a system obeying (a) and (b) a “matroid.” The present paper is 
devoted to a study of the elementary properties of matroids. The fundamental 
question of completely characterizing systems which represent matrices is left 
unsolved. In place of the columns of a matrix we may equally well consider 
points or vectors in a Euclidean space, or polynomials, etc. : 

This paper has a close connection with a paper by the author on linear 
graphs; ? we say a subgraph of a graph is independent if it contains no circuit. 
Although graphs are, abstractly, a very small subclass of the class of matroids, 
(see the appendix), many of the simpler theorems on graphs, especially on 
non-separable and dual graphs, apply also to matroids. For this reason, we 
carry over various terms in the theory of graphs to the present theory. 
Remarkably enough, for matroids representing matrices, dual matroids have 
a simple geometrical interpretation quite different from that in the case of 
graphs (see § 18). os 

The contents of the paper are as follows: In Part I,. definitions of 
matroids in terms of the concepts rank, independence, bases, and circuits are 
considered, and their equivalence shown. Some common theorems are deduced 
(for instance Theorem 8). Non-separable and dual matroids are studied in 


+ Presented to the American Mathematical Society, September, 1934. 
2“ Non-separable and planar graphs,” Transactions of the American Mathematical 
Society, vol. 34 (1982), pp. 339-862. We refer to this paper as G. 
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Part IL; this section might replace much of the author’s paper G. The subject 
of Part III is the relation between matroids and matrices. In the appendix, 
we completely solve the problem of characterizing matrices of integers modulo 2, 
of interest in topology. 
I. MATROIDS. 

2. Definitions in terms of rank. Let a set M of elements ¢,, ¢2,° * *, @n 
be given. Corresponding to each subset N of these elements let there be a 
number r(N), the rank of N. If the three following postulates are.satisfied, 
we shall call this system a matroid. 


(Ri) The rank of the null subset is zero. 
(R.) For any subset N and any element e not in N, 


r(N +e) =r(N) +h, (k= 0 or 1). 


(Rs) For any subset N and elements e, ez not in- N, tf r(N + 6) 
== (WN + e2) =r(N), then r(N + e + e) =r (N). 


Evidently any subset of a matroid is a matroid. In what follows, M is a 
` fixed matroid. We make the following definitions: 


p(N) number of elements in N. 
n(N) =p(N) —r(N) = nullity of N. 
N is independent, or, the elements of N are independent, if n(N) = 0; 
otherwise, N, and its set of elements, are dependent. 
Lemma 1. For any N, r(N) 20 and n(N) 20. If NCM, then 
(N) Sr(M), n(N) Sn(M). 
Lemma 2. Any subset of an independent set ts independent. 


e is dependent on N if r(N + e) =r(N); otherwise e is independent of N. 


A base is a maximal independent submatroid of M, i.e. a matroid B in 
M such that n(B) =0, while BC N, Bs4N implies n(N) > 0. See also 
Theorem 7. A base complement A = M — B is the complement in M of a 
base B. A circuit is a minimal dependent matroid, i.e, a matroid P such that 
n(P) > 0, while N C P, NAP implies n(N) = 0.3 


THEOREM 1. N is independent if and only if it is contained in a base, 
or, if and only if it contains no circuit. 


2 Compare G, Theorem 9. 
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THEOREM 2. A circuit is a minimal submatroid. contained in no base, 
4. e containing at least one element from each base complement.. A base is a 
maximal submatroid containing no circuit. A base complement is a minimal 
submatroid containing at least. one element from each circuit. 


The above facts follow at once from the definitions. Note the reciprocal 
relationship between circuits and base complements. Note also that the 
definitions of independence and of being a circuit depend only on the given 
subset, while the property of being a base depends on the relationship of the 
subset to M. i i 


3. Properties of rank. Our object here is to prove Theorem 3. The 
following definition will be useful: 


(3.1) A(M, N) =r(M + N) —r (M). 
Lemma 3. A(M + ez 6&1) S A(M, e:). 


Suppose first r (M + e1) =r (M) +1; thenr(M + e, + e2) =r(M) +k, 
k= 1 or2. If k= 2, then r(M + e) =r(M) +1, on account of (R2), and 
the inequality holds; if k= 1, r(M + e) =r(M) +1, L= 0 or 1, and it 
holds again. If r(M + e:)=r(M) +1, the same reasoning applies. If 
finally r(M + e,) =r(M + e) =r(M), the inequality follows from (Rs). 


Lemma 4. A(M-+N,e) SA(M,e). 
If N = e, +>: -+ ep the last lemma gives 
A(M +N, 6) SA(M +e + H ese) S++ SAM, e). 
THEOREM 3. A(M + Na Ni) S A(M, Ny), or, 
(3.2) P(M + N, +N) Sr(M+M) +r + N3) —r (M). 


This is true if N, contains but a single element. For the general case, 
we apply the last lemma and induction, setting N, = N’ + e: 


A(M + No, Ni) = A(M +N: + 6, N’) + A(M + Nz, e) 
S A(M +e N’) + A(M, e) =A (M, 1). 


(3.2) is evidently equivalent to: 
; (3. 3) r(M, + Mz) = r(M:) + r(M2) —r(M,M»). 


4. Deduction of (I,), (I2) from (Ri), (Re), (Ra). The first postulate 
4 
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on independent sets below obviously holds if (R,) and (Re) hold. To prove 
(1,), take N, N’ as given there; then 


r(N) =p  r(N)=p+1. 


We must show that for some i, A(N, e:i) = 1. (Then g; does not lie in N.) 
If this is not so, then on using Lemma 4 we find 


1—r(N’) —r(N) S A(N, N’) . 
DE TE T EEE Ee, EEE A, 
= A(N, e's) T A(N, e'a) +--+ A(N, epr) = 0, 


a contradiction. 


5. Deduction of (C,), (C2) from (Ri), (Re), (Rs). We shall need 
here a theorem showing how the nullity (or rank) of a matroid may be de- 
termined when we know what circuits it contains. ` 


Lemma 5, Hach element of a circuit is dependent on the rest of the 
circuit. 


Tf e is an element of the circuit P, then n(P) =1, n(P—e) =0; 
hence r(P) =p (P) —1 = p(P — e) =r (P — eo). 


Lemma 6. If eis dependent on P, but on no proper subset of P4, then 
P = P, 4- e is a circuit. 


As A(Pa e) =0, r(P) =r(P1) Sp(Pi) < p(P), n(P)>0, and P 
contains a circuit P’. If P’ does not contain e, take e’ in P’; then 
A(Pi— g, e) SA(P’ — e, e’) = 0, 
hence r(P, — e’) =r(P,), and 


A(P, —e’,e) =r(Pi— e’ +e) —r(P:— e’) 
Sr(P. + e) —r(Pi) =A(Pi,¢) = 0, 


and e is dependent on the proper subset P, — ¢ of P, a contradiction. There- ° 


fore P’ contains e. As P’ is a circuit, e is dependent on the rest of P’; hence 
P =P. 


\ 
THEOREM 4. If eis not in N, there is a circuit in N + e which contains 
e of and only if e is dependent on N. 
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Suppose P, + e = P isa circuit, PC N. Then 
A(N, e) SA(Pi,¢) =0, 


and e is dependent on N. Suppose, conversely, A(N, e) = 0. Let P, be a 
smallest subset of N on which e is dependent; then by the last lemma, 
P = P, + e is a circuit. (It.may be that P= e.) 


THEOREM 5. If N is formed element by element, then n(N) is just the 
number of times that adding an element increases the number of circuits 
present. 


Say N = e, +: < -+ ep Then if O is the null set, 
r(N) = A(O, 6) +4(6, e2) E TN C +s ++ ep, ep). 


Each A (e, -+° > © + li- ei) = 0 or 1, and = 0 if and only if e; is dependent 
on & +: ee eia ie. if and only if there is a circuit in e, -H' ° ° -Fei 
containing e;. The number of terms is p = p(N), and the theorem follows. 
We turn now to the proof of (C,) and (Cz). The first is obvious. To 
prove the second, take P1, Ps, é:, e2 as given. As . 


A(P; — é2, 62) = A (P2 — br, 61) = 0, 
` we have 
A(P;, + Po — ĉo, 22) = A(P, + Pa — 6 — és, 61.) =0. 


| These EE A give 
r(P, + Pa— e — e) =r (Pi + Pa — to) =r (P: + Pr). 
Using (R2) gives 
r(Pi + Pe — e1) =r (P1 + P2 — e1 — e2); 
hence the required circuit Ps exists, by Theorem 4. 


6. Postulates for independent sets. Let M be a set of elements. Let 
any subset N of M be either “ independent ” or “ dependent.” Let the two 
following postulates be satisfied : 


(1,) Any subset of an independent set is independent. 


(Iz) IF N =e, +: +--+ ep and N’ = ei +: +--+ ep are independent, 
then for some i such that e’; is not in N, N +- e; is independent. 
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The resulting system is equivalent to a matroid, as we now show. : Given 
any subset N of M, we let r(N) be the number of elements in a largest 
independent subset of N. Obviously Postulates (Ri) and (Re) are satisfied; 
we must prove (Ra). Say 

r(N +8) =r(N + e) =r (N) =r. 
Then r(N +e, + 6) =r or r+1. If it equals r+ 1, there is an in- 
dependent set V =e’, -+--+-+ rna inN+e,+¢.. Let N” =e" He” 
be an independent set in N. By (I) there is an i such that N” + e’; is an 
independent set of r + 1 elements. But N” + e’; lies in N + e, or in N -+ e, 
and hence r(N + ¢,) or r(N +e) =r-+1, a contradiction. Therefore 
r(N + e + e2) =r, as required. ; 

We have shown how to deduce either set of postulates (R) or (I) from 
the other. Moreover the definitions of the rank and the independence or 
dependence of any subset of M agree under the two systems, and hence they 
are equivalent. 


7. Postulates for bases. Let M be a set of elements, and let each subset 
either be or not be a “ base.” We assume 


(Bı) No proper subset of a base is a base. 


(B2) If B and B’ are bases and e is an element of B, then for some 
element e’ in B’, B—e + e is a base. 


We shall prove the equivalence of this a with the preceding one, | 
We write here e,¢,- - > instead of e, + ez -+> - + for short. 


THEOREM 6. All bases contain the same number of elements. 


For suppose 


B = 6," ` + pêp’ ` * Cq’ * * er, 
Bl =e + -epl pa eg 
are bases, with exactly e1,’ ` ',€p in common, and r> q. We might have 


p=0. q > p, on account of (Bi). By (Bz), we can replace epu in B by an 
element e’ of B’, giving a base By. e” = e is one of the elements é’pi1,°* +, Co 
for otherwise B, would be a proper subset of B. Hence 


rd 
By = 61` + + epilepsi" © * Cglqan* * * re 


If q > p + 1, we replace ep2 in B, by an element g'i, of B’, giving a base Bz. 
Continuing in this manner, we obtain finally the base 


THE ABSTRACT PROPERTIES OF LINEAR DEPENDENCE. 515 
Bap = 61° © © Cp pir +. Calg * * ers 


But this contains B’ as a proper subset, contradicting (B1). 

We shall say a subset of M is independent if it is contained in a base. 
(I,) obviously holds; we shall prove (I2). Let N, N’ be independent sets 
in the bases B, B’. Say 


B=: >: * Cpêp41 ° ` | Cagri’ © * Crêr+1? * * Cs; 
P: 
B= e + pa Cea’ Orla" es, 
A77 , to 
Ne: + epep * * eg NY =e t elpa Calan 


Then N and N’ have just e1, ' > *, €p in common, ahd B and B^have just these 
elements and ers,’ °°, in common. By (B2), there is an element e'i 
` of B’ such that 

B, = B — eqn + i 


is a base. (This element cannot be any of e1,’ ` >, @p, @ri1,° * *, @s, by (B1)-) 
If i, is one of the numbers p-+1,9+2,---,¢-+1, then V+ ei, is in a 
base B,, as required. Suppose not; then there is a base 


B, = B, — Case + liv 


with rih. If pt+1iSi.aSq+1, N -+i is in a base Bo. If not, we 
find a base Bs, ete. We can drop out each of the r.— q elements egi1,° ` *, Gr 
in turn; as there are only r— g—1 elements e’; with i > q + 1, we find at 
some point a base containing ¢,---,¢ e; with p+1SjSq+i1. Then 
e’; is in M, and N + e’; is in a base and is thus independent, as required. 

The definitions of base and independent sets in the two systems (I) and 
(B) are easily seen to agree. Suppose (Iı) and (I2) hold. (B;) obviously 
holds; using (Iz), we prove that all bases contain the same number of ele- 
ments; (B2) now follows at once from (I2). Hence the two systems are 
equivalent. 


THEOREM 7. B is a base in M if and only if 
r(B)=r(M), n(B)=0. 


Evidently B is a base under the given conditions. To prove the converse, 
we note first that there exists a base. with r(M) elements, as r(M) is the 
maximum number of independent elements in M (see §6). By Theorem 6, 
all bases have this many elements, and the equations follow. 


THEOREM 8. If B is a base and N is independent, then for some N’ in 
B, N + N is a base. 
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This follows from repeated application of Postulate (I2) and the last 
theorem. ; i ; 


8. Postulates for circuits. Let M be a set of elements, and let each 
subset either be or not be a “ circuit.” We assume: 


(C,) No proper subset of a circuit is a circuit. 


(Cz) If P, and Pz are circuits, e, is in both P, and P2, and e, is in Py 
but not in Pz, then there is a circuit P, in P, + P: containing e, but not e, 


(C2) may be phrased as follows: If the circuits P, and P, have the 
common element e, then P, + P — e is the union of a set of circuits. . 

We shall define the rank of any subset of M, and shall then show that 
the postulates for rank are satisfied. Let ¢:,---,ép be any ordered set of 
elements of M. Set I; = 0 if there is-a circuit in e, +- - -+ e; containing 
es and set Iu = 1 otherwise (compare Theorem 5). Let the “rank” of 
(@,° ` +, €p) be 


P? 
r(e: tse) =È r 
i= 
LEMMA Y. r(@1,° * +, @q-25 Cg-1y Ca) =T (61, * `, Cq-2; Eq, Cg-1)s 
To prove this, let W be the ordered set e,,' - *, €g-2, and set 
r(N) =f, r(N, €g-1) == 11, r(N, eq) = T2 
T(N, gs; €g) = 1225 T(N, eu 601) = Tor 


Case 1. There is no circuit in N + eg-1 containing eg, and none in 
N + eq containing eg. Then 
s Ti = T =r +i 


If there is a circuit in N + eg. + eg containing eg, and eg, then 


Tyo == 11 == fa == 1915 
otherwise, 
Ti = f1 Le + 1S fa 


Case 2. There is a circuit P, in N + Bey containing @g-1, and a circuit 
P, in N + ég1 + eg containing eg, and eg Then, by (C2); there is a circuit 
P, in N + e containing eg. Hence 


Ti = T1 = T = T = fgl 


` 
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Casz 3. There is a circuit P, as above, but no circuit P, as above. If 
there is a circuit P, as above, the last set of equations hold. Otherwise, 


Ti =T; + 1 =r 4 1 = 1 = fa. 


Casr 4. There is a circuit in N + eg containing eg. This case overlaps 
the two preceding ones; the proof above applies here also. 


Lemma 8. The rank of any subset N is independent of the ordering 
of the elements of N. ; ` 


We saw above that interchanging the last two elements of any subset does 
not alter the rank; hence, evidently, interchanging any two adjacent elements 
leaves the rank unchanged. Any ordering of M .may be obtained from any 
other by a number of interchanges of adjacent elements; the rank remains 
unchanged at each step, proving the lemma. r 

Postulates (Ri) and (Rə) are obviously ETA To prove (Ra), 
suppose r(N -+ e1) =r(N + e2) =r (N). Then there is a circuit in N + e 

' containing e; and one in N + es containing ea; hencer(N + e1 + e2) =r (N). 

The definitions of rank and of circuits under the two systems (R), 

(C) agree, and hence the systems are equivalent. 


9. Fundamental sets of circuits. The circuits P,,- > >, Pq of a matroid 
M form a fundamental set of cir cuits if g= n(M) and the elements e1,' `>, €n 
of M can be ordered so that P; contains En-gri but NO en-gig (F > 1). The set 
is strict if P; contains en-gsi but no enaj (0<j<itorj>%). These sets 
may be called sets with respect to @nqs1y* © `, Gn i 


THEOREM 9. If B= e, +>: -+ engis a base in M = e, +: t HF en, 
then there is a strict fundamental set of circuits with respect to @nqy* ` `> 2n; 
these circuits are uniquely determined. 


a 


As r(B) =r(M), A(B, e) =0 (@=n—gq+1,---,n). Hence, by 
Theorem 4, there is a circuit P; containing e; and elements (possibly) of B. 
Pnqiy’ © `, Pn is the required set. Suppose, for a given 1, there were also a 
circuit P'i 4 Pi. Then Postulate (C2) applied to P; and P’; would give us 
a circuit P in B, which is impossible. 

This theorem corresponds to the theorem that if a square submatrix N 
of a matrix M is non-singular, then N can be turned into the unit matrix 
by a linear transformation on the rows of M. 


THEOREM 10. If Pa’ >, Pa form a fundamental set of circuits with 
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respect tO en-qns` ` `, On, then there is a unique strict set P’,,- > +, P'a with 
respect tO Cn-qiy’ ° `> Cn 


Set B= M — (enq +` © © +F en). The existence of P,,- - -, Pa shows 
that r(M)—=r(M—e,)=: + -=r(B). Hence p(B)=n— q =r(M)=r(B), 
and B is a base, by Theorem 7. Theorem 9 now applies. 

Note that a matroid is not uniquely determined by a fundamental: set 
of circuits (but see the appendix). This is shown by the following two 
matroids, in each of which the first two circuits form a strict fundamental set: 








M, with circuits 1234, 1256, 3456; 
M’, with circuits 1234, 1256, 13456, 23456. 


IJ. SEPARABILITY, DUAL MATROIDS. 


10. Separable matroids. If M = M, + Mz, thenr(M)Sr(M:)+r(M2), 
on account of (3.3). If it is possible to divide the elements of M into two 
groups, M, and M», each containing at least one element, such that 


(10. 1) (Ml) =r (hz) +r(M:), 
or, which is equivalent (as M, and M, have no common elements), 
(10. 2) n(M) =n(M,) + (M2), 


we shall say M is separable; otherwise, M is non-separable* Any single 
element forms a non-separable matroid. Any maximal non-separable part of 
M is a component of M5 


THEOREM 11. If 


M =M, +M,  r(M)=r(M) +r(M), 
M’ C M, MW, & Moa, W = M + M, 


` then f 
r(W) =r (W) +r (W2). 
Set M” = M, — M,’, M: = M: — M. The relations (see Theorem 3) 


r(M) =A(M, + My, Me”) + A(M’, My”) +r(M) 
S ACM’, M) + ACM, My") +r(W) 
=r (M) —r (M7) +r(M) —r (MY) +7(’) 


“Compare G, Theorem 15., 
5 See G, § 4. 
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together with the fact that r(M) —r(Mi) +r(M:) show that r(M’) 
| 2 r(M’,) +1r(M’2) and hence r(M’) =r(M’s) +r (M). 


TuEorem 12.° If M =M, + Me, r(M) —71 (0) +r(M:), W is non- 
separable, and MW C M, then either W C M, or W C Ma 


For suppose W == MW + Wa, WiC M, WCM, and Wi and M’, 
each contain an element. By the last theorem, r(W) =r(W) +r(M2), 
which cannot be. 


Tuuorem 13. If M, and M, are non-separable matroids with a common 
element e, then M = M, + Mis non-separable. 


For suppose M = M’,-+ We, r(M) =r(W:) +7(M’2). By the last 
theorem, M, C W’, or M, C M'a, and Ma C M’, or Ma C M’,; this shows that 
either M’, or M’, is void. - 


THEOREM 14. No two distinct components of M have common elements. 
, This is a consequence of the last theorem. From this follows: 


TuEHoREM 157 Any matroid may be expressed as a sum of components 
in a unique manner. 


THEOREM 16.8 A non-separable matroid M of nullity 1 is a circuit, and 
conversely. 


If M, is a proper non-null subset of the non-separable matroid M and 
== M — M,, then r(M) < r(M,) +r(M2). Hence 
L—=n(M) > n(W) + (Me), | 


and n(M,) = 0, proving that M is a circuit. 
Conversely, if M == M, + Mz is a circuit, and M, and M, each contain 
elements, then 
(My) +r (Ma) = p(s) + (Ms) — (IM) —n (M) 
= p(M) > r(M), 


showing that M is non-separable. 


*Compare G, Lemma, p. 344. 
7 Compare G, Theorem 12. 
8 Compare G, Theorem 10. 
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Lemma 9. Let M —M, + M, be non-separable, and let M, and Mz 


each contain elements but have no common elements. Then there is a circuit 


P in M containing elements of both M, and Ma. 
Suppose there were no such circuit. Say M, =e +:'' + es Using 


Theorem 4, we see that 


A(My ter t Heina) =A Haa) G= +58), 
and hence r(M) =r(M,) +r(M:), a contradiction. 


THEOREM 17.° Any non-separable matroid M of nullity n'> 0 can be 
built up in the following manner: Take a circuit M,; add a set of elements 
which forms a circuit with one or more elements of M, forming a non- 
separable matroid M, of nullity 2 (if n(M) >1); repeat this process till 
we have My = M. 

As 1» > 0, M contains a circuit M,. If n> 1, we use the preceding 
lemma n — 1 times. The matroid at each step is non-separable, by Theorems 
16 and 13. 

THEOREM 181° Let M =M, +: -+ My, and let M,,---, Mp be non- 
separable. Then the following statements are equivalent: 

(1) M,,: + -, Mp are the components of M. 
(2) No two of the matroids M,,:--,My have common elements, and 
there is no circuit in M containing elements of more than one of them. 


(3) r(M) =r(M) +: +r (y). 


We cannot replace rank by nullity in (3); see G, p. 347. 
(2) follows from (1) on application of Theorems 13 and 16. 


1 


To prove (1) from (2), take any M;. If it is not a component of M, 
there is a larger non-separable submatroid M’: of M containing it. By Lemma 
9, there is a circuit P in W; containing elements of M, and elements not in 
M;; P must contain elements of some other M;, a contradiction. ` 

Next we prove (8) from (1). Ifp > 1, Misseparable; say M = M’, + M's, 
r(M) =r(M’,) +r(W2). By Theorem 12, each M: is in either M’, or M'a; 
hence M’, and M’, are each a sum of components of M. If one of these 


? See G, Theorem 19; also Whitney, “2-isomorphic graphs,” American Journal 
of Mathematics, vol. 55 (1933), p. 247, footnote. 
+ Compare G, Theorem 17. 
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contains more than one component, we separate it similarly, ete, (3) now 
follows easily. 

Finally we prove (1) from (3). Let M’ be a component of M, and 
suppose it has an element in M;. As 


r(M) =r(Mi) + Er (Hs), 
ini 
M’ is contained in M;, by Theorem 12; as M; is non-separable, M’ == M;. 


THEOREM 19. The elements e, and ez are in the same component of M 
if and only if they are contained in a circuit P. 


If e, and ez are both in P, they are part of a non-separable matroid, 
which lies in a single component of M. Suppose now e, and ez are in the 
` same component M, of M, and suppose there is no circuit containing them 
both. Let M, be e, plus all elements which are contained in a circuit con- 
taining e,, By Lemma 9, there is a subset M* of M, — M, which forms with 
part of M, a circuit P}. P, does not contain e, If e’, is an element of Ps 
in M,, there is a circuit P, in M, containing e, and e’,. Let e, be an element 
of M*. Then in M, + M* there are circuits P, and P, which contain e, and 
és respectively, and have a common element. ` 

Let M’ be a smallest subset. of M, which contains circuits P’, and P’; 
such that one contains ¢,, the other contains es, and they have common ele- _ 
ments. Then P’, and P's are distinct, and M’ = P’, + P's. Let e, bea 
common element. By Postulate (C2), there is a circuit P, in M’ — e, con- 
taining e, and a circuit P, in M’—e, containing es. By the definition of 
M’, P, and P; have no common elements. By Postulate (C,), Pi is not con- 
tained in P’,; hence it contains an element es of M’—P',. P; does not 
contain es. As P, is not contained in P’s, it contains an element eg of P'e 
But now P’, contains e, P contains es, P’; + Ps have a common element ee, . 
and P’, + P; does not contain es and is thus a proper subset of W’, a contra- 
diction. This proves the theorem. 


11. Dual matroids. Suppose there is a 1—1 correspondence between 
the elements of the matroids M and M’, such that if N is any submatroid of 
M and N’ is the complement of the corresponding matroid of M’, then 


(11. 1) r(N’) = 1(M’) —n(N). 


“Compare D. Konig, Acta Litterarum ao Scientiarum Szeged, vol. 6, pp: 155-179, 
4. (p. 159). The present theorem shows that a “ glied ” is the same as a component. 
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We say then that W’ is a dual of M.” 
THEOREM 20. If W is a dual of M, then 
r(W\ =n(M), a(W) =r(M). 


Set N =M; then n(N) =n(M). In this case N’ is the null matroid, 
and r(N’) = 0. (11.1) now gives r(M’) =n(M). Also 


n(M’) — p(M’) —r (W) = p(M) —n(M) = r (M). 
THEOREM 21. If M’ is a dual of M, then M is a dual of W. 
Take any WV and corresponding N’ as before. The equations 


(N) =r (W) —n(N),  r(W) =n(M), 
P(N) + p(W’) = p(M) 
give 
T(N) = p(N) —n (N) = p(N) —[r(M’) —r(N)] 
=p(N) —n(M) + [e(N’) —n(N’)] 
—p(M) —n(M) —n(W") =r(M) —n("’), 
as required. 
THEOREM 22. Every matroid has a dual. 


This is in marked contrast to the case of graphs, for only a pene graph 
has a dual graph (see G, Theorem 29). 

Let W be a set of elements in 1 — correspondence with elements of M. 
If N’ is any subset of W”, let N be the complement of the corresponding subset 
of M, and set r(N’) =n(M)—n(N). (Ri), (Re), (Rs) are easily seen to 
hold in W’, as they holdin M ; hence M’ is a matroid. SObaously ee )=n(M), 
and M’ is a dual of M. : 


THEOREM 23. M and M’ are duals if and only if there is a 1—1 
correspondence between their elements such that bases in one correspond to 
base complements in the other. l 


Suppose first M and M’ are duals. Let B be a base in either matroid, 
say in M, and let B’ be the complement of the corresponding submatroid of the 
other matroid, W’. Then 


1 Compare G, § 8. Theorems 20, 21, 24, 25 correspond to Theorems 20, 21, 23, 25 in G. 
Note that two duals of the same matroid are isomorphic, that is, there is a 1—1 
correspondence between their elements such that corresponding subsets have the same 
rank. : Such a statement cannot be made about graphs. Compare H. Whitiey, “ 2-iso- 
morphic graphs,” American Journal of Mathematics, vol. 55 (1933), pp. 245-254. 
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(BY) —=r(M’) —n(B) =r (W), 
n(B’) =r(M) —r(B) =0, 





and B’ is a base in W’, by Theorem 7. 

Suppose, conversely, that bases in one correspond to base complements in 
the other. Let N be a submatroid of M and let N’ be the complement of the 
corresponding submatroid of M’. There is.a base B’ in M’ with r(N’) ele- 
ments in V’, by Theorem 8. The complement in M of the submatroid corre- 
sponding to B’ in W’ is a base B in M with p(N’) —r(N’) =n (N°) elements 
in M — N, and hence with r(M) —n(N’) elements in N. This shows that 


r(N) =r(M) —n(N’) +k, k= 0. 
In a similar fashion we see that 

r(N’) =r(W) —n(N) +K, kK = 0. 
As B contains r(M) elements and B’ contains r(M’) elements, r(M) + r(Jf’) 
=p(M). Hence, adding the above equations, l 

k +k =r(N) +7(N’) + 2(¥) + 2(N’) —r(M)—r(Wy . 
= p(N) + p(W”) —e(M) =0. 

Hence k = 0, and the first equation above shows that M and W” are duals. 


' There are various other ways of stating conditions on certain submatroids 
of M and W which will ensure these matroids being duals." 


THEOREM 24. Let M,,---,Mp, and M’;,---,M’p be the components 
of M and W respectively, and let W: be a dual of M; (t=1,--++,p). Then 
W is a dual of M. 


Let N be any submatroid of M, and let the parts of N in Mı: °, Mp 
be Na,’ © +, Np. Let N’; be the complement in M’; of the submatroid corre- 
sponding to Ni; then MV’ = N’: +: - --++ N’, is the complement in M” of the 
submatroid corresponding to N. By Theorems 18 and 11 we have 


A(N) =r (N) Hee Hra),  a(N) =an(Ni) +: o (Np). 
Also l 
e (W) =r (Wi) (Mn), (Ns) =r (Wi) — (Mi); 
adding the last set of equations gives r(N’) =r(M’) —n(N), as required. 
18 See for instance a paper by the author “Planar graphs,” Fundamenta Mathe- 


maticae, vol. 21 (1933), pp. 73-84, Theorem 2. Cut sets may of course be defined in 
terms of rank. 


524 HASSLER WHITNEY. 


THEOREM 25. Let M and W be duals, and let M,,- - -, Mp be the com- 
ponents of M. Let M'i, >+, Wp be the corresponding submatroids of MW. 
Then M’,,---,M’, are the components of MW, and M: is a dual of M: 


(i=1,- eee on 


The complement in M of the submatroid corresponding to M’: in M’ 
is $} M; Hence, as W and W’ are duals and the M; (77%) are the com- 


nents of 5, M; (see Theorem 18), 
ii 
r(Wi) =7(M’) — 7% Ms), == 7(M’) — 2" (Ms). 
Adding gives j A 
Z r(M:) = pr (W) — (p— 1) A n(M;) = pr(W) — (p —1)n(M) 
= pr(M’) — (p— 1)r(W) = 7 (mM). 


Therefore, by Theorem 12, each component of M’ is contained in some M'i. 
In the same way we see that each component of M is contained in a matroid 
corresponding to a component of M’; hence the components of one matroid 
correspond exactly to the components of the other. 

Let N; be any submatroid of M;, and let N” and N’; be the complements 
in W’ and W’, of the submatroid corresponding to N;. The equations 


r(W) =Sr(M’j3),  r(N) = (Ns) $ Zr’), 
3 i 
r( N) =r (W) —n(Ni), 
give 
t(N':) = (M's) — n(Ni), 
which shows that M’; is a dual of Mi. - 


THEOREM 26. A dual of a non-separable matroid is non-separable. 


This is a consequence of the last theorem. 


III. MATRICES AND Marroips. 
12. Matrices, matroids, and hyperplanes. Consider the matrix 


Qir © © Ain 


Mi]. . . . 43 
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nbe C1,°-+,Cn. Any subset N of these columns forms a 
‘matrix has a rank, 7(N). If we consider the columns as 
e have a matroid W. The proof of this is simple if we 
a matrix as the number of linearly independent columns 
are then obvious. To prove (Rs), suppose r(N + C1) 
; then O, and Cə can each be expressed as a linear 
er columns of N, and hence r(N + 01 + C2) =r (N). 
and base carry over to matrices and agree with the 
base in M is a minimal set of columns in terms of 
umns of M may be expressed. 
M geometrically in two different ways; the second is 
r our purposes: 
uclidean space of m dimensions. Corresponding to each 
e is a point X; in Em with coördinates aii; * © *, ami. The 
4 of M is linearly independent if and only if the points 
Xip’ <, Xa, are linearly independent in Em, i.e. if and 
1 points determine a hyperplane in Em of dimension p. 
tresponds to a minimal set of points 47;,,- © >, Xa, in Em such 
M lies in the hyperplane determined by O, Yi,,---, Xip Then 
iM. 
E,„ be Euclidean space of n dimensions. Let Ri,’ - -, Bm be the 
Af Ya, +t , Ym are the corresponding points of En: Yi = (tin ' , din), 
‘points O, Yı,- ` `, Ym determine a hyperplane H == H(M), which 
A call the hyperplane associated with M. The dimension d(H) of H 
(M). Let N=Ci,+---+ Ci, be a subset of M, and let W’ be the 
aa cata coérdinate subspace of En containing the #;, and ... and the 
Ti, axes. The j-th row of N corresponds to the point Y”; in W’ with codrdinates 
(@ji,,° * +, 4j4,); this is just the projection of Y; onto E’. If W is the 
hyperplane in Æ” determined by the points O, ¥’1,- © -, ¥’m, then H” is exactly 
the projection of H onto H’, and 












(12. 1) d(H’) =r (N). 


Let N = (Cis --,C:,) be any subset of M, and let F’, H’ correspond 
to N. Then N is independent if and only if f 


d(H’) =p, 
and is a base if and only if 


d(H’) = d(H) =p. 
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THEOREM 27. There is a unique matroid M ade 
plane H through the origin in En. 















Let M contain the elements ¢,,: ` -, én, one correspo: 
nate of En. Given any subset ei, - `, ĉip we let its x 
of the projection of H onto the corresponding coördina; 
It was seen above that if M is any matrix determir, 
matroid associated with M. 


13. Orthogonal hyperplanes and dual matroj 
lowing theorem : 


THEOREM 28. Let H be a hyperplane through 
mension r, and let H’ be the orthogonal hyperplane Ñ 
dimension n—r. Let M and W be the associated matro 
are duals. 


We shall show that bases in one matroid correspond to 
in the other; Theorem 23 then applies. Let 


lii © * ain ba Om 
M=j]. ...4, MW = |. 
Ary’ © * Orn bnr, bn-r n 


be matrices determining H and H’ respectively. Say the first r col 
form a base in M, i. e. the corresponding determinant A is £0. As A 
are orthogonal, we have for each i and 7 


Girdss + tibza +++ * + tend = 0. 


Keeping j fixed, we have a set of r linear equations in the bj. Transpose 
the last n—-r terms in each equation to the other side, and solve for bjp. 
We find 








1 2 ai "ay ir a 
bjr = A = bit . == 2 Curd 51 (k =1, a7) 
rF Ory? © -Qr * arr l=r+l 
This is true for each j = 1,: - -,n— r, and the cy: are independent of i: 
Thus the k-th column of M’ is expressed in terms of the last n—r columns. 
As this is true for k = 1,- < +, r, the last n—r columns form a base in M’, 


as required. 


14. The circuit matrix of a given matrix. Consider the matrix M of 
§ 12. Suppose the columns C;,,- - -, Ci, form a circuit, i. e. the corresponding 


5 
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elements of the corresponding matroid form a circuit. Then these columns 
are linearly dependent, and there are numbers 0;,- - `, bn such that 


tibi F ` ; ‘+ dinbn = 0 (i =1,: $ - m), 


(14. 1) bj =0 (jis si), b0 G= +, %). 


The b; are all 40 (j =ù, ` *,ip), for otherwise a proper subset of the 
columns would be dependent, contrary to the definition of a circuit. (They 
are uniquely determined except for a constant factor; see Lemma 11.) Sup- 


pose the circuits of M are P,,- > +, Ps. Then there are corresponding sets.of 
numbers bi’ + +, bin (i =1,: > -,s), forming a matrix 
bi’ . * Bin : 
M =|. . . a, 
bsi E T bsn 


the circuit matrix of the matrix M. 


THEOREM 29. Let Pı: : +, Pa be a fundamental set of circuits in M . 
(see §9). Then the corresponding rows of the circuit matriz M’ form a base ` 
for the rows of M’. Hence r(M’) =q =n(M). 


Suppose the columns of M: are ordered so that P; contains Cn-qi 
but no column Cro; (j >i). Then if the corresponding row of M” is 
BR’, = (bay + +, Din), We have Bima 40 and Binoy =0 (j >i). Hence 
the rows R’, : > -, R'a of M’ are linearly independent, and r(M’) = q. Hence 
r(M’) —n(M) =q, and each row of M’ may be expressed in terms of 
By Ble | 


THEOREM 30. If M’ is the circuit matric of M and H’, H are the 
corresponding hyperplanes, then H’ is the hyperplane of maximum dimension 
orthogonal to H. 


This is a consequence of (14.1) and the last theorem. 


THEOREM 31. The matroids corresponding to a matria and its circuit 
matrix are duals. 


This follows.from the last theorem and Theorem 28. 


15. On the structure of a circuit matrix. Let M be any matroid, 
and M’, its dual. If there exists a matrix M corresponding to M, it is perhaps 
most easily constructed by considering it as the circuit matrix of a matrix M’ 


5 
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corresponding to W. Let H and H’ be the hyperplanes corresponding to M 
and M’. We shall say the set of numbers (a1,- > `, an) is in Zi,...4, if 


a; 540 (j= is: +, tp), a; =0 (Æi + +, %p). 


If (a'> >, an) isin H and in Zi... ip then the columns Cis: - -, Ci, of M’ 


are dependent, evidently. 


Lemma 10. Let (b:,: > +,bn) be a point of H. If it is in Zi,...4,, then 
the matroid N’ = e, +> - -+ e;, is the union of a set of circuits in W. 


Here e; in W’ corresponds to C; in M. We need merely show that for 
each ts there is a circuit P in N’ containing e:,. Let kı = tis, ko, * © * , ka be a 
minimal set of numbers from (ù,' - ', ip) containing i, such that there is a 


‘point (¢:,: '', Cn) of H in Zy,...%,; then em +' > >+ ex, is the required ` 


circuit. For if it were not a circuit, there would be a proper subset (l, ++, lr) 
of (k: + +, kq) and a point (d'~ >, dn) of H in Zu... No l; = k, on 


account of the minimal property of (k,,: * +, ka). Say lı = k, and set 


ti = dy ,Ci — Cu, ds (i—1,- n). a 
Then (@:,°**,@n) is in H and in Zm.,.m, with (m1,‘ ++, my) a proper 
subset of (kı, * > +,%q) containing kı, again a contradiction. 


Lemma 11. If P =e, +: + ei is a circuit of W and (bı: > >, bn) 
and (b'i, * `, bn) are in H and in Zi... ip then these two sets are proportional. 


For otherwise, (c1,* ` `, Cn) with c; = b'nbi — babi would be a point - 
of H in some Zr, ...x, With (kı, > >, kg) a proper subset of (ù, > >, tip), and 
P would not be a circuit. i 

It is instructive to show directly that Postulate (C2) holds for matrices: 
P, and P, are represented by rows (b;,--°-,0n) and (0’:,---+,06’n) of M, 
lying in Ziz... and Zi,...%, respectively, where kı: > :,kq5&2. Set 
ci = bibi — bbi; then (c1, >>, Cn) isin H and in Zen... t, with (h, ++, lr) 
a subset of (t1,° °°, %, kr,’ © *, ka); the existence of P now follows from 


Lemma 10. 


THEOREM 32. Let M be the circuit matris of M’. Let P1,- +--+, Pa form 
a strict fundamental set of circuits in M’ with respect to Cn-qi1)* ` `, €n, and 
let the first q rows in M correspond to P,,- ++, Pq. Let (i, ` -, is) be any 
set of numbers from (1,---,q), let (j1,-- `, Js) be any set from (1,---,%—4q), 
and let (¥1,'**, Vas) be the set complementary to (4,°--,%s) in (1,---,q). 
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Then the determinant D in M with rows i,°-+,% and columns fist tas 
equals zero if and only if the determinant D’ with rows 1,- > +, q and columns 
jott ods) M—Q+4s,+ ++, n—gq-+ Yas equals zero, or, if and only if 
there exists a circuit P in M containing none of the columns eins `>, i. 


On-gti'y a oni On—gei' gee 


In the matrix of the last g==r(M) columns of M, the terms along the 
main diagonal and only those are +40. If we expand D’ by Laplace’s ex- 
- pansion in terms of the columns n—g+701,:--,n—q-+Uqs, we see at 
once that D’ = 0 if and only if D0. 

Suppose D = 0. Then there is a set of numbers (%,: ` -,@q), not all 
zero, With a; = 0 (t4%,,° > -,%s), such that 


br = tabin + + + Qabar = 0 (k = ju: +5 Js), 


. (bis,: + +, bin) being the i-th row of M., by = 0 also for k==n—q+71,-°--, 
n— q + Żas, as each term is zero for such k. The point (b,,* © +, ba) is 
in H. Any circuit given by Lemma 10 is the required circuit P. 

Suppose the circuit P exists. Then it is represented by a row (ba, '* >, ba) 
‘in M. As the first q rows of M are of rank q ==r(M), (b:,- > +, bn) can be 
expressed in terms of them; say by = Zaibi; As by = 0 (k ='n as gq+t1,°-°, 
n—gq+s), certainly a, = 0 (k = v1, > +, Vas). D=0 now follows from 
the fact that by = 0 (k = ji,- +, je) f : 


16. A matroid with no corresponding matrix. The matroid M’ has 
seven elements, which we name 1,:°-:,7%. The bases consist of all sets of 
.three elements except 


(16. 1) 124, 135, 167, 236, 257, 347, 456. 


Defining rank in terms of bases, we have: Each set of & elements is of rank 
k if k S 2 and of rank 3 if k Z 4; a set of three elements is of rank 2 if the’ 
set is in (16.1) and is of rank 3 otherwise. It is easy to see that the postu- 
lates for rank are satisfied. (R) in the case that N contains two elements is 
satisfied vacuously. For suppose r(N + e1) =r(N + e2) =r(N) =—2. Then 
N +e, and N + e, are both in (16.1); but any two of these sets have but 
a single element in common. 


14 After the author had noted that M’ satisfies (C*) and corresponds to no linear 
graph, and had discovered a matroid with nine elements corresponding to no matrix, 
Saunders MacLane found that M’ corresponds to no matrix, and is a well known 
example of a finite projective geometry (see O. Veblen and J. W. Young, Projective 
Geometry, pp. 3-5). 
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If there exists a matrix M’, corresponding to W”, then let M be ita circuit 
matrix. 123 is a base in W’, and hence 


(16.2) 124, 185, 236, 1237 


form a fundamental set of circuits in W’. Let Ri, Ro, Rs, Ra be the corre- 
sponding rows of M. By multiplying in succession row 1, column 2, rows 
2, 8, 4, and columns 4, 5, 6, 7 by suitable constants s4 0, we bring M into 
the following form: 


(16. 3) M= 


HoOonmnm 
o m OH 
aR o 
ooor 
oono 
OH OO 
m Oooo 


x 


a, b, c and d are 0. We now apply Theorem 32 with 
. (4, ees jy eg js) = (1, 4; 1, 2), (2, ae 3), (3, 4; 2, 3), 
i.e. using the circuits 347, 257, 167. This gives 
ei 
1 b 
al a 
and hence c = 1, a = d =b. Using the circuit 456, with sets (1, 2, 3; 1, 2, 3) 


gives 2a == 0, a = 0, a contradiction. 
In regard to this example, see the end of the paper. 


1 1 1 a 
1 c| li dic 














APPENDIX, 
MATRICES OF INTEGERS MOD 2. 


We wish to characterize those matroids M corresponding to matrices M 
of integers mod 2, i.e. matrices whose elements are all 0 or 1, where rank 
ete. is defined mod 2. We shall consider linear combinations, chains: 


(A. 1) Qer +s + + + Anen (œs integers mod 2) 


in the elements of M. The o’s may be taken as 0 or 1; (A.1) may then be 
interpreted as the submatroid N whose elements have the coefficient 1. Con- 
versely, any NC M may be written as a chain. Submatroids are added 


15 See O. Veblen, “ Analysis situs,” 2nd ed., American Mathematical Society Collo- 
quium Publications, Ch. I and Appendix 2. 
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(mod2) by adding the corresponding chains (mod2). For instance, 
(e1 + €2)*+ (e2 -+ e3) = ez + es (mod 2). ` i 

Any sum (mod 2) of circuits in M we shall call a cycle in M. N is the 
true sum of N,,---,N; if these latter have no common elements and 
N =N, +: ++N,s. We consider matroids which satisfy the following 
postulate: : 


(C*) Hach cycle is a true sum of circuits. 


Postulate (C2) is a consequence of (C*). For the cycle Pı + P2 is a 
submatroid containing e> but not e; The existence of P, now follows 
from (C*). 

A simple example of a matroid not satisfying (C*) is given by the 
matroid M’ at the end of § 9. 


THEOREM 33. A circuit is a minimal non-null cycle, and conversely. 
This is proved with the aid of Postulates (C,) and (C*). 


THEOREM 34. Let Pi,’ > >, Pa be a strict fundamental set of circuits 
in M with respect to engi,’ **,@n. Then there are exactly 2% cycles in M, 
formed by taking all sums (mod 2) of Pi: © +, Pq. 


First, each sum Pa +- +P, (mod 2) is a cycle, containing 
Cn-qriy ` `> Cn-gsis and elements (perhaps) from B = é,° - -, nq; obviously 
distinct sums give distinct cycles. Now let Q be any cycle in M; say 
Q contains @n-qu4,° © ` > nq, and elements (perhaps) from B. Set 
Q’ = Pru +: + Pr; then Q+ Q is a cycle containing elements from B 
alone. But B is a base (see the proof of Theorem 10), and hence contains 
no circuits. Consequently Q + Q’ is the null cycle, and Q = Q’. 


THEOREM 35. As. soon as the circutts of a strict fundamental set are 
known, all the circuits may be determined. 


This is a consequence of the last two theorems. It is to be contrasted 
with the final remark of § 9. 


Remark. The word “strict” may be omitted in the last two theorems. 


THEOREM 36. Let e1,' ` +, én be a set of elements, and let P1,- * >, Pa 
be any subsets such that P; contains énqi and possibly elements from 
€1,° © *, Cng Alone. Then there is a unique matroid M satisfying (C*), with 


Py: + +,Pq as a strict fundamental set of circuits. 
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We form the 27 cycles of Theorem 34. Those cycles which contain no 
other non-null cycle as a proper subset we call circuits; in particular, 
Pa: © - , Pq are circuits. To prove (C*), let Q be a non-null cycle. If it 
is not a circuit, it contains a circuit P as a proper subset. Q and P are 
sums (mod 2) from Pı: <‘, Pa hence the same is true of Q—P, and 
Q — P is one of the 2% cycles. If it is not a circuit, we again extract a 
circuit, etc. 

This theorem furnishes a simple method of constructing all matroids 
satisfying (C*). i 

We turn now to the study of matrices of integers (mod 2) 


Qir ° ` Um 
M |j 2. (each aij = 0 or 1). 


Ami’ ° ° Onn 
Any linear combination (mod 2) of the columns 
(A. 2) MC, pes +t ann (œs integers mod 2) 


is a set of numbers (3ai01i,° © `, 3eimi), which we call a chain (mod 2) in M. 
As before, we may take each coefficient as 0 or 1, and we may consider -any 
chain merely as a submatrix of M. The chain is a cycle if each of the corre- - 
sponding numbers is ==0 (mod 2). The columns Ci,’ > +, Ci, are inde- 
pendent (mod 2) if there exists no set of integers a,---, a, not all==0 (mod 2), 
with a0 (t£ i," - +, tp), such that %a,C; is a cycle, i.e. if no non-null 
subset of Ci,,- - >, Cap is a cycle. Using this definition, the terms base, circuit, 
rank, nullity ete. (mod 2) can be defined as in Part I. 

Let M be a set of elements ¢1,- - -, €n corresponding to C,,- - *, On in M, 
and let e, +>- + ¢, be a circuit in M if and only if 0i,,---+,@i, is a 
circuit in M. We shall show that M is a matroid satisfying (C*) and the 
definitions of cycle in M and M agree. 

We show first that each circuit is a cycle in M. If Ci,,---,Ci, is a 
circuit, then these columns are dependent; hence 3o,C; is a cycle, with 
ai = 0 (Æi: +, ip). Moreover a; = 1 (i= %,- ++, 4%), for otherwise a 
proper subset of Cip’ - *, Ci, would be dependent. Hence Ca +: +--+ Ci, 
is a cycle. Next, any sum (mod 2) of circuits is a cycle, evidently. Next we 
prove (C*). -Suppose Q = Ci,-+---+ Ci, isa cycle. Let (k... >, kg) be 
a minimal subset of (i, > ', tp) such that P = Crn +> ` > -+ Cr, is a cycle; 
then P is a circuit. Q— P is a cycle; from it we extract a circuit, just as 
above, etc. It follows from (C*) that the definitions of cycle in M and M 
agree. Theorems 33, 34 and 35 now apply to M also. 

We are now ready to prove the final theorem: 
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THEOREM 37. Let M be any matroid satisfying (C*). Suppose 
p(M) =n, and e,+:++-+ eng is a base. Then if M, is any matriz of 
integers. (mod2) with n—g columns which are independent (mod 2), 
columns On-qs` ` `, Cn can be adjoined in a unique manner to M,, forming 
a matric M of which the corresponding matroid jis M. 


Let Pat > -, Pa be a strict fundamental set of circuits in M with 
respect to @n-qu,°° *,@n (Theorem 9). Say Pi = en ++ ++ lip F ena 
Set Cron ==Ci,+-°--+ Ci, (mod2); this determines Cng1 as a column 
of 0’s and 1’s so that P'i = Ci, +e c eH Oi, + Cron is a circuit. (Pisa 
cycle; (C*) shows that it is a single circuit, as C4 -+° > +--+ Cn-q contains 
no circuit.) Cn-qiu evidently must be chosen in this manner. We choose the 
remaining columns of M similarly. Let M’ be the matroid corresponding to 
M. Then P’: - +, Pais a strict set of circuits in M’. These same sets form 
a strict set in M; hence, by Theorem 35, the circuits in M” correspond to those 
in M. Consequently M’ = M, completing the proof. 

We end by noting that the matroid M” of § 16 satisfies Postulate (C*) 
but corresponds to no linear graph. For letting 123 be a base and (16.2) 
_ a fundamental set of circuits and determining the matroid as in Theorem 36, 
- we come out with exactly M’. A corresponding matrix of integers mod 2 is 
constructed from (16.3) with a == b = c = d = 1; we interchange rows and 
columns in the left-hand portion, leave out the last row and column of the 
right-hand portion, and interchange these two parts. (The relation 2a = 0 
is of course true mod 2.) 

On the other hand, it is easily seen that if the element 7 is left out, there 
is a corresponding graph, which must be of the following sort: It has four 
vertices a, b, c, d, and the arcs corresponding to the elements 1,- - -,6 are 


ab, ac, ad, be, bd, cd. 


There is no way of adding the required seventh arc. 

The problem of characterizing linear graphs from this point of view 
is the same as that of characterizing matroids which correspond to matrices 
(mod 2) with exactly two ones in each column. 
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ON THE ASYMPTOTIC DISTRIBUTION OF THE REMAINDER 
TERM OF THE PRIME-NUMBER THEOREM. 


By AUREL WINTNER. 


The result of the present note is to the effect that the Riemann hypothesis 
, is equivalent not only with the best possible order of the remainder term of 
: the prime-number theorem but—on a proper scale—also with a generalized 
: almost-periodic behavior of this remainder term. This means that the formally 
. trigonometrical development of the remainder term is a Fourier development, 
. which implies, in particular, the existence of an asymptotic distribution 
, function. 

Let p:, po," ' be-the sequence of distinct zeros of £(s) in the upper 
ı half-plane, so that 


eee pe = 1/2 Hiyo Yuu > ye > 0 ER ++) 
“by assumption. Let nz denote the multiplicity of the zero px and let 
: o(%) ==0, m(t) =x (Am + Am), where v > 1, 


t 


: (2) Am = Š maf pr m= 1,2, + +). 
k=l P ’ 


It is known + that 
: (3) (z) = ae $m(#) 
‘exists and that on placing, as usual, 


¢(z) = È log p 
pise 


the “ explicit formula” of the prime-number theory may be written as 


(4) a—y(s) =e (2) + log[2r (1 — a) V7], 


where «4 p"; at the discontinuity points, e = p”, of y(x) one-has to replace 
w(x) by the arithmetical mean of y( + 0) and y(x— 0). The rôle of (1) 
for the distribution of the prime numbers is? that of implying for the 
remainder term (4) of the prime-number theorem y(#) ~« the appraisal 
zV/*O(a*) for any « > 0, and even the appraisal 


+Cf. E. Landau, Vorlesungen über Zahlentheorie, Leipzig, 1927, Theorem 452. 
2 Ibid., Theorem 453. 5 
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(5) (z) = 0 (log? x). 

Finally, (1) is equivalent * also with l 

(6) doga)? f (1— yte) /2): de> S 2m4/| p|, 0 o, 
2 


a relation which may be written, according to (4), in the form 


(6a) (log w)* f 'a*{x""9(2) + log[2r(1— 1)*]}? de 
> 2 Snz/| pr |? o> o. 


Now not only (6a) holds but also 


(7) (logo) fr *{x¥"[4(2) — gna (2)] + logl2e(1— a) ]}* de 
> 23) m2/| px [23 (m—=1,2," °°) (we). 
k=m 


If m = 1, then (7) reduces to (6a) or (6) in virtue of (2). While for 
m 1 the relation (7) is not clear from (6 a), (3) and (2), a glance at the 
proof of (6) shows that the proof of (7) needs but a eee of the proof 
of (6a), so that the proof of (7) will be omitted. 

"On denoting the integrand cf (7) by 


(7a) a*{$(x) — pm- (2) }? + Dmn(2), 
it follows from (1), (2) and (5) that 


Dm (2) = 24-9/?[4 (2) —$n-1 (2) Jlog[2r (1 —2"®)¥2] +atlog? [2r (1—1) *] 
= 2m [O (log? £) + O(1)JO(1) + 270 (1)? = O(a) ; 


hence ; 
J Dato) de = f Ois O(1):—o(log v). 
. 2 2 


Thus it is clear from (7), (7 a) that, for every fixed m, 


dogo) f aig(e) —dna(2)}* de> S m/l pl, o> o, 


T= f Teler) — dm-1(e7) ]? dz > 2 È m2/| pr | T>. 
1 n k=m a 


3 Ibid., Theorems 476 and 477. This result is due to Cramér. 
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Hence, on placing 


(8) Mig) — lim fso oe 
T=% 1 i 

one has 

(9) M{(f —n1)*} = 2 È mt/| pe | 

where sm (2) =dm(e*), f(z) = (e°), 

so that 

(10) Sm(@) = È mu (0e / pr + eiet pk) 

and 

(11) Fla) = Si malo /pr + €™/px) 


in virtue of (1), (2) and (3). The relations (4) and (5) take the form 
(11a) e—y(e) = et f(a) + log 2+ O(e%), f(a) = 0 (2°). 
Now, from (9), 
(12) M{(f— sm) } 0, m= o. 
Due to (10) and (11), the relation (12) might be expressed by saying that 


the trigonometrical series (11) not only is convergent but that it is the Fourier 
series of the function which it represents, i. e., that 


(12a) F(a) ~ È me(™/pn + e/a), 


the equivalence sign ~ being understood in the Besicovitch sense.* It must, 
however, be mentioned that the averaging process (8) operates not in the 
symmetric range [— T, T] but only in the upper half of it; to the lower half 
of this range there corresponds the range 0 << x < 1 of y(x) ==0, where the 
behavior of the series (x) is just as intricate as in the range 1 <Ct< œ. 
Since, however, (11) is a pure sine series, the formal difficulty just men- 
tioned may be avoided by defining the function f(s) for — œ < s < —1 


T 
by f(t) =—f(— z) and for —1 S e £1 arbitrarily. Then T4 Í in (8) 
1 
T 
may be replaced by (2T) | , so that the function f(s} occurring in the 
-T 


fundamental formula (11a) belongs to the Besicovitch class B? in virtue of 
(12). As a consequence of this fact, it follows from the Besicovitch theory 


4A. S. Besicovitch, Almost periodic functions, Cambridge, 1932, Chap. II. 
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that the coefficients ® nx/px, ng/pr of the series (11) may be represented in the 
Fourier-Bohr manner as averages. It is clear from the definition of f(s) for 
x < — 1 that these expressions of the coefficients hold also if M{ } is under- 
stood in the sense (8). Unfortunately, nothing is known about the diophantine 
nature € of the frequencies + yn of the Fourier expansion (122); in particu- 
lar, it is not known in what manner the frequencies are generated by a basis 
of linearly independent numbers. 

If g(x) is a real-valued measurable function defined for 1 < s < œ, and 
if, for a given T > 1 and a given real number é, one denotes by [g (7) < éT] 
the set of those points x of the interval 1<«< T at which g(x) < £, the 
function g(x) is said to possess an asymptotic distribution function o = ø (Ẹ) 
if at every continuity point é of this o the relation 


T- meas [g(z) <€;T]>o(f), (To) 
holds, and 
o(— 0) =0, o(+ 0) =1. 


Thus o(£) is monotone and not everywhere constant. The limit defining 
o(&) is zero for every ¢ if, as œ increases indefinitely, g(a) is very often very 
large; hence in such a case there does not exist an asymptotic distribution 
function. Now sm() is, according to (10), real-valued and almost-periodic 
in the Bohr sense and has therefore? an asymptotic distribution function. 
Hence it follows 8 from (12) that f(x) also possesses an asymptotic distribu- 
tion function. This fact expresses a certain amount of regularity in the 
fluctuations of f(x) and implies, in particular, that | f(«)| cannot be very 
often very large. On the other hand,’ 


(11b) f(z) =2.(loglog r), rz œ, 
so that neither f(x) nor — f(x) is less than a positive constant. While the 


€ Tt is not known if n, == 1 for every k. 

° For a property of the numbers 7,, which is, however, not of an arithmetical nature, 
cf. pp. 101-102 of this volume. . 

7A, Wintner, “ Diophantische Approximationen und Hermitische Matrizen,” I, 
Mathematische Zeitschrift, vol. 30 (1929), pp. 310-312. In the following year, Jessen, 
and Bohr and Jessen, also proved the existence of asymptotic distribution functions. 
Cf. also the programmatic address of Bohr in the Proceedings of the 5th Skandinavian 
Congress (1922). For the recent development of the distribution theory, cf. B. Jessen 
and A. Wintner, “ Distribution functions and the Riemann zeta function,” Transactions . 
of the American Mathematical Society, July, 1935. . 

8 Cf. B. Jessen and A. Wintner, loc. cit., Theorem 24. 

°Cf. E. Landau, op. cit, Theorem 472, or H. Bohr, loc. cit. (11 b) is due to 
Littlewood. 
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asymptotic distribution function cannot be everywhere constant, it seems to 
be difficult to decide whether it is nowhere constant?® or whether f(s) 
“ dislikes ” some regions a < f(t) <b. The answer to this question might 
depend # on the one mentioned at the end of the previous paragraph. 

The relation (12 a) may be expressed also in terms of the Dirichlet series 


oo 
F(s) => m/ye™, Ns > 0. 
k=1 ` 
It is known * that (11b) depends on the behavior of 


SF(s) as Rs—> +0. 


Now $f (s) on the boundary line Rs == 0 not only is a convergent trigono- 
metrical series but is also the Fourier series of the function which it represents. . 
In fact, the number of zeros of £(s) in the strip 0 < 9s < T is O(T log T), 
even if one counts every zero according to its multiplicity. This implies the 
di of the series 


È m/| Vape | 


Hence it follows from (11) that the series representing the sum of f(s) and 
23F (ic) is a trigonometrical series which possesses a convergent majorant 
uniformly for all æ and is therefore almost-periodic in the sense of Bohr. 
Accordingly the trigonometrical series 


co - 
— È xe/ yx SiN Yi, 
k=l E- fa i 
which defines the function F (is), belongs to this function as its Fourier 
series (B?). In particular, XF (iz) is a function of class B? and has therefore’ 
an asymptotic distribution function. ` i 


THE JOHNS HOPKINS UNIVERSITY. 


te Of. A. Wintner, “Remarks on the Ergodic Theorem of “Birkhoff,” Proceedings 
of the National Academy of Sciences, vol, 18 (1982), p. 251. 
11 Cf., in this connection, B. Jessen and A. Wintner, loc. cit. 
* $9 Of. E. Landau, op. cit., Theorem 470. 


ON THE EXACT VALUE OF THE BOUND FOR THE REGULARITY 
OF SOLUTIONS OF ORDINARY DIFFERENTIAL EQUATIONS. 


By AUREL WINTNER. 


Let f(z,w) be regular-analytic and bounded in the four-dimensional 
domain |z| < a, | w | < b, and let w = w(z) be the solution of dw/dz = f(z, w) 
which vanishes at z= 0. Let M denote the least upper bound of | f(z, w)| 
in the domain |z| <a, |w|<. It is known that there exists a bound 
T =T (a,b, M) which is independent of the particular choice of f(z, w) and 
_is such that w(z) is regular-analytic in the circle |z| <I. In fact, the 
method of successive approximations yields the estimate 


(1) T(a, b, M) = min(a,b/M). 


- The xecessity of the limitation | z | < a is obvious from the case where f(z, w) 
is independent of w and has singularities on the circle | z | =a. On the other 
hand, the necessity of the limitation | z| < b/M is not evident. In fact, the 
latter limitation is introduced into the proof of (1) only for a somewhat 
artificial reason,—in order to assure the possibility of successive substitutions 
into f. 

It turns out, however, that the trivial, and a priori artificial, appraisal (1) 
cannot be improved, i.e., that the value of the best bound T(a,b,M) is 
precisely min(a,6/M). This situation seems to be unexpected insofar as 
efforts have been madet to improve the lower estimate (1) of I'(a,b, M). 
In reality, these efforts succeeded only by imposing additional restrictions on 
f(z,w). Such a restriction is that f(z, w) satisfies a uniform Lipschitz con- 
dition in the open domain |z| <a, |w|<b; and the corresponding im- 
proved estimate of the regularity radius of w(z) depends * not only on a, b, M 
but also on the Lipschitz constant. A proof of the upper estimate 


(2) T(a, 6, M) S min(a@, 6/M), 
which clears up this situation, runs as follows. i 
If a&b/M then (2) is obvious from the case where f(z,w) is in- 


dependent of w. In order to prove that (2) holds also when a > b/M, it is 
clearly sufficient to show that for any given pair of numbers b, M and for any 


1 Cf. P. Painlevé, Encyklopaedie der Mathematisohen Wissenschaften, vol. 1, Part I, 
p. 194 and p. 200. 


539 


540 AUREL WINTNER. 


gwen number r, where r > b/M, there exists a function f which is mndlepepdent 
of z and possesses the following properties: 


(i) f(w) is regular-analytic and bounded in the circle | w| < b; 
(ii) the least upper bound of | f(w)| in this circle is M; 
(iii) the function w—w(z) for which dw/dz=f(w) and w(0) =0 
has in the circle | z | < r a singularity. 


Now the function : 
(3) f(w) =M[(1 + w/b) /2y™ 


satisfies all these conditions if n is sufficiently large, larger than a number 
depending on r. In fact, the solution w(z) belonging to (8) is 


w(z) =b (1 + 2/0n) "V — 1] e 
where 
= (1 — 1/n)=2"b/M. 


Thus z = — On is a singular point of w(z) and tends to z = —b/M when 
n—> + co. This proves (iii), while (i) and (ii) are satisfied by (3) for 
any n. 
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ON SYMMETRIC BERNOULLI CONVOLUTIONS. 


By RICHARD KERSHNER and AUREL WINTNER. 


A class of symmetric Bernoulli convolutions which are regular analytic 
in the whole plane or in a strip containing the real axis or which possess, 
at least, a high degree of smoothness along the real axis, has recently been 
considered by ene of the authors.1 The present note deals mainly with the 
other extreme case, where the convolution possesses but a very low degree of 
smoothness. One class of convolutions which will be considered includes, for 
instance, the well known Cantor function; and other functions which have 
been treated in the literature also occur. These and some other examples have 
been collected in a joint paper of B. Jessen and one of the present authors.? 
The present note attempts a systematic treatment of a type of these symmetric 
convolutions with a low degree of smoothness. Apart from the theory of 
infinite convolutions, the functions to be considered are of interest from the 
point of view of the theory of real functions. The dominating feature of some 
of the convolutions in question is the homogeneous character of their spectra 
and a-corresponding homogeneity of the mapping involved. In particular, 
one is lead to absolutely continuous convolutions which might be termed 
length-preserving with respect to a nowhere dense set of positive measure. 
It turns out that Bernoulli convolutions of this type are identical with the 
functions ¢(x) considered by Hausdorff * in connection with his fractional 
dimension theory. While Hausdorff is mainly interested in the case where 
the Lebesgue measure, which will be denoted by (FE), is zero, his-vésults hold 
for the case of a positive Lebesgue measure also, a case with which the present 
paper is mainly concerned. A class of Bernoulli convolutions which might be 
termed complementary to the case of the Hausdorff functions ¢(#) also is 
considered. 

Let B(s) denote the symmetric Bernoulli distribution of standard de- 


+A. Wintner, “On analytic convolutions of Bernoulli distributions,” American 
Journal of Mathematics, vol. 56 (1934), pp. 659-663; “On symmetric Bernoulli con- 
volutions,” Bulletin of the American Mathematical Society, vol. 41 (1935), pp. 137-138. 

2B. Jessen and A. Wintner, “ Distribution functions and the Riemann zeta- 
function,” Transactions of the American Mathematical Society, vol. 37 (1935), § 6, 
Theorem 11. 

3. Hausdorff, “Dimension und fusseres Mass,” Mathematische Annalen, vol. 79 
(1919), pp. 157-179. 
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viation 1 so that B(x) is 0, 1/2 or 1 according as.z is on the left, in the 
interior or on the right of the interval —1 < @ < +1. Thus @(2/a), where 
a> 0, also is a symmetric Bernoulli distribution function; the distribution 
function 


(1) 2(1 + sign 2), 


which belongs to a = + 0, will not be considered as a Bernoulli distribution 
function. The infinite Bernoulli convolution 


(2) a(t) = B (2/%) * B(t/a2) *: > > 


is convergent if and only if 

œo : ý 
(3) Èm < + 0, 

n=i 


and the convergence of (2) implies its absolute convergence.* It will always 
be supposed that (3) is satisfied. The function (2) always is continuous." 
Further,’ if o(s) is not absolutely continuous, it is singular, i.e. such that 
o’ (x) = 0 almost everywhere. The spectrum S of o(s), defined as the set 
of points x in the vicinity of which o is not constant, consists? of those points 
z which are representable in the form 


(4). S Æ Gn, 


n=i 
where the signs depend on n in an arbitrary way, the only restriction being 
that the series be convergent. Hence S is a bounded set.or the whole real 
axis according as the condition 


(5) Sac } 


n=l 
is or is not satisfied. Examples show ® that o may be singular or absolutely 
continuous whether (5) is satisfied or not, so that all four possibilities actually 
occur. The set © is always perfect, since the set of points in the vicinity 
of which a continuous function is not constant is either perfect or empty. 
On denoting by pn the infinite convolution 


(6) pn(t) = B(&/dnsr) * B(E/ana) #5, 


so that pn tends, as n —> + 20, to the distribution function (1), either all 
functions 


tB. Jessen and A. Wintner, loc, cit. 5 Ibid. ° Ibid, o "Ibid. 
3 Ibid., examples 1, 3, 5, and 6. 


ON. SYMMETRIC BERNOULLI CONVOLUTIONS. ' 543 


(7) i po = T; PL P2," t 


are singular or all are absolutely continuous. For if pn (£) is singular, then 
the derivative of i 


pn- (2) = pa(2) * B(0/tm) = Flpn(2 + dn) + pat — an) 


is zero almost everywhere; and if pn(x) is absolutely continuous, then so is 
_pn-1(®), since’ absolute continuity cannot be lost by the convolution process.® 
It may be mentioned that if S» denotes the spectrum of pn, then either all sets 


(8) l 8o =Ñ, Si, S2,° red 


are nowhere dense or none are nowhere dense.. For if S, contains an interval, 
then so does each of the sets 1° Sn — a, and Sn + an, the logical sum of which 
is Sp. in virtue of (4); further, if S, contains an interval, then so does Sns. 
For if J be an interval in Sn, then J — dn, either has an interval in common 
with the perfect set Sn, or contains a subinterval J — dni, which does not 
contain any point of Sn. In the latter case J -ann is contained in Sns by 
the definition of Sn in terms of Sn., so that in either case Sn+ı contains an 
interval, 

From now on it will be supposed that § is bounded, i.e., that (5) is 
satisfied, so that one may introduce the remainders 


(9) Pa = È an , (n = 0,1,2, °). 
m=n+ 
The following theorem will now be proven: 
If 
. co 
(10) tn > X, On =n 


m=anth 


*In fact, absolute continuity, in the case of a distribution function ¥( 2), means 
that there exists for every e> 0 a = ô(e) such that 


3 |Y) — yo”) | <e whenever Ş$ |s ayl < ò. 
. kal k=1 
co y 
Since the latter inequality implies that Ð |(#,—y) — (2",—y)| <6 for any y, 
k= 
0 
it also implies that Y | Y (xp — y) —¥(2",,—y)| < efor any y. Hence it implies that 
k=l 


[es] +00 +00 

>» J ¥ (25, 9) des (y) — S P(o", — 9) do (y) |= sef doly) = 
k=l, 

for any distribution function w or that y*w is absolutely ave any distribu- 


tion function w. 





By B -+ c is meant the set of points representable in the form v +c, where æ 
is a number contained in Æ. 
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for every n, then the spectrum S of the infinite Bernoulli convolution (2) 
is nowhere dense and has the measure 


(11) a(S) =2 Sa,—S2"(a,— È am) = 2 lim 2", 
n=1 nal m=nth n=00 
which may or may not be zero. If a(S) >0 and X eae the interval 
[— œ, s], then 
(12) a(t) = pn(SX)/n(3), 


i. e., the measure of the o-image of an g-interval is proportional to the portion 
of the nowhere dense spectrum contained in the interval. In particular, 
o(x) is singular or absolutely continuous according as (S) = 0 or a(S) > 0. 
If it is absolutely continuous, then its density is bounded *™ since o satisfies 
a uniform Lipschitz condition. 

The fact that a(S) > 0 implies absolute continuity is of interest since if 
(10) is not satisfied, then »(S) > 0 is necessary but not sufficient for the 
absolute continuity of o(s); cf. (23).4%* That in the case (10) the con- 
dition »(S) > 0 is sufficient for absolute continuity is clear from the relation 
(12), since (12) implies the uniform Lipschitz condition 


| o(2’) —o(2”)| E0 |r — r], 


the best value of O being 1/a (5S). The second representation of u(9) given 
in (11) shows that »(S) =0 or (8) > 0 according as ta = 0(2™") is or 
is not satisfied, and that (10) implies the existence of lim 2"7,. 

It is seen from (9) that (10) may be written in the form 


(13) Tr > Bn (n=0,1,2,---). 


This clearly implies the possibility of a successive construction of open sub- 
intervals J of the closed interval [— ro, ro] as follows. Let Jı» denote the 
open interval which is symmetric with respect to the mid-point of [— fo, 70] 
and is of length 2 (ro — 2r1). From each of the two closed intervals Kı, K: 
which constitute [— ro, o} — J12 one may remove an open interval of length 
2(*;— 212) and having the mid-point of Ki, where i = 1,2, as mid-point. 
This is possible since K, and K, are each of length 4r, > 2(rı — 272). Let 
Ji, and Jg, denote the open intervals thus removed and let Jı, be the one 


11 Up to a set of measure zero. 
ua For another example of this type cf. A. Denjoy, “Sur quelques points de la 
théorie des fonctions,” Comptes Rendus, vol. 194 (1932), pp. 44-46, and H. Minkowski, 


Gesammelte Abhandlungen, vol. 2 (1911), pp. 50-51 and fig. 7. 
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i 


which is to the left of Jı From each of the four closed intervals which 
constitute i 
[— 1, ro] —J12 — J14 — J s4 


one may remove open intervals Jis, Jas, J ss, Jrs in the same symmetric manner 
as J,, and Js, have been removed from K, and Ko, it being understood that 
each of the four intervals Jus is of length 2(r2— 2r) and that Jxs is on the 
left of Jng if k < h. On continuing this process one obtains for every n 


2" intervals Jy" of length 2 (tn — Rma) 


(14) where k = 1,38,5,- > -, 2r — 1 (n=0,1,2,: e) 


It is convenient to write the double subscript of Jpg as a fraction by placing 
Inq =I pq 80 that Jz is defined for every number ¢ ot the form 


m 
(15) t= Z b/2, where by = 0 or by = 1, 
zl 


i. e., for every number of the interval 0 < ¢ < 1 having a finite dyadic develop- 
ment. J; and J, are, by their successive construction, disjoint if t 4u. Now 
it is easy to verify 1° from the definition of 8(z/an) and from that of the 
convolution operator * that 


(16) o(s) =t if z isin Jz. 


Since the points (15) lie dense in the interval 0 < t < 1 and since the dis- 
tribution function o(s) is everywhere continuous, it follows that every sub- 
interval of [— rfo, 79] contains a J;. Consequently, the set 


(17) [— to ro] — z Jt, 


where ¢ runs through all values (15), is nowhere dense and consists of the 
cluster points of the endpoints of the open intervals J+. Hence it is clear 
from (16) and from the definition of the spectrum S that the set (17) is 
contained in 8. Since S is a subset of [— ro, o] in virtue of (4), the set 
(17) is precisely 8. Accordingly, J; and Ju being disjoint if t s4 u, 

LCS) = w( [70 to] ) — w(t) = 2ro— X m(t), 
so that 


p(S) = 2r — = 2” (11 — fns) 
in virtue of (14). On comparing this with (9) one obtains (11). 


12 Cf. B. Jessen and A. Wintner, loc. cit. 
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It must now be shown that in the case a(S) > 0 the relation (12) holds.** 
Since (x), is non-decreasing and continuous, it is sufficient to verify (12) 
for a dense set of points s. Now [— fo, To] contains S, so that (12) is trivial 
if æ is not in [— fo o]. Since ae t is dense in [— fo, rol, it follows that 


it is sufficient to. verify (12) for the points of a J+ Let z be in J; and let 
t = &/2", Then the 2" — 1 intervals J:, where t = j/2" and j =1,3,5,---, 
2m1: n = 1, 2,3,° - -, m, decompose S into 2” congruent parts, each of which 
has the measure 2-»(S) since the intervals J; have been removed sym- 
metrically. Since there are, among the 2” congruent parts of measure 2°™u(S), 
exactly k on the left of the point x, one has 


p(SX) = ke (8). 


This proves (12) since t = k/2", and o(a) = t by (16). 

The Hausdorff theory 14 of A-measure and its further development by 
Besicovitch 1° allow, of course, an analysis of the case (89) = 0 also. 

As an illustration of the theorem, let 


(18) an = Aa” + Bb", where O0<a<b<1,A4>0, B20... 
It is easily verified that (10) is satisfied if and only if 
(19) bS1/2 


and that (11) gives (3) = 0 or p(S) = 2B, according as b < 1/2 or b = 1/2. 
Thus if 
(20) an = B(1/2)" + Aa", where 0 < a < 1/2, B>0,A>0, 


then (2) is absolutely continuous with a nowhere dense set of positive 
measure as spectrum and is represented by the formula (12). 

The infinite convolution (2) belonging to the sequence (18) in the case 
-A = 1, B = 0 will be denotel by se(x), so that 


(21)  oa(£) = B(2/a) * B(2/) * B(2/a*) *: >> (0<a<1). 


Since (19) takes, in the case B = 0, the form a < 1/2 in virtue of a < b, 

the function ca(v) is singular with a spectrum S of zero measure if a < 1/2. 

In particular, c1/⁄sģx) is the usual Cantor function considered by Lebesgue. 
if 


18 Cf, F. Hausdorff, loc. cit., § 11. 

1 F, Hausdorff, loc. cit., §§ 10-12. 

15 A. S. Besicovitch, “On linear sets of points of fractional dimension,” Mathe- 
matische Annalen, vol. 101 (1929), pp. 161-193. 
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On the other hand, o1/2(x) is the distribution function of the “ Abrundungs- 


fehler,” i. e., ; 
o(s) = (w+ 1)/2 if —1 S251 


and S = [— 1,1], so that o1/2(%) is absolutely continuous with a bounded 
density. This example shows that on replacing > in (10) by =, the spectrum 
S of (2) may become an interval. Since the sequence {(1/2)"} consists of 
the two sequences {(1/4)"} and {(1/4)*/2}, it is clear that ` 


(22 a) 0374(%) * 0174 (22) = o1/2 (2) 5 


this relation is an: instance of the fact that the convolution of two singular 
Bernoulli convolutions: may be absolutely continuous.** On the other hand, 


(22 b) 014 (2) * o1/4(2) 


is singular. This is shown in the same way * as for o1/3(@) * o1/3(%). The 
interest of the latter example lies in the. fact that although it is singular, 
the spectrum is an interval, as will follow from (23). -Besides, (23) will 
show that the spectrum of o(z) is an interval not only in the limiting case 
_a@=1/2 but in the case 1/2 < a < 1 as well. 

If > in (10) be replaced by S, then S becomes connected : 


- (23) S = [— 1o; fo] if an Stn (n=1,2, °). 


This is easily seen from (4) and (9) by an obvious extension of the proof of 
Riemann’s theorem according to which 


n=1 


0<a—>0 and Sie ey 


imply that every real number is representable in the orm (4). The examples 
On = (1/2)* and don = ens = (1/3)” 


show that in the case (23) both absolutely continuous and singular con- 
volutions (2) are possible. 

If (10), i.e. dy > 1%, is satisfied not for every n but only for sufficiently 
large values of n, then g is still nowhere dense since S, in (8) is then nowhere 
dense if n is sufficiently large. If a, <1» is satisfied not for every n but only 
for sufficiently large n, then S» is, according to (23), an interval if n is 


18 Cf. P. Lévy, “Sur les séries dont les termes sont des variables éventuelles 
indépendantes,” Studia Mathematica, vol. 3 (1931), p. 153. 
1 Cf. B. Jessen and A. Wintner, loc. cit., example 2. 
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sufficiently large, so that S = Sù consists of a finite number (= 1) of intervals 
in virtue of (4). The following example shows that S may consist of an 
arbitrarily large number of disjoint intervals. 

For a given « > 1, let o*(x) denote the Bernoulli convolution belonging 
to dy = m°, so that 


(24) o% (x) — B(a/1*) * B(a/2%) * B(x/3%) +*+, 


and let S* denote the spectrum of (24). Since an = n™ satisfies an & fn for 
sufficiently large n if «œ is fixed, the spectrum 8* consists of N = Na disjoint 
intervals. It is easy to see that, as æ —> + œ, the number of intervals in- 
creases indefinitely while S* shrinks to the set.consisting of the pair of points 
s= + 1. In this connection it is interesting to mention that?® o*(2) 
possesses, for every fixed «, derivatives of arbitrarily high order for every 2, 
although o%() cannot, of course, be analytic at the end points of the Na 
intervals which constitute 8* It is not known whether o%(x) is or is not 
analytic in the interior of these intervals. Since every n may be written 
uniquely in the form n = 2*(2m + 1), it is clear from (24) that 


(25) o(s) = oe (£/1%) * o¢(2/3%) * oc (4/54) =- - +, Where c = (1/2)* < 1/2, 


so that o-(#) is singular with a spectrum of zero measure. It may be men- 
tioned that if œ is near enough to 1, then Na = 1, and that S*—> [— œ, œ] 
asa—>1-+0. 


THE JOHNS HOPKINS UNIVERSITY. 


18 A. Wintner, loc. cit. 
19 Cf. P. Lévy, loe. cit., p. 154. 


ON UNIFORM CONVERGENCE. 


By J. W. THEODORE SUCKAU. 


. Introduction. While in Classical Analysis it is always explicitly pre- 
supposed that a convergent sequence of functions is uniformly convergent, 
it was first observed by Egoroff? that a very strong type of approximate 
uniform convergence is automatically present in every convergent sequence 
of measurable functions. 

The theorem of Egoroff has led to many investigations, in particular by 
F. Riesz? who has applied the theorem in a very interesting manner to the 
Lebesgue theory.’ 

It is the purpose of this paper to investigate the phenomenon of uniform 
convergence in a general way so as to obtain a better understanding of the 
situation in the case of measurable functions. 


I. Uniform Convergence. Suppose that the sequence fn(x)* is defined 
and convergent on a set S. If the sequence is uniformly convergent on some 
subset of S, that subset is said to have the character U (and is designated by 
the letter U). 

We introduce a class of sets, ¥, namely the totality of subsets of § having 
the character U. 

The class ¥ is neither the null set nor does it contain only the null set, 
since any subset of § with a finite number of elements is a subset of character 
U. Moreover, the addition of a finite number of points of 9 to an element 
of & yields another element in ¥. Hence, except in the trivial case when the 
sequence is uniformly convergent on S there is no largest subset in the class Y. 


1D. Th. Egaroff, “Sur les suites des fonctions measurables,” Comptes Rendus, 
Paris, vol. 152 (1910), pp. 244-246. 

2 F. Riesz, (i) “Sur lintégrale de Lebesgue,” Acta Mathematica, vol. 42 (1920), 
pp. 191-205; (ii) “Sur le théorème de M. Egoroff et sur les opérations fonctionnelles 
linéaires,” Acta Litt, Sci. Szeged, vol. 1 (1922), pp. 18-25; (iii) “ Elementarer Beweis 
des Egoroffschen Satzes,” Monatsheften fiir Mathematik und Physic, vol. 25 (1928), 
pp. 243-248. 

2 F. Riesz, footnote * (i), above; loc. cit., pp. 196-205. 

+ Unless otherwise stated all functions are entirely unrestricted. 
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In the special case when § is itself an element of ¥ it is the largest 
element and the class is coincident with the totality of subsets of S. How- 
ever, even when this is not the case it is:possible by a’ very simple process ° 
to determine the class ¥. This process is fundamental in the paper. 

Let S(k,v) be the subset of § on which the inequality 


| fa(£) — fm (2) | S 1/k 
holds for every n, m = v. 
Take any sequence of positive integers 


(v) i Vis Va, ¥g,° ° * 


Finally, consider 
co Fi 
U(v) = H S (k, vp). 
=1 


THEOREM. The sequence falx) is uniformly convergent.on U(v), and 
conversely, if the sequence fu(x) is uniformly convergent on a subset S* of S, 
then there exists a sequence (v) such that U (v) contains S*, In other words 
the totality of sets U (v) together with their subsets is the class Y. 


Proof. To prove the first part, take any « > 0 and pick k so that 1/k S «. 
Now every s in U (v) is also in S(k, v), and so for every æ in U(v) it is true 
that | fn(t) —fm(x)|S1/k Se for n,m =v, Hence the sequence is uni- 
formly convergent on U (v). 

Conversely, if fn(v) is uniformly convergent on S* then given any posi- 
tive integer & there exists a w such that for all n,m = vy it is true that 
| fa (2) — fm (£) | S1/k for every s in S*. Thus a sequence (v) : v1, v2, Ys,' °° 
has been defined. S* is contained in S (k, w) for every value of k and there- 


0 . 
| fore S* is contained in’ J] 8 (k, vs) = U (v). 
k=1 f 
1.2. Now that the class % has been determined it is interesting to 
‘examine its elements. We know that every finite subset of S is contained 


in Y. Under certain conditions we are assured that at least one infinite 
subset of S is a member of Y. 


THEOREM. If S is non-denumerable, then there exists a denumerably 
infinite subset, on which the convergence is uniform. 


Proof. There is an a; such that S(1, 0) is mon-denumerable. This is 


5 Though not explicitly stated by Riesz, the process used by him is essentially the 
same. Footnote * (iii), p. 549, loc. cit, p. 244. 
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so since § = > S8(1,v) and hence if every S(1,v) were denumerable it would 
pal 


follow that S had this property, which is contrary to hypothesis. 

Pick v, from S(1, a1). 

Consider the sequence now as defined only on S(1,a,) which is non- 
denumerable. There is an æ, such that when the construction of 1.1 is con- 
sidered with respect to S(1,4,), then 9(2,a2:2) is non-denumerable. 
(8(2,a2:2) is the set of points of S(1,0,) where | fa(x) —fm(x)| S$ 
for n, m È a). 

Pick £, 542, from S (2, a: 2). 

Moreover, there is a 8. such that for all n, m = Bo 


| fa (wi) — fa (14) S3 G=: 


Consider the sequence as defined only on 9 (k — 1, &r-ı: k — 1) which is 
non-denumerable. There is an o such that when the construction of 1.1 is 
considered with respect to S(k—1,o%3:%—1) then S(k,o:%) is non- 
denumerable. (S(k, a: k) is the set of points of S(k — 1, arı: k — — 1) where 
| fa (2) — fm (£) | S 1/k for n,m = a). 

Pick a 54 1, %2,%3,° + `, Tra from (k, ax: k). 

Moreover, there is a 8x such that for n,m = Bx 


| fn(%i) — fm (2:)| S 1/k [i=1, 2,3,-- +, (k—1)). 

Choose vy = tr, Br 8: Bim &%. 

Define (v) : ry ¥2,¥a° t. 

Then U(v) contains the set 21, %2,23,' °°. 

K(k, ax: k) certainly contains the set Tr, x41, Zr °°, since S (k, ax: k) 
contains S(k -~ 1, arik +1); while £, ta ts ° *, õp is included in 
K(k, Bx). Furthermore, S (k, vs) contains both the sets 9 (k, ap:k) and 
S(k, Bx) and so it contains the denumerably infinite set £1, £2, 23,° ©- for 


every value of k. 
This proves the theorem. 


That the non-denumerability of S in the hypothesis of the above theorem 
is essential is shown by the following example. 


_ f 0 on 1, 1/2, 1/38,- + +, 1/n 
ene fale = { 1 on 1/n +1, 1/n +2, 1/n+3,--- 


: 4 : 
$ @,,4,,@,,-+-+,@, is the largest of this set of values, Qis os Gar: + -y Qp the smallest. 
| 
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Now fn() —> 0 on the set {1/n}, and yet on any infinite subset the con- 
vergence is not uniform. 

This example and the above theorem may be combined in the statement 
of the following theorem: 


A necessary and sufficient condition that each convergent sequence of 
functions defined on S have associated with it a denumerably infinite subset 
of S on which the convergence is uniform, is that S be non-denumerable. 


1.3. The question arises as to whether or no this theorem is the best 
of its kind. We might perhaps always have a subset of character U which 
is non-denumerable. We are going to develop an example to show that this 
is not in general possible if we assume the hypothesis of the continuum, that 
gNo—§,. In other words the above theorem is in a way final. 

The example we shall develop is that of a sequence of functions con- 
verging to zero on the whole continuum and yet uniformly convergent on 
no non-denumerable subset. i 

Before going to the construction of the example we shall state two 
auxiliary theorems. i 


l AUXILIARY THEOREM I. If a null sequence" of functions is uniformly 
convergent on a set K, then there is a null sequence of numbers which domi- 
nates 8 the sequence of functions on S. 


This is merely a restatement of the definition of uniform convergence on 8. 


i AUXILIARY THEOREM II. Given any denumerable aggregate of null 
sequences (of numbers) there exists a null sequence dominated by none of the 
sequences of the aggregate. 


Proof. Suppose that the given sequences are: 


tin G12, ig," © * > 0 A 
Gai; Gaz, G23, oe ee 0 


31, &32, dag," © * > 0 


(i) Pick the first value of n, say v(1) such that | ava | < 1. 
Cancel the first v(1) columns. 


7A null sequence is a sequence converging to zero. 
° The sequence a, dominates the sequence b,, (#7) on 8 if there is a subscript ng 
such that for all » > Ny: Cn == b, (2), on 8. 


n = 
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(ii) Pick the first remaining value of n, say v(2) such that | a,v | < 1/2. 
Cancel the next »(2) —v(1) columns. 
Pick the first remaining value of n, say v(3) such that | d2va)| < 1/2. ° 
Cancel the next v(3) — v(2) columns. 

(iii) Pick the first remaining value of n, say v (4) such that | ava | < 1/8. 
Cancel the next v(4) —v(3) columns. 
Pick the first remaining value of n, say v(5) such that | azv | < 1/3. 
Cancel the next v(5) —-v(4) columns. 
Pick the first remaining value of n, say v(6) such that | ae,v6)| < 1/3. 
Cancel the next (6) —v(5) columns. 


Now construct the sequence bi, be, bs,- ° ~ in this wise: 
bi =b: = = bay = 1 
bron Ht = bye) St = Dg) = 1/2 ` 


Bucay et — i = bra =: : -= dys) =: C Ae bye) = 1/3. 


. 


The sequence {bn} is a null sequence and it is evident that it is dominated 
by none of the given sequences. 

We may now go to the actual construction of the example. 

Normally order the following sets: (i) all real numbers, (ii) the totality 
of null sequences of numbers. 


(i) Tis Ea, Ts cyny tie DO) 
(ii) A,, Az, Ás, J * Ade a (A <Q) 


where Q is the ordinal which initiates the cardinal c. 

The required sequence will be defined as an N,-valued function, B(s). 

Define B(s) to be the first sequence,in (ii) which is not dominated by 
any Ay for ally A. Suppose that the sequence is Ayr). 

It follows from Auxiliary Theorem ITI that there is a null sequence not 
dominated by Av for all v5 A; for, these null sequences constitute a de- 
numerable aggregate, as À is ordinally less than © the ordinal which initiates 
the cardinal c, and it is assumed that c = 28o==,. Thus the definition of 
B(s) is complete. 

B(s) is possibly dominated by a null sequence, say Av, only for 2’s with 
subscripts A < v; for if v = A, then by definition B (sı) is not dominated by Ay. 
In other words B(x) is possibly dominated by Av only for the 2’s in the set 
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1, To, %3,° °°» VB,” * * (8 <») 


that is on at most a denumerable set.’ 
Suppose that the sequence Apo is 


ble, E dag 

Define fa (sx) = ln. 

Evidently fn(z) —>0. Moreover, the sequence f»(#) is uniformly con- 
vergent on no non-denumerable set; for if it were uniformly convergent on 
some non-denumerable set, then, by Auxiliary Theorem I, it would be domi- 
nated by a null sequence on this set, which would imply that B (x) is dominated 
by a null sequence over a non-denumerable set, and this has been shown to 
be impossible. 


1.4. Let us summarize these results in the following manner. In 
examining the elements of the class © six possibilities present themselves. 


(i) The class & is the null set. 

(ii) The class & contains only the null set. 
(iii) The class & contains only finite subsets of S. 

(iv) The class ¥ contains only denumerable subsets of 8S. 

(v) The class ¥ contains at least one non-denumerable subset of 9. 
(vi) The class YX contains the set S. ' 


The results of the preceding section show that: 
I. If § is itself denumerable, then (i) and (ii) are impossible, but it is 
possible for (iii), (iv) and (vi) to occur. 


II. If § is itself non-denumerable, then (i), (ii) and (iii) are im- 
possible, but it is possible for (iv), (v) and (vi) to occur. 

Hence it appears that in a special case where § is non-denumerable and 
no U is non-denumerable, the sequence-is behaving with the utmost possible 
stubbornness with respect to the property of uniform convergence. 


II. Approximate uniform convergence. So far in our investigation of 
the sets U in the class we have confined ourselves to their power. We now 
make a finer distinction and consider their measure. 

A sequence fn(2) is said to be approximately uniformly convergent on 8 
if for every positive e there is a U such that me(S — U) < e° We would 
like to find conditions on the set § and the functions fa(x) which are sufficient 
to insure the above phenomenon. 


°We might use a weaker inequality: m,(S)—m,(U) <e. As far as I know 
this does-not lead to any results. 


ON UNIFORM CONVERGENCE. 555 


A set of sufficient conditions is supplied by the theorem of Egoroff.2° We 
have already alluded to this theorem and the work of F. Riesz in deriving 
simple proofs. Perhaps the simplest of these proofs is that of the Monatshefte.™ 
In the light of the first chapter it is in my opinion possible to get a better 
appreciation of this beautiful proof of Riesz. 

As a first trivial remark ¥ let us point out that if all the sets S — S(k, v) 
are closed, then © contains S; i.e., the sequence is uniformly convergent. on 
the whole set §. ` . 

Convergence on the part of the sequence fa(x) implies that S — S (k, v) 


contains S— S (k,v + 1), and Il {S — 8 (k, v)} =0 1 for every k. Hence 
pal 


for any particular k it is true, since these sets are all closed, that there exists 
some such that S — S(k, vw) = 0. 
Pick 14, ve, vs, © > * as the sequence (v) and consider the set 


U(r) = T] 8 (t, v). 
Since 8 — U (v) = S {S — S (k, ws) } = 0 it is clear that the sequence 
k=l 


is uniformly convergent on the whole set S. 


2.2. One might make the intuitive remark that if all the sets S — S (k, vx) 
are nearly closed then the sequence is uniformly convergent on very nearly 
the whole set 8. 

In this connection let us make the following definition: kedi as close 
as possible to the familiar notions of classical analysis. 

A set Ş is approvimately closed 1*4 if for every e > 0 there exists a set s 
` such that me(s) < e and S—s is closed. 

Before proceeding to discuss the above intuitive femme we shall state a 
few properties of approximately closed sets. All sets mentioned are assumed 
to be bounded. ` 


2.3. The sum of two approximately closed sets is approximately closed. 
2.4. A bounded open set is approximately closed. 


2.5. The complement of an approximately closed set in an interval is 
approximately closed. 


10 D. Th. Egoroff, footnote 1, p. 549, loc. cit., p. 244. 

11 F, Riesz, footnote ? (iii), p- 549, loc. cit., pp. 244-248. 

12 This same trivial remark forms the nucleus of the latest proof by Riesz, footnote 2 
(iii), p. 549, loc. cit., p. 244. 

13 H = 0 means that Æ is the null set. 

1 An approximately closed set is clearly measurable, and conversely. 
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2.6. The difference of two approximately closed sets is approximately 
closed. 


2.7. The product of any number of approximately closed sets is approxi- 
mately closed. 


2.8. If the elements in a sequence of approximately closed sets have the 
character that each contains the next and their product is empty, then their 
exterior measures approach the limit zero. 


These properties are capable of immediate proof. By way of illustration 
we shall demonstrate the last. 


[>s] 
Suppose that the sets are 8&1, S2,83,--- and JI S,=0. Given any 


1 
«> 0 pick a series of positive terms e, + e2 + «,-+---*==« Now Sn = On + Sy 
where O» is closed and me(Sn) < en, for every casa integral value of n. 


Define C*„— 0," 0z' Os- Cn. Then TI 0%, = it C,—=0, and Sy con- 
tains C*,. : 

Since C*, contains C*n,1, and all of these sets are closed, after a certain 
no all the sets C*,, are empty. Hence for every n > n, we have me{C*,) = 0. 

If v is not in C*, but is in S, = S8,-S,-S83- - - Sp, then v is not in some 
Cm, (1S m =n) but is in all the Sr, (k = 1, 2,3,---+,). Hence vis in sm. 

Therefore C*, + (sı + S2 -+ s3 +H © + Sn) contains Sa which contains 
C*, and so On = C*, + s*, where me(s*n) <a tetet:::ten 

For n >> no : me(Sn) S me(C*n) + me(8*n) < 0 -+e fete t:-: 
Hen [Le 

Hence Me(Sn) > 0. 


2.9. We may now turn to the intuitive remark of 2.2 and show that 
if all the sets §—S(k,v) are approximately closed then the sequence is 
approximately uniformly convergent. ° 


Proof. Given a e>0 take a convergent series of positive terms 


testes f os = 
Since S — 8(k,v) contains § — S (k, v + 1) and i s— S (k, v)} = 0 
it follows from 2. 8 that me{8 — S (k, v) } —> 0 as v —> 0, “for every k. 


18 The proofs are materially aided by two criteria: (i) If for every e > 0 there 
is an s of exterior measure < «e making S +s approximately closed, then S is approxi- 
mately closed; (ii) If for every e, S = 8, + s, where S, is approximately closed and 
Mels) <6, then § is approximately closed. 

18 F, Riesz, footnote * (iii), p. 549, loc. cit., p. 244. 
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Thus for every k there exists a vx such that 
me{S — S(k,v)} < ex. 


Define (v) : Vis Vo, Yz ' 


Now me{S — U(v)} = m{8 — TI 8(k, ve) } = me {X (8—8 (k, v))} 
<3 m.($—8(k,n)) Satetat es 


2.10. The problem of insuring approximate uniform convergence on the 
part of the sequence fa(x) thus resolves itself into the problem of insuring 
the sets S — S (k, v) to be approximately closed. If we assume that the set S 
is approximately closed then by 2. 6 the problem is further reduced to insuring 
that the sets S(k,v) are approximately closed. This clearly follows if the 
functions are all continuous, but the condition is much too restrictive. As in 
the case of sets, we remain as close as possible to the familiar notions of 
classical analysis and define a class of functions which, while much more 
general, are close enough to continuous functions to carry us through. 

A function f(z) is said to be approximately continuous" on a set 8 
if for every e > 0 there exists a set s such that me(s) < e and f(x) is con- 
tinuous on S—s with respect to §—s. 

We list some properties of approximately continuous functions which lend 
themselves to immediate proof. - 


2.11. The sum, difference, product and quotient (if the denominator is 
diferent from zero except on a subset of measure 0) of two functions which 
are approximately continuous on a set S are again approximately continuous 
on Ñ. 


2.12. The absolute value of a function which is approximately con- 
tinuous on S is approximately continuous on S. 


2.13. If the function f(x) is approximately continuous on an approzi- 
mately closed set S and if c is any constant, then the subset of S on which 
the inequality f(x) = c holds, is approximately closed. 


2.14. We may now show that if S is approximately closed and the func- 
tions fn(%) are approximately continents, then the sets S-——S(k,v) are 
approximately closed. 


1 The identity of functions approximately continuous on an interval and functions 
measurable on the same interval may be shown by using the theorem of Egoroff, or 
results of Borel and Hahn, footnote * (iii), p. 549, loc. cit., pp. 246-247. 
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Since § is approximately closed it follows from 2.6 that it is sufficient 
to show that the sets S(%,v) are approximately closed. 
If sinm is the set of points of S where | fn(x) —fm(x)|=1/k, then 
00 
S(k,v) = JI sinm. Hence by 2.7 it remains but to show that the sets 


nym=v 


Summ are approximately closed. By 2.11 and 2.12 | fn(#) — fin (2) | is ap- 
proximately continuous and so by 2.13 sz.n, is approximately closed. 


2.15. Combining 2.9 and 2. 14 we now have the following theorem: 


If on an approximately closed set S we have a convergent sequence of 
approximately continuous functions f,(x), then the sequence is approximately 
uniformly convergent. 


The theorem is of course valid if the convergence of the hypothesis is 
convergence almost everywhere. This is the celebrated theorem of Egoroff. 


2.16. An immediate application is the following: If fn(x) is a sequence 
of functions defined and approximately continuous on an approximately closed 
set S, and if the sequence converges almost everywhere to a function f(x), 
then f(x) is approximately continuous. 


The proof is immediate by reducing the considerations to a slightly 
smaller closed set on which all the functions are continuous and the con- 
vergence is uniform. 

Hence, while in classical analysis it is not true that a sequence of con- 
tinuous functions defined and convergent on a closed set is uniformly con- 
vergent and the limit function is continuous, the above statement becomes 
true if the word approximately is inserted before the words continuous, closed 
and uniformly convergent. 


2.17. It is to be noticed that as a consequence of 2.5 a function which 
is approximately continuous on an approximately closed set may be made 
approximately continuous on an interval. 


Suppose that f(z) is approximately continuous on an approximately 
closed set § lying in the interval (a,b). Then the function 


f(z) on 8 


0 elsewhere in (a,b) 


f(a) = 


is approximately continuous on (a, b). 
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It follows that we need consider only functions which are approximately 
continuous on an interval. We now have the well known theorem: 


A necessary and sufficient condition that a function f(x) be approximately 
continuous on an interval (a,b), is that there exist a sequence of continuous 
functions defined on (a,b) and converging almost everywhere in this interval 


to f(x). 


The sufficiency follows from 2. 16. 

To prove the necessity take any convergent series of positive terms 
m ye +--+. For every n it is true that there is an open set 0, such 
that f(z) is continuous on (a,b) — On = Cn and me(0n) <n. Define a 


f(z) on On 
function ¢n(%) =~ linear in the intervals of on and taking on continuously 
the values f(x) at the ends of these intervals. 


Now c,(x) is continuous. Moreover, if é is in only a finite number of 
the sets on then cn(£) —> f (£), since then there is an n(&) such that for all 
n > n(€é), é will be in Cn and so on(é) = f (8). 

The set of points in only a finite number of the sets is 


Z == ( 30)» (3 ov) (Sor) >>. 


But 3 ov contains S ov and me( S Ov) < Qn F qe F Mna fs. Since 
pen pant von 
the series is convergent me(Z) = 0 and ¢n(«) — f(x) for almost every z. 
This characterization of approximately continuous functions is of im- 
mediate importance, since now the theory of Lebesgue integration may be 
developed along lines similar to the work of Riesz, beginning with the well 
known concept of the integral of a continuous function. The salient fact is 
that the Lebesgue theory of integration may be successfully presented with 
notions very similar to the familiar concepts of classical analysis (in fact 
within epsilon of these). 


2.18. Let us come back from the applications of the theorem of Egoroff 
to the first problem of this chapter. The problem was to find conditions 
powerful enough to insure approximate uniform convergence. One set of 
conditions has been given by Egoroff, and restricts not only the type of 


18 F, Riesz, jootnote ? (i), p. 549, loc. cit. 
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functions which make up the sequence fn(), but also the set © on which they 
are defined. We find that it is unnecessary to restrict the set S. The proof 
of this fact is based on two auxiliary theorems, the first of which is a lemma 
of Sierpinski and Zygmund.* 


AUXILIARY THEOREM I. If a function f(x) is continuous on a set S 
then there is an approximately closed set M containing S and a function f* (a) ` 
continuous on M such that f* (x) = f (<) on 8. 


Proof. Consider the closure of S which is S -++ S’ == S*. Let M be the 
set of points of S* where the saltus ® of f(s) is zero. It is clear that M 
contains S. Moreover, S* is closed and so the subset S*, of its points where 


the saltus of f(z) is = 1/k is closed. But M a | (S* — 8*;,) and so it is 
ast 


approximately closed by 2.6 and 2.7%. The limit of f(x) at every point of M 
is unique. Define f* (s) to be equal to f(x) on S and the limit of f(x) at every 
point of M — S. M is the set and f*(x) the function required by the theorem. 


AUXILIARY TuxoreM II, If a sequence of continuous functions fn(x) 
is defined on an approximately closed set M then the subset of M where the 
sequence converges is approximately closed. 


Proof. Define fn(2) == lim fa(©), finer (@), fnse(Z),° © >, fm(e) and 
f(e) — lim fa(2), fan (2), fase (T), D) fim (x) .?* 


These functions are approximately continuous by 2.16 for every value 
of n, and so lim sup fa (£) = lim f,(x) and lim inf f,(2) = lim f(a) are also 
approximately continuous. Hence (lim sup fn(z) — lim inf f,()) is an ap- 
proximately continuous function by 2.11, and it follows from 2.13 that the 
set of points where the above difference is zero is an approximately closed set. 
In other words the set of points of M where the limit exists is approximately 
closed. 

We are now in a position to prove that if a sequence of approximately 
continuous functions fn(x) is defined and convergent on any set S, then the - 
sequence is approximately uniformly convergent. 


1° “Sur une fonction discontinue,” Fundamenta Mathematicae, vol. 4 (1928), p. 317. 

=° The saltus of f(x) at ¢ is the least upper bound of the difference [lim sup f (4,,) 
— lim inf f(#,)] for all possible sequences (chosen from points of 9) b, and %, con- 
verging to £. 

21 See footnote 6, p. 551. 
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Proof. Given e > 0 take a sequence of positive terms e + e + e +: iye 
= «/2. For every n there is an s» of extérior measure < en such that f,(«) is 
continouus on S—s,. Hence the functions fx(xz), (n = 1,2,3,-- -) are all 
continuous on the set S — 3s, and me(3sn) < «/2. 


For every value of n, by Auxiliary Theorem I, there is an approximately 
closed set M, containing S— Xs, and a function f*, (x) continuous on Jf, such 
that f*n(%) = fa (x) on S— sy. Hence the functions f*,(x), (n=1, 2, 3,---) 
are all continuous on the approximately closed set M — TIM, and M contains 
S — Bsn. 

By Auxiliary Theorem II the subset M* of M on which the sequence 
f*n(«) is convergent is approximately closed, and obviously contains S — 38n. 

By the theorem of Egoroff, given ¢/2 there is a set s of exterior measure 
<¢/2 such that the convergence is uniform on M*—s, Hence the con- 
vergence of the sequence f*,(z) is uniform, æ fortiori, on S— (3s,+s). 
Since f*n(%) =fn(v), (n = 1,2, 8,:  -) on S—3s, and me(3sn-+8) <€ 
the sequence f(x) is approximately uniformly convergent on the set 8. 

It appears, then, that when we consider the elements of the class from 
the point of view of measure we come to the conclusion that as long as the 
functions of the sequence fn(x) are approximately continuous on S there’ is 
always a set U as close in measure to 8 as we please. 


Tue OHIO Stare UNIVERSITY, 
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ON THE MOMENTUM PROBLEM FOR DISTRIBUTION FUNC- 
TIONS IN MORE THAN ONE DIMENSION. 


By E. K. HAVILAND. 


The Hausdorff momentum problem? has recently been solved in the 
multi-dimensional case by Hildebrandt and Schoenberg.? In the present paper 
there will be treated the corresponding extension of the more general one- 
dimensional Hamburger * momentum problem; i.e., finding a necessary and 
sufficient condition for the existence of a distribution function ® such that 


m= ff xy” dayp (E), (n, m = 0, 1,2,°° D) 


where S denotes the entire (a, y)-plane and || cam |, (n, m =0, 1,2, ©), 
is a given real infinite matrix in which Coo = 1. 

The majority of methods, in particular those based on Jacobi matrices 
and continued fractions, seem inapplicable in more than one dimension. How- 
ever, the method of M. Riesz,* developed from the ideas of F. Riesz in con- 
nection with linear functionals, can be extended to the multi-dimensional case, 
and the purpose of the present paper is to carry out that extension, the proofs 
being given, for convenience, in the case of two dimensions. 

We consider the operation which makes correspond to any polynomial, 


3 


N M 
P(2,9) =È, È m2", 
n=0 m= 
the number 


N M 
P=), > QrnmÊnm, 
n=0 m=0 
where || Cnm | is a given real infinite matrix. The operation is seen to be 
distributive. It is said to be non-negative if Pe = 0 provided P(z,y) is non- 
negative, i. e., provided P(x, y) = 0 for all (x, y), and in this case the matrix 


+¥For references to literature on the momentum problem in one dimension, ef. 
M. H. Stone, op. cit., pp. 613-614. References are collected at the end of the present 
paper. 

? T. H. Hildebrandt and I. J. Schoenberg, loc. cit. 

*The monotone absolutely additive set function ¢(H#) is said to be a distribution 
function if 0< ¢(#)<[1 and ¢(8)—=1, where S denotes the whole (#, y)-plane. 
Cf. E. K. Haviland, loc. cit., p. 627. 

4M. Riesz, loc. cit., pp. 4-8. 
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|| Cnm || will be said to be non-negative. The result of this investigation is 
then given by the 


THEOREM. For the existence of a distribution function (E) such that 


(1) SJ. ay" day (#) = Cnm, (n, m == 0,1,2, >; Coo = 1), 


it is necessary and sufficient that the matris || Cnm || be non-negative. 


Proof. The necessary condition is immediately clear. For if a poly- 
nomial P(s, y) = 0 for every real (2, y) and if ¢(#) is a distribution func- 


tion, f f P(x, y)deyp(H) = 0 and hence, if (1) is to hold, we must 
g 


have Pe = 0. 

To prove the sufficient condition, we let Pa; : (én ni), (i j= 1,2, °°) 
be a denumerable set of points dense in S. In particular, we suppose them to 
be the intersections of sets of lines parallel to the codrdinate axes and every- 
where dense in the plane and let the functions gi;(x,y) be defined by 
gule, y) =1if č < & andy <j; while gi (x,y) = 0 otherwise. The opera- 
tion which makes Pe correspond to the polynomial P(z,y) can be extended 
to the modul generated by finite linear combinations of 1, x, y, 2, xy, y*,° + ° 
guls, Y), 9r2(@Y), gals, y), <- with real constants as coefficients in such 
a way that the operation remains distributive and non-negative, in the sense 
that to every non-negative function of this modul there corresponds a non- 
negative functional value. 

This extension is made step by step. We consider first the modul A; 
generated by the various powers g”y”, (m,n = 0,1,2,- > +), and by gi1(a, y). 
To g11(&, y) we attach, as the value of the functional, a number y.1, attaching 
at the same time to every finite linear combination of 1, x, y,- © +, and gu (2,9) 
the corresponding combination of coo (== 1), Gro, Cor,* © * and yu. There is 
thus defined a distributive operation upon the modul A,. 

In order that the operation be non-negative, yıı will have to be so chosen 
that yu S yu. S Yu, Where yi: is the upper limit of the values which the opera- 
tion makes correspond to all polynomials not greater than gı (z, y) for any 
(#,y) and Fu is the lower limit of the values which the operation makes 
correspond to all polynomials not less than gii(z,y) for any (a,y). That 
such polynomials actually exist may be seen from the fact that f(s, y) ==0 
belongs to the former class and f(z, y) = 1 to the latter. The operation being 
distributive and non-negative in the modul of polynomials, we shall have ® 


5 The cases Yes = fa and ¥,, <¥,, are associated respectively with the determi- 
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yu Syu. If Yu < Fu, We choose, for definiteness, yı = Yı. In this way, 
the operation on the field A, is made non-negative as well as distributive, 
since then P(x, y) +p gulr, y) = 0 implies Pe + uyn = 0. 

We next form the modul A, by adjoining to the generators of A, the 
function gi2(z,y). To gi2(%,y) we assign as its value the number y;2, the 
lower limit of the values corresponding to those functions of the modul 4, 
which are not less than g.2(%,y) for any (z, y). We thus obtain a distributive 
and non-negative operation defined over the modul Az. Continuing in this 
manner, we extend the operation to the moduls Az, A,,- - - obtained by the 
successive adjunction of the functions go: (2, Y), gia (2, Y); ` © > to the modul As. 

We then define a function F(v,y) at the points Pi; : (é: 3) by the 
equation F (é: n) = yip where yi; denotes the value of the functional corre- 
sponding to the function g:i; (z, y). This function F(x,y) possesses, on the 
points Pij; the monotone property in the sense of Radon. For suppose 
Én < &, and j < Nj Then from the definition of the functions g:; (x, y) 
it follows that for all (a, y) 


GJirin(Z, y) n Jii (2, y) s Givin (2, y) — Jizn (T, y) . 


Accordingly, as all these functions are included in some one of the moduls Ax 
(and, of course, in all succeeding moduls), it follows that 


0 S Yisa — Yis — Yiia F Vintv 
i. e, 


(2) 0 S F (éin nj.) — F (fio 1) — E (een 1) + F (éw na) 


Thus F(z, y) possesses on the points P;; the monotone property, q. e. d. 

We shall next show that F(— œ, y) = F(x, — œ) = 0, where 
P(— œ, y) = iim F(a, y), the points (a, y) belonging to the sequence {Pi;} 
and the approach to the limit being uniform with respect to y, and a similar 
interpretation is to be placed on F(z, — œ). If & '< 0, we have 
gula, y) S ér?a? for all j and all (z, y). It follows that 


0S F (én nj) = yas S Coos 


wherefore, as €; >— o, lim F (éi n) =0 uniformly for all yj, q.e. d. 
Similarly, if y; < 0, we have gi; (z£, y) S j*y?, so it may be shown in a 


nateness or the non-determinateness of the momentum problem. For the one-dimensional 
case, cf. M. Riesz, loc. cit., p. 9. 
e Cf. J. Radon, loc, cit. I, p. 1304. 
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similar manner that as y; >— œ, lim F(é,4;) == 0 uniformly for all &. 
Again, gyu (2, y) S1, wherefore 


0S F (éng) = yu S Coo = 1. 


With F(x,y) there may be associated an interval function y(I) defined 
for an everywhere dense 7 set of intervals i 


I: (Eu St < Ein 1, SY < mi) 
by y (I) = F (ies 212) — F (io 1) — F (Éis tic) + F (Ewn) 


and the definition continues to hold when &, = 7j; =— œ, in which case 
Y (Iis) = F (éin Nis)» where Iii: (— © <T <ir — © < Y <hr) 
From its definition y(Z) is seen to be additive and we have already seen 
from equation (2) that it possesses the monotone property. In consequence, 
as h — 0, k — 0, lim F(E—h, y—k) exists, provided h = 0, k = 0 and the 
points (—h, n — k), with perhaps the exception of (é, n), belong to the 
everywhere dense set of points for which F is defined. 

We now extend the definition of F to all points (x,y) not belonging 
to the given everywhere dense set by setting F(z, y) = Fess ; F(a—h, y—k), 


where (s — h, y — k) is a point of the everywhere dense set and h = 0, k= 0, 
and we define y(Z) for any interval I : (a, 5S £ < £2; Y E Y < yo) by 


(3) y (I) = F (22, ye) — F (a2, Y1) — F (21, Y2) + F(a, Yı). 


It is seen from the definition that y(I) is additive. Moreover, it is monotone, 
for there exist points (éis 174), (iy 1j) (Eio n) be nj,) such that for any 
Tı < Tz and Yı < Y2 


0s F (Em, Yn) — F (fim Nin) <6 (m, n=], 2); 
and this, together with (2), implies 
0 S F (22, Y2) — F (£2, Y1) — P(t, yo) + F (21 Y1). 


Similarly, it may be shown that F(s, y), as thus defined for all points of 
the plane, is such that F(— 0,y) = F(z — œ) = 0, while F(x, y) =1 for 
all (x,y). In fact, it will appear later that F (+ œ, + ©) = 1. Hence y(I) 
is a bounded additive monotone non-decreasing interval function. It follows ® 


7Cf. E. K. Haviland, toc. cit., p. 628, Definition 4. 
8 The proof is similar to that given by J. Radon, loc. cit. II, p. 1093. 
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that its discontinuities, if any, fall upon a denumerable set of lines parallel 
to the coördinate axes. In consequence, there is an everywhere dense set of 
points (£1, /;), which may be taken to be the intersections of two everywhere 
dense sets of lines parallel to the codrdinate axes, such that 

lim F(@:—h, wi — k) =F (Eui) 420, b=0, 

h=0, k=0 
where the points (é; — h, 7’; — k) belong to the same everywhere dense set 
as does (£i, 7';). Then there exists ° a bounded monotone absolutely additive i 
set function ¢(#) whose corresponding point function, G (s, y), coincides with 
F(s, y) on the everywhere dense set of points (£%,7/;). Moreover, G(a, y) 
and F(z,y) have the same discontinuity points and are equal at all other 
points, i.e., (2) and ¢(#) are equal on all their non-singular rectangles. 
We shall show that ¢(#) is a solution of the momentum problem belonging 
to the préassigned matrix || cam ||. 

To this end, we consider a monomial +° xy”, where n,m are arbitrary 
non-negative integers. Let 2r be a fixed even number greater than n -+ m, and 
choose — T, < 0 and T > 0 so that they belong to the set &,&,---+, and 
—T’; <0 and T”, > 0 so that they belong to the set m, 72,: °°. Further- 
more, Tu, Ta, T'i, Ta shall be so large that 


| nym | < elz” + y?") 


outside the rectangle R : (— T: Sg < Tz; —T1,Sy<T" 2) and on its 
boundary, « being a fixed arbitrarily small positive quantity. We divide R by 

‘lines 2, = &, =—T,, t = Sieg? °°) Tp = Sing = Ta and y =q = — T's, 
Y2 = Nin’ °° > You = Nie = T2 into a set of rectangles 


Rutt (tS < teas yi Sy < yin) 


in each of which the oscillation of 2"y” is less than e, where e is another 
fixed arbitrarily small positive quantity. Let (Xs, Yı) be a point in the 
interior of the rectangle A. We then form the step function v(a,y) which 
vanishes outside Æ and which takes the value Xy"¥1." in Rp. Then for 
every (x,y) 


vàz, y) — 1 — (ar + y7) < ay” < v(e y) +e + (a + y**), 
Since the function v(s, y) belongs to one ‘of the moduls Ar Aa- (and 


° Cf. E. K. Haviland, loe. cit., p. 651, and the references there given. 
1° The proof holds also for an arbitrary polynomial. 
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hence to any subsequent modul), the functional operation is defined for it, 
and if to v(x, y) corresponds the functional value ve, ani 


(4) Vo — € — €(Car,o + Coar) S Cnm S Ve + E + €(Car,o + Co,2r)- 
Furthermore, 
Pp 4 

v(sy)=2 BLY [Jinai (Ls Y)— Gini (Gs Y)— Jiri (TY) + Gini (2,9) J. 
Hence, as Yagi = F (Éi M) = F (2x, yr), we have by (3) 

p q 

v =X, X XY "y (Rar). 
k=1 jsi 


The inequality (4) can then be written 
D a 
(5) > 2 Ant ¥ iy (Re) — e — e( Caro + Coor) S Cnm 
2 a 
= 2 2 XY y (Bur) + € + €(Cer,o + Cor). 


Now x"y™ is continuous in v and y together in every rectangle and y(J) is a 
bounded monotone additive interval function. Hence," as the diameter of 
the Ry: approaches zero, 


Dp g 
imd SPY (Ra) = f f ydw). 
k=1 [=1 R 
At the same time, e —> 0, so that from (5) we obtain 
SJ. ay dayp (I) — €( Cero + Co,2r) 
. S Cnm S SS. wry” doy (I) + €(Car,0 + Co,2r)- 
Let Ti, T'o T's, T’2-> + œ and e—>0. Then 


f Í vy” day (I) = Cnm. 


As, however, for any arbitrarily large non-singular rectangle R, of and y, 


S Seva D = ff avrdent(B), 


u Cf., e.g., S. Bochner, loc.-cit., p. 391. 
12 This follows directly if m and n are both even. Otherwise one has first to use 


it follows that 12 
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SS. ory day (#) = Cam, - q.e. d. ` 


The distribution function whose existence is thus established is not 
necessarily uniquely determined. Sufficient conditions that ¢ be uniquely 
determined by its momenta Cnm have been found by V. Romanovsky ** and 
by the present author.1* In particular, ¢ is uniquely determined if the Cam 
are such that i 


(È (28) | canny |)Y® = 0(n), 


and the present author has shown * that this condition is almost necessary in 
that p may not be uniquely determined if o(n) is replaced by o(n***). 
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the inequality of Schwarz. For the existence of the integral with respect to ¢, ef. 
J. Radon, loc. cit. I, pp. 1322-1324. Notice that if n = m —0,we obtain ¢(S) = Cy) = 1. 

18 V, Romanovsky, loc. cit., p. 47, § 3. 

1 E. K. Haviland, loc. cit., p. 634. At the time of publishing that paper, the author 
was not aware that a proof of his Theorem I, under restricted conditions, and of the 
sufficient condition in his Theorem II had previously been given by Romanovsky. 
Romanovsky’s statement of this sufficient condition differs somewhat from the present 
author’s but the two proofs are effectively the same. 


A NOTE ON A PROPERTY OF FOURIER-STIELTJES TRANSFORMS 
IN MORE THAN ONE DIMENSION. j 


By E. K. HAVILAND. 


If p(é) is monotone in [— œ, + œ] and p(— œ) = 0, p(+ 0) = 1; 
if A(t3p) — f “exp (ité) dp(é), where — œo < t< + o, denotes the Fourier- 
-00 


T 
Stieltjes transform of p; and if, finally, M(F(-)) = lim (ary ffl) dt, 
S00 - 


it is known? that M(| A(- ; p)|?)—= 3 | Ar |? where Ar = p(& + 0)— p(&—0) 
and the summation is taken over all the (at most denumerable) discontinuities 
ofp. In particular, if p is continuous, 


(1) MAC; p)|?) =0. 


In the case of more than one dimension, the discontinuity points need no 
longer be denumerable, so the question arises as to what then corresponds to 
the foregoing result. It turns out that in the multi-dimensional case a similar 
result holds, the point spectrum, as defined in an earlier paper, playing the 
rôle of the discontinuities in the one-dimensional case, while the “mild” 
discontinuity points, i.e., those not occurring in the point spectrum, play 
no rôle at all. More precisely, it will be shown that in more than one 
dimension,’ if ¢(#) be a distribution function,* 


1 This result was stated, without proof, by Paul Lévy, Calcul de probabilités 
(Paris, 1925), p. 171. For a proof, cf. I. Schoenberg, “Über total monotone Folgen 
mit stetiger Belungungsfunktion,” Mathematische Zeitschrift, vol. 30 (1929), pp. 761- 
767, where reference is made to a paper of N. Wiener. Since then, (1) has often been 
rediscovered in connection with the unitary dynamics of Carleman and Koopman and 
with the statistical considerations of Khintchine. Cf. also A. Wintner and E. K. 
Haviland, “On the Fourier-Stieltjes transform,” American Journal of Mathematics, 
vol. 56 (1934), pp. 4-5. 

* Cf. E. K. Haviland, “On the theory of absolutely additive distribution functions,” 
American Journal of Mathematics, vol. 56 (1934), p. 654. 

* For convenience, we give the proof in the two-dimensional case. 

‘The monotone absolutely additive set function ¢(H#) is said to be a distribution 
function if 0< ¢(#) =< 1 and (S) = 1, where S denotes the whole plane. Cf. E. K. 

-Haviland, ibid., p. 627. For the definition of integrals with respect to such functions, 

ef. J. Radon, “Theorie und Anwendungen der absolut additiven Mengenfunktionen,” 
Siteungsberichte der mathematischen-naturwissenschaftlichen Klasse der Kaiser. 
Akademie zu Wien, vol. 122 (1913), op. 1322-1324. 
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(2) M(| A(s, 434) /) = È [e (Pa) 15, 

where 

(8) Alte) =f" S optil + Wy) jdt (2) 
and 


M(t) = lim (@P)*@0) f FTF t)dsdt, 


and the summation on the right of (2) is taken over all points P; of the 
point spectrum of ¢. p 

While the result (2) is analogous to that in the one-dimensional case, 
it is not obvious from the latter, since in two or more dimensions the singu- 
larities of a monotone function are essentially more complicated than those 
of such a function in a single dimension, where all discontinuity points belong 
to the point spectrum. 

The proof of (2) is as follows: If ¢(H#) be a distribution function, 
we define a set function (F) by setting 


(4) $(E) =4(—B), 


where — F is the set symmetric to Æ with respect to the origin. Then $(Z) 
is a distribution function, and,® by virtue of the Convolution Theorem for 
Fourier-Stieltjes transforms,® A (s, t; ¢ * $) = A (s, t; p) A(s, t; $) 3 or, since 
A(s,t;$) and A(s,t;$) are conjugated complex quantities in virtue of 
(3) and (4), i 

| A(s, t; p) |? = A(s, t; $ * 4). 
Consequently 
(6) M(| A(s, t; p)|[) = M(A(s, t; p * )) 


and we need examine only the latter. 

It is now to be shown that if y(F) be a distribution function whose 
point spectrum is vacuous, then WM(A (s, t; y)) = 0. Since the contribution 
of the integration domain S — R to A(s, t; y), where S represents the entire 
(z,y)-plane and RẸ an arbitrary rectangle in that plane having its sides 
parallel to the codrdinate axes, is in absolute value less than e for all (s, t) 
provided # is sufficiently large, it is sufficient to prove that for any fixed R 
and for sufficiently large values of T, U 


"Y, xy, denotes the symbolical product (Faltung or convolution) of y, and Y, 
Cf. E. K. Haviland, loc. cit., p. 651, Theorem IV. 
° Cf. E. K. Haviland, ibid., Theorem V. 
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aru) f’ S. { S f, expti(ee + idewa) } as at | 2% 


We.begin the proof of this statement by observing that the expression beneath 
the absolute value signs may be written as 


Hie aro) ff LS f explilee + ty) Iden () \ ds dt, 


and it is permissible to invert the order of integration,’ obtaining 





ie f 7 f a (27) “eit: (277) ~ eàt \ day) (E) 


N sin Te sin Spe 
g S S Tg dow (E) 


a T a Sh 


I: (-MS2<—8;—N<y=W), I: (~8SeX8;8<y=W), 
II: (8 <t S&M; —NSyS N), IV: (—8 Sr S8; —N Sy < — 3), 
V: (—8S2S8; —8 S y S 8). 


New | f f] =ff, dep (E) and if (0,0) is not a point of the 


point spectrum of y, this last expression may be made less than </5 in absolute 
value by taking 8 sufficiently small. 8 being thus fixed, it is easily seen that” 


fS | = (ray ff doy (E) < ¢/5 
S Son | = (73) ff day (E) < «/5 


provided T is sufficiently large. Similarly, 


Sholom ff agen eu l 
|S Si 


if Ọ is sufficiently large. Consequently, if the point spectrum of y is vacuous, 


M(A(s, t34)) = 0. 








-1 


6/5 








7Of. E. K. Haviland, ibid., p. 640. 
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Furthermore, every absolutely additive set function of bounded total 
variation is the sum of two functions, say ġı and ¢2, of which the former has 
a vacuous point spectrum, while the latter is purely discontinuous (i. e.; its 
spectrum coincides with its point spectrum). Then from the definition of ẹ 
it follows that $ = ¢: + ¢2 and 


M(A(s, t; *p)) = M(A(s, t; (pı + g2) * (Gr-+g2))  _ 
= M(A(s, t; pi * $3)) + M(A(s, t; dr * $2)) 
+ M(A(s, t; bn * ho) ) + M(A(s, t; $z * ¢z))- 


But the point spectra of $, * $u $1 * $z and $i * œ, are vacuous by the addition 
rule ° for point spectra, so that the first three terms in the last member of the 
preceding equation vanish, and 


(6) M(A (s, t; p *p)) = M(A(s, t; pa * ge) 
= M(A(s, t; $2) * A(s, t3$2)) = M(A(s, t; $2) ° A(—s,— t; 2) ). 


Let points of the point spectrum of ¢, i.e., of de, be Py: (ax, yx). As they 
are at most denumerable, it follows that i 


A(s, t3 ġa) = 3 expt (82e + ty.) 19 (Pi) 
and 
A(—s,— t; $) = > exp[— (sax + tyw) ]¢ (Pr). 


Substituting in (6) and ee N. of (5), we find 


We] A(s, 65h) |?) =M = Š oxp[ifs (2; a) + t(95 — ye) ) leh (Pi) (Pe) )- 

On taking the mean wiles. ‘al terms for which jk disappear, so that the 

right-hand side of the preceding equation becomes $ [¢ (Pr) ]? which proves (2). 
: ket 
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*Cf. H. Hahn, Theorie der reelen Funktionen (Berlin, 1921), p. 414, Theorem XV. 
° Cf. E. K. Haviland, loc. cit., p. 654, Theorem VI. 
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THE THEORY OF THE SECOND VARIATION FOR THE 
NON-PARAMETRIC PROBLEM OF BOLZA, 


By Wiiriam T. Rep. 


1. Introduction. The non-parametric problem of Bolza in the calculus 
of variations is that of finding in a class of ares 


(1.1) Yi = yı (x) (i= 1, >, n; n SETS ț t), 
satisfying the differential equations and end conditions 

(1.2) gale, yy] =0 (a = 1,: -< m <n), 
(1.8) yalen y(t), a y(2:)]=0 (=i p£ n+ 2), 


one which minimizes an expression of the form 


4) I= Glesyla), eo y(2)] + S Heyy) de 


‘Sufficient conditions for the problem of Bolza have been given by Morse 
[III] * and Bliss [IV] for extremal arcs that are not only normal relative 
to the end conditions bub also normal on sub-intervals. Recently, sufficient 
conditions have been obtained under weaker assumptions by Hestenes .[X], 
who has replaced the usual condition of Mayer by a new condition in terms 
of a certain quadratic form involving the solutions of the accessory equations. 
Hestenes has not only been able to discard the hypothesis of normality on 
sub-intervals, but has also obtained sufficient conditions for an extremal arc 
with multipliers of the form Ay = 1, Ag(v) which is not necessarily normal 
relative to the end conditions. 

The principal result of the present paper is the following theorem: 


THEOREM A. If By: yi=yil(x), Ao = constant, Ma(T), % S TS Ta 
is an extremal arc which satisfies the strengthened Clebsch condition, and on 
which there is no point conjugate to the point 1, then there exists a family 


1 Presented to the American Mathematical Society, September 5, 1934. 

* Roman numerals in brackets refer to the bibliography at the end of this paper. 
Only papers to which direct reference is made in the present paper are listed. For a 
more extensive bibliography the reader is referred to that given by Hestenes at the 
end of [X]. 
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of n mutually conjugate accessory extremals qi; (z), tu(s) (J=1,° > cn 
such that | ij (£)| Æ 0 on 2,2. 


This theorem is fundamental in the construction of a field of extremal 
imbedding a given extremal, and has been proved by several authors unde 
additional assumptions of normality.2 Theorem A has been proved by Mors 
by an extension of the methods which he used in [II].4 The chief significance 
of the independent proof here given is that it is a direct generalization of th 
method used by Bliss when the extremal arc satisfies additional normalit 
conditions [I, pp. 729, 736], and hence is more intimately related to th 
methods usually used in the simpler problems of the calculus of variation 
than the methods of Morse and Hestenes. 

Certain general properties of accessory extremals are discussed in §. 
of this paper, and Theorem A is established in § 3. In § 4 there are provec 
by the use of the results of § 3, further results concerning the existence o 
families of accessory extremals satisfying the condition of Theorem A. I: 
particular, Theorem 4.2 gives a rather elegant method for determining suc: 
a family of accessory extremals. It is to be noted, however, that the proof o 
the interesting result of Theorem 4.3 is independent of the results of § 3 
Finally, in § 5 there is discussed briefly the relation of Theorem A to suffi 
ciency theorems for the problems of Bolza and Mayer. 

Throughout the paper, the coefficients of (1.2), (1.3), and (1.4) ar 
supposed to satisfy the hypotheses usually made {see [III], [IV] and [X]} 


2. Accessory extremals. For an extremal arc H: yi = yi(x) 
ào = constant, Aa (T), % S T S ap, let 


F= of (2; Y; y) + Ma (2) palT, Y: y), 
(2.1) 2e[2, m 9] = Frw miri + Pyu ins + Fyw, 
Balz, K 7] aed payi + Paymi (a =], ">, m, 


The coefficients of w and ġa are supposed to have as arguments the function 
yi(@), Ac, Aa(@) belonging to Fıs. It will also be supposed that Ey. satisfic 
the strengthened Clebsch condition [IV, p. 264]. As usual, this conditio 
will be denoted as IIT’. If we set 


*See [I], pp. 729, 736; [II]; [VI], p. 320; and [X], pp. 804, 807. 

4I was not aware that Morse had proved this result until the date upon whic 
I presented my proof to the American Mathematical Society. Morse’s paper has sinc 
appeared in the Transactions of the American Mathematical Society, vol. 37 (1935 
pp. 147-160. Hestenes has informed me that subsequent to my proof of Theorem 4 
he also proved this result by the use of the formulation of the Mayer condition whic 
he has used in [X]. 
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(2. 2) Q[z, Ny ne e] = ofz, Ns 7] + PaPa [z, hy 11, 
then the system of accessory differential equations is 
(2. 3) (4/d&)Qy, — d = 0, &=0 (i= 1, e,n; a=: > m). 


By the introduction of the canonical variables ¢; = Qy, [£, 7, 7, u] , this system 
is seen to be equivalent to a system of 2n linear differential equations of the 
first order of the form 3 


(2.3) gi = Aaj (@) yj + Bij (@)E;, Ci = Cis (@) 95 — An (we) bs. 


“The coefficients in (2.3’) are continuous on zita, || Bi; | and || Ci; | are 
symmetric matrices, and || Bi; || is of rank n—m on gıt” We shall say 
that a set of functions y: (x), £:(«) which are of class O’, and which satisfy 
(2. 3’) on %%_ is an accessory extremal.® 

If the extremal Fıs is a minimizing are which is normal on every sub- 
interval atz of 2,72 it has been shown by Bliss that there can be no point 
conjugate to 1 on Hy. between 1 and 2.7 We shall use IV, to denote this 
necessary condition, and IV’, to denote the condition that there is no value zs 
such that zı < a, =, and defining a point 3 conjugate to 1. 

We shall say that the order of anormality 8 of FE,» on a sub-interval ttz 
of 242» is equal to r if on this sub-interval there are exactly r linearly in- 
dependent accessory extremals yi = Um(T), 1 = viz(v) (k= 1,-- +, 7) with 
tinle) =0 on tte. 

The following properties of accessory extremals will be given without 
_ proof. 


PROPERTY 1°. The order of anormality of Es on a given sub-interval 
is at most m. 


"8 See, for example, [VIII], §§ 3 and 4. 

‘The terminology accessory differential system for the system (2.3) is due to 
von Escherich. The problem of minimizing the second variation in a class of arcs 
satisfying the equations of variation has been called the accessory minimum problem 
(III, and X], and the associated boundary value problem has been termed the accessory 
boundary value problem [ITI, VIII and X]. On the other hand, a set of functions 
n,(@) belonging to a solution 7,, 4 of (2.3), or to a solution ,, §; of (2.3’), has 
been called a secondary extremal. [III, and X]. It seems more consistent to either 
speak of an accessory extremal, or else to use the terms secondary differential system, 
secondary minimum problem, secondary boundary value problem, and secondary extremal, 
Due to the priority of the term accessory for the differential system, the present 
author has adopted the phrase accessery extremal in the sense defined above. 

7 See [I], p. 725. The reader is referred to [I] for the definition of conjugate point. 

8 This terminology has heen used by Hestenes, [X], p. 799. 
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Properry 2°. If the order of aie of Ey. on a sub-interval tts 
is r, and p ==0, ţi = vhs) (k= 1,---,17) are linearly independent acces- 
sory extremals on this Subcanteruat, then for arbitrary admiestble variations 
- p(x) and arbitrary points x’, £” of tyte, we have 


vin (2) i (x) | 22” = 0 (k—=1,--+,7). 


We shall denote by r(x) the order of anormality of #1, on the sub-interval 


ae (T, < TE £2) of zza. The function r(x) is seen to be monotone non- 
increasing on 7, < T & a. In view of Property 1°, we have 


Property 3°. There exists a constant d such that 0 < as Lo — Tı, and 
r(x) is constant on tı < z S z, + d. 


The following property is a consequence of the continuity of the solutions 
qi, & of (2. 8’): 


Property 4°. If æ< t, S gz, there exists a 8 such that 0 <8 < t — tı 
and r(x) =r (£3) on ta — 8'5 T S ay. 


` In view of the above properties, it is seen that r(z) has at most m points 
of discontinuity on s, < «a. We shall denote these points by t’ © >, ty, 
where a, < ty < tg- <' <t <£ For convenience, let tgn = t1, to =o, 
and rg == r(ta) (q=0,1,---,9). 
It is readily seen that one may choose a family of- accessory extremals 
wij (©), vile) (J= 1,- -,n) such that 


Wij (21) = 0, wig (a) =0 on zn Ss S tg for 
(2. 4) = 1, Ta; g= 0,1, > +g, 
Vri (Lr) Vri (2) = ij (84 = 1, 8a; == 0 if tÆ j) (i, } = ase ee >). 





Now define another set of n accessory extremals ti nij(@), Ving (£) by the 
initial conditions 


(2. 5) Ui nej (21) = Viz (21), Vi nj (1) =0 (m j=1,; n). 
Finally, define ui; (x |q), viz(2| q) (g =0,1,:--,g) as follows: 


wis (@ |q) = ti nas (2), vila |q) = vi naj (£) for j= 1, + +, Ta 


a wijhe | q) = wij (z), vale | q) = vu (£) for j= rgt len, 


The following property follows readily from the definition of a es 
point: 
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Property 5°. A value z, on the sub-interval tgs < TSE ta (q =0,1, 
-, g) defines a point on E,» conjugate to the point 1 if and only if one 
of the following conditions is satisfied: 


(a) the matria | tis (21) (s =1,:: <, 2n) has rank less than 3n — ta 


i Uis (Ta) 
(B) the matris | um (Ta) | = | tm (te | 9) | (m=ra+ 1, +42) has 
rank less than n — rtg. 
(y) the determinant | ui;(£s | q)| is equal to zero. 








. It is verified readily that the accessory extremals of each of the n parameter 
families defined by (2.4), (2.5) or (2.6) are mutually conjugate [see I, 
p. 738] in pairs. 


8. Proof of Theorem A. For clarity, the essential steps in the proof 
of this theorem will be stated in the form of lemmas. 


Lemma 3.1. In terms of the accessory extremals defined by (2.4) and 
(2.5), define n mutually conjugate accessory extremals Uij(@;p) Vis(&3 p) 
as follows: 


Tis (E; p) = Wi nig (£) + ptus (%) 5 Vig (@3 p) = Vi nas (8) + pris (2), 
(3. 1) for tes 0+, 35 j=1,' **, Tg; 
Uule; p) = ue), Vi (z; p) = vyl(s) for j =r +1,--+,0). 


Then if Hy, is an extremal satisfying the conditions of Theorem A, the 
determinant | Ui; (x; p)| is different from zero on 2, < Sx, for p positive 
and sufficiently large in value. 


This lemma will be proved by induction. In view of condition (y) of 
Property 5° of §2, it is seen that | uj(z]q)| #0 on tan CoS ty 
(q=0,1,:++,9). Now for v, <z t, we have Ui; (T; p) = u (2 | g), 
and hence for arbitrary values p we have | Ua; (£; p)| £0 ona, < 2S tp. 

_ It will now be proved that if for a value g = there exists a positive value 
p =p, such that | Ui; (£; p.)| 40 on 2, < z to, then there exists a value 
p2 > pi such that | Uij(x; p2)| AO on a < s S tex. By hypothesis, 
| Uut; pi)| AO ons, < aS to. Hence there exists an e such that 
to < te fe < to, and | Uij(t3p:)| £0 on tı <S tote. It will first 
be shown that if p > pı, then | Ui;(x;p)| 0 also on z, < T'S to -+e For 
if there were a value x, on this interval such that | Ui;(xs;p)| = 0, there 
would exist constants c; not all zero and such that Ui;(%3;p)c;==0. For 
these constants, let 
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(3.2) mhz) = Ui (s; ples, tals) = Vis; p)c (1 S2 S z3). 


Since on @t, we have Ui (£p) == Uis(e3pi), and |Uu(£;p)| 0 on 
Tı <L LS to -+ e, it would follow that the functions y:(£) defined by (3.2) 
are of the form yi(z) = Ui (£; p1)a; (2) on t, S T'S z, and the functions 
a;(x£) are of class C’ on this interval. Moreover, on Tıtg we have a;(a) = cj 
(j =1,::-,n). In view of condition IIT’ and the Clebsch transformation 
of the second variation [I, p. 739], it would follow that 


(8.8) f” oln mr]de+ mlayua | 
=f Fyw {Uml pr) ’e(#) HUn (a3 p) (2) }de = 0. 
Ti 


On the other hand, by direct integration we obtain 


sS ofge, y g |da = — qi (21) (a1), 


and as a consequence of the initial values of U:; (£; p) and Vi; (z£; p), it would 
follow that 


ag To 
(3. 4) f Rola, n, q Jde + qi (1) Vij (21; pr) c; = — (p — pr) 303”. 
ey = 


Relation (8.4) is seen to be a contradiction to (8.3) unless c,= 0 
(r= 1,:-++,19). In this latter case, since | Ui;(#33 p1)| 40 it would follow 
that cj; = 0 (g==1,:--,n), which is a contradiction, We have proved, 
therefore, that if | Uij(x3p1)| 40 on a, <CaSte+ e then for p >'pi, 
we have | Ui; (z; p)| £0 on this interval. 

Finally, it is to be noted that on te +e ete, the determinant 
| Uis(2; p)| is a polynomial in p of degree rz —1c-; whose leading coefficient 
is | w; (x; o — 1)|, and therefore different from zero. Hence for p sufficiently 
large in absolute value we have | Uij(t;p)| 740 on te+eSeSioy. 
Combining these results, we have that there exists a positive value pə such 
that p: > pı and | Uij(%;p2)| A 0 on z, <s & to- We have established, 
therefore, an induction proof of Lemma 3. 1. 

In order to complete the proof of Theorem A, let £o = 2, — (ty — 11), 
and define the coefficients of w and ® on a Sg < a, by the following 
identities in (a, y, 7’): ; 


(3.5) ofa, mg] = o[22 — z, — ng], Bale, 9, y] = Palt — 2, — 9, l 


In the canonical system (2. 3’) we then have for To S £ < £, 
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(3. 6) Aij(@) = — Aij(2a,—2), Bule) = Bij (2a, — 2), 
: Ci; (a) = Ci; (2e, — 2). 


If y (2) = 0, £:(x) is a solution of (2. 3°) on a2, then s (£) = 0, ți (2a, — £) 
is a. solution of this system on 2,¢,, and conversely. Hence on every sub- 
interval wt of wa, the order of anormality is 77. Moreover, on 2%, the 
condition IIT’ holds. i 

It is to be emphasized that after the coefficients of the system (2.3), or 
(2. 3’), have been defined on soz, by relations (3.5), these coefficients will in 
general be discontinuous at v = sı. Hence, by a solution of this system on 
Tota We shall understand a set of functions y:(z), £:(%) which are continuous 
on this interval, and which, except possibly at 2, have derivatives satisfying 
equations (2. 3°). We shall still denote by wij(x), vi (£), To Se», the 
solutions of this modified system on x x, which satisfy the initial conditions 
(2.4). A set of ry linearly independent solutions with y:(x) ==0 on apa, is 
given by the functions wir(2), vir(t) (r= 1," <>, 79). 

Now let v*i;(%) (j7—=1,:-+,2) be continuous functions such that 
uži (1) = vi; (41), and 


(3.7) Vir (@) v* 53 (£) =0 on wor, if r£} (T—1,°+ +, 795 j= 1, n). 


Moreover, let p be such that | Ui; (£; p)| 40 on a < a< Lo. 
Corresponding to a point £ on Tot, there exist mutually conjugate solu- 
tions qi; (x; t), (£; t) of (2. 8”) on wove such that 


(3.8) qist; t) =v (t), bas (t3t) = po*ij(t) for (7 =1,---, 79); 
f m(t; t) = 0, éu (t; t) =v*u (t) for (=r +1,---, 7). 


For t==@, the initial conditions (3.8) reduce to the initial values of 
Usj(#3 p), Vis(@5 p). Hence, qiy (2; 01) = Uu (€; p), tu (2; 21) = Vis (2; p) 
OD Bos. 

It will now be shown that for £< s, and sufficiently near to a, the 
determinant | y(x; t)| 0 on x22. It will first be noted’ that on a sub- 
interval s's”, where 2 Sa’ < t, and a, & g” < ty, the order of anormality 
is rọ The following lemma may then be proved by the method used by Bliss 
[I, p. 739] to prove a corresponding result for an arc which satisfies stronger 
normality conditions. 


Lemma 3.2. There exists an interval 4 —d Sae San pd 
(0< d< tg— zı) such that if ni(v), f(x) is a solution of (2.3’), and 
the functions n(x) all vanish at a point x of tu —d Sqr < a, and ata 


gee ye A F i >: 


nay 
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point a” of tı Sx S g, +4 d, then on wa we have ni (x) =0, i (2) = Vir(2) er, 
where cr (r = 1,' ` -,Tg) are constants. 


From the initial values of the functions v*;;(#) it is seen that there 
exists a 8 such that 0 < è < d, where d is determined as in Lemma 3. 2, and 
such that if a,—8<a<2a,, then the determinant | 4-(2)v*io(z)| 
(r= 1, ` -, Tg; o =T + 1,’ > +, n) is different from zero. It then follows, 
from the result of Lemma 3. 2, that if ¢ is an arbitrary point on s, —8 S $ < t, 
and qi; (£; t), či (£; t) is the corresponding family determined by the initial 
conditions (3.8), then | my (z; t)| 40 ony S S a, + d. 

Finally, since yi (2; £1) == Ui (£; p), it follows from the continuity of 
the solutions y:; (£; t), £:3(;t) of-(2. 3’) when considered as functions of t, 
that for ¢ sufficiently near to z, the determinant | yı; (s; t)| is also different 
from zero on %1 + daa. Therefore, for t < x, and sufficiently near 
to z, the family of mutually conjugate solutions of (2. 3’) determined by the 
conditions (8.8) is such that |y (z; t)| 40 on a Ss Sg, This com- 
pletes the proof of Theorem A. 

The following corollary is an immediate consequence of well-known results 
for the problem of Lagrange: 


COROLLARY. Suppose Ey, is an extremal arc which satisfies the conditions 
of Theorem A. If ui(x), v(x) is an accessory extremal, and ni(v) is an 
arbitrary admissible variation such that qı (a1) = ti (£1), qi (£2) = Us (22), then 


T 2 
(3.9) f * 20a, Ny q ]dz =f" 20[2, WÙ, w |da, 
vı zi 
and the equality sign holds if and only if mi (2) =t (2) on 222. 


4. Further discussion of Theorem A. It has been established in 
Lemma 3.1 that along an extremal arc which satisfies the conditions of 
Theorem A the accessory extremals Ui;(z;p), Vij (£;p) defined by (3.1) 
are such that | Ui; (£; p)| 0 on 2, <%= q for p > 0 and sufficiently large 
in value. If rọ =r, that is, if the order of anormality of F, is the same’ 
on every sub-interval sıx of ,%2, it is seen from the first paragraph of the 
proof of Lemma 3.1 that this condition is true for arbitrary values of p. 
For further discussion we shall assume ry > ro, and seek to determine a lower 
bound for the values of p which are such that the conclusion of Lemma 3. 1 
is satisfied. This lower bound is not determined independent of the results 
of § 3, however, since use is made of the Corollary of that section. 

In view of condition IV’, and condition (a) of property 5° in § 2, it is 


ig ce 4 


x 


THE NON-PARAMETRIC PROBLEM OF BOLZA. . 581 


seen that the 3n — fe accessory’ extremals Uis lT), Vix(@) (K =T + 1,-- +, Qn) 
_ defined by (2.4) and (2.5) are such that the matrix 


Wik (21) 
Uis (T2) 














is of rank 2n — re As a consequence of property 2° of § 2, or by a direct 
consideration of the initial values wis(t,) (s = 1,: ++, 2), it is seen that 
the matrix of 2n — rg rows and 2n — t, columns 





g 


(e =t + 1, EERS i= 1, -n3 


Vio (21) Wis (21) 
| k=ro +i 2n) 


(4.1) un 











is of rank 2n — rty. 
For simplicity of notation, let 2A[z] ==dsnzce, (K, A = ro + 1, > +, 2n) 
denote the quadratic form 


(4.2) f a [@, Winte Wanted = xix (@)Van(w) 2 | 2% . 
Tı 

We shall also denote by Bv[z] == bynes. (v = 1, > + +, 8n — rg) the first members 

of the linear equations 


Via (Xi) Uis(21)z =0, (o=r +1, >c, n; t=1, tn; 


4.3 
(4. 8) Wix (2) Zr = 0, k= + 1, >- 2n) 


Finally, denote by 2K [z] = krr 2s the quadratic form 
(4. 4) [Win (ar) tir (21) + Win (L2) tir (T2) ] ZrZr 


which, in view of IV’, and elementary properties of matrices, is positive 
definite. It then follows that the class of values (zs) which satisfy the 
conditions É 

(4. 5) By[z]=0, 2K[z]—1 


is not vacuous. Moreover, the minimum value of 2A[z] in this class of values 
is the smallest zero 7, of the determinant °? 


° See, for example, Hancock, Theory of Maxima and Minima, Ginn and Co., Boston 
(1917), pp. 103-114. Bliss has phrased his analogue of the Jacobi condition for the 
problem of Bolza in terms of the roots of a determinant of the form (4.6); see [IV], 
p. 273. It may be shown that corresponding to each of the zeros 1=1, (h=I,---, 
Pyta) of D(L) there exists an accessory extremal ,,(«), §;, (©) satisfying with 

constants @,, the end conditions: 
Pia (8) Nin (8) = 0, nip (%,)= 05 Eyyeig(@,) Uin) — Sy (@,) = 0. 
See [IX], § 5, and also [V]. 
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ak Lk bvk 


(4. 6) DO =| A n ji 








Finally, in view of IV’) we have that if 4ņj:(x) is an arbitrary admissible 
variation, then there exists a unique accessory extremal Ui == Uix(Z) 4x, 
Vi = Vir (S) ex, such that ui(ti) =q: (21), Wi (te) =q (22) [X, p. 809]. As 
a consequence of the minimizing property of J, and the corollary of § 3, we 
have that if yi() is an admissible variation such that 


(4.7) Vio(@1) ni (21) = 0, nils) =0, mi (21) yi (41) 0, 


then f” Roles of lds = bas (21) m6(22) J 
ay £ 


Now suppose that for a given value of p there exists a point £s such 
that 2, < z, S z and | Uij(as;p)| = 0. If c; (j= 1,---,n) are constants 
not all zero and’such that Ui; (233 p)c; = 0, it follows from IV’, that crer s£ 0, 
(r= 1,: ` *,Tg). Moreover, the admissible are defined by 


ni(t) =U (£; p)e; on Lts; ni (e) ==0 on Ame, 


satisfies equations (4.7). On direct integration, we obtain 


v2 
J. - Bolt 111d = — porer = — pim (as) (a), 
Vi 


and we must have, therefore, p S — l. We have established, therefore, the 
following theorem : i 


THEOREM 4.1. Suppose that E, is an extremal arc satisfying the con- 
ditions of Theorem A, and Ui; (£; p), Vis(@3p) is the system of accessory 
extremals defined by (3.1). Then for p > — l, where l, is the smallest zero 
of the determinant D(1), we have | Uiz (z; p)| 0 on tı < tS ta. 


Finally, there will be given a method for determining a system of mutually 
conjugate accessory extremals yi; (£), ĉis (x) with | qa; (£) | 540 on 2 which 
does not use directly the system defined by (3.1). 

Consider the problem of minimizing 2A[z] in the class of values (zx) 
(x = fo + 1,:--, 22) which satisfy the conditions 


(4.8) Uix(2)2e—=0, 2K[z] —1, 


where A[z] and K[z] are defined by (4.2) and (4.4). The minimum value 
of 2A[z] in this class of values is the smallest zero m, of the determinant 


THE NON-PARAMETRIC PROBLEM OF BOLZA. 583 


| dex — m Tey Win (#2) 
Win (2) 0 


(4.9) D(m) = 





By the use of the Corollary of § 3, and by an argument like that used 
above, it is seen that if (x) is an admissible variation such that 


i (2) = 0, mi (21) (21) 7 0, then 


I 2o[@, n, q Jde = mlm (1) ni (%1) J. 


In terms of the accessory extremals (2.4) and (2.5), now define a system 
of mutually conjugate accessory extremals FY:; (£; p), Z:;(@3 p) as follows 


(4.10) ¥ij(@3p) = timy (2) + pin; (2), Zult; p) =i na (C) + pvi (T). 


Suppose that for a given value of p there exists a point x, such that 
Tı < 83 S ta and | Fij (£3; p)| =0. Let d; (j = 1, <+, n) be constants not 
all zero such that Yi; (£3; p)dj = 0. If we define 


milt) = Vij (z; p)dj on T18, p(s) ==0 on 25%, 


then 4: (@1)qi(21) = didi 40. Moreover, by direct integration we obtain 


f : 2o[%, 9, 7 Jdr = — pidi = — ply: (#1) ni (21) J. 
wy 


y 7 
Hence, if p is a value such that | Yi; (x; p)| = 0 at a point £s on a, < tS ae, 
it follows that p= — m,. ` Finally, it is to be noted that 


| Faz (215 p) | = | ti ns (42) | 4 0. 
We have, therefore, the following theorem. 


THEOREM 4.2. Suppose that Hy. is an extremal arc satisfying the con- 
ditions of Theorem A, and that Yi;(2; p), Zi; (x; p) is the family of mutually 
conjugate accessory extremals defined by (4.10). Then for p > — mi, where 
m, is the smallest zero of the determinant D(m), we have | Yi; (x; p)| 0 
On @ SS BS to. 


In Theorem 4.2 we have assumed that F,» is an extremal satisfying the 
conditions of Theorem A, that is, it satisfies the strengthened Clebsch con- 
dition and has on it no point conjugate to the point 1. Consequently, in the 
proof of Theorem 4.2 use is made of the Corollary of $3. It is significant 
to note, however, that quite independent of the results of § 3 the above proof 
of Theorem 4. 2 leads to a result which is of itself important. 


584 WILLIAM T. REID. 


In the proof of the above theorem explicit use is made of only the fol- 
lowing hypotheses: (1) Ei. is an extremal arc satisfying the strengthened 
Clebsch condition, (2) the point 2 is not conjugate to the point 1, and 
(3) if uc(z), vi(£) is an accessory extremal and yi(x) is an arbitrary 
admissible variation such that 4:(21) = Ui (£1), qi(22) = ui (£2), then the 
inequality (3.9) holds. Let pa denote the multipliers corresponding to the 
accessory extremal wi,v;. Then by an expansion of the integrand function 
Qo [ 2, n, 7] = 20[2, 7, 7, p] by Taylors formula, and an integration by parts, 
one obtains that assumption (3) is equivalent to the condition that if mi (x) 
is an arbitrary admissible variation such that y:(#:) = 0 = y: (£2), then 


(4.10) f E Ea 
yy 


In view of this remark we have, therefore, that quite independent of § 3 
the above proof of Theorem 4. 2 leads to the following result: 


THEOREM 4.3. Suppose Ey, is an extremal are which satisfies the 
strengthened Clebsch condition, on which the point 2 is not conjugate to 
the point 1, and such that if yi (x) is an arbitrary admissible variation 
along Ey. having yi(%:) = 0 = q: (#2), then inequality (4.10) is satisfied. 
Then for p > — m, where m, is the smallest zero of the determinant D(m), 
we have | Yi;(t3p)| 40 on % S 2S a 


It is to be remarked that one may show the equivalence of the hypotheses 
of Theorems 4. 2 and 4.3 by the use of the results of § 3 and the first neces- 
sary condition for the problem of Lagrange. However, the significance of 
Theorem 4. 3 lies in its simplicity of proof and its usefulness. For example, 
with the aid of this theorem one may establish in a simple manner the 
existence of infinitely many characteristic numbers for the boundary value 
problem which the author has previously treated by the use of other methods 
[see V and IX]. 


5. Relation of Theorem A to sufficiency theorems for the problem of 
Bolza. By the use of Theorem A the proof of a sufficiency theorem for the 
problem of Bolza as given. by Bliss [IV] is still valid when the normality 
conditions there used are replaced by the weaker assumptions of normality 
with respect to the end conditions and normality on a%,. This latter as- 
sumption of normality is used by Bliss not only in the proof of the imbedding 
theorem, but also in the proof of another result [IV, Lemma 2, p. 267]. 
Hence, Theorem A does not eliminate entirely the assumption of normality 
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on Tı% in the proof of sufficient conditions as given by Bliss. The result of 
Theorem A also enables one to establish sufficiency theorems for the problem 
of Mayer by the methods used by: Bliss and Hestenes [VI] and Hestenes [VII] 
under correspondingly weakened hypotheses. 

In a recent paper [IX] the author has discussed for the problem of Mayer 
the relations between the boundary value problem formulation of the analogue 
of Jacobi’s condition and the analogue of this condition introduced by Bliss 
{see [IV] and [VII]}. As a consequence of Theorem A the results of 
Theorems 4.1, 4.2 and 4.4 of that paper are valid when the assumptions 
concerning normality on sub-intervals is omitted. Consequently, these results 
apply directly to the problem of Bolza as well as to the problem of Mayer. 
In particular, using the terminology of that paper, we have: 


If Ey, is an extremal of the form yi = yi (£), `o = 1, Ma (£) which satisfies 
conditions I and IIT’, then condition IV’ is satisfied if and only if conditions 
IV’, and IV’: are satisfied. 


For the problem of Bolza as treated by Hestenes [X], Theorem A leads 
to the following results, when expressed in Hestenes’ nctation [X, pp. 810-811]. 


If g is an extremal satisfying conditions I and III’, then condition V’ 
is satisfied tf and only if condition VI’ is satisfied along g. Again, using the 
notation of Hestenes, we have the following relation between the conditions 
IV’o, IV’, and I'V’s of [IX], and conditions V’ and VI’ of Hestenes {see [X], 
pp. 810-816}. 


Suppose that the end conditions are regular, and that the non-tangency 
condition holds on an admissible arc g having no corners. If g satisfies con- 
ditions I, III’ with a set of multipliers Ms = 1, Ag(x), then each of the four 
following conditions implies the others: IV’c, IV’, with IV's, V’, VI’. In 
case the end conditions are separated, then each of the above conditions is 
equivalent to the condition IV’ of Hestenes [X, p. 806]. 


The above results lead to obvious simplification of the sufficiency theorems 
as stated by Hestenes. 
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CONCERNING SOME METHODS OF BEST APPROXIMATION, 
AND A THEOREM OF BIRKHOFF.* 


By I. M. SHErrer. 


Introduction. The series of Taylor has been generalized ‘in many di- 
rections. ‘ It is our purpose here to consider a natural extension of certain 
series in addition to that of Taylor, by methods analogous to those used by 
Birkhoff? and by Widder è for Taylor series. 

The Widder theory is based on a best approximation definition. Let 
{¢n(z)}, (n =0,1,-- -) be an infinite sequence of functions, analytic about 


c=0. An expression of the form sa(x) = Š cidi(x) is a “ polynomial” of 
0 


order (not exceeding) n. According to Widder, the “polynomial” s,(a) is 
the best approximation of order n to the function f(x), analytic about « = 0, if 
f(z) —8n(x) venishes, together with its first n derivatives, at v = 0. If certain 
‘determinants do not vanish, then s, exists and is unique. The question of con- 


vergence of s,(x) to f(a) is equivalent to that of so (£) + $ [sa (£) — sn- (£) ] 
1 


to f(z). Now a striking situation comes to light: s,—s»+ can be written 
in the form 


$u() — Sna (2) = faa (2) 


where Q(x) is a “polynomial” of order n, independent of f(x), the func- 
tion ey making its presence felt only in the constants {fn}. That is, 


So(@) + > [sn (£) — Sn1(%)] ~ Š fn (2); ; so that in going from the n-th 


approximation to the (n + 1)-st, we have only to add in the term fnuiQuir (T), 

the terms already present remaining. Such behavior (which is also true of 

the extension we have in view) we shall refer to as the property of permanence. 
In the Widder case, 


Qn (£) = (2"/n!) [1 + ha (2)], 


1 Presented to thie American Mathematical Society, December, 1933. 

°G. D. Birkhoff, “Sur une généralisation de la série de Taylor,” Compres Rendus, 
164 (1917), pp. 942-945. 

° D. V. Widder, “ On the expansion of analytic functions of the complex variable in 
generalized Taylor’s series,” Transactions of the American Mathematical Society, vol. 31 
(1929), pp. 43-52. (This paper contains a reference to a preceding work by Widder in 
which functions of a real variable are considered; but that phase of the problem does 
not concern us here.) . 
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where a(x) is analytic at s = 0 and ha(0) = 0; and his convergence theory 
is based on the following additional hypotheses: 


(i) An(a) is analytic, |x| S R; 
(ii) M exists, independent of n and z, such that | ha(x)| = M/(n +1), 
[e| SR. 


In $1 we give a rather general definition of best approximation, and 
establish the property of permanence. As particular cases are the Widder case, 
and the “least square” case. In § 2 we show that condition (ii) of Widder 
can be replaced by the less restrictive condition: 


(ii?) 1+ ha(x) converges uniformly, in | | S R, to a function M (s), 
with M (z) 0 in |z| SR. l 


Essentially, we replace Widder’s condition | ha (x)| = 0(1/n) by the con- 
dition | 4a (x)| =o(1). Finally, in § 3, to handle convergence in some other 
cases, we appeal to the method used by Birkhoff, which by means of an integral - 
equation extends the convergence properties of Taylor series (i. e., series in 
{a"}) to series in {vn(«)}, where {un(a)} is “sufficiently close” to {x}. 
Only, the rôle of {z"} is now played by functions {u,(x)}, which we endow 
with properties analogous to those of the known functions {a}. 


1, Some methods of best approximation. Let {¢n(z)}, (n = 0,1,- -) 
be a sequence of functions. We wish to assign to each function f(x) (of a 
certain class) a sequence of “ polynomials” {s,()}: 


(1) Sa (©) = Cnopo (2) +` ` + + Cunn (2), 


which are the best approximating “polynomials” to f(x), each of its order. 
This requires that we define the test for best approximation. 

Let In, (n= 0,1,- +) be a sequence of linear operators, each of which 
assigns to a function w(2) a number: L,[w(2)] = un. 


Derinition. By the method M of best approximation, relative to the ` 
set of operators La, is meant that determination of the set {sn(x)} according 
to the following test of best approximation: + 


(2) Li['sn(2)] = Li[f(«)], (t= 0,1,---+,m). 


‘The “ polynomials ” s, (@) depend, of course, on the sequence of functions {%,, (2) }. 
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Derinrtion. A method M is non-singular, relative to a sequence {dn(x)}, 
if none of the following determinants vanishes: * 


Lafo] Loli] > > Lol on] 
(3) me | ee Hae m=0 1). 
Ln[$o] Enli]: > è En [bel 


We shall consider only non-singular methods. 


THEOREM 1. For a given function € f(x), to each (n=0,1,---) there 
is ‘a unique best approximating “ polynomial” s(x) of order (not greater 
than) n. 


This follows from equations (2), since s(x) has the form (1), so that the 
determinant of system (2) is precisely A, +£ 0. 
Let us form from {¢n(x)} a.new sequence {&,(2x)}, linearly dependent 


on {$n(z)}: 
(4) ` By (2) = bnopo (2) +` + + + Banga (2), bun 0. 


Clearly,” the set of best approximating “polynomials” for {®,(«)} coincides 
with the set {s,(%)} already found for {¢n(z)}. We may therefore choose 
one set out of the infinite number cf possible ones, to be obtained from {¢n(2) } 
as was {®,(2)}, to represent all such. There exists a “significant” set, 
which we shall term the basic set. 


DEFINITION. The basic set for a given sequence {dn(z)}, relative to a 
method M, is the set {B,(x)} defined by 


(5) Li [Pn (z)] = es ee ae 
where a(s) has the form (4). 


In virtue of the condition A, ~ 0, we see that® a basic set exists and is 
unique. , 


"A method 9 may, be essentially singular; i.e., is singular for all sequences 
-{%,(@)}, as for example if n exists such that L,, L,, , Lp are linearly dependent. 
On the other hand, 9 may be in general non- singular, but: a peculiar choice of {¢, (#) } 
may give singularity, as for example if n exists such that #,,---,%, are linearly 
dependent. 

Tt is understocd that f(a) and the functions ¢,,(@) are within the class of func- 
tions on which the L,,’s can operate. 

7 The determinants A, for {2n (2) } are non-vanishing, as is easily seen from (3). 

2 The only point not obvious is that in $, (s), bon £ 0. But if 6,,, = 0, then the 


mr 


590 I. M. SHEFIER. 
Lemma 1. There is a sequence of constants {fn} such that 
(6) So(z) =fo®o(z) 3° Sn(%) — Sn- (2) = fna (£), (m=1,2,- °°). 


Since sẹ and ®, are each multiples of o, and boo +0, therefore fo can, be 
found. Now consider Tp == Sn — Sn- We have from (2): 


Li[Ta] =0, (i=0,1,; -< ,n— 1); En[ Tn] = fn, 


where we set 


(7) : fu = Dn[ sn (2) — Sna (2) |. 


If fa = 0, then since Ans 0 we have T,(c) = 0, thus satisfying (6). If 
fn ~ 0, then Ta/fn satisfies equations (5), whence by uniqueness, 7',/fn = On, 
and again (6) holds. 


COROLLARY 1. Method M has the permanence property: °? 


(8) $n (2) = so(2) +3 [s(2) — si (2)] = È fit: (2), 


where only the constants fı (which are independent of n) depend on the func- 
tion f(x). 


COROLLARY 2. The constants {fn} are given by 


Lo[ bo] Lol os] -+ + Do[ gna] Lo[f] 





(9) fa = a dee Bt ae hy se, i Bu eS 
Ant | Laipo] Ladi] © > Lu[ons] Laff] 
(n= 1,2,---); fo = Loff]. 


For, let gn denote the determinant in the numerator of the right-hand side of 
(9). In (6), Sn— Sn and fn®n are linear combinations of the functions 
$o ' © *, $n Which are (as we have observed in a footnote) linearly independent. 
Hence coefficients of n on both sides of (6) must be equal. From (2) this 
coefficient in Sn — Sn-1 IS gn/An, and from (5) this coefficient in fn®, is 
fnAn+/An. Hence fn = gn/An-ı, which is (9). 


COROLLARY 3. The functions {®,(x)} are given by 


first n equations of (5) tell us, since A, , 0, that b,,=b,,—=---=0b,,.,=9, 
so that the (n + 1)-st equation of (5) is not satisfied; a "eontradiction. 
° From this follows the curious fact that if we choose f(w) = 8, (æ), then zero 


is the best approximating “ polynomial” of all orders less than z. 
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Lolo] +> Lole] 


1 . . a . . » . 
e Sal) =E; | Leslie] aalen] 
$o(t)*-* pafz) 

(n =1,2 °°); Bo (T) = po (2) /Ao 


(10) follows at once from (5) and the uniqueness of a basic set. 


COROLLARY 4. The “ polynomials” s(x) are given by 


Lo[$o] - + < Lol on] Lolf] 


(2) Sa) =A ae «Lal dn] Lal] ? 


(n= 0,1,2,° °°). 
o(s): + pale) 0 


For, operate on the right-hand member of (11) with L; (01S), and 
subtract the resulting last row from the row with index 4, using the property 
L;,[0] 0. Then expand in terms of the elements in this row of index i. 
There results L:[f], (¢—=0,1,---,n). That is, the right side of (11) is a 
linear combination of o` * +, ¢n satisfying the conditions (2). But system 
(2) has a unique solution sn(%); whence (11) follows. 

Let us now return tó the definition of a best approximation method. If 
we start with a set of linear operators Ma which assign functions to functions: 
Mi [u(z)] = unr(x), then by choosing a sequence of numbers {a}, we get a 
method M by setting Lpfu(r)] = {Mn[u(x)]}oxc, In particular, we may 
have % = a. 

An interesting subclass is that where the operators M, are obtained by 
iteration from a single one: 


M,=I = identity, M, =M, M,—M(M) = M°, + <, Mn =M”; 


and where we choose an ==@ (which we may take as 0). The case of Widder 
' finds itself in this class, with M[u(a)] == du(#)/dz. 
For any method Mm which is non-singular relative to the set {¢n(v) == 2"}, 


there will exist a unique basic set of ‘polynomials Gn (a) = 5 Ant. If. 
4=0 

M[w] = du(2) /dz, then n(x) =a"/n!. Again, if M[u] =u(e+1)—u(za), 

then {®,(2)} is the set of Newton polynomials: l 


s(z— 1): - (z —n + 1) 


(s) =1, (s) =r, (2) = n] 


9 
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And in general, by means of these “methods” we can define large classes 
of sets of polynomials. 

In particular, consider the class of orthogonal Tchebycheff polynomial 
sets. Given a function p(x), a Tchebycheff set {Tn(x)} is defined by the 
relations f 

7b 
Í p(t) Dn (t) Ta) dt = 1? wa 


These are equivalent (except for an undetermined multiplier in T,(x)) to 


fi 


i f DOTE, E EEE TENA 
If we now define 
M,[u(2)] = f PO Ga) u(t) dt, G=0 1), 
then 
Li[Ta(2)] = aoas ($=, 1, - +n —1), 


and, by properly normalising Ta (£), Ln[T'n(@) ] = 1; so that Tya (£) = a (7). 
We thus see that all orthogonal Tchebycheff polynomial sets can be defined 
by our methods of best approximation. . 

More generally, the same is true for least square functions: Given the 
linearly independent set of functions {¢,(#)}, the set {7n(x)} is to be 
defined by 


f ro — Tą (t) }* dt = minimum, 


where T» (¢) ranges over all “ polynomials” Tn (£)= Cnopo (£): + Cnmnpn (£). 
By forming suitable linear combinations ®n (£) = bnopo (£) +: +--+ bnnpa (2), 
bnn 0, we can make {a} a normal orthogonal set: 


f aaa ER { 0, (m od n), 


1, (m =n). 


Furthermore, a method M can be found for which {®,} is the basic set. For, 
we have only to define 


La[u(a)] = f Buat; 


0, (i= 0,1,- g ' n— 1), 


then Li[%n(z)] = { 1, (=n), 


so that {®,} is a basic set. Now we can express Ta (x) as a linear combination 
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in the @’s: Tale) = fnodo +: > > -4 fnn®n. From the minimum property 
we find that i 


, hia Í ” #(4) @4(t) dt. 


Again, Li[Tn] = fDi [i] = fi, 
and LIF] = fis 
hence : l Li[Tn] = ff], (t= 0,1,---,n); 


i.e. equations (2) are satisfied, so that the minimizing set {Tn(z)} 1s 
identical with the best approximating set {sn(z)}. 
As a final example, consider the following class of methods: Let 


J(t) mat + at+---, (a, 540) 


be a formal power series, generating the operator 


T[w(a)] = aw (2) + mt” (2) eo. 
Now define 


Mo[u(e)] ule), M[u(2)]=J[u(2)],; : `, Ma[u(z)] =J" [u(2)] > > >, 


giving the method M: 
En[u(x)] = {Mn[u(2) ] Yeo 


We have already pointed out the cases J(t) = t, giving J[u] == du/dz, and 
J(¢) = et —1, giving J[u] = u(x + 1)—u(s). For the general J there 
will exist a set of best approximating polynomials {®,(7)}, which is of con- 
siderable interest in the study of functional equations based on the operator 
J[u(z)]. This aspect of these polynomial sets will not concern us here, but 
we wish to point out an interesting recurrence relation among the polynomials 
of the set {@,(r)}. It is this: 7° 


J[Pn(£)] = On-1(2), (n= 1,2," °°). 


Let us turn once again to the Widder case. We can write 


. 7° The following two particular cases are well-known: 


grt 
atl= (n—1)! ? 


N a eae ty) ae 1) : Cc Li 
nl Sma as 
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gr g” gmt gre : 
On (&) at [1 + ha(x)] =p] Camas mF to Tapa T > 
or, on setting a(z) = a"/n!: 

Qn (2) = ®, (x) + Cnn Pns (2) + Cn,nsoPnae (T) + es 


That is, {®,} is a basic set for {ġn (£) = 2"}, and {Qn} is a basic set for some 
sequence, say {w,(z)}; and Q,(#) has the above expression in terms of the 
set {®,}. This is a fairly general phenomenon, as the following theorem will 
show. 

Let M be a given method, and {¢:(x)} a sequence relative to which Mm 
is non-singular. Then, as we have seen, there exists a unique basic set. {%,}. 


THEOREM 2. Let {¢n(x)}, {wn(x)} be two sequences for which M is 
non-singular, and let {Pn(x)}, {Qn(x) } be their basic sets. If 


(i) each wn(x) has a convergent Sn-expansion in a region R: 
(12) , on(2) = ami (2); 

(ii) the operators Lo, L1,: > - (which, define M) are term-wise applicable 
to the above expansions: 
(13) Lalor (2)] = È mLa [®: (2) ]; 
then the set {Qn(s)} has the form (convergent in R) 
(14) On (©) = Bn (2) + GnnsxBnaa (2) F Cnnyansa(@) H >> 
We observe first that since 0, is a linear combination of wo, ' + , wn, it possesses 
a ®,-expansion convergent in R : Oy (2) = > Cni®i (x). Again, condition (ii) 
allows term-wise operation by Lm on this series: Lm[2n] = S omLa [8] 


Now {Qn}, {®,} are basic sets, so (5) holds for them. Taking m = 0,1, 
+ +,n, this yields the relations : 


CnoLim[ Bo] F Cnilim[®1] +: + ComLm[ Pm] = { eae ae al 


1, (m = n) > 
which, on recalling that Lm[®m] = 1, gives the following values for eng: 
Cno = Cnt =" ' * = Enna == 0, Cnn = 1. Hence (14) holds. 


2. Convergence in the Widder case.» We are here concerned with the 
convergence properties of O»-series, where 


11 We have already remarked that in this section we shall lighten one of Widder’s 
conditions. We add that the method used here is more direct than that of Widder. 


METHODS OF BEST APPROXIMATION. 595 
(15) (2) = (a*/m!) [1 + hn(2)] = (2"/n!)@n(x),  ha(0) = 0, 
with ha (z) analytic in | x | R. 
THEOREM. 3. Suppose constants c, N, Bn exist such that 
(i) 0<cS|,(2)|S pn, 
uniformly in |v |SSR for al n >N, with 


~ 


(ii) lim sup 8r” S 1. 
n=00 

If the series 

(16) Fæ) =È fa (2) 


converges for a single point s =£ in |w |S R, it converges uniformly and 
absolutely im every -closed region lying ® in |a|'<|&|, thus representing 
an analytic function in |x| < |é]. , 

For: 


S| fain (x) | = È | fain (2) | | On (2)/2 (8| SAC) + (M/0) È Bs | 9/6 |”, 


where A(x) is the sum of the absolute values of the first N terms, and M is a 
bound (which exists) of | fnQn(€)|. Qn(é) can vanish only if é=0 or 
@,(é) = 0. Now the theorem is vacuously true if 6==0; and @,(é) 540 
by virtue of (i). Hence we can assume that Qn (£) £0; and the indicated 
division is possible. Since2* lim sup Bn”" S 1, the last series converges uni- 
formly and absolutely in every closed region in | «|< | é|, and this is then 
true of the original series. 

It is seen that condition (i), although applying. throughout |œ |S E, 
is used only at the point s= é Now it may happen that for some points in 
| «| R a number c (depending on the point) exists, and for other points 
it does not. This suggests strengthening Theorem 3 as follows: 


THEOREM 3’. Let & be the set of those points z =é in |s| SR for 
which c, N, Bn exist (as functions of £) such that 


A class of Q -series (that arose in the study of some linear differential equations) 
is' the Y),-series of Transactions, American Mathematical Society, vol. 35 (1933), 
pp- 184- 214. 

22? Incidentally, (ii) combined with c < L, gives lim sup f,” = 1. 

133 It follows that if the region oi convergence does not 80 outside of |v | < R, 
then it is a circular region. 

“If condition (ii) is replaced by (it) lim p =k, then the region for 
which convergence can be asserted is'|w| < | &|/K. 


596 I. M. SHEFTER. 


(i) 0 < c(é) S| On(é)| S Bn ($), 
with 
(ii) lim sup [Bn(€)]*/" S 1. 


If series (16) converges for a single point æ = é in X, t converges uniformly 
and absolutely in every closed region lying in |s| < |é], to an. analytic 
function. i 


The proof of Theorem 8 applies to 3’. 


Lemma 2. A function cannot have two On(x)-expansions uniformly con- 
vergent in an open region R containing the point « =Q. 


For on subtracting we should have 0 = 3a,Q,(a), uniformly convergent in 2. 
By: successsive term-wise differentiations (which are permissible) at s = 0, 
we find that (an = 0, n=0,1,---). 

Let us try to develop the function 1/(t— z) (t a parameter) in an 
Qy-series. Assume that 


(17) 1/(t—2) = È Ia (t) (2). 
By (formal) term-wise differentiation and setting s = 0, we get 
01/t = L(t) 
11/0? = Ly(t)h’o(0) + L(t) 
(18) pype = L(t) ho (0) + a(t) (hs (0) 
spo -H Ena (t) (2, ) Waa (0) + Ln(4) 


thus determining the functions {Zn(t)}. Ln(t) is, in fact, a polynomial in 
1/t of degree n + 1. 
Define Àn as the maximum of | h»(x)| in |s] SR: 


(19) |fin(2)[Sd, |2] SR. 
Then 
(20) | ha ™ (0)| E m n/B”. 


Let r be any positive number, and let p = min (r, E). A simple application 
of (20) to (18) yields the inequalities 


| Zo(t)|S0!/p; | Za(#)| S (11e) (1+ w); 
[LHI E (21) (1 + do) (1+ aa), 


METHODS OF BEST APPROXIMATION. 597 


uniform in |t| Ær; and a straightforward induction proof gives . 


LEMMA 3. For all n, and uniformly in |t| Zr, where r is any positive 
number and p= min(r, R), 


(21) TAUS (mV/p™4) (1 +20) (baa) = + (1+ Ana) 
Then, for | t| Zr, |z| SR, 


n 


Šuo =È | Let) F D Ha] E STE a aE 





If um is the n-th term of the series on the right, tnis/Un = (1 + Ann) | @/p |- 


co 
THEOREM 4. Consider the series X; Ln(t)Qn(x), where {In(t)} is given 
o 
by (18), and | hm(®)| Sàn || SE. If lim sup =K (finite), the series 
converges uniformly and absolutely in | æ | S1, |t| =r, where r is any posi- 
tive number, p = min (r, R), and lis any positive number less than p/ (K +1); 
and the series represents, in this region, the function 1/(t — z). 


The convergence properties stated follow from the preceding relations. Let 
H (x, t) be the sum of the series; itis analytic in æ and tin |s| S1, |t| 2. 
Term-wise differentiation in « (which is permissible) with z = 0 gives 
aH (2, t) mi { [1/0 —e)] | =0, 1,- ); 
{TEGI | mayen, = G=), m=01 0); 


g=0 ; 


hence H coincides with 1/ (t — 7). 
Especially interesting is the case K = 0, in which case lim sup An 
= lim w = 0: 


THEOREM 56. If lim ìn = 0, then series (17) is valid, converging 
uniformly and absolutely in |s| S1, |t| =r, where r>0 is arbitrary, 
p = min(r, R), and 1 is any positwe number less than p. 


THEOREM 6. If lim An = 0, every function f(x), analytic about s = 0, 
possesses an Qn-expansion. If the distance from s =Q to the nearest singu- 
larity of f(x) is a, and if o = min(a, R), this expansion is uniformly and 
absolutely convergent in |x| Ær where z is any positwe number < o, and 
the coefficients of the expansion are gwen by 


D Hla) Ëhala), fa ari) f AO 


1: If lim sup A,, = K (finite), every f(x), analytic about œ = 0, has an 9 expansion, 
but with reduced radius of convergence. 
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\ 


C being any contour around t==0 and within |t| <o. Moreover, f(x) 
has only one Qy-expansion, 


The convergence property follows at once on multiplying (17) through by 
f(t) and integrating around C, using the Cauchy integral formula. All that 
remains is the uniqueness proof. From lim A, = 0 follows the existence of Bn 
satisfying the conditions of Theorem 3. Hence if f(s) possesses an expansion 
different from (22) and convergent in at least one point s == é s4 0, it con- 
verges uniformly in an open region containing «= 0. Lemma 2 now applies, 
‘to give us a contradiction; hence there is uniqueness. 


COROLLARY. The sets {Qn}, {Ln} are normal-orthogonal on C, any con- 
tour in | t] < R, surrounding t =0: 
. = f0, (mn), 
| zi) f Om (t) Lm (t) dt = ee es 
For, Qn(x) is analytic in |s| SP and therefore possesses a unique Qp- 
expansion, the coefficient of O,({x) being the above integral. Hence normality 
and orthogonality hold. 


Theorem 6 can be given a different form: 


THEOREM 7. Let the condition lim ìn = 0 be replaced by the following 
condition: ©n (£) = 1 + ha(x) converges uniformly in | 2 | E R to a function 
M(x) which is nowhere zero in |s| R. Then the conclusion of Theorem 6 
is valid with the modification that fa is now given by 


(23) fa = (1/2mi) f° [F()/ME(H) JEC, 


where {L*,(t)} is defined by (18) with hy(x) replaced by gn(x), the latter 
defined by 
(24) 1 + Iin(#) = M (2) [1 + ga(2)]. 


Clearly, gn(z) —>0 uniformly, |z| SR. The series f(z) = Š fn „»(z) is 


0 


identical with the series f(x)/M(x) = S f.(at/n !)[1 + gu (z)], and since 


{An} exists such that | gn(x)| SS An, lim An = 0, the second series expansion 
is valid by Theorem 6. The theorem now follows from the fact that the class 
of functions {f(x)} analytic about v = 0 coincides with the class of functions 


{f()/M (2)}. 
3. Eatension of the Birkhoff theory. The method of this section is 
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adapted from the work of Birkhoff, as was mentioned2* We.start with a set 
of functions {u,.(2)}, with given convergence properties, and seek to determine 
the convergence properties of a second set of functions {v,(x)}, related to 
{tn(2)} only quantitatively. We shall introduce certain assumptions labelled 
Condition A, B, C; and it is to be understood that once a Condition has been 
stated, it is to hold from then on to the end of the section. 

Consider a sequence of functions {u,(r)} satisfying Condition A: 


(i) n(x) is PET in the interior & of a rectifiable, simple closed 
curve O, and is continuous in & + 0. 


(ii) The function 1/(t— x), t a parameter, possesses a Un-expansion 


(24) 1/¢— 2) = È La (t)i (2), 


which is uniformly convergent in x and t for t on C and x on any closed point 
set in &; and the functions {Ln(t)} are continuous on C.7 


COROLLARY. Every function f(x) that is analytic in & and continuous 
in & + C, has a Un(x)-expansion, uniformly conver gent on every closed point 
set in d: 5 


(25) f(2) Š fnn (2), (26) fa — (1/2ni) f” FO)Za(t) dt. 


COROLLARY. If 3 | Ln(t)un(x)| converges uniformly, t on O and x on 
any closed set in à, then series (25) converges absolutely, x in &. 


Now consider the set {va (x) }, which is to be “ close” to the set {un (x) } 
in a sense to be defined. We assume that vn(x) is analytic in & and con- 
tinuous in &-+-C. Suppose we have the expansion 


(27) f(a) =È dronla). 


2° A number of ‘papers have been written on subjects related to the work of Widder 
and of Birkhoff. References are to be found in Widder’s paper and also in: Walsh, 
Transactions of the American Mathematical Society, vol. 31 (1929), pp. 53-57. In this 
section we do not emphasize generality of statement in our theorems. Rather, we-aim 
to secure a comprehensive body of theorems that are symmetric (i. e., interchangeable) 
in the two sets of functions {ta} {%,}3 and that can be utilized in treating con- 
vergence of series of best approximating “ polynomials.” 

17 In Birkhoff’s case, U, (£) = 2", so that Condition A holds when C is any circle 
with center at @ = 0. 


' 
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In analogy with (25, 26), we are led to consider the possibility ** of defining 
the coefficients ¢, by 


(28) ga = (1/2ni) | g(t) Ln (t) as, 
g(t) to be determined. 
We see from (28) and (25, 26) that 


(29) 9 (0) = È gva (2). 
Substitution of (28) into (27) yields 
(30) ft) = (1/2) f” {È oa (2) La (t) Jg (t) dt 


This integral equation is not well-adapted to determine g(t). We can obtain 
an equation of the second kind by subtracting from (30) the relation 


(31) g(a) =z f $O atmos f, (È un(#)Ln(#) }9 (ta 


drt Jot—2x 





In fact, we then have 


(32) fla) —=g(2) + (1/2ni) f K(x, t)g( tat 
where 
(38) K (a, t) = È [on (2) — (2) a(t). 


We now assume 


Condition B. Series (33) converges uniformly for s in & +C and t 
on C, and 
| K(a,t)| < 2r/l 


for x and t on C, where l = length of C. 
It is Condition B that is the test of {vn(#)} being “close” to {un(z)}. 


COROLLARY. K (x, t) is analytic in x in the region & for each t on (/, 
and is continuous in x and t for t on O and xin & + C. 


We observe that the formal work from (27) to (83) is valid if we work 
backwards; i.e., given g(x), assumed to be analytic in & and continuous in 
&+C; then (28), (29), (31) hold, and (29) is uniformly convergent for 
x on any closed set in &. If now f(x) is defined by (32), then f(z) is seen 


38 Our argument is purely formal until our conclusions are stated and proved. 
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to be analytic in & and continuous in & + C; and by combining (31) and 
(32), then (30) holds, the series within the brace being uniformly convergent 
in « and ¢ for ¢ on C and æ on any closed set in &. (30) may then be 
integrated term-wise, yielding series (27),.which is uniformly convergent for 
æ on any closed set in &. 

Our aim, however, is to start with f(z) and determine g(s). In (32) ` 
let x be chosen on C. As v and t traverse C they are functions of the arc 
length (measured from some point on C): 


z= @(s), t= @(c). 


Our hypothesis on C assures us of the existence of d@(c)/do almost every- 
where.** Point z being on C, let us set 


F(s) =f(0(s)), G(s) =g(@(s)), K*(s,0) = (1/2et) E (©(8), 9 (0) )@’(e). 


Equation (32) then reduces to the equivalent form 


(82) F(s) —@(s) + Í, eaei 


F(s) is continuous; and so is K*(s,o) except on a set of measure zero (due 
to the possible non-existence of ©’(o)), where it can be defined so as to be 
bounded for s, o in OSs, oSSl. The Fredholm theory can be applied. 
Because of the second part ° of Condition B, the Neumann series for a solu- 
tion of (32’) converges uniformly, so that A = 1 is not a characteristic number. 
Hence (32’) has a unique solution G(s) ; and it is continuous, 0s Sl. 
This continuous function G(s) defines a continuous function g(s) 
(a on O) satisfying (82); and g(x) is a unique solution of (82). We now 
extend the definition of g(x) to 2 by means of (32), where 2 is now in &. 
g(x) is seen to be analytic in &. Suppose v, in &, approaches a point « of O. 


The functions f(x), (1/2zt) Í, K (a, t)g(t)dt being continuous in à + O, 


it follows from (32) that g(r) > g(a), where g(a) is the value, at zt = q, 
of the unique solution of (32) for zon O. This gives us 


1° And at such points where ©’(¢) fails to exist, the difference quotient is never- 
theless bounded: |] A@/Ac|<1. Where 9’ does exist, it has the value @’(c) = ei8 
where ô is the angle which the tangent to C (at the point e) makes with the real axis. 

°° Cf. Whittaker and Watson, Modern Analysis, 4th ed., pp. 221-222. A remark 
of Birkhoff (loc. cit.) is apropos here: It is not necessary that | (a, t)| be less than 
2x/l. All the work of this section will hold if we merely assume that in the integral 
equations (32) and (40), A = 1 is not a characteristic number. 
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Lemma 4. To every function f(x), analytic in & and continuous in 
A +, there corresponds a unique solution g(x) of (82); and g(a) is also 
analytic in & and continuous in & + C. 


Having obtained the function g(x), the observation made after Condition 
B, on going from g(x) to f(x), enables us to state 


THEOREM 8. Every function f(x), analytic in à and continuous in 
J + O, has a vn (x)-expansion 


oo . ` 
(27) Fe) =È pala); (28) da= (1/2ri) f gC) Lat) at, 
uniformly convergent on every closed set in &. In (28), g(t) is the function 
of Lemma 4. 


COROLLARY. If series $ | Un(t)Ln(t)| converges uniformly for s in & 
and t on C, and series È | [Un (2) — un (x) ]Ln(t)| converges uniformly for æ 
in À +O and t on C, then series (27) (with ou given by (28)) converges 
absolutely for all x in &. 


For: We have f (£) = S¢ntn(£), g (£) = Sdntn(x), so that 


f—g—3(1/2ni) f” 9(#)Ln(t) [0n(#) — u (2) Jdt. 
By hypothesis this series converges absolutely. Again, from the second 


Corollary to Condition A, g = X (1/2rt) f. g(t)Ln(t)un(x)dt converges ab- 
c 


solutely. Hence on adding, (27) converges absolutely, v in &. 
The functions {Z,(¢)} are defined only on O, where they are continuous. 
We can extend their definition to €, the region exterior to C: 


DEFINITION. For z in E, Ln(z) is defined to be 


(34) o Inle) = 3 : Bol) dt. 


COROLLARY. Ln(2) is analytic ®™ in E, and Lafl œ) = 0. 


THEOREM 9. The series 


(35) 1/(2— 2) = $ La(z)usla); 


™ There is no reason for supposing, without further hypotheses, that L, defined 
in E +C by (34) and by Condition A, is continuous in € -+ C. Later, when we do 
have a further condition, this assertion can be made. (See Theorem 20.) 
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holds uniformly in z and z for x on any closed set in & and zon any “ closed”. 
set? in E, 

To show this, observe that for z in €, 1/ (2 — z) is analytic (in x) in & and 
continuous in & + C, so that (Corollary to Condition A) it has a uniformly 
convergent u,,(@)-expansion: 





(2)un(2), bol) = 55 f(s) Eat 





From (34) we see that ¢n(z) = LIn(z). Since Š tn(2) Ln (t) converges uni- 
0 
formly, æ on a closed set in J and ¢ on OC, therefore term-wise integration 


(after multiplication by 1⁄-(z — Ł)) is permissible, the resulting series being 
uniformly convergent for v and z in the regions stated. 


Turorem 10. If f(z) is analytic in E + 0, it has the Ln(2)-eapansion 
(36) f(z) —f(0) —Sawln(e), (BY) mm ge f DAOA, 


uniformly convergent for z on any “closed” set in È. 


or: We can find a rectifiable simple closed curve J inside C such that f(z) 
is analytic on J and exterior to J. Then, by (85), 





fle) — fo) = LOY a= $ {og f, oae } Dale) 
J e—zZ o riJI * 
the series being uniformly convergent for z on a “closed” set in €. Now 
J can be chosen as close to C as we wish; whence it follows, from the con- 
tinuity of un(x) and f(a) in the closed region consisting of J, C and the ring 
that they bound, that in the coefficient of La(z)} the curve of integration J 
may be replaced by C without altering values. That is, (87) holds. 
Consider again equation (33). The series being uniformly convergent 
for z in & + C and ¢ on 0, we may multiply through by MUO zin €, 
and integrate term-wise: 


fa TED, dt >t f $ [on(2) — m (2)] OE mt) ay 


t—z 





=$ l) =n (E K la), 


22 By a “closed” set in € we shall mean both the usual closed set and also any 
unbounded set in € (including z = œ), the important feature being that the set is 
at a positive distance from C. 
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the resulting series being uniformly convergent for v in & + C, and z on any 
“closed ” set in E€. Now by (34), the parenthesis has the value Zn(z). This 
enables us to extend the definition of K to €: 


LEMMA 5. The series 


(37) K (a, 2) = È [vn (2) —ta(@) Hn (2) 


a 


converges uniformly in x and z for x in A +0 and z on any “closed” set 
in E, so that K(a,z) is analytic in v and z for x in & and z in E. Moreover, 


—1 f Kst) 


(38) KE(z,2)= 73 Pr 





dt, 


where K(x, t) is given by series (33); and K(a2, œ) =0. 
In,the expansion, (27), the coefficients ¢, are given in terms of g(s). 
The question arises if we can express ¢» directly in terms of f(z): 


(39). $n = (1/2mi) Í, F(E) Ma (t) dt, 


where the functions Ma (t) are to be determined. Since (32) holds for æ in 
d +0, we may substitute for f(t) in (39) its value as given by (82). On 


further using the relation a — (1/271) f g(t) In (t) dt, this gives 
Cc 


(a) (1/2ri) f oO Ta) — ri) f Ew, t)Mn(w) dw}dt = 0. 


Now (a) is to hold for all g, and we want Mn to be independent of f (and 
therefore of g). This suggests that we set the brace equal to zero: 


(40) L(t) = Ma (t) + (1/2) f K (w, t) My (wydw. 

Je 
This integral equation can be thrown into “real” form, as was (32). The 
resulting kernel is K**(s, o) = (1/271) K (@(c), ®(s))®’(c), so, as was the 
case with (382), (40) has a unique solution M(t) (t on O), and Mn(t) is 
continuous. f 


ce 


Turorem 11. In Theorem 8, the coefficients pn can also be expressed by 
(39), where Mn(t) is the unique and continuous solution of (40), t on O. 


‘ To see this, we observe first that (a) is satisfied. On using (28) and (32), 


(a) simplifies to 
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O— dn— (1/2ri) f Ma (O LICE) + (1/2ri) f° H(t, w) 9(w)dw at 


= ¢n— (1/2ni) f Mn(t) f(t) dt, 
which is (39). 
By means of (40), with ¢ replaced by z, we can extend the definition of Mp: 


DEFINITION. For z in €, 
(41) Ha(z) = A T — (1/Bxt) f K(t,2)Mu(t) dt, 
c í 
Mn(t) being the unique and continuous solution of (40). 
COROLLARY. M,,(z) is analytic in z, with Ma( œ) == 0; and for z in &, 


(42) My(2) = af Re dt. 


We need only establish (42). If we multiply (40) through by [(— 1)/2ri] 
X [1/(¢—2z)] and integrate over C, and use (34) and (38), we get 


—1 M,(t) 


re 
Lale) = 5 ieee ttf K(w,2)Mn(w)dw. ` 


Comparison with (41) then yields (42). 





THEOREM 12. The expansion ; 
f ies) 
(43) 1/(z— x) = J vn (2) Ma (2) 


is uniformly convergent in x and z for x on any closed set in & and z on any 


. “closed” set in È. 


For: In (32), choose f(«)—=f(«,z)==-1/(2—z), z in č. Then g(x)—=g(z,2) 

is defined by (32) to be analytic in s and z for v in à and z in €; and is 
continuous for v in &+C and z in E. If we multiply series (24) through 
by (1/271) - [1/(2—t)] and integrate term-wise around Ọ, we observe that ° 
g(z,2) has a U»n(#)-expansion (cf. (29)) that is unicormly convergent in « 
and z, v on any closed set in & and z on any “ closed” set in E: 


9 (28) —Stma(a)u(2), dala) = (1/2) f° Ln(t)g (2) 


If we now combine (81, 32, 33), where g(x)’= g(a,z) (so that 
f(z) =f (a, 2) =1/(¢—z)), and recall that (31) converges uniformly in 
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both « and z, then (30) is seen to hold, also uniformly convergent in both 
x and z. Term-wise integration gives (27), again uniformly convergent in 


wand z: 1/(2—2) = Ñ dn(2) Un (x). It remains to identify the coefficient 
0 i ` 

of va(x).. This coefficient is the coefficient 4, given by (27) and (28); 

and by Theorem 11 this coefficient has the value given by (39): 


in() =a f TO at 


Comparison with (42) shows that on(z) = Mn(z), and the theorem is 
established. 
_From this follows (cf. Theorem 10) 


THEOREM 13. If f(z) is analytic in E + O, it has the Mn(z)-expansion 


(44) Fle) —f(00) =È BoMn(a)de; (45) Ba (1/2ni) f (DFO, 
uniformly convergent for z on any “closed” set in E. 


There is apparent, by this time, a duality between the sets {un}, {Zn} 
on the one hand and the sets {vn}, {Mn} on the other. We shall now examine 
to what extent their rôles can be interchanged. If H(z, t) exists, having the 
relation to {vn} that K(a,t) has to {un}, we should expect it to be given 
by ‘the series 


(45) H(z, t) =È [u (2) — a (2) ]Ma (8). 


For the moment we shall put aside the problem of convergence of this series. 
If we substitute (40) into (33), we get the relation ** 


(46) H(e,t) +K(a,t) + (1/2ni) f H(z, w) KE (w, t)dw =0. 


This is an integral equation for H (x, t), with the same kernell K (w, t) as in 
(40). Knowing the properties of K (x, t), we can therefore state the following 
properties for H(a, t): 


Lemma 6. The function H (x,t) defined by (46) is the only solution; 
it is continuous in x and t for z in & + C and t on C, and is analytic {in £) 
for x in & and for each ton C; and is continuous in z and t for s in & +0 
and t in E, and is analytic (in x and t) for x in & and t in €. 


2% This is the well-known equation for kernel and resolvent kernel in integral 
equation theory. 
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THEOREM 14. K(z,t) is a resolvent kernel for the equation 


(47) gle) = f(a) + (1/2ni) f H(a, tfd 

For, in the right-hand side of (47), let f have the value given by (32). On 

simplifying we obtain g(«) + (1/2) f g(t) A(z, t)dt, where A(z, t) is the 
c 


left-hand member of (46); i.e., A(s, t) = 0, so that the right-hand side of 
(47) does equal g(x), and (47) is satisfied. 

Since equation (47) has the solution (32) for every function g(x) that 
is continuous on C, it follows from the Fredholm theory that (47) always 
has a unique solution. Hence 


. COROLLARY 1. For every g(x), analytic in à and continuous in & + O, 
equation (47) has a unique solution f(x). This solution is analytic in & and 
continuous in & + C. 


It is also an immediate consequence of the uniqueness of solutions of 
both (32) and (47) that 2 


COROLLARY 2. H(a,t) is a resolvent kernel of (82); i.e., that the 
unique solution of (32) is furnished by (47). 


If in (47) we set f(t)=K(x,w), we find on using (46) that 
g(t) =—H(a,w). Substituting these values of f and g into (32) then 
gives us the equation which is the twin of (46): 


COROLLARY 3. The functions H and K satisfy the equation 


(46) (a, t) + K(a,t) + (12i) f K (z, w) H (w, t)dw = 0, 
C 
valid for x in | +C and t in E +C. 


LEMMA 7. The unique solution M,(t) of equation (40) is given by 


(48) Mn(t) — La (t) + (1/2mi) f E(w, t) La (w) deo. 


This follows on using (46°). 
We can now establish the validity of (45). 


THEOREM 15. H(a,t) has the expansion (45), which converges uni- 
formly for x in À + C and t on C. 
10 
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To show this, we first have series (33), uniformly convergent in the region 
stated. We therefore have (from (48)): i 


Š [va (2) — w (2) JM (t) 
= È [v (2) — ua (2) {Zn (t) + (1/2) f H (w, t) La (w) dw} 
-=Š [on (2) — wa (2) 1a (0) 
+ (1/2mi) f H (w, t) {È [0m (a) — un(e) La (w) dw), 


the two series on the right converging uniformly in the region stated. Hence 
this same convergence property applies to the series on the left. There remains 
only to prove that this series has the value — H (x, t). But this follows from 


(46°) since the right-hand side is K (z, t) + (1/2) f HA, t)K (a, alee 
Theorem 8 can be dualized: 


THEOREM 16. If g(x) is analytic in & and continuous in à + C, then 
we have 


(49) g(a) —Syntn(2), (50) a= (A/a) f” FC) Mat) dt, 


uniformly convergent on any closed in &. Here f(x) is the solution of (47). 
For: In (47) replace H(z, t) by its uniformly convergent expansion (45). 
There results the equation 


g(a) = f(x) + 3[ (1/2) J, FMa (t) dt] [un (x) —on(2)], 


the series being uniformly convergent on any closed set in &. But the series 


fe) = 3[(1/2ri) f° FMC) diJa) 


has the same convergence property (Theorem 11); hence so has 


S[(1/2ri) f° f(t) Ma(#) dJia (2). 
We thus have g 


g(a) =F (2) +3[(1/2ri) f” FMa (t) diJa (2) — (e), 
from which (49) follows. 
We have now an almost complete duality of {un}, {Za} and {vn}, {Mn}. 
That it is not fully complete (at least so far as has been proved) is owing to 
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this lack; in Condition A we are not certain that (24) holds in the region 
stated, when Un Ln are replaced by tn, Mn. What we do know, up to this 
point, is that (24) will hold (cf. (48)) if t is in E, rather than on C; nor 
does Theorem 8 permit ¢ to be on C. However, we can fill in the gap: 


THEOREM 17. The expansion 


(50)  -V—2) = È Ma (t) (2) 


is valid, and is uniformly convergent in x and t for x on any closed point set 
in À and t on C. 


y 


To show this, we begin with the expansion 


(a) 1/(t—2) = È La (t)u(2), 


which has the convergence properties stated above. On multiplying through 
by (1/2ri) H(t, w) we may integrate term-wise, the resulting series being 


© likewise uniformly convergent: 


(b) $ (2i) f- OAA A T 


1 


Hence the series S {Zn (t) + (1/2mi) f A (w, t)Ln(w)dw}un(z) converges 


uniformly in æ and ¢ for x on any closed set in & and ¢ on C. But the brace 


_ equals M,(t) (cf. (48)) ; hence the series $ M,(t)un(«) converges uniformly 
0 


in g and ¢ in the region stated. Now (b) simplifies to 


(1/2xi) f H(w, t) - [1/(w — z) ]dw = H (z, t), 
so that ; 


ÈM, (#) tn (2)=1/ (1—2) +H (2,t)=1/ (1—2) + Š [un (2) —on(2) ]Ma (t). 


The two series are uniformly convergent in v and ¢ for æ on any closed set 
in & and t on C. If then we subtract the first series from both members, 
we get (50), the series having the same convergence properties. This estab- 
lishes the theorem.?* 


^i There is another point concerning duality: In Condition B we have | K (a, t)| 
< 27/l. Now we do not know that H satisfies the same condition. In fact, if we 
write max | K (w, t) | = 27o/l, e < 1, then from (46) all we know is that max | H (a, ¢)| 
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We may sum up, in part, as follows: If {un} satisfies Conditions A and B, 
so ?5 does {Un}. : 

The function um(z), being analytic in & and continuous in & + O, has 
a Un-expansion (cf. (25)):- 


tin(t) = È farta (2), ` fon = (1/2ri) f” tn (#) Ln (4) dt. 
n=0 
If a un-expansion is unique, then we have the biorthogonal property 


l . 0, (mæn); 
(51) (2i) f din (4) Ln (t) dt = oH ey 
But Condition A does not insure uniqueness. For example, take u(x) = 1; 
Un (x) = (a 1/n!)(a—n), (n>0). It is readily shown ** that if series 
WCnUm(x) converges, the region of convergence is the interior of a circle, center 
the origin, reaching out to the nearest singularity of the function that is 
defined; and the convergence is uniform on any closed set within the circle 
of convergence. Moreover, every function, analytic about 0, has a 
Un-expansion; and the functions {Zn} can be defined by 


Ln(t) =— Ï aye), (m>0); L(t) =— 1t. 


- Condition A is fulfilled on choosing C as any circle with center at æ = Q0. 


A 29) 
But the function zero has the uniformly convergent expansion 0 = > ua(2), 
o 


so there fails to be uniqueness. 
If there is to be uniqueness, it must appear in our assumptions. We 
accordingly add the uniqueness 


[e.s] 
Condition C. If zero has the expansion 0 == >) dntin(x), uniformly con- 
0 


vergent on every closed set in &, then an = 0, (n = 0, 1, > -). 


From this follows that a function f(x) cannot have two distinct u,-expansions, 
each uniformly convergent on every closed set in 2. Consequently we have 


< [¢/(1—o)](2/t). But the only use made of the condition | K | < 2r/l is to 
secure uniqueness of the solutions of the integral equations with kernels K(a#,t) and 
K(t,#). Hence we ought to establish this same uniqueness for the kernels H (a, t) 
and H(t,#). Now it is already known for H(a,t) (cf, Theorem 14). That it also 
holds for H(t,a@) is easily shown. 

25 It being understood that in B the inequality | K | < 27/1 is replaced by the 
assumption of uniqueness of the solutions for the kernels K (œ, t) and K(t,«). 

26 Compare the proof of Theorem 3. 
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Lemma 8. The biorthogonality relations (51) hold. 


Lemma 9. The sets {vn}, {My} are biorthogonal: ` 
: : 0, “(m Anj; 
(52) (1/2ni) f vm (t) Ma (t) dt = es ae 


Multiply equation (40) through by Um(t) and integrate over C: 


Smm = (Leni) f My(t) mm (8) al + (12): ff K (w, t) Mn (w)tm(t) dwat. 


Tf we replace K(w,t) by its uniformly convergent expansion (33), this 
reduces to 


Bion = (1/2ri) È” Ma (tyin (t)dt + (1/2) f° [om (w) — tim (w) Mn (w) de, 


and on cancelling the first and third terms (whose sum is zero), there remains 
relation (52). Pe ; 


THEOREM 18. Equations (32) and (47) are satisfied by taking 
f(#) = Um(%), g(@) = Um (2). 


To see this, let g(x) = n(x) ‘in (32) and replace K (x,t) by its expansion 
(33). Then, using (51), f(v) = Um(£) + [vm(x) — um()] = vm (2). 
We come now to {v,}-uniqueness: : 


oo 
THEOREM 19. If the vn-expansion $, crta(x) converges uniformly in 
0 
+ O (the sum function f(x) being therefore analytic in & and continuous 


in d + 0), then necessarily tn = (1/2) f f(t) M, (4) di. 
: ‘Joo * 
Multiply the series through by M;(x) and integrate over C: 
(1/2) f f(t)Me(t)dt = S cy - (1/2) f vn (t) M(t) dt. 
C n=0 c 


By biorthogonality, the series on the right reduces to cs, thus establishing the 


theorem. 


Suppose we make a temporary translation of the complex variable z so as 
to insure that the origin is within C. This will not affect any of the results 
already obtained. Now it will be true that 


1 dt . 
tai SoG ay 7 al 2 
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whence from the uniformly convergent expansion (24), we obtain 


oS fh Se at } (2), (m—=1,2,- Hey 


n=0 


uniformly convergent for z on any closed set in &. By the uniqueness 
property, all the coefficients must vanish: 


t n=0, 1> 
(a) ah” aD at —0, Eee ale 
Now for a given n, condition (a) is necessary and sufficient *” that there exist 
a function (which will of necessity be Dn(z)), analytic in €, and such that 
as z —> t on O, In(z) —> In(t). 
‘It follows that D,(z) is continuous on € + C, and analytic in €. If we 
multiply (33) through by (1/2nt) - (1/t”) and integrate around O, we see 


from (a) that 
1 Blt t) 5, — ae 
al eee. (m=1,2 ++), 


so that K(x, z) also has the property that as z in € approaches a point ¢ on C, 
then K (z, z) > K (z, t). That is, K (z, z) is continuous for v in 2 + O and 
zin€+0C. Finally, from (40) we get 


| af ae =e ee 
Qn o ym dt —0, (m= 1,2, Ñ 


so that Ma(z) is continuous in €-+C; and therefore, also, H (e,z). To 
sum up: ?’ 





THEOREM 20. The functions In(z),.Mn(z), K(«,2), H(a,2) are con- 
tinuous in x and z for æ in A +0 and z in E+C; and their values for 
z =t on C are respectively the known functions Im(t), Ma (t), K (x,t), H(z, t). 


271f Ọ is an analytic Jordan curve, this result holds if ¢(ż), the function given 
on the boundary (which in our case is L,(t)) is continuous. (Walsh, Transactions 
of the American Mathematical Society, vol. 30 (1928), especially pp. 327 and 329.) 
If Cis rectifiable, this same result holds if ¢(¢) is merely Lebesgue integrable (in 
which case the approach holds almost everywhere and must be non-tangential). 
(Priwaloff, Comptes Rendus, vol. 178 (1924), pp. 611-614.) In the Priwaloff case , 
it is not clear (although probably true) that if ¢(¢) is continuous, then the approach 
holds everywhere on GC. If this is not the case, we shall regard it as assumed that 
C satisfies the Walsh condition. 2 

38 If we now undo the translation that was made temporarily, none of these 
properties of continuity in € + C will be altered. 
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‘In some of our theorems we had to insist on z being on any “ closed ” set 
in €, because we had not this last theorem. It will be clear that we can now 
amend some of the theorems, as follows: 


COROLLARY. In Theorem 9, uniform convergence maintains for z in 
E+C; Theorems 12 and 1Y combine to give uniform convergence for z in 
E+C; and Lemma 5 holds uniformly for z in E+ C. 


If we were to consider interchanging the rôles of {un} and {Zn}, or of 
{0n} and {M,}, we would define two. functions A (z, s), B(z, v) by the series 


a ‘ACe y= SMG) Teta) Yee), 
5 n=0 
B(z, 2) = = [Ln(2) — Mn(z) ]un(@). 


These functions are closely related to H and K. In fact we have the 


COROLLARY. The above series (53) converge uniformly in z and x for z 
on any “closed” set in E and «in &+C; and 
(54) A(z, £) = H (2,2); B(2, £) = K (a, 2). 
The convergence is immediate; and (54) follows from (33), (45) and (35), 
(43) (with reference to the preceding Corollary). 

This is as far as we shall carry the theory of the {wn}-, {vn}-sets. We 
_ now point out how the results of the present section can be applied to the 
convergencé question in methods of best approximation. 


THEOREM 21. Let un(s) == @n(a), Vn (2) = OQn(x), (n ==0,1,: + +) be 
two basic sets relative to a method In of best approximation, and let ®n (T), 
Qn(x) be analytic in a region A and continuous iù & +0, O being the 
boundary of &. We further assume: 


(i) Conditions A and B hold. 


(ii) If {ha(x)} is any sequence of functions analytic in à mä con- 
tinuous in & + C, then the operators {Li} that define the method M are 
term-wise applicable to every series Zcnhn(£) that conver ge uniformly on; 
every closed point set in &. 


2 We actually make use of (ii) only for the sequences h (@) = ®, (2), Q, (2). 
The following observation is of interest: By the Corollary to Condition A, each Q, (a ) 
has a ®, (#)-expansion unifornly convergent on any closed point set in §. Therefore 
(i) and Theorem 2) 


(14) 2, (s) = mn (2) + ey, n+l Ban (2) + Ennez Basal) Fe 
From (14) it is seen that Condition B will certainly be fulfilled if the coefficients. 


Cn nai 2Te chosen sufficiently small. 
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Under these conditions, if f(z) is any function analytic in & and con- 
tinuous in 3 + C, the approximating “ polynomials” s,(x) of f(x) (relative 
to the basic set {Q,(x)}) converge uniformly to f(x) on every closed point 
set in à. 


For: By Theorem 8, f(x) has an ©,(«)-expansion, uniformly convergent on 
; a 
any closed set in 2: (a) f(s) = È FxOQn(x). On the other hand, if Sn (2) 
0 
is the best “polynomial ” of n-th order, then (using (6) with ©, replaced 


by Qn), 

(b) so (a) om fo (2), $n (2) — Sn (T) = faa (£), 
(c) fa = Lafsn (2) — Sna (£) |. 

Also ((2)), 

(a) Lilsi(2)] = Lil f(x) ]. 


The theorem will be established if we show that- Fn == fn, (n = 0, 1,- °°), 
since (cf. (8)) sn(#) = > fiQ (£). By (ii) we may operate * with L; on (a): 
izo 


(e) Lilf] = Foli[M] + Fh] +---+ F], G= 0,1, 
Taking i = 0: Lo[F] = Polo[%]; Lolso] = FoLo[Qo]; therefore 
foLo[2] = FoLo[Q], and fo == Fo since Lo[2o] = 1.. Now assume that 
F, =fr, (r=0,1,--+,4—1); we shall complete the induction for 4: 
(e) reduces to i 


Li[f] = foL [Mo] + ALL] +--+ fiala] H Fi; 
Lifsi] = Li[so] + Lifsi—so] +: t e + Lilsia — si-2] + Fi; 
Dils] = Lilsi-] + Fi; Lilsi — sia] = Fi; 
therefore f — F;. This completes the proof.** 
A comparison of (8) with (28) and (39) yields the 


S 


COROLLARY. The coefficients in the Qu-expansion for f(x) are gwen ` 
(variously) by 


(55) fom gg f, oLa dt = gir f, FO Ma (e) dt = Lalea (2) — sea (2)]. 


« 
PENNSYLVANIA STATE COLLEGE. 


3 We also use (5): L; [2,] =0,i <n. 

at It is worth noting that in this theorem we do not assume the uniqueness Condi- 
tion ©. A possible choice of v,(#) is v, (#7) =u, (s) = ,(2). Hence, if we omit the 
details that make Theorem 21 precise, the sense of the theorem is contained in the 
statement: If Pap {2a} are two basic sets “ sufficiently close” to each other, they 
give essentially the same convergence properties to the respective best approximating 
“ polynomials.” 





GROUPS CONTAINING FIVE AND ONLY FIVE SQUARES. 
By G. A. MILLER. 


Let G represent a group such that the squares of its operators are five 
and only five distinct operators including the identity. When these five squares 
constitute a group it results that there are two and only two such groups 
which are not direct products. This is a special case of a general theorem 
relating to groups whose squares constitute a cyclic subgroup. When these 
squares do not constitute a group there are three possible cases, as follows: 
Two of them are of order 4 and two of order 2, two are of order 3 and two 
of order 2, or four of them are of order 2. In each of these cases the identity 


constitutes the fifth square. This is always found among the squares since 


it is the square of itself. 

When two cf the squares are of order 4 then the squares generate the 
abelian group of order 8 and of type (2,1) which includes two operators 
of order 4 and one of order 2 which are non-squares. These 8 operators con- 
stitute an invariant subgroup of G which corresponds to an abelian quotient 
group of order 2” and of type (1,1,1, > +). This invariant subgroup appears 
in an invariant abelian subgroup of order 16 and of type (3,1). Since G 
includes operators of order 4 whose common square is not equal to the square 
of the operators of order 4 which appear in this subgroup of order 16 the 
latter operators are not commutative with the former and they give rise to 
commutators of order 4 with respect to the operators of order 8 in the given 
subgroup of type (3,1). As these automorphisms are of order 2 these com- 
mutators are transformed into their inverses under G, 

For the sake of brevity in the statements it will be assumed in what 
follows that G is not the direct product of a group containing five and only 
five operators which are squares and of an abelian group of order 2” and of 
type (1,1,1,: +). The order of Œ cannot be less than 32 and when it is 
of this order its central is the four group contained in the given invariant 
abelian subgroup of type (8,1). There is one such G in which each of the 
operators of this invariant subgroup is transformed into its inverse and all 
of the remaining operators are of order 4 and have a common square which is 
distinct from the square of the operators of order 4 contained in the given 


1G. A. Miller, Proceedings of the National Academy of Sciences, vol. 20 (1934), 
pp. 203-206, 
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subgroup of order 16. There is no such @ in which each of the operators 
of this subgroup is transformed into its third power but there are two such 
@s in which the commutator subgroup is the cyclic group of order 4 which 
is not generated by an operator of order 8 contained in G. In one of these 


two groups 8 of the additional operators are of order 2 while in the other . 


all of the additional operators are of order 4 but have two distinct squares. 
Hence there results the following theorem: Every group which has the 
property that it contains five and only five operators which are squares, 
including such an operator of order 4, involves at least one of the three 
groups of order 32 which have this property. 

To determine all the possible groups of order 64 which contain five and 
only five operators which are squares including one of order 4 it is therefore 
only necessary to extend each of the three groups noted in the preceding 
theorem by 32 additional operators. These include 16 operators which are 
commutative with an operator of order 4 which is a square and hence each 
possible set of 32 additional operators includes an operator of order 2 which 
is commutative with this operator of order 4. To the first of the three given 
groups of order 32 we can adjoin three such sets of 32 operators and thus 
obtain three G’s of order 64. In two of these the given added operator of 
order 2 has only two conjugates under G while in the third it has four such 
conjugates. .To each of the other two given groups of order 32 we can adjoin 
only one such set of 32 operators. As all of these groups are distinct, there 
results the theorem that there are five and only fiwe groups of order 64 which 
separately have the property that they involve five and only five squares 
including such an operator of order 4. 

If such a G of order 128 exists it contains a subgroup of order 64 com- 


posed of all of its operators which are commutative with an operator t, of. 


order 4 which is a square under @ and all of whose operators of order 4 have 
a common square. Suppose first that this subgroup is abelian. An operator 
ta of order 4 in G whose square is different from 7,” is then commutative 
with at least 8 of the operators of this subgroup of order 64 and all of these 
operators besides the identity are of order 2. Hence @ involves an operator 
- of order 2 which is not contained in the subgroup generated by its squares 
but is commutative with all of its operators. It is therefore a direct product 
of an abelian group of order 2” and of type (1,1,1,: ++) and of a group 
which involves five and only five operators which are squares thereunder. 
Since such direct products have been excluded it results that the given sub- 
group of order 64 cannot be abelian. 

Its commutator subgroup cannot include an operator of order 4 since 


o 
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such an operator would be either ¢, or 1,5 and hence it could not arise from 
an operator of order 4 or from an operator of order 2 contained in this sub- 
group. The operators of these two orders contained in this subgroup therefore 
generate a characteristic subgroup of order 32 under G. As each of the co-sets 
of this subgroup with respect to the subgroup formed by the squares under G 
involves 4 operators of order 2 and such an operator of order 2 cannot be 
transformed under this subgroup into itself multiplied by #,? it results that 
the commutator subgroup of this group of order 64 is generated by ¢,7. Its 
central is of order 16 and either of type (2,1,1) or of type (3,1). In the 
former case it is easy to verify that no @ can exist while in the latter case 
there is one such G. Hence there are nine groups which have the property 
that each of them contains five and only five operators which are squares 
thereunder including at least one of order 4. Three of these are of order 32, 
five are of order 64, and one is of order 128. 

Suppose that the five operators which are squares under @ include an 
operator of order 3 and hence two such operators. Since all the operators 
which are squares under G are relatively commutative * it results that ‘such 
a G involves two and only two operators of order 2 which are squares and 
that each of the operators of order’4 in G transforms its operators of order 3 
into their inverses. Hence such a G contains a subgroup of index 2 which 
is the direct product of its subgroup of order 3 and an abelian group of order 
2” and of type (1,1,1,---). Each of its remaining operators is of order 4 
since its operators of order 4 have two and only two distinct squares and 
every two operators of order 4 in G which have distinct squares are non- 
commutative. It therefore results that the commutator subgroup of G is the 
cyclic group of order 6 and that there is one and only one group which satis- 
fies the condition that it has five and only five operators which are squares 
including an operator of order 3. The order of this group is 48 and it con- 
tains the direct product of the group of order 3 and the abelian group of 
order 8 and of type (1,1,1). 

It remains to consider the possible cases when the five operators which 
are squares include exactly four (sı, S2, Ss, S4) which are of order 2. These , 
four operators generate an abelian group whose order is either 8 or 16. We 
shall first prove that this order cannot be 16. If si, S2, 83, Sa would generate 
a group H of order 16 then H would appear in the central of G for reasons 
which follow. Such an operator s, could not be non-commutative with another 
operator s; of order 2 contained in G for if it were s, and s, would generate 


2 bid., vol. 19 (1933), pp. 1054-1057. 
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the octic group which would involve two of the three operators Se, Sa, S4 since 
the conjugate of an operator which is a square has the same property. As 
s, and these two operators would generate the four group the four operators 
S1, S2, S3, S4 could not then generate a group of order 16. 

If one of these four operators s> would be non-commutative with an 
operator t, of order 4 contained in G, it may be assumed that t? = sı and 
that tı transforms sz and s, into each other and is therefore commutative 
with sss. The group of order 8 generated by 81, S2, S3 would be invariant 
under #, and (t,8.)* would equal s,s2s3, which is impossible if Si, Se, Ss, Sa 
generate a group of order 16. It therefore follows that.if H were of order 16 
it would appear in the central of G and every two operators of order 4 con- 
tained in G which have different squares would be non-commutative. If such 
a G exists we may assume without loss of generality that t? = sı, t: = 82, 
ts? = Sp, and t? =s, It results directly that t» transforms ¢, into itself 
multiplied by one of the following five operators sı, S2, 8182, $1823, $1828, since 
H includes the commutator subgroup of G. We shall first prove that the 
fourth of these cases is impossible and hence the fifth is also impossible. 

In the fourth case ¢, and ts together with H generate a group of order 64 
and t,t, may be, assumed to be tz. The operator t, transforms each of the 
operators tı, te, tite into itself multiplied respectively by one of the following 
Operators: Sı, Sa, S184, 818482, $8483} Szy Sap Sosas S2Ss81, S2S4833 Ss, Say SaS 
$38451, S3848o. This is impossible because t, transforms ¢,¢2 into itself multi- 
plied by the product of its two commutators’ with ¢, and tə It therefore 
results that tə traiisforms ¢, into itself multiplied by one of the following 
three operators; sı, S2, 8:82. If we can prove that the first of these is impossible 
it will also prove that the second is impossible. Hence we assume that the - 
first condition is satisfied until we arrive at a contradiction. f 

The group of order 64 generated by H, tı, ta then involves only operators 
of order 4 in addition to H. The operator tł, gives rise to the following 
commutators with respect to tı, ta, tit, respectively: Sı, Sa, $1833 Se, Sa; S2833 
S2; 83, S2S3. Hence there is only one such subgroup of order 128 possible. 
In this t, gives rise to the following commutators ss, S2, 5283 with respect to 
‘tito, tit, respectively. Hence t4 gives rise with respect to tı, ts, tite, ts, tits, 
tala, ttt, respectively to the following commutators: S1, Say S1843 Se, Say S2843 
S2, Sas S2845 Sa, Sa, S3843 Siy Sas Si843 Sas Sa, Sasa; 1, 8184, SoS4, SaSa As these 
are obviously inconsistent such a subgroup of order 128 cannot appear in G. 
The existence of such a G therefore implies that ¢. gives rise to the com- 
mutators s,s. with respect to ¢, and hence it gives rise to the commutators 
$283, S384 With respect to tą and t, respectively. As this is impossible, since 
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it would give rise to too many squares, it has been proved that when a group 
involves five and only five operaters which are squares and four of them are 
.of order 2 then these four operators generate an invariant subgroup of order 8. 

If an operator of order 2 in G would not be commutative with every 
operator of this invariant subgroup H then it would be non-commutative with 
one of its operators s, which is a square and it and s, would generate an octic 
group involving three operators which are squares. This operator would 
therefore be commutative with exactly half of the operators of H since it is 
commutative with the remaining square of order 2. Hence at least one of the 
squares of G would be invariant under G since the co-sets with respect to 
H are invariant and therefore two of these squares would have this property. 
An operator whose square is a non-invariant operator of @ would therefore 
be commutative with every operator of H and hence all the operators of the . 
co-set with respect to H to which it belongs have the same square. This 
square is therefore invariant under G, which is contrary to the hypothesis. 
That is, we arrived at a contradiction by assuming that an operator of order 2 
in G is not commutative with every operator of H. If an operator of order 4 , 
in G were non-commutative with a square it would transform exactly two 
squares among themselves. Since no operator could be non-commutative with 
all of the four squares these squares could not be transformed under G 
according to a group of degree 4. It has been noted that only two squares 
could not be non-invariant. Hence, it results that H is in the central of G. 

It is easy to see that H is the central of G since this central cannot 
contain an operetor of order 4 and if it would contain an operator of order 2 
which does not appear in H then G would be a direct product. Hach of the 
possible groups appears in one and only one of the following three categories: 
The first is composed of those in which the product of every two distinct 
squares of order 2 is a non-square, the second of those in which at least two 
operators of order 4 which have different squares are commutative, the third 
of those in which the product of two squares is a square but no two operators 
of order 4 which have different squares are commutative. In the first case 
it may be assumed that the four squares of order 2 are Sı, Se, S3, 818283. In 
each of the other two cases it may be assumed that the squares of order 2 are 
$1, S2; 8182, Ss. The smallest order of a group which satisfies the conditions 
under consideration is 64. We proceed to determine all the groups of this 
order which belong to these three categories in the given order. 

We shall first prove that each of these groups contains a definite sub- 
group of order 32. To prove this we first extend H by an operator t, of 
order 4 whose square is s, and thus obtain an abelian subgroup of type (2,1,1). 
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This subgroup is then exterided by t2 whose square is sz so as to obtain a 
subgroup of order 32. We proceed to prove that this can always be so selected 


_ that t,¢, is of order 2 and hence it is completely determined. If t,t. were of 


« 


order 4 its square may be assumed to be different from sẹ} Hence ts whose 
square is s would have to transform this subgroup of order 32 so as to give 
rise’ to four commutators including at least one of the form s,s2. An operator 
of order 4 with respect to which ¢, gives rise to this commutator and t, have 
a product of order 2 since the square of such a product could not be of the 
form s,S2. This proves the following theorem: If a group involves five and 
only five operators which are squares including four of order 2 and if the 
product of no two distinct ones of these operators of order 2 is a square then 
the group contains a subgroup of order 32 generated by these squares and two 
operators of order 4 having distinct squares and a product of order 2. 

It may now be assumed that all the groups of order 64 belonging to the 
first of the three categories under consideration contain this subgroup of order 
32 generated by H, tı, t2 where t,t, is of order 2. There is obviously one and 
only one such group in which the product of every two operators of order 4 
which have different squares is of order 2. There is also one and only one such 
group in which ¢,¢, is of order 2 but tst is not of this order. To prove that 
in each of the remaining groups of this category each of the additional opera- 


tors is of order 4 it is only necessary to note that ttt, could not be of order 2 


in some one of them. This results from the fact that we may assume that 
tots is not of order 2 since we would otherwise get a group which is conjugate 
with the one already considered, and hence no commutator of the form ssa 
could arise from tą Each of these remaining groups therefore contains three 
pairs of operators of order 4 whose products are of order 2 and which are 
distinct modulo H and have distinct squares. In particular, each of these 
remaining groups involves three conjugate subgroups of order 32 which have 
the abelian subgroup of type (1, 1,1, 1) in common. 

Since an operator whose square is s,S,83; appears among those ee are 
added to the given group of order 32.it may be assumed without loss of 
generality that tą transforms ¢, into itself multiplied by s and that it trans- 
forms tə into itself multiplied by one of ‘the following four operators: 
1, 8182, 8183, S283. Hence there are two additional such groups of order 64. 


In one of these the commutator subgroup is of order 4 while in the other 


it is of order 8. It therefore results that there are four and only four groups 
of order 64 which separately satisfy the condition that they contain five and 
only five operators which are squares, including four of order 2, and that the 
product of no two squares is a square. 
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The second category of groups under consideration contains by hypothesis 
the abelian group of type (2,2,1). To extend this so as to obtain a G of 
order 64 it is necessary to add thereto an operator t, of order 4 whose square s, 
is the fourth square of order 2 in G. Since t, is not commutative with any 
operator of order 4 contained in this subgroup it must give rise to four 
distinct commutators with respect thereto and hence it transforms into its 
inverse at least one of these operators of order 4. Since H contains three 
subgroups of order 4 which include the square of the operator of order 4 
which is transformed into its inverse by t, and one of these subgroups corre- 
sponds to two possible G’s there results the following theorem: Four and 
only four groups of order 64 have the property that each of them contains 
five operators which are squares thereunder and contains the abelian group of 
type (2,2). 

It remains to determine the groups of order 64 which separately satisfy 
the condition that no two of their operators of order 4 which have different 
squares are commutative but that the product of the squares of two such 
operators is one of the four squares of order 2 contained therein. We may 
assume that ¢, and tz are non-commutative and that t? = $is2. We shall first 
consider the case when ttx is of order 2 and extend the subgroup of order 32 
generated by H, tı, ta by t4 so as to obtain one of the groups of order 64 which 
satisfies the given condition. It is easy to verify that t4 cannot transform 
one of the three operators tı, tə, t,t. into itself multiplied by ss. It can also 
not transform tta into itself multiplied by one of the following operators: 
$182, $183, 1, Sı, S2 since its product with one of the three operators t, ta, tite 
has s for its square. If tt» is transformed into itself multiplied by s,s. the 
group is completely determined. The commutator subgroup of this group 
is of order 4. l 

When #,¢, is transformed into itself multiplied by sıS28 the commutator 
subgroup is of order 8. There is one and only one such group and hence there 
are two possible groups of order 64 in which tts is of order 2. When tts is, 
of order 4 the square of their product may be one of the two operators sı, se 
or it may be sa In the former case we may assume witnout loss of generality * 
that the square of tıtz is ss. We do not need to consider the case when t, 
transforms t,t, into itself multiplied by s, since Œ would then contain two 
operators of order 4 having different squares whose product would be of order 
2. As before ¢, could not transform one of the operators tı, te, tit. into itself 
multiplied by s+ Moreover, ¢, could not transform tta into itself multiplied 
by one of the following operators: 1, Se, $1823, SoS3. If it transforms it into 
itself multiplied by s,s. then G is completely determined and involves only 
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operators of order 4 in addition to H. Hence there are seven and only seven 
groups of order 64 which separately satisfy the conditions that each contains 
five and only five operators which are squares, four being of order 2, and that 
no two operators of order 4 which have different squares are commutatwe but 
the product of two squares is a square. 
There is no upper limit for the orders of the remaining possible groups 
since every such group can be extended so as to obtain a group whose order is 
four times the order of the given group provided this group contains a sub- 
group of index 2 such that each of the remaining operators is of order 4. 
It is easy to verify that this condition is satisfied by groups in each of the 
three given categories and that when it is satisfied we may use the direct 
product of this group and a group of order 2 and adjoin to it an operator 
of order 4 which is commutative with an operator of order 4 not contained 
in the given subgroup of index 2, has the same square as the latter operator, 
and transforms this subgroup in the same manner as the given operator of 
order 4 transforms it. The resulting group can then be used in the same way 
to construct such a group of four times its own order and this process can 
be repeated indefinitely. Each of the infinite systems of groups thus obtained 
contains exactly five operators which are squares thereunder and four of these 
operators are of order 2. ` l 


CORRECTION AND ADDITION TO “COMPLEMENTS OF 
POTENTIAL THEORY.” ? 


By GRIFFITH C. Evans. 


Dr. F. G. Dressel has called my attention by means of an example to the 
necessity of a correction for Lemma II, p. 217, in the above mentioned memoir. 
In fact, the theorem of Daniell, quoted in the lemma, does not apply. The 
lemma should read as follows: 


Lemma IT. Let f(x) be bounded and measurable in the Borel sense, 
g:(@), go(x) of bounded variation and g,(£) or ga(x) continuous, a Sab; 
then g(x) = 91(2)g2(x) is of bounded variation, and 


(11) f Eda) = f Noned) + J Fe) g2(2)dgs (2). 


In the proof of the lemma omit (c), line 7, p. 218, replacing it by (d), 
and replace line 22, p. 218, by the inequality 


tm(b) — tm (a) S t(b) — t(a), 


for the total variation functions. Let g2(#), say, be continuous. There is 
then no need of gom(x), and the proof, in the case of f(x) continuous, ends 
with line 3, p. 219. The extension to f(x), bounded and measurable in the 
Borel sense, is the same as before. 

We note also the following: 


Lemma II’. Let gi(2), g(x) be of bounded ‘variation, asad, 
tı the total variation of g,, and N, the upper bound of | go(#)| overaSaSb. 
Then i f 


re 
| f, 9:(#)dge(2)| =| 9() —9(a)| + Na. 


1 American Journal of Mathematics, vol. 54 (1932), pp. 218-234. The example 
given by Dr. Dressel is the following: 
f(e) =1, oses, 
9:(%) =g (2) = 0, Ses., 
=], leox2, 
for which the left-hand member of (1.1) has the value 1 and the right-hand member 
the value 0. 
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In fact, let gin() be the continuous polygonal approximation to g: (®), 
of Lemma II. Then, gi.(b)g2(b) — gin(a) 92(a) = g (b) — g(a), and 


f gna) agate) = g0) — gla) — f gledgala) 


, if gan (2) dgo(x)| 5 | g(b) —g(a)| + {trn (b)— tin (4) } Ne 
But S | g) —g(a)| + 42. 
u 


tim f° gun(2)dga(2) = f°" g(2)än(2), 


so that the inequality is established. 

In the, proof of Lemma IV, p. 222, Lemma ITY should be cited for the 
inequality of line 11, p. 224, without making use of the previous equation. 

A general theorem of the type of Lemma II is the following one. 


THEOREM. Let f(x) be bounded and measurable Borel, and g.(), g2() 
of bounded variation, aS «= b; and let e, e be the sets respectively of 
values of « corresponding to the points of discontinuity of gi(x), ga(s). 
Then (1.1) is valid provided e, and ez have no points in common. 


There is evidently no loss in generality in assuming g,(x), ga(£) to be 
not negative and monotone-increasing. The function g(x) will then be of 
the same sort. Let f(x) be continuous, and write 


gi(z) == a(x) + Bi(x), (@=1, 2), 


where «;(@) is continuous and f:(#) is the corresponding “function of 
discontinuities.” We have 


S Foise) = f falan) + S fd eB) + ftaa) +f” teba, 


and by Lemma II, the identity (1.1) may be applied to every integral except 
the last. By proving that it applies to the last integral, the identity will be 
established for f(x) continuous, and may then be extended to f(s) bounded 
and measurable Borel, as before. i 

Accordingly it remains to prove that 


f fa(B:B2) -f FB.dB2 + f (B08, 


assuming f(z) to be continuous. 


CORRECTION AND ADDITION TO “ COMPLEMENTS OF POTENTIAL THEORY.” 625 


Consider first the case where 8, and 8, are step functions with merely 
‘a finite number of jumps B;, O; at values s == b;, «== c; respectively, with 
b,=¢ c; for all 4, j. Then, evidently, 


f. ” fd (BsB2) — Bef (bs) Be (b1) Bs + Buf (ei) Bs (6s) C 
= J F(0) Bala) aBs(e) + f Hele) dBa(2), 


where the integrals of the right-hand member are general (Daniell) integrals. 

Let now 8,(s) and f(x) be arbitrary functions of discontinuities, so 
that they may have a denumerable infinity of finite jumps. We define Bın(T) 
as a step function, approximating to 6,(x), with merely a finite number of 
jumps. In fact, let 61, b2,- - >, bz, be the values of æ at which the jump 
of B,(%) is 21/n. It may happen that a or b is a by. The function Bin(a) 
is to have discontinuities only at b1,- > -, bx, and at these points it is to have 
the same discontinuities as 8, (x), viz., 


Bin(@) = Bx (a) 
Bin(bi) — Bin(bi = 0) = Bi (bi) — Bi (b: + 0). 


It is clear that 
(I) lim Bin (T) = B(x), Srs b. 
n=00 


For on the one hand, Bin(v) S 8: (x). And on the other hand, given « > 0, 
we can find n so that the sum of all the finite jumps which are each in value 
< 1/n, will be < e. Consequently for n sufficiently large, Bin(x) > B:(@) —e, 
aS sb. Moreover, since Bin(%2) — Bin(%1) is merely the sum of discon- 
tinuities of 8ı(s) belonging to those finite jumps of 6,(x), in the interval 
2, S x S t, each of which is in value = 1/n, we have 


(II) Bin (%2) — Bin (21) S Bi(%2) — Bi (21), AZt Lt Sb. 


We define similarly functions Sm (£) approximating to 82(), and similar 
properties (I), (II) hold for the functions Bman (£) = Sin (£) ` Bem(x). In fact, 


Bin (®2) Bom (22) — Brn(%1) Bem (21) 
== {Bin (22) — Brn (T1) } Bem (2) + Bin(%1) {Bem(%2) — Bom (21) } 
S {Bi (2) — Bi (21) }B2 (22) + Br (21) {82 (22) — B2 (21) } 
== Bs (22) B2 (£2) — B: (21) Bo (21). 
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The hypotheses (I), an are the Spee of Daniell’s theorem,? whence 
lim a f 1@)Ba(2) dBm (2) =f" F(a) Ba (4al): 


But also 
lim of pale) dBal) =f NOBLE) | 


as an elementary property of the general integral. Since €1, €2 have no common 
elements, there are no common points of discontinuity of Bin, Bom, and 


- i b ab l b 
SE 2S f fBnm = Í. fBandBam + f fBomd Brn. 
By successive passages to the limit, the identity is established. 


UNIVERSITY OF CALIFORNIA, 
BERKELEY, CALIFORNIA. 


2P, J. Daniell, “ Further properties of the general integral,” Annals of Mathe- 
matics, vol. 21 (1920), pp. 203-220. See p. 218. 
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. ON A CERTAIN CLASS OF ORTHOGONAL POLYNOMIALS. 


By A. TARTLER. 


Introduction. Let y(x) denote a bounded non-decreasing function— 
“characteristic function ”—with infinitely many points of increase on the 
finite or infinite interval (2, b) and such that 


_ all “moments ” af" sidy (a) exist (i=0, 1, o), with æo > 0.7 


The object of this paper is to study the system of orthogonal and normal 
polynomials 


(1) (s; ayy uaa) tae — Ba p+ -= tUa (2; df) = iUa (2) 
(n = = 0, ae 5 Ün > 0) 


corresponding to the more general characteristic function of bounded variation. 
ġ(z) a (t—a)dy(t) (a<«< b), with moments £; -f atdy (2). 
(¢=1,2,---), 


. and their relation to the system of polynomials 


(2) dn(2) = Gn (T5 dp) ane F tyro +--+ (de > 0; m—=0,1,--:) 
E= An Py (L) = an (1 — Spo"? + > - ), r 


having the fundamental property 


(3) f bm (£) bn (T) dy (2) = bmn (mn—0,1,-° 9). 
(3) is equivalent to l i 

l 2b 
(4) S pa (T) Gni (t) dy (2) = 0, 


8 : a A 
where G(x) = $ giv* here and hereafter stands for an arbitrary polynomial 
i=0 Pe ia 


1 We assume the non-existence of numbers c, d such that. 
to : b 
Í. dy (2) =Í; WO, (eee Peo). 
d 
a Retreat Re nt, i we SES ye eae tee ey 2 
at Seay eet hy ate e 63 
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of degree Ss. Our main purpose is to show how far the known properties 
of the system (2) are extendable to (1). The results obtained are an extension 
of those announced, without proof, by J. Shohat.? 


1. Some needed properties of orthogonal polynomials. i 


(i) (Ba(£) = (8 — Gn) Pn- (2) — AnPn-o (T) ; An = @ n2/@ nr 3 


i 8. S 6 d z2); 
(5) Cn = Sn — m= Tn- (a) dy (aw) (n 2 2); 
eae le Ay = Qo}. Sn = DC (n2 1). 


(ii) The polynomials ®,(a) are the denominators of the successive con- 
vergents of the “ associated ” continued fraction ° l 


(6) f dy (y) aj à / unai Ao / 


B—y  /@—C, /£—C, 





(iii) If Zaun * *, nn denote the zeros of (x), then 
(7) @< Bim L in L Gani L Van <0 << Enn L Caan < D. 


(iv) Darboux’ formula,* which are of fundamental importance in the 
discussion which follows 


Ky (a, t; dy) =K,(2, t) = > $i(2) qi (t) 
In dns (&) u(t) — pna (t) da(s) 


One : z—t 


(8) 
Ky (a, £; dy) = Kn (2) = = ee 


me pna (2%) 6’n(X) J. 





(v) Let {pia} {éra} (6 1,2,°- ae denote respectively the zeros 
of gn(@3 dy), pn(2; dya), with 


g v 
< ja(2) =f (t—a)dy(t), Yo(a) =f (b—t)dy(t) (aSaSbd): 
(9) @< Tima L Éin < Bin L Mn L Boma L Eon <L Ton <L Non . 
< Lent. | eS En,m+1 < Enyn < En,n < Ynn < TnL, n+l < b. : 


2 Jacques Chokhate (J. Shohat), “Sur les fractions continues algébriques,” Comptes 
Rendus, vol. 191 (1930), p. 474. 

20. Perron, Die Lehre von den Kettenbriichen, Teubner, 1918, p. 377. 

+ Darboux, “Mémoire sur Vapproximation des fonctions de très grands nombres,” 
Journal de Mathématiques (3), vol. 4 (1878), pp. 5-56, 377-416. 
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2. Existence of the system of orthogonal polynomials Un(a%; ab). The 
fundamental problem is to derive conditions assuring the existence of a 
sequence of polynomials U,(#) defined in (1), seu: either one of the 
equivalent conditions of orthogonality : 


f. Tal2) Gni (E)E) = f° Un (2) Grale) (e— a) ay(2) = 0 
(10) E (n=1,2, >), 
f Walz) Um(2) (@—a) dpe) = 0 (nae m5 mm=0,1,2,: °). 


n+l 
Using (8, 10), we get, writing (£ — a)Un (z) = > Aip: (£): 


420 
(11) (a — a) Un(@) = Annpna (£) + Andn(e)> 
woe 1 Z: dns (a) 
Ana = Gna ? Andn(a) = aay SE a R 


If a(€) 40, Ax is uniquely determined. If ¢,(«) = 0, then necessarily 
dni (%) 5&0 (see (7)) and A» does not exist. This, combined with Darboux’ 
formula (8), leads to 


THEOREM I. A necessary and sufficient condition that Un (£) satisfying 
(10) exist for a given n, is: dn(%) 0. Un(x) is then uniquely determined: 





a 1 nss (%) bn (%) — diner (%) palT) _ Kn (a, 2) 
(13) Un(o) = Ansipnla) z—a T Ondn(%) 
; Kn (a) 
COROLLARY. If Un(x) esist, then Un(a) dela) Æ 0. 


If dn (a) = 0, then by (11) As — 0 and 
(18), (18) Tafa) FT, 2) Gan) aH(2) — 05 


ie, the degree of the arbitrary polynomial G(x) being here as high as 
n — the degree of Un(x). Conversely, by (12, 3), if a polynomial 
Un(v) ==" 4+- - satisfies (13’), then necessarily dnii(%) 0. As an 
immediate consequence of Theorem I we state the important 


THEOREM II. en(a) #0 for n215 implies the existence of a set of 
orthogonal polynomials U (x) =a" +--> - of all degrees (n =0,1,: >) 
satisfying (10) and uniquely determined by means of (12). 


Hereafter we assume $:(«)540 (n = 1) unless explicitly stated otherwise. 


ë Infinitely many such a exist in any subinterval of (a, b). 
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3. Normalization of the system Un(x). By virtue of (8,8) 


Pnr (a) Qn : 
Onset 


f? Kala, a) Gala) dyla) =— 


Take here Gu(x) = K,(a,«) and use (12): 





f, " K? (2, a)dý (2) =— FH dna (è) da (0), 





(14) E Un? (x)dy (s) = — a = af (as + 1; än > 0), ' 
Loa ipn (E) | 1 
Gn? | Gn (%) | Anin 

C OLO = agn [ — S28) 


Thus the integral in (15) is positive or negative, contrary to what we shall 
call the “ ordinary” case, i.e. that of a monotonic characteristic function. 


Turning to (7), we get at once 


(16) pa== 41 for a < timi OT Ten LA <L Lern’ 
pt N pa ==—— 1 for Dema <E <L dem, OT Tran L A.. 
4. The recurrence relation for Un(x). Write 

(17) Tn(2) = (£ — ĉn) Una (2) + Pno() (én = const. ), 


where Pn-a(£) is a polynomial of degree =n—2. Making use of (10), 
we get at once: 


(18) i= f P ale) Gx e—a) 


The jopies of Paa a cannot. be less. than n— 3. For otherwise, we ‘could 
take in ( z Gn-s (£) = (£ — a) Pu-2(%) and thus render the integrand non- 
negative.” Pa-z(x) cannot be of degree n — 3 for then (18) would be equiva- 
lent to (18) , which in turn implies ¢$n-2(%} = 0, contrary. to our assump- 
tion (§2). Hence, Pn(x) is actually of degree n—-2. Moreover, (18) 
being nothing but the condition of orthogonality (10), Pns(#) differs from 
Un-2(x) by a constant factor only, so that (17) -becomes 


(19) Un(a) = (£ — Gn) Una(@) —AnUn-2(2) (W223 Gn, An = const.). 


We thus obtain for {Un(«)} a recurrence relation precisely of the same type 
as (5). .(19) yields through (10, 14) by comparing coefficients: 
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a ai Unr(a)orap(2) © N 


a a oe a eee == Pn-1Pn~2 ae (n = 2), 
pa Uno(x)a”*dy(ax) as 
(20) sUn (x) dp (2x) 
is iene EOLO 
J, Po (n 223 & = B/B), 


n 
f | w= Sa, i= eee Ae 
4=1 





It follows that in the case under consideration X» are not all ponies coia 
to the ordinary case. 
Introduce, as in the ordinary case (Perron, J. c.), the “ associated ” power 
series and continued fraction 
bdv(y) JS Bi Ai/ 22/ SAL 
21 tA |: (9: (#)-polynomials). 
(21) a ty ~2 wei 7q,(z) Jale) (q: (x)-polynomials) 


The n-th convergent of the latter we denote by Pr{2)/Qn(@), Qn(x) being of 
degree un (n = 0). Then, its fundamental property: 


è dy(y) _ Pale). 1. 5 
ie JS, t—yY i Qn (x) a gintan 
leads to the orthogonality property for Qn(2) : 

b A 

f Qn (T) Gp,-1(@) dy (x)= 0. 


Hence, we may identify Q,(z) with Um (£), or with Up-(£) according as 
dp, (%) is, or is not, zero. If ¢a(a) ~0 for n È 1, the degrees of the de- 
nominators of the successive convergents in (21). differ by one and all the - 
Qn(z) are of the first degree, as in (6) above: ; 





od Xa Xz Ll. a 
eD f° DEO Bl gag Oas dye from (20). 


We take Ny = Bos for, by (22), 


feo - += 1 EF 
at—y sr—ā \]' E 

5. The zeros of Un(x) compared with those cf ¢nii(v). Denote the 
zeros of Un(x) by Zin (== 1,2,°-+,03; 0721). By (12): 


ê (1/as) generally stands for c,/xs +-¢,/msti+.-. (e, 0). 
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(24) (Tims a æ) (Tirim E a) Un (ini) Un (Tirna) 
2 . 
= oe bn (Tin) bn (Tirna) <0. 
Considering the sign of the product of the first two factors in’ the left-hand 
member of (24), we readily arrive at 


Turorrem JIT. The interval (Gina, Zisma) contains either no zeros, or 
one zero, of Un(x), according as a is, or is not, an interior point of it. 


Remark. ' (13) shows that if æ is one of the zeros of n+ (x), its remaining 
n zeros are precisely those of Un(x). This case was excluded and is men- 
tioned here merely as a limiting case when œ tends to a zero of ¢2.(2) 


(CE § 6). 


COROLLARY. If @ < tima OF > Tnn,n the zeros of Un(a) separate those 


of dns (2). 


We proceed to investigate more closely the case when @ is an interior 
point of one of the intervals (Ermi; Eerma) (k=1,2,---,n). Since 
Erna L Tin L Lerne It is convenient to consider two cases: 


(i) Vena L A < Tin. In (12) put © = Breiner: 





1 + 
(Ensim — a) Un (Tni, net) ers cae n hata bn (Ens) . 
Here Enana — a > 0, — $m (9) <0 (see (7)), n(mmn) > 0; hence 


SOJ 
Un(Ennn) <0 and Un(x) has one and only one zero in the interval 


(Dirim + a ). 


(ii) tan < % < Mera. We find in a similar manner that U,(a) has 
one and only one zero in the interval (— œ, tinn). 


We proceed further to specify the values of æ for which the zeros of Un(a), 
for a given n, include either a or b (assumed to be finite). To this end ` 
consider $, (£) = 6, (2; dy.) for which 


t—— k,n 


fo {EFE a(o) (@— tnde) 0 (1S BSn). 


Hence, by virtue of Theorem I (uniqueness) : 


Un (2; (7 — fn) dp) =— CIEE h, 


T — Ék,n 
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Similarly we treat the point z = a by means of a(z; dy). In other words, 
if @ is a zero of the polynomial ©,(@;dyji.2), one of the zeros of Un(a) 
coincides correspondingly with a or b. This conclusion fully harmonizes with 
the inequalities and the results of §§ 2, 3. 


6. The zeros {fin} of Un(x) as functions of a. 
Turorem IV. {f:n} increase with a. 


Proof. Differentiate with respect to æ the relation Ki(in,«) =0 
(see (12)): 


OK n (Ein, &) 
(25) Oss Se (Eee Cee eer 
da OK n (Fin, &) a pues ne 
Pim 


Develop the right-hand member in (25), making use of (12): 


atin aoe g(x, Zin) — qv ere 7 
“da ~~ g(Bin, a) (9 (&, 9) = pnn (E)n (Y) — Gnu (y) $’n(@) ). 
The desired result, namely 


din 


“a 7’ (t= 1,2,---,n; » 21) 


will be established if we succeed in showing that 
g(%, Tim) g (Fin, a) >0. 
But this latter inequality follows from the readily verifiable identity 


g(2,y)g (y, £) =g (z)g(y) 
+ [palega (Y) — $'n(y) p nalt) ] [ner (2) bn (y) — pnn (y) on(2) J, 


Ona = 
(g(#) =9(a,2) = T $ 4(2)) 
which leads to 
a 


2 GA n 
ni S pi (a) D pi? (Zim) > 0. 
4=0 4=0 





9(%, i,m) g (Fins 2) = g (4) 9 (Fin) = -7 


Remark. The above general theorem holds for any real «, inside or 
outside (a, b). 

The results of § 5, together with Theorem IV, are sufficient to describe 
completely the behavior of {Zin} as @ varies increasingly from — œ to + oo. 
This description is summarized in the following table. It will be recalled 
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(§ 2) that when «æ is a zero of ġn(£), Un(w) does not exist, but Un.(z) 
necessarily exists; at this point it is convenient to regard it as the polynomial 
U,(#), with one of its zeros infinite. T 














& Lin 
OG < Tin Vina < Lin < Tirns . (i=1, 2n). 
$ a = Er n in = Cisne ` (i= 1,2, n) 
7 Cima < ax Ein Liner L Vian < Tinel (i = 2, 3,777, m+ 1; Enigmi E= b) . 
a= Ên Ein = irn (i=1, 2, n— i1), fan = : 
bin < A <L Tin Liner < iam < isn (T= 2,8 n), nnb 
C= Tim Enon = F ©, OF yn =— o - 
Bim < A < M,a Žin < Q, Timi < Fin L Tin (4 = 28,3,°°° ? n) 
a = Mn Tin =l, Žin = Nim (t= 2, 3, n) 
Nin LAL Lone! 4 < fam < Timis Vima < Fin < Cisne (i = 2, 8; n) 
FE q Tomi Tin = 4, Lin = Nhi,n (i= 2,3, n) 
œ varies from Zi varies as from * to **, with 
Toni to Lnitne1| - proper changes of indices. : 
Cnsimar < A Liner Bin <L Lisine (i =]; 2, n) . 


7. On the separation of the zeros of Un(x) and Uns (z). Here we use 
Ka(x, «) instead of Un(£). Consider first the case when aa< Tm Here 
(§ 5) the zeros Zin of Kn(z, «) separate the zeros of nma (2) : 


(26) A< Tima < Tin < To,n+i < don St <S Ënn < Tram L b. 


We note that if (26) holds for n = no, it does so for n.< no, for the hypothesis 
æ < Tın implies « < sym, Mm < n + 1, by virtue of (7). Furthermore, 


(27) , Ena (Zin, %) Enr (Fiss,ny a) = Pma (%) pnr (Ein) nea (Zirin) > 
( 28 ) Ensi (Gina; %) Kaa (Turmas %) = Kn (ine, 0) Kn (Lisni 2). 


The right-hand member of (27) being negative by virtue of (26), it follows 
that Kn (a, a) changes sign an odd. number of times in each of the intervals 
(Zin, Zien) (i= 1,2,-+-,m—1). Moreover, the right-hand member of 
(28) being also negative, we conclude that it changes sign in each of these 
intervals only once. Hence, 


% < Tims implies Fins S Tin < omna < Ban St < Inn < Fed ners 


The same inequalities hold if tnn <a - 
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Assume now that a separates two of the zeros of ¢nau(%); say, 
Dima L O L Oram Here ($5) Kn(x,%) has no zero in (Trn Gisrns1) p 
has one zero in each of the remaining intervals (Sim tinna) (Æ k). 
in (27 ) ts k — 1, its right-hand member is negative, and Kna (a, 2) ee 
sign in the corresponding intervals (Zin, Žim) (134k) at least once. We 
now assert that Knisi(2,«) changes sign twice in the interval (12, fn) 5 
more precisely, it changes sign in each of the subintervals (4-1,n, n+) > 
(Ersin Gn). In fact, 


Kpn ( Tran a) = rnn (Zrin) Ọna (a) > 


an dni (&) bn (Tk, ma) 


Knn (Zt,nsr, a) = Kn (tine, a) ret 


On+1 Uk,ns1 — Q 
7 a a Ëra, Tr, 
Kun (Seam 0) Ena (irmo a) =— 2 aa aalan lane) , 
N+ n+l TT 


Furthermore, since sgn pns (r-n) = (— 1), sgn pn (Trma) = (— 1)", 


Knn (Frun 6) Kns (Erma a) < 0, 
and similarly, . eae 
Kun (Fem; & )Ena (Trma æ) <0. 


The last two inequalities prove our assertion. Thus we state 


THEOREM V. (i) @ < dinar OF > nima implies: the zeros of Un(z) 
separate those of Uniu(); (ii) ten < & < Grn implies: each of the 
intervals (in, Zisu) (t34h—1) contains one zero and the interval 
(Gx-s,n) Tn) contains two zeros of Unss(x). 


(The one remaining zero of Uni (x) is either < Zn or > Ënn). 
It is known for the ordinary case that the zeros of @n(x) for n very 
large are everywhere dense in (a, b), provided 


bs 
(29) f dy(t)40 (aSa,<b, <b) 
This, combined with Theorem V leads to the 


COROLLARY. Under (29) the zeros of Un(x) for n very large are every- 
where dense in (a, b). 


8. The mechanical quadratures formula related to Un(x). We consider 
the mechanical quadratures formula—a direct application of the Lagrange 
interpolation formula— 
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(30) f eoa) k hiatal) 
i («—&:) df (2) 
A @—bt) { II (© —&) i 


where {¢:} denote n distinct points arbitrarily chosen. If we write - 





hin = 


Gana (2) = Gna (2) II (@— ti) +G” (2) 
į=1 n- 
and make use of the orthogonality properties (10), we arrive at 


Turorem VI. The mechanical quadratures formula (30) holds for 
Gan- (£) if, and only if, the points €; are zeros of Un(2). 


We thus get a formula of Gauss’ type 
b ‘ no 
(31) J Gens (a) d(e) = È BanG (Esn) 
@ 


(m= f° e E) 


We get further, knowing that Zins4, and taking in (31) successively 


E U(x) 3 Un (x) B i 
Gull e a 9 


fe E d e ak On 


— UVa) Vme 
Sad i 8 imma zal. (ESETE ae (Z: yn) } ae ay (2) 
Š <a 
x for Žin Sy 


Here again we find an essential difference between the case under con- 
sideration and the ordinary one (where all the coefficients in the mechanical 
quadratures fonmula of type (31): are positive). 

We proceed to derive an interesting expression for H;,, in terms of K, (a). 
The orthogonality property (10) rewritten as 


£4 n(x) (@— a) 


T — Žin 


\ Gale) (2 Fin) dy (2) =0 


shows the existence of a polynomial of degree n 


ON A CERTAIN CLASS OF ORTHOGONAL POLYNOMIALS. 637 


Un (23 dp) (x2 — ay 


T — Zin 


U(x; (t@—Fin) dp) = 
orthogonal in (a,b) with! respect to the characteristic function 
iin | (E— n)a). 
We derive successively : : 


Un(z; dim) (t — in) n U'n (di n dy) = Dn (%i,n5 dyin) i 


t — g Lin — % 


Substitute in (81) and apply (12, 8, 3): 





On(@; db) = 


fin — Q 
Kn (Zin; dp) 
(83) is another proof of the inequalities in (82). It also mey give indication * 
as to the asymptotic behavior of Hin for n —> œ. 


(38). Ë imn = (i=1;2,: E sn). 


9. Extension of Darboux’ formulae. The recurrence relation (19) readily 
leads to 


Un (L) Una (Y) — Un (Y) Una (2) 


V pn-apndnas == Unt n Un-1 (y) 


oy 
K,(2, y) EnF a E eusina, 


K,(2, £) == Bn 





Thus Darboux formulae th hold in our case without any modification. 


10. A mechanical quadratures formula with a page interior point. Con- 
sider the mechanical quadratures formula 


(34) ` f Gu (2)dy(2) = È Hin Gals) 
Ñ (© —&) ay (2) 


* (@—ts) (i fi (ee) DA ga 
where the points {¢;} (t= 0, 1,: - -, 7%) are distinct and fo =a is arbitrarily 
fixed inside (a,b). We may show by the method of § 8 that (34) holds for 
Gsn(x), provided ġn(a) 40 (n—1,2,---+), Ein = ix (t= 1,2,---, 0), 
the zeros of Un(z), so that (see (33) ) 


7 This could be illustrated by means of Hermite polynomials. 
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Hin 1 ae ore ere 
(35) TN eg RE) G=], 2, >t), Ho,n = Enl) ý 
` Assume. (a,b) to be finite. Since Zin (t= 2,3, <, ,n—1) and at 


least one of the two zeros žin, En,, are always in (a,b), (35) shows that the 
‘ corresponding Fim tend to zero as n—> œ, in all cases for which th is known 
that Hin—>0. (See § 11 below). 
We get further, taking in (84) successively 


Gan (2) = TER AEA pe { aa } > 
Hem f, (ee raa] O l 
EEE AEE 
Hon f io Ua) x fe dy (x), l 


(36) Š Hin -f dy (z). 











We see that here all Hi,» are positive. 


11. ZUchebycheff inequalities related to Un(x). Denote the set of points 
a, {Zin} (i = a S85 n) by Yuma < Yzma L` < Ynrin change the 
numbering of H;,, in (34) accordingly and rewrite it as 


b nti 
J, On) dp (2) = È iGo (Yin). 


Following Stieltjes 8 (and Markoff), construct Gen (x) subject to the following 
conditions: 


Gon (Yim) =] . (i =1,2,---,k), 
Gon (Yin) =0 (i =k+1, k +32, ` n+l), 
Gon (Yima) = 0 (SiS n+ l, ik). 


These 2n -+ 1 conditions determine cae) uniquely. penis G’on(@) has 
“n zeros at the points yin (t= 1,2, -,k—1,k+1,- ua 1) and, 
by Rolle’s theorem, k — 1 zeros inside (Yim Yin) (= 1,2,° ++, #—1), 
and n— k zeros inside (Yin; Yin) (=k, k+1,°-°, nti), with 
n +- (k— 1) -+n—k=2n—1. It follows readily that 


-Gon(@) 20 for all z, 21 for oS penn, 


8 Stieltjes, “ Quelques recherches sur les quadratures dites mécaniques,” Cluvres, 
vol. 1, pp. 377-396. 
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b Hkn 
fi, Gan) dp (@) = Hy + EE: S OTTO 
a ae if Zan Sb 
k =1,2,-- “yn, if fan > b 
(37) Hpi ‘+H f e) 


a 
k=1,2,---,n-+1, if Ena S&D 
| k= 1,2, +, 2, if nn > 0. 


Similarly, using the polynomial Ten(x) such that 


Ton (Yin) = 0 (i=1,2,---,h); 
PonYinun) =1 ‘(G=k+1,k+2,---,n+1); 
P'on(Yinn) = 0 (1SiSn+1;i4b+1): 
b 
(88) Hra + Hre ++ o + Aan S dy (x) (k = 1,2, +n), 
Yktim+l z 


and combining this with (36) : 
Ultimi 
(69) Ht Het HSS Cie eLan) 
G 
The inequalities (37, 39) constitute an extension to our case of the important 
Tchebycheff inequalities. It follows readily that 


. (40) H, S h(a) : i (k = 2, By sn), 


Yrtti 
ent ' . b . 
H, sf’ dpa), Ha <f dy(w). 
a ynny 
Hence, if y(x) is continuous in the finite interval (a,b) which contains no 


by 
subinterval (a, bı) such that dy(x) = 0, then (see Corollary to Theorem 


ay 
V) Hi 0 as > œ (i= 1,2,---,n +1). By virtue of (35) we infer 
that Ka (a) — œ as n— œ for any fixed: This result combined with a 
theorem due to Hamburger? gives a direct and elementary proof of the im- 
portant fact that the moment problem for a finite interval is determined. 


12. On the associated continued fraction. i f A 


Turogem VI. If r(x) is a continuous. function having $ changes of sign 
between a and b and y(x) is of the nature indicated, then in the associated 
continued fraction l 


O OADE A dof 
CEO a -7nay 


° H. Hamburger, “über eine Erweiterung des Stieltjesschen Momentenproblem,” 
Mathematische Annalen, vol. 81 (1920), pp. 235-319, Theorem XVII. 
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the degrees of the polynomials qi(£) (i= 1,2,: - -) cannot exceed s+ 1. 
Proof. We have formally, denoting the i-th convergent of (41) by 

Qi (z)/$: (£), with @;(@) = g + puat -i 

X An b 1 
F(a) = 32 (a= f roio), Peale) — ale) = (ir) 
and expanding the left-hand member : 

Aj po F &jnpi + "+ ahu = 0 (j = 0,1, -ty pin m 2), 


which is-equivalent to 


: 
(42) MEOLO ROLIO a (Gm 1B). 
a 
Were a certain qi(x) in (41) of degree > s + 1, we would have 
kin — pi > S +1, Pin — 2 È m +s, 


and we could render (42) impossible by choosing Gma-2(£) in (42) so that 
7 (2) Gu,.2(@) 20 foraseSb. The results of § 13 below show that the 
upper bound for the degree of q(x) as given in Theorem VI is the best 
possible. 


13. The case ¢n(%) =0. Here (§2) Un(x) does not exist, Un+(a) and 
Unii(x), however, necessarily exist (since ¢n-1(%)dnu(«%) 40). Moreover, 
by (183), 

b 
f Un (2) Gna (2) (£ —a)dy(£) = 0 
We get, writing 


(48) Unaa(@) = (2? + bnat + na) Una (2) + Pr-2(2) 
(Pa-2(£) — polynomial of degree = n — 2): 


b 
(44) f Pr()Gna(2) (2— a) dy(a) =0 ` (see (10)). 
@ 
(44) can be satisfied in the following cases only 
(i) Paaa) =0; (ii) Paola) —=—InaUna(2), if boo(a) 405 
Gii) Pa2(2) =—IniUns(2), if pno(%) = pa (4) = 0. 
(i) is impossible. In fact, it leads, through (13’, 10), to 


z i b 
Unn (2) = (2? + bnat + ns) Un- (7), f sUn (2) (z — a) diy (x) = 0; 
f a 
while on the other hand by (13), 
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SPT nal) (2—a)dy(2) = f a — aes (2—a)dy (2) ==; =; 0. 
(ii) Here (43) becomes 

(45) Una (2) = (2? + brns + nn) Una (2) — In Un-2(2). 

We find as above (see (20)): 


f "Ptaa 





Tise a L Qn-1On-26n-2 (a) 
nt == 5 SS ae es 
f. Unao 05 (2) w o N 
a 
f PUn (2) dy(2) 
Bnet = —, Sn-1 Sra == Sy — Snir 





J. U?ni (a) dy (2) 


Snai ga Iunio 


Multiplying (45) by 2"(c—«)dy(x), integrating, and making use of 
(10, 13, 2), we get further: 


Q On,n-2 
8 Ss a N+ ] Ra [ g $ 8 [ane "i ] 
[ NHL N+2 Anas nln On 


An-2 pn2(%) 
Fae On-1 n-1(%) 


Furthermore, using (12), we get 


An-2n-2(%) 


+ (Sn — na) Snn + nı = 0. 


Sha = Sn- S 


anapun la)’ 
n+ — [ Snan — Sea | — | Saino — Seea | 
k n+2 
On-zbn-2 (0) 3 
+ napra (a) Cn41 -+ Kn (Snn Sn-1) . 


Ta the so-called “ symmetric” case (¥(x)==—y(— <£); (a, b)= (—h,h)) 








n 
n = Cn = 0 (n zt), ee =— Dr, 
so that On i=2 
FA z m Pn- (0) z ‘“ +23 
| Ons = Šn-1 = — V An Paa Enea = — Aniz — Àm (“ synmetric ” case). 
n-i 


(iii) ġn(a) = ġn-2(4) = 0. Proceeding as before, we, get: 


Qaa T = = 
lng = a2 > bnn = Spa — Sna = Sa — Snn; 
M $ 


n = [ Sraa — mt J| Baa ma — ee + Snir (Snot si n-1) > 


n+2 





Bust = 05; | ns == — Àn — Ana (“symmetric ” case). 
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If $n(a@) = 0, pni (0) 0, we write, 


Una(2)—(8—havs) Unn (2) + Pa (2), end f Pa (2) Gna (2) (1—0) dy (2) 0. 
Hence, : 
(46) Pa (z) = — Ina (2), Uns2(2) = (x — kn) Uns (2) — lnsoU n-i (£), 


and as above 
Un? base (a) Anal Pra ( a) 


ln = — Anio Pral)? an2 nin (%) ` 
In order to illustrate we take in Theorem VI r(x) == s — « and assume 
$1 (%)bo(@) > > -pral(a) 40, la) =0. Then the polynomials qi (x) 
(¢==1,2,-++,&—1) in (41) are all of the first degree, while qx(x) is of 
the second degree. Correspondingly, the recurrence relation (19) holds for 
(n==1,2,--+,4—1); for n=k-+1 its character changes as indicated 
under (ii), (iii). (For n = k, (19) does not exist). 


kenga = Cna — 


Case (iii) is possible. This is evident in the symmetric case with a == 0, 
for here don1(a) = 0 (n=1,2,---) so that all the g:(#) in (41) are of 
degree 2. This shows that the upper bound for the degree of gi(x) as given 
in Theorem VI is actually attained in this case. 


14. A minimum property of Un(x). Among all polynomials Ga (£) such 
Kn(%,%) _ anpn(a) Un (2) 








that Gn (a) = 1 (du(a) 0), it is the polynomial Kal) Kalo) 


b 1 
which minimizes the tegai f. Gn? (x£)dy (x£), with the minimum Eta d (a; dp) 


The proof can be easily accomplished by using the methods of constrained 
extrema. 


15. The case of two changes of sign. We wish to investigate the existence 
of a system of polynomials 


{Va (2) =a" +-- - +} (m= 0,1,: + >) 
satisfying the condition of orthogonality 


(41) S Val2)Gn(2)a¥(a), with ple) = f (E — o) (tas) dpt), 


i i (a < @ı < a <b). 
We get as above (see § 2), writing 


{z — @,) (£ — a) Va (T) =F dig: (z): 
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Ansonia (1) + Angn(%) =— rsa (4) 


Ona 
nse (Gs) 


Ana 


(48) 
Anuone (a2) + Andu( G2) = 


The determinant of (48) is 





a , 
= (a, — a2) Kn (ai Ge). 
an 


The condition Kn (a, a2) 54 0 is thus seen to be sufficient for the existence 
of Va(x) satisfying (47). Furthermore, this condition insures the unique 
determination of V(x) in the form f 
Qn niz (x) rst (x) gn (x) 
Qnia (A1) Pn (M1) gn (a3)| 


Val) = ————————__——_——_——. 
(x) nån (%1 — G2) Kn (1, %) (@ — &) (4 — ae) naa Ga) nei (G2) gn (2) 


In particular, if Kn(o1, %) £0 and dnyo(@1) = dns (@2) = 0, 


dns (2) 
Va(z) = Gna (® — 0) (@— aa) * 


` 


Moreover, in this latter case (47) is replaced .by 


J Vole) Gres (0) di) = 0. 


On the other hand, if Kn (a1, &2) = 0, the consistency of the system (48) 
requires the matrix f . 


Pma (a) j Qn (21) on(%) 
Pnz (a) Pn (a2) $n (a2) 


to be of rank one. We proceed to show that this is possible. In the first place, 
we must have 

















nso (0) Pns (21) | Ün2 . A 
= — de Kn: ly %2 = 0, Kn 3 2 = 0, 
nae ( a2) Pn (Ge) | Qni (a a) (a %) (a %) 


which, combined with the assumed relation Kn(a1, %) = 0, gives 
nis (1) brea (22) = 0. . 


If we assume now that n+ (81) = 0 (hence ġa (1) =Æ 0), then (8) shows that 
gnii(%) = 0. Conversely, assuming na (%1) = fnn (%2) = 0, we get at once 
Kn (e, Ge) = Kanat &a) = 0. l 

In the second place, consider the last determinant of order 2 of our 
matrix and use (5, 2): 
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a; 
(a == Cnsa) me 


dnia(%) dn(%)} __ Ons 
dnia(%2) dn (He) (a — Cnn) T bnn (02) — Ansobn( Ge) on (a2) 


Hence, if dnir(%1) = pnn (%2) = 0, the determination of Va(s) by means of 
(48) is no longer unique. In this case Ann in (48) may be assigned arbi- 
trarily. These considerations lead to 





milta). — Ansodn (%1) dn (a) 


TuEorEM VII. A necessary and sufficient condition that a uniquely 
determined polynomial, of a given degree n, Vn(uw) ==2"-+-- -, satisfying 


(47), exist, is: Kn(e1,¢2) 0. Moreover, tf Kn(&ı, %2) 0 for all n, 
there exists a uniquely determined sequence {Vn(x)} (n = 0, 1,: - +) of such 
polynomials. - 


. The polynomial V, (x), may have two (but not more than two) imaginary 
or equal zeros, or two (but not more than two) zeros outside the interval (a, b). 
To show this construct the polynomial ©,(2; (a? -+ 1°)dy) = +>, 
(r arbitrary real constant), orthogonal with respect to the monotonic char- 


acteristic function S (t + 77) dyp(t), and write the orthogonality property 
in the form $ 

Gq (3 (2 +12) dy) (+1) T 

(49) Í. a a Gna (2) (£ — %1) (£ — ae) dy (£) = 0, 

- where (a, %2) are zeros of ®,(x; (x? -+r°)dy). (49) shows the existence 


of a polynomial 
(50) Va(a) = Bn (2; (a? + 17) dy) (2? +17) 


G—aje-a) 8 


orthogonal with respect to the characteristic function 


Pe) = f a) ¢— 22) d(H). 


Furthermore, we readily see that here the determination of Va(x) is unique 
since this is known to be true for @,(v; (x? + r°)dy). Hence, (50) shows 
that with such choice of a1, @, Va(v) has two imaginary zeros. In like 

* manner we show the possibility of the existence of two equal zeros or of two 
zeros outside (a;b). 

The case of s (s > 2) changes of sign could be treated as above. Since, 
however, even for two changes of sign the most important properties of the 
zeros of orthogonal polynomials corresponding to monotonic characteristic 
functions no longer hold, the discussion of this case is omitted. 
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1° There is an infinity of such a, a, in any subinterval of (a, b). 
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By H. R. BRAHANA. 


Introduction. In a recent paper + it was shown that the problem of classi- 
fication of metabelian groups of order p”*™ which contain a given abelian 
group of order p” as a maximal invariant abelian subgroup and have com- 
mutator subgroups of order p” is equivalent to the problem of classification 
of the matrices ,M, + tM +: --+ 2M; under projective transformations 
on the w’s and elementary transformations on the square matrices M,, Mo,-:-, Mz. 
The w’s and the elements of the Ws are of course numbers in a modular field 
as are also the coefficients of the transformations. The squareness of the 
matrices comes from the requirement that the commutator subgroup be of 
order p”. The situation may then be discussed in terms of the invariant 
factors of the matrix tM, + 22M +--+ -+ aM. 

The argument of that paper still holds when the commutator subgroup 
is not of order p” and the matrices M, are not square. In this case however 
we are deprived of the use of a well-developed theory of invariant factors. 
So far as I know the question of the conjugacy of two matrices of the above 
type under transformation on the a’s and simultaneous transformations on 
rectangular Ms has not been considered. It is our purpose to consider the 
groups which give rise to such matrices in the simple case where m = 4 and 
k = 2 and to use the results to obtain normal forms for the matrices. It will 
be convenient to interpret the matrices M; as matrices of bilinear forms in 
which case the matrix above, which we shall denote hereafter as A, M1, + AM, 
may be taken to represent a pencil of bilinear forms. 


1. The groups. We consider groups G = {H,U} where H is abelian, 
of order p”, and type 1,1,--- and U is an abelian group of order pt and 
type 1,1,-- + from the group of isomorphisms of H. We require that no 
operator of U, except identity, be permutable with every operator of H. We, 
require further that G be metabelian which implies that its commutator sub- 
group is in its central, that every operator of U determines? a partition of n 
with greatest term equal to 2. Finally, we require that no operator of U 


1“ Metabelian groups of order prm with commutator subgroups of order pm,” 
Transactions of the American Mathematical Society, vol. 36 (1934), pp. 776-792. 

2“ On metabelian groups,” American Journal of Mathematics, vol. 56 (1934), 
pp. 490-510. ii a 
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determine a partition, of n in which more than two terms are equal to 2. 
An operator U; will be said to be of type I or type II according as the 
partition it determines contains one or two 2’s. The group {H, U:} will be 
said to be of type I or type II depending on the type of U;. In the groups 
which we shall consider U will contain only operators of types I and II, the 
identity excepted. Since the groups in which U contains only operators of 
type I were classified in the paper just referred to we shall suppose that U 
contains at least one operator of type II. 

The central of G under these conditions is of order p”? and we may 
suppose that generators of H are chosen so that all. but two are in the central. 
Let the two of the generators of H which are not in the central be denoted 
by sı and se. Then if U; is an operator of U, {H, U:} will have a commutator 
subgroup of order p or p° according as it is of type I or type II. The maxi- 
mum order for-the commutator subgroup of G is pê and occurs only if each 
of the operators of every set of four which generate U is of type II and the 
resulting eight commutators are independent. The commutator subgroup of 
G has an order at least p? since U contains at least one operator of type II. 
Since the commutator subgroup is characteristic we may separate the groups 
in question into classes according to the orders of their commutator subgroups 
and no two groups belonging to different classes can be simply isomorphic. 

Let the order of the commutator subgroup be p’. It is immediately 
obvious that there is but one group in the class corresponding to 1 = 8, for 
a simple isomorphism is established between any two such groups by a proper 
naming of generators. These considerations give the following more general 
theorem : 


(1.1) There is but one metabelian group G = {H,U} of order p™™ with 
commutator subgroup of order p?”, provided the operators of U are restricted 
. to types I and II. In this group no operator of U is of type I. 


If two groups U and U’ have different numbers of subgroups composed 
of operators of type I, there will exist no simple isomorphism between {H, U} 
eand {H, U’} in which H corresponds to itself.* Accordingly, for l < 8 we 
may consider the groups in sets determined by the number of subgroups’ of 
type I in U. l 

When | — 7, U cannot contain more than one subgroup of type I. Other- 
wise two operators U, and U, both of type I could be selected as two`of the 


* We shall postpone the question of simple isomorphisms between {H,U} and 
{#, vu" in which H does not correspond to itself. 
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four independent generators of U. The group {H,U;,U2} would have a 
commutator subgroup of order p*. The commutator subgroup of {H, Us, U4} 
could be of order at most p* and hence the commutator subgroup of G could 
be of order at most p°. If U contains one subgroup of type I, let us suppose 
it to be generated by U, and generators of H chosen so that U, is permutable 
with s» Then {H, U2, U3, U4} must have a commutator subgroup of order p° 
and by (1.1) just one such group exists. Consequently there exists such a 


. group and it is completely determined by the requirements that I = 7 and 


that U contain but one subgroup of type I.4 If U contains no operator of 
type I there is also but one group. No matter how U., > +, U4 are chosen, 
so long as they generate U, the group {H, Ui, U2} will have a commutator 
subgroup of order p? or p* and in the former case {H, Us, Ua} will have a 
commutator subgroup of order p*. We may then assume that the commutator 
subgroup K’ of {H, U, U2} is of order p*. Then at most one of the com- 
mutators arising from transformation of H by U, is in K’ and if so the two 
commutators arising from U, are independent of K’. Hence we may choose 
an operator Ọ, such that the commutator subgroup K” of {H, U1, U2, U3} 
is of order p°. Then of the two commutators arising from transformation of 
H by U, at most one is in K”. . From the symmetry in s, and s of the 
relations which generators of G just described satisfy it is clear that no 
restriction is introduced by assuming that the commutator of U, and s, is in 
K”. Let us denote this commutator by sx, and the commutator of U, and sz 
by ss. If sis not in K” it isin {K”, sə}. If then we replace sı by a proper 
combination of s, and sz we obtain a commutator s’ which is in K”. We may 
assume further that sx is in the part of K” which arises from transformation 
of se by U1, U2, and U3, for otherwise Us could be replaced by such a com- 
bination of U,, U2, Us, and U, that such would be the case. Therefore there 
exists in {U,, Ua, Ua} an operator U” whose commutator with so is swe This 
operator may be taken to be U,, and consequently we may assume that the 
commutator of U, and sz is the same as.that of U, and sı. There are therefore 
two groups for 1 = 7 and they are distinguished by the numbers of subgroups 
of type I in U. These considerations also apply more generally to give the, 
theorem : . 


(1.2) If the operators of U are all of types I and II, there are two and only 
two groups of the type we are considering of order p™*™ with commutator sub- 
groups of order p™, In one of them U`contains one subgroup of type I, 
and in the other none. 


tWe use the shorter expression “subgroup of type I” in place of “subgroup 
composed of operators of type I, and the identity.” 


t 
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When l = 6 the number of independent subgroups of type I in U can 
be at most two as may be seen from an argument similar to that used for 
l= 7. We shall see that U may contain more than two subgroups of type I 
but that if so all such subgroups are contained in the group generated by two 
of them.’ The possibilities for the number of independent subgroups of type I 
are therefore 2, 1, and 0. 

If Ọ contains two independent subgroups of type I, let them be generated 
by Us and Uy. Two possibilities arise: the subgroups of {s,, S2} permutable 
with the respective operators U, and U, may be the same or they may be 
different. If they are the same every operator of {U3, U4} is of type I; if 
they are different every operator of {U;, U4} except those in {U3} and {U4} is of 
type II. In either case since the commutator subgroup of {H, Ui, U2} is of 
order at most p*, the commutator subgroup of {H, Us, U4} must be of order p?. 
In either case every operator of U not in {U3, U4} is of type II. Hence, in 
the one case U contains 1 + p subgroups of type I, and in the other contains 
two subgroups of type I. The two groups are generated by operators 
Sis S2 83° © *, Sn, Unt © +, Ua which satisfy the following relations: when U 
contains 1 + p subgroups of type I, M 


(1 3) Uts U == 8183, U 271810 2 = 8185, U;7810; = $187, Uts: Ua == $18, 
i Ur ’Ss2U1 = S284, U27*82.U 2 = 8286; 


when U contains two subgroups of type I, 


U 1718, 0, = 8183, U27"8,U 2 = 8185, Us 18103 = 8181, 
U4718,U, = Ssh U3718.U 3 = S26; UagtsoU 4 == SoSg. 


If U contains one subgroup of type I let it be generated by Ọ, and let 
U, be permutable with sz. The commutator subgroup of {H, Ui, U2, U3} must 
be of order pë or p°, and {U,, U2, Ua} can contain no operator of type I. 
By theorems (1.1) and (1.2) there is but one group in each case. In the 
former case the group is completely determined, since the commutators of 
{H, Us} and {H, U,, U2, Ua} are independent. A set of generating relations 
*is obtained by adding U,1s.U3 == ss, to (1.3) above. In the second case 
we may obtain sfich a group by adding the relation U3-s.U3 = S28% to (1.8). 
It then follows that sg is in the group {Ss, Sa 85, So Sz, Sx}. The group 
{Sa 85, 87, Se} must be of order pt, otherwise a proper combination U” of 
U,, Us, and U, would transform s, into s,s, and U’U.* would be of type I 
contrary to the assumption that U contained no operator of type I besides U,. 
At least two of the operators -ss, Se and sp are independent of {8a, 85, St, Sa} 5 
we may then suppose that ss is expressible in terms of Ss, 84, Ss, Se, Sz, and Sp. 


` 
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If the group which we are considering is distinct from the one just previously 
described, we must expect at least two possibilities to appear, for if in 
the former group we ‘replace U, by UiU, the commutator subgroup of 
{H, Ui, U2, Us} is of order p°, being generated by Ssss, Ss, Ss, Se, Sr, aNd Ss. 
There are then at least these two possibilities in the present case: (a) sẹ is in 
the group {83, Sa, Ss, Se, $7, Sx} and not in {s4, Se, Se}, or (D) Sg is in {Ss So; Sy}. 
In case (b) we may assume that s» = Ss, for every operator of {s4, Se, Sk} is a 
commutator, and any set of three independent operators of {U,, Us, U3} 
generate it. The operator U, is a unique operator in U, it defines s to within 
a power of a single operator of {s;, S2}, and sz in turn defines {S4 Se, sx}. 
Hence, this group is distinct from the one previously defined, in which ss is 
not in {s,, Se, Sk} and as we have seen may lead to case (a). We complete 
this by showing that case (a) leads to a single group, consequently one in 
which U,, Uz, Us can be chosen so that {H, U1, U2, Ua} has a commutator sub- 
group of order p5. If sg isin {s3,- ` -, Sr Sz} but not in {s,, Se, Se}, then there 
exists in {U,, U2, Ua} an operator U’, and in {s,, S2} an operator s’, such that 
the commutator of U’, and s’, is sss. This operator s’, is obviously not a 
power of s» The operator U’, is not Us for in that case 0,0, would give 
the same commutator with s’, as with s and hence would be of type I. Con- 
sequently, if we replace U, by U’,U," and s, by sı, generators of the group 
satisfy the relations found for the first group with one subgroup of type I. 

The two groups each containing one subgroup of type I just described 
have been distinguished by the order of the group {s4, Se, Sz, Se} Which in one 
case is p° and in the other pt. They may also be distinguished from each other 
by the non-abelian subgroups which they contain. In one there exists at least 
one subgroup {H, U,,U2,U3} of order p™* with commutator subgroup of 
order pë which contains no subgroup of type I; in the other every subgroup 
of order p*** with commutator subgroup of order pë contains a subgroup of 
type I. Thus there is no simple isomorphism between the two groups in which 
H corresponds to H.5 

Now suppose that Ọ contains no operator of type I. Two possibilities are 
immediately evident: (a) U contains two operators U, and U, such that. 
{H, U,, U2} has a commutator subgroup of order p*?; or (b) U contains no 


5 We beg leave to point out that all the operators of type II in the group of 
isomorphisms of H are conjugate, as are all the operators of type I. The two groups 
U and U’ are abelian, of order p*, and type 1,1,- - - and every operator of one can be 
transformed into many operators of the other by operators which transform H into 
itself. U may be transformed into U’ in many ways. U may not, however, be trans- 
formed into U’ by any operator which leaves H invariant. 
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such group. The condition (a) completely determines the group, for the 
commutator subgroup of {H, Us, U,} must then be of order p* and must be 
independent of the commutator subgroup of {H, U., U2}. In any case, no 
matter how s, and sz are chosen the commutator subgroups H, and H, arising 
from transformation of sı and se respectively by U are of order p*, since U 
contains no operator of type I. Since {H,, H} is of order p°, these two groups 
‘have a subgroup of order p? in common. This subgroup determines two 
operators U, and U, such that the commutator subgroup arising from trans- 
formation of s, by {U1, U2} is the subgroup common to H, and H,; it determines 
two other operators V, and V, such that the commutator subgroup arising from 
transformation of sa by {V1, V2} is the same group. In case (a) the group 
{U,, U2, V1, Vo} is of order p?. In case (b) this group is of order at least p°. 
In case it is of order pt, the four commutators arising from transformation 
of s, by V, and V, and of s: by U, and U must be independent of the com- 
mutator subgroup common to H, and Hz. The group is therefore completely 
determined. If the group {U,, U2, Vi, V2} is of order p°, it is generated by 
three operators U,, U2, and U; and its commutator subgroup is of order p*. 
Then the commutator subgroup of {H, U4} must be independent of this group 
of order p*, and since there is but one group of order p”** with commutator 
subgroup of order p* and no subgroups of type I° it is completely determined. 
It is necessary to determine whether or not these last two groups are distinct. 
This last group contains a subgroup of order p”** with commutator subgroup 
of order p* and the preceding group does not. 

Normal forms for generating relations of the three groups with com- 
mutator subgroups of order p° and no subgroups of type I are: 


Uy 48,0, = 8183, U2"s,U 2, = 8184", Us, 03 = 8385, U4 8,0, = 8187, 
USU, = 8284, U2*82U 2 = 8x83, Us"'s2U 3 == S286, Uy"t82.U 4 = S288, 
where 7 is any not-square. This group contains a subgroup of order p**? with 

commutator subgroup of order p*. 
Urs U = $183, USU: = 818s, Us 48,03 = 8:83, Us *8,0 4 = 8187, 

e Ue 820, = $2845 0,180, -n $083, Us sel 5 = S285, Us 18.0 4 == SoS. 
This group contains no subgroup of order p"*? with commutator subgroup 
of order p°, but contains one of order p*® with commutator subgroup of 
order p*. 

Urs U, = 8183, Uo, 0, = 8185, Us's3U3 = Sisy Usts,0, = 838s, 
Uy 18.0, == 8984," U: *8.0 2 == 82S8e, U3 18.0 5 == $83, Uso 4 = 3085. 


e“ On metabelian groups,” loc. cit., p. 510. 
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This group contains no subgroup of order p"** with commutator subgroup of 
order pt. 

As in the cases of J = 8 and i = 7, an obvious rewording of the argument 
above gives the more general theorem: 


(1.4) If the operators of U are all of types I and II there are seven and 
only seven groups of the type we are considering of order p™*™ with com- 
mutator subgroups of order p?"-?, They may be characterized by their non- 
abelian subgroups of orders p**, pn, and prs, 


When / = 5, the number of independent subgroups of type I in U cannot 
be greater than 3, and may be 3, 2, 1, or 0. If there are 3 independent sub- 
groups of type I in U we may take them to be generated by U», Us, and U4. 
‘The operator U, must be of type II. The commutator subgroup of 
{H, U2, Us, U4} must be of order p? and must have no operator in common 
with the commutator subgroup of {H,U,}. The groups will then be char- 
acterized by the properties of {H, U2, Us, U4}. Each of the operators U2, Us, 
and U, is permutable with a subgroup of order p of {s,, se}. These three 
subgroups may be the same; two of them may coincide; or all three may be 
distinct. If the three subgroups coincide let us suppose the subgroup to be 
generated by.se. Then generators of G will satisfy the relations: 


Us, U: = 8183, U18: U2 == $185, USU; == S16; Ug 8104 == $187. 
U,13,.U, = 8284. 


In this case every operator of {U2, Us, U4} will be of type I, and G will contain 
1+ p+ p° subgroups of type I. 

In the second case the two subgroups of {s;, s2} permutable with operators 
of type I of U may be taken to be generated by s, and sz. In this case genera- 
tors of @ will satisfy relations the same as those above except that 
U,18,U, = 8,8; is replaced by Us"s,U 4 = S287. The only operators of type I 
in {U2, Us, Ua} are the operators of {U2, Uz} and powers of U.. G therefore 
contains 2 + p subgroups of type I. 

In the third case we may suppose that two of the groups are generated 
by sı and sz respectively. Generators of G will satisfy the relations: . 


U r's Ui = 8,83,  U248,U2 = 8,85, U371810 3 = 8186, 
Oy18.U, = So84, Us 18003 === Safe, U s204 == $28;. 


It is obvious that the group {U2, Us, U4} contains but three subgroups of 
type I, and that G likewise contains but three subgroups of type I. 
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When U contains but two independent subgroups of type I the operators 
of {8,, S2} permutable respectively with these two subgroups of U may con- 
stitute one or two subgroups of order p. If they constitute one subgroup of 
order p, let it be generated by se. Let U, and U, generate the respective 
subgroups of type I. Then {U,, U2} can contain only operators of type II. 
The commutator subgroup of {H, U1, U2} is of order p° or p*. There is but 
one group for each of the orders p* and p* having the required properties. 
If the order of the commutator subgroup of {H, Ui, U2} is p° the group G 
is completely determined. Its generators satisfy the relations: 


Urs Ua = 8183, Ur SU = 8185, Ug ts3U0g3 = 8183, Ur siU = 8181, 
USU = S284, Uts Ua ms S23. 


If the commutator subgroup of {H, U1, U2} is of order p*, then it must have 
a subgroup of order p in common with the commutator subgroup of {H, Us, U4}. 
This common subgroup may be taken to be in the group of commutators 
arising from transformation of s by U, and Us, for otherwise U^, and U’, 
could be chosen so that the commutator subgroup of {H, U’,, U’:} would be 
of order p*. The group G in this case is also completely determined. Its 
generators satisfy relations obtained from these above by changing the com- 
mutator of U, and sz from ss to sg. The two groups are obviously distinct; 
each contains 1 + p subgroups of type I. They may be distinguished by the 
fact that the first contains a subgroup of order p”*? with commutator subgroup 
of order p° and no subgroup of type I, whereas in the second every subgroup 
of order p™? with commutator subgroup of order p° contains subgroups of 
type I. 

If the subgroups of {s,,s2} permutable respectively with Ọs and Ọ, are 
distinct let them be generated by s, and sə. The commutator subgroups of 
{H, U3} and {H, U4} may coincide, in which case the commutator subgroup 
of {H, U,, U2} must be of order p* and aia aces of it.. Generators of G 
therefore satisfy the relations: 


Utse Ua -e $183, U218,02 == 8185, U 4718.03 ——) 8187, 
USU: =a Sasa U218.U 2 = S288, Ug 8.04 == Sosy. 


In this case G contains 1 + p subgroups of type I. The group is obviously 
distinct from the three preceding ones. 

If the commutator subgroup of {H, Us, U4} is of order p’, there are but 
two subgroups of type I in {Us, U4} and therefore but two in U. The com- 
mutator subgroup of {H, U, U2} is of order p? or p*. In the first case genera- 
tors of G satisfy the relations: 
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U,78,0, = 8183, 278,02 = S185, Us”siU: = S180, 
Uis U == 8284, USU == 8283, U 4820 4 == Sosy. 


In the other case generators of G satisfy the above relations with sa replaced 
by s» in the transform of s by U2. The operator s» cannot be in the group 
{83, S4, Ss}, but must be in the group {ss Sa, Ss, Ss, $x}. We may assume that 
the expression for s, in terms of these operators does not contain sy or sz- 
It is therefore in the group {ss, Ss, Se}. There is an operator in the group 
{U,, U2, Us} whose commutator with s, is %, and this operator is not Uo. 
If it is not Us, it may serve in place of U, and generators of G satisfy the 
relations above. If it is Us, we have a new group whose generators satisfy 
the above relations with sẹ for the commutator of U> and sz. This last group 
contains no subgroup of order p”? with commutator subgroup of order pë 
except those which contain subgroups of type I; the former group does 
contain such subgroups. 
When U contains but one subgroup of type I let it be generated by Uy 
and let the subgroup of {s,, S2} permutable with J, be generated by sz} Let 
418,04 = S187. The commutator subgroup of {H, U1, Uz, U3} is then of 
order pt or pë. If it is of order p* it does not contain sz. The two groups of 
commutators, H. and H., obtained by transforming s, and s, respectively 
by {U:, U2, Us} have a subgroup of order p? in common. This subgroup may 
be taken to be {ss,s,} and it defines two operators U, and U, which give 
commutators sa and s, with s, and two operators V, and V, which give com- 
mutators s and s, with sə. The group {U;, Uz, V1, V2} is of order p? or p°. 
We have the following two groups: 


USU = $333, Uys Ua = 8484, U3s8,U3 = 8185, Ug SU 4 = 8187, 
Uys. U = S284; Uy5.U 9 == S283", U 3718205 == Sag. 


This group contains a subgroup of order p"*? with commutator subgroup of 
order p’. 


Us UL ore $183, Uts Ua bea! $184, U,78,U0 3 a, S186, Uss1U0 4 ae 8187) 
Uy 18.0, == Sof5, Utse U2 == SoSg, U37182U3 == SoS. 


This group contains no subgroup of order p"? with commutator subgroup of 
order p°. These are the only two groups when U;, Us, and Us can be selected 
so that s; is not in the commutator subgroup of {H, Ui, U2, U3}. 

If G contains no subgroup {H, U;, U2,U3} with commutator subgroup 
of order p*, we may assume that H, and H, have a subgroup of order p in 
common. Generators of G will satisfy the relations: 
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USU = S183, Ug tsiUa = 8185, U3 SUs = 818, Ur siU = $187, 
'U sU = SoS4, Uts Ua = S283, USU; == Ssh. 


The operator sy is in the group {ss,* '',s:} and it is not in the group 
{83, Sas 85) Se}. In the expression for sp neither sa nor s, need appear. It may 
therefore be assumed to be in the group {ss5, Sse, Sz}, but not in the group 
{ss, S6}. There exists in {U2, Us, U4} an operator U’, whose commutator with 
s, is s} This operator is not U, and may be used in place of U; if it is not U4. 
If it is not U, then H, and H, have the group {ss, sz} of order p? in common, 
which brings us back to the group previously described. We may then assume 
in this case that s,=s;. There are thus three distinct groups with com- 
mutator subgroup of order př, each containing one subgroup of type I. They 
are distinguished by means of their subgroups of orders p"? and p”*, 

When U contains no operator of type I the two groups H, and H, are 
each of order pt and consequently have a subgroup of order p? in common. 
This subgroup determines three operators U,, U2, and Us such that the com- 
mutator subgroup arising from transformation of sı by {U1, U2, Us} is the 
common subgroup of H, and Hz. There are likewise three operators V1, Vo, 
and V, determined by s, and the common subgroup. The order of {U;,---, Vs} 
is either pë or p*. If it is of order pë it is generated by Ui, U2, and Us. 
There is but one’ such group {H, Ui, U2, Ua} with commutator subgroup of 
order p°, and since its commutator subgroup must be independent of that 
of {H, Uz} the group G is completely determined. Its generators satisfy the 
relations: à 


USU, = 8,83, Ur’si Ue = 8185, Ug "8103 = $483%S48, T1810 4 = 8186 


Uy7*8200, = 8284, Ue 1800 2 = S283, U3"'82U 3 == $285, 4'82U 4 = S287, 
where g? — ax + 8 = 0 is irreducible, mod p. . 
If the order of {U1,-- +, Vs} is p* two possibilities arise according as 


{U> ++, Vs} does or does not contain a subgroup such that {H, U1, U”2} 
has a: commutator subgroup of order p°. In the first case generators of G 
satisfy the relations: 


Uts U == $153, U2718,U 2 = $184", 0378.03 = 8385, Urs U, === $187, 
s 
Uy18.U, == S984, 0278.0 2 == 8283, U37180U0 5 == $286, Usi52U4 a= Sag. 


In the second case generators of G satisfy the relations: 


Uy18,0, = 8,83, U2 4s;U2—= 8,85, Us*s,U3 = 8,8, Uys, = 8187, 
TU 18.0, == $284, Uz1s.U0 2 == 8283, USU == Sosy Ug SUs == S26. 


There are thus thirteen groups for l = 5. 


7 Cf. “On metabelian groups,” loc. cit. 
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In the case where / = 4 we shall use the results of the paper 8 on metabelian 
groups of order p"*™ with commutator subgroups of order p™. Two matrices 
M and WN are used to describe the commutator structure of {81, Sa; 845° °°» Su» 
Uit + +,U4} and {s2 S3,' © *,Sn, Ur,- + +,U4} respectively. If the com- 
mutator subgroup of G is {Ss, S4, St, Se}, the element mi; of M is the exponent 
of s;,2. in the commutator of U; and sı; and the element ni; of N is the 
exponent of sj,. in the commutator of U; and sa The groups G may then 
be classified according to the classification of the matrices M 4+- AN under 
elementary transformations on the matrices M and N simultaneously and 
projective transformations on A, both sorts of transformation having coeff- 
cients in the modular field, mod p. 

Let us consider the determinant f(A) = | M -+ AN |, and suppose that 
f(A) is the product of four linear factors. If A; is a root of f(A) == 0 then 
8,82 is permutable with some operator of U. If all four roots of f(A) ==0 
were the same we could take A, to be zero and every element of M would be 
zero. This would imply that sı was permutable with every operator of U in 
which case Ọ would contain only operators of type I. Since we assume U to 
contain at least one operator of type II, f(A) cannot be the fourth power of a 
linear expression in A. We may then suppose that at least two of the linear 
factors of f(A) are distinct and that their zeros are 0 and oo. The determi- 
nants of M and W are then both zero. If we consider first the case where 
f(A) has just two distinct zeros we have the two possibilities (a) f(A) =A? 
and (b) f(A) =)”. In the first case three of the U’s are permutable with s, 
and one with sz so that G contains 2 -+ p + p? subgroups of type I. In the 
second case two U’s are permutable with each so that G contains 2(1 + p) 
subgroups of type I. 

When f(A) is the product of four linear factors three of which are distinct 
we may suppose its zeros to be 0, 1, and oo with 0 counted twice. Then two 
U’s are permutable with sı. In this case G contains 8 -+ p subgroups of type I. 

When f(A) has four distinct zeros they may be taken to be 0, 1, œ, 
and p, where p is the cross-ratio of the four taken in some arbitrary order. 
There are as many such groups as there are projectively distinct unordered, 
sets of four points on the finite line, mod p. The cases where,p = 0, 1, and œ 
give the group described just above. The values 2, —1, 1/2 give a single 
group, and the two primitive cube roots of — 1, when they exist in the modular 
field, give a single group. The rest of the numbers in the modular field go 
in sets of six to determine a single group. There are therefore (p + 1)/6 or 


8 Loc. cit. 
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(p + 5)/6, according as p is of the form 6k — 1 or 6k + 1, groups which are 
distinct from each other and from the groups considered above. Each has 
four subgroups of type I. 

When f(A) does not have four linear factors it has at most two. Let us 
consider the case where it has just two linear factors. If they are the same, 
we may suppose that f(A) = g (à) -A?, where q (À) is an irreducible quadratic. 
All such quartics are conjugate under the projective group on A, and hence 
there is but one such group. The group G contains 1 + p subgroups of type I, 
and it contains a subgroup of order p”** with commutator subgroup of order p? 
and no operators of type I; this last subgroup corresponds to the irreducible 
quadratic. 

If the two linear factors of f(A) are distinct we have f(A) = q (A) -à 
U contains one subgroup permutable with s, and one permutable with sz 
G contains therefore two subgroups of type I and a subgroup of order p”*? 
with commutator subgroup of order p? and no operator of type I. The number 
of distinct such groups is the number of conjugate sets of polynomials 
q(A) (A—-A1) (A—Az) under the “rational” projective group on A. The 
irreducible quadratic may be transformed into any particular quadratic and 
there is then a group of order 2(p + 1) which leaves it fixed. There exists 
an. operator of order two which leaves g(X) and f(A) fixed, viz., the one which 
interchanges the zeros of g(A) and also interchanges A; and Az. Consequently 
there are p+ 1 quadratics (N\—Az) (A—Az) such that q (A) (A — A1) (A—Az) 
belong to the same conjugate set unless A,, Ae, and the zeros of q (à) constitute 
a harmonic set in which case there are (p + 1)/2 in the conjugate set. Of the 
first kind there are therefore (p —1)/2 conjugate sets and of the second kind 
‘one. There are in all (p + 1)/2 groups of this kind. f 

When f(A) has but one linear factor the other factor is an irreducible 
cubic. G has one subgroup of type one, and a subgroup of order p”*? with 
commutator subgroup of order p° and no subgroup of type I. To determine 
the number of such groups, let us write f(A) = ¢(A) (A—Az:), where ¢(A) is 
the irreducible cubic. The “rational” projective group contains an operator 
of order three which transforms a root ào of c(A) ==0 into its p-th power.’ 
This group assaciates three numbers M, As, and As with any one of them, so 
that the cross-ratio of Ao, Ào”, Ao”, A, equals the cross-ratio of Ao”, Ao”, Ao, Az 
equals the cross-ratio of Ao, Ao, Ac?, As. There are therefore (p+ 5)/3 or 
(p + 1)/3 conjugate sets of such quartics Se on whether p is of the 
form 6k + 1 or 6k — 1.” 


° Cf. “On cubice congruences,” Bulletin of the American Mathematical Society, 
vol, 39 (1933), pp. 962-969. 
1° The cubic c(A) appears as a quartic with one root infinite. And when 
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There remain the groups G with no subgroups of type I. There are 
p + 2 such groups: There are thus 2p + 7 or 2p + 9 groups with commutator 
subgroups of order p+ according as p is of the form 64 — 1 or 6k + 1. 

Let us now suppose that Z = 3. Then however generators of {s,, S2} are 
selected, H, and H, are of orders not greater than pè. Consequently, U con- 
tains at least two subgroups of type I. Let us suppose that U contains four 
independent operators of type I. The operators of {sı, s2} permutable with 
them must constitute at least two subgroups of ordez p. If they constitute 
two subgroups, then two possibilities arise: (a) three of the four independent 
U’s are permutable with s, and the other with s2, or (b) two U’s are per- 
mutable with s, and two with sə» In case (a) generators of G satisfy the 
relations : 


Urs U, = 8183, U2*s,02= 58184, Us *s,U03 = S185, 
Us se U4 = S285. 


In this case the group {U1, U2, U3} contains only operators of type I, as does 
{U:, U4}. There are therefore 1 + p + p? such subgroups in the first, and 
1+ p in the second; only the subgroup generated by Ọs is in both. Hence 
G contains 1-+ 2p + p° subgroups of type I. In case (b) generators of G 
satisfy the relations: 


Ursi Ur = 8183, Ursi Ua = 8-84, 
U3718.U3 = S284, U 4718.0 4 == S285. 


In this case {U;, U2}, {U2, U3}, and {U3, U4} each contain 1 -+ p subgroups 
of type I of which two, generated by Uz and U, respectively, are counted 
twice each. G therefore contains 1 + 3p subgroups of type I. 

When the four independent U’s of type I are permutable with three 
subgroups of order p of {s;, S2}, we may suppose two of them to be permutable 
with sı, one with sə, and the other with s,s.7. The group H: must be of 
order p°, otherwise U, could be selected so that it was permutable with sı. 
Generators of G satisfy the relations: 


e 
USU = 8183, Us4s,0 2 = 5184, Uasi Us = S185; . 
U ts2U; R 8285, U 448.0 4 == $283. 


G contains 1 +- 3p subgroups of type I. 


p=6k-+ 1, ¢(A) may be taken to be A -+ a, where —a is not a cube; the group 
leaving ¢(A) fixed is generated by N = pd, where p is a primitive cube root of unity. 
This leaves ¢(A) and c(A)-A fixed; the remaining 6% quartics are separated into 
2k sets of 3 each. We have thus the (p + 5) /8 sets. 
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When the four independent U’s are permutable with different subgroups 
of {s S2} we may suppose U, permutable with sə, Ua with sisot, Us with 
$8o7, and U, with s, Generators of G satisfy the relations: 


U,78,U, = S1S3; 0 373,0 2 =x $1845 Usi U; == $185", 
0 2-'8.0 2 == SoS4, U 57820 3 = S285; U0 g8.0 4 == 8283. 


The groups {U1, Ua}, {U:U., U2}, {U1 Ua, Us} each contain 1 + p subgroups 
of type I, of which those generated by UU, and U,'U, are counted twice. 
G has therefore 1 -+ 3p subgroups of type I. 

Of the groups just described the last contains four independent U’s 
permutable with three subgroups of {s1, S2}, viz. U, permutable with sz, 
U, and UU, permutable with s’; = sıs7*, and U; permutable with s,s." 
Hence this group is simply isomorphic with the preceding one. The preceding 
one itself contains four independent U’s permutable with two subgroups of 
{s1, S2}, viz., U, and U, permutable with sz, and U, and UU, permutable 
with s’; == s1871. This is therefore simply isomorphic with the one which 
precedes it. 

We now suppose that U contains three independent operators of type I. 
They cannot all be permutable with the same subgroup of {s1, 82}. Suppose 
first they are permutable with two subgroups. Then generators of G satisfy 
the relations: 


* # 
Urs Ui = 883, Ue-s,02 = 8184, USU = 838s, 
Urts:U == 82S); Ug 8.04 = Sak. 


The group H, must be of order pë if {Un U2, Us} contains no operators of 
type I except those in {U:, Us}, and consequently the commutators in the 
first row may be taken to be sg, s,, and ss. Now s; is in {83, Sa Ss} and con- 
sequently {U,, U2, Us} does contain operators of type I not in {U2, Us}. Hence 
the supposition that there are not more than three independent U’s of type I 
and that they are permutable with but two subgroups of {s,, s2} leads to a 
contradiction. 

We suppose then that the three U’s are permutable with three subgroups 
of {8,52}. Genérators of G satisfy the relations: 


Uts: U er 8184, 0218, Ua = 8183, USU; = 8184, 
Ty SU = 808x, USU; = S284, Ua t52U 4 = 828s, 


For if s and s, were the same, generators of {U2, Us, U4} could be selected to 
give the case above. Now s; is in {Ss, 84,85} and since U, may be replaced 
by any power of itself s; may be taken to be ss. Then s: may be supposed 
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to be in the group {ss s4}. Since J, may be replaced by any power of itself 
and U, likewise, we may assume that Se is Sa, Sa, OT S383. If sp = Ss then the 
‘operator U,U:Us is of type I, and U contains four independent operators of 
type I. If s= Ss, then UU, is of type I. The only possibility is that 
Sk = $384. The group G exists, it contains but three subgroups of type I, and 
. is therefore distinct from any of those which precede. f 

When U contains just two independent operators of type I they are 
permutable with different subgroups of {sı, s2}. Two possibilities arise: 
(a) U contains 1 + p subgroups of type I, or (b) U contains two subgroups 
of type I. 

Let the two independent U’s be U, and U,. In case (a) the commutator 
subgroup of {H, Us, U4} is of order p; let it be generated by ss. The com- 
mutators arising from transformation of s, and sa by U, may be assumed to 
. be independent of 3s, otherwise {U:, Us, U4} would contain operators of type I 
not in {U,, U4}. These commutators may then be taken to be ss and s, 
respectively. Then U> may be chosen so that the commutator subgroup of 
{H, Ua} is in {ss, s4}. If {U,, U2} contains no operator of type I, as must ' 
be the case, generators of G satisfy the relations: 


Uts: U == §1S3, U2718,02 = 8184", U3;78,05 == $185, 
voy == §oS4, U 2718.0 2 = 8283, U4 1800 4 == S285. 


In case (b) we may assume that generators of G satisfy the relations: 


Utsi U, = 8183, U2's;U2 = 8,853, Us-ts,U 3 = 5154, 
Oy 820, == SSj; U 218.0 a = 8253, U 478.0 4 == S285. 


For the commutator subgroup of {H, U., U2} is of order at most p°, and the 
commutator subgroups of order p? arising from transformation of s, and s2 
respectively must have an operator in common which does not belong to 
{Sa Ss}. Hach of the groups H, and H, must be of crder p°. Therefore the 
commutator of U, and s, can be taken to be ss. The operator s; is in {sg, Sa, Ss} 
and can be assumed to be s,s. If æ is not zero, then {U1, Us} contains 
an operator of type I which is not a power of Us. We may assume « = 0 and 
B=], in which case U,U,U3U, is of type I. Therefore there is no group 
satisfying these conditions. i 

When J == 2, both H, and Hz are of order p?. It is therefore possible to 
find generators of G which satisfy the relations: 


Uys, U == $53, Uz*s: U- = Sisa 
U378.U 3 == $2S3, U o182U 4 == S284. 


Hence there is but one group for i= 2. 
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We proceed to list the groups with enough information to determine the 
group in each case. The first column contains the value of 1, which is all the 
information necessary for the first group and the last. The second column 
gives the number of subgroups of type I in U. The third column contains 
whatever further information may be necessary. This additional information 
in most cases takes the form of a statement of the existence or the non-existence 
in G of a “subgroup of order p*** with commutator subgroup of order pë and 
no operator of type I”; for such a subgroup we shall use the symbol Ga,g. 
Since it cannot lead to any confusion we shall use the symbol G,,, to stand 
for a subgroup of type I. 


l G4,1’8 other facts l Gars other facts 
1. 8 z=’ — 28. 0 a Gss 20 Goo 
2 7 1 = 24. 0 no Ga, or Gs,3 
3. 0 = 25. 4 2+Hp+Hp ae. 
4. 6 1+p — 26 2+ 2p _ 
5. 2 — 27. 3 +p — 
6. 1 a Gss 28. 4 —— 
%, 1 Do Gs,s There are (p + 1)/6 or (p + 5)/6 
8. 0 a Go» such groups. 
9. 0 a Gs, and 29. 4 l+p a Gee 
no Go 30. 2 a Ge,2 
10. 0 no Geo, DO Gs,4 There are (p + 1)/2 such groups. 
11. 5 1+p+p? — 31. 4 1 = 
12. 2+p — There are (p + 1)/3 or (p + 5)/3 
13. 3 — such groups. 
14 l+p a Ges 32. 4 0 == 
15 1+ p no Gz,s There are p + 2 such groups. (Cf. 
16. 1+p a above.) 
17. 2 a Gas 33. 3 1+2p-+ 7? z 
. 18. 2 no Ges 34, 1+ 3p — 
19. 1 a Go 35. 3 = 
20. I a Gs4, NO Go. 36. 1l+p — 
21. 1 no G22, no Gs, 37. 2 — — 
22. 5 0 a Goo , 


There are in all 2p + 36 or 2p + 38 distinct groups according as p is 
of the form 64 — 1 or 64 + 1. 


+1 Contains a subgroup of order p»+2 with commutator subgroup of order p; the 
two preceding groups have no such subgroup. 
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2. The bilinear forms. As was explained for the case 1 == 4, the com- 
mutator structure of G can be described by means of two matrices M and N. 
In the general case these are matrices of four rows and } columns. That there 
are two matrices depends on the fact that we are discussing groups G whose 
centrals are of order p™-?, and therefore generators of H can be chosen so that 
all but two are in the central of G. The argument in the paper cited above 
for L = 4 holds for any 1. A change in the generators of the commutator 
subgroup of G, when the U’s and s, and se are not changed, replaces the 
columns of M by linear combinations of its columns, and replaces the columns 
of N by the same linear combinations of its columns. The effect is to replace 
M and N respectively by MB and NB where B is a non-singular square matrix 
of l rows. A change in the generators of U has the effect of replacing M and 
N respectively by AM and AN where A is a non-singular four-rowed square 
matrix. A change in the generators of {sı, $2} has the effect of replacing the 
matrix MM +N by the matrix (aN, + dd’2)M + (c~ + dd’2)N where 
Sa = 819822, S'a = 8,°S24, and (ad — bc) $40. 

The matrices M and N may be interpreted as the matrices of two bilinear 
forms in four variables z1, £2, Zs, 2, and l variables Yı, Y2* - -, 41, in which 
case A, Mf + àN becomes the matrix of a member of the pencil of bilinear 
forms determined by the two whose matrices are W and N. The changes on 
generators of the groups then correspond to linear homogeneous non-singular 
transformations on the 2’s, the ys, and the A’s. The problem of classification 
of the groups is then identically the problem of classification of pencils of 
bilinear forms for 1] —2,- - -, 8 under these transformations, for every change 
of generators of G gives a transformation of the pencil and every transforma- 
tion of the pencil, with coefficients in the modular field, gives a transformation 
on generators of the group. In the case of Z == 4 we were able to classify the 
groups most easily by means of the theory of invariant factors of MM + rN. 
when M and N are not square a corresponding theory has not been developed. 
There are some obvious difficulties in the way of extending the theory for 
square matrices. 

Having classified the group for these various values of 1 we are able ta 
write down immediately a set of normal forms for pencils ef bilinear forms 
in four 2’s and J y’s. We give these normal forms here numbered in the same 
way as the groups at the end of §1. 


Ar (TaY + oie F Leys + Laya) + Av(TiYs + Toye + Lays + Lays). 
Ay (TY: + Tafa + LsYs + Eala) + Ào (T1Y5 + ZoYe + Tayr) : 

Aa (TY + Gayo + sys + Gaye) + Ao(MiYs + Cayo + Lays + Lay). 
Ar (HY + TY + Lays + Taye) + Az (BsYs + Tao). 


PANS | On Es 


w 
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. A (2Y + TY F Las) + Az (2144 + 224s + Taye). 
» Aa (Yi + taya + Laya) + Av (ays + TeYs F TsY2 + taye). 
e Aa (41Y2 + Lae + Tas) + Az (@1Ys + Los + TsYe + Lays). 


dr (21Ya + LY + Lan + Lays) + Ac(MiYs + TEY + Tsys + Lale), 
r not a square. 

An (Y1 + TeYo + T3Ys + Taya) + Az (ays + T2Y1 + UsYo + Taye). 

Ai (21Y1 + Baye F tays + Laya) F Ao(TiyYs + Toys + Lays + Tye). 

Ay (TY F 2Y + Tsy + Taya) + À2T1Y 5. 


© M(E + TaY + Tes) + Arly + Lays). 

. A(t + zyz + Laya) + àz (Ya -+ LaYs + Tays). 

© À (Ty F @2Y2 + TaY + Vays) F de (Ys + 2241). 

7 Ay (211 + Le + TaY + LY) + rz (@iYs + Leys). 

. AL (ay + rey + Laya) +A (2Y + tys + Lays). 

» Ar (@ys + Toya + sYa) + As (Tye + Toys + Lays). 

© Aa (2141 + 22 + ays) + Az (Tiys + Coys + Lays). 

© Ag (@rY1 + TY + Lays + Laya) + Av (MY + TEY -F Bays). 

e Ar (tyr + Laya + Vays + Laya) + Ao (Ys + Coys + Toyz). 

2 Ay (ty: + LeY2 + Z3Ys + Lays) + Ag (t1Ys + ty + Lays). 

© An(trys + TaY + Gays + ways) + Ae (LY + ray: + LsYs + ays). 
o Aa (ays + @ay2 + ts[ ays + Bys] + taya) + Av( trys + Voy + Tayo + Tays). 


MEY + Lao F Las + Laya) F Aa (Cys + Tayi + LY + Tays). 


. M (TY + ToYe + 2sYg) + ATY. 
© Ar(21y1 + Lya) + r2( Lays + Taya). 


An (21Y1 F aY + tes) + Ao(Tays + Taya). 


- An (@Y1 + Lay + sys) + Av (aya + prays + Laya). 

» Àr (ayy F TaY + Las + Las) + Ao(@iye + PE) G 

» Aa (BY F TaY + Vays) + As (2Y F THeY1 F Taya). 

- À (Tya + Ty + T3 [ay + Bys| -+ TaY) + As (T13 + Loa -b Talja). 
. At (2:41 + ty + aY + L4Ys) + Az (2142 + T£ + Uefa + LY). 


Aa (21Y2 + Lay + LY + Talaya + By + ye + dys]) 
F do(2iYs + tya + aya + Lays), 
where A4 -+ 8A? — yA? + BA — a has no linear factor. 


. An (Ty + T2 + Tays) + ÀAoLaYj3- 


Ài (Ty + ty2) + do(@aY2 F- Lays). ; 
As (TaY + Y2 + Taya) + Ae(@i[y1 + ys] + Tys + tayı). 


o A (2y + Teya + Bays) + Ao (Liye + Hey: + TaY). 


Aa (TY + TaY) +à (341 -+ L4Y2) . È 


It is interesting to interpret in terms of the bilinear forms the considera- 
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tions that were used in classifying the groups. The separation of the groups 
into classes according to orders of their commutator subgroups corresponds 
to the separation of the bilinear forms into classes according to the number 
of the variables y. One of the first things which attracts attention with regard 
_to the groups is that if U is of order p* the order of the commutator subgroup 
cannot be greater than pê. This says that any pencil of bilinear forms in 
four 2’s and I y’s is expressible as a pencil of forms in four 2’s and I’ y’s 
where V 8. This is of course obvious from a consideration of the matrices 
of the forms in terms of which the pencil is expressed. 

A pair of numbers à Az determines a bilinear form of the given pencil; 
the pair also determines an operator s,s. of the group {s,, s2}. When these 
particular values A;,Az, are substituted in the expression AM + àN the 
resulting matrix has four rows each determining an operator of the com- 
mutator subgroup arising from transformation of ss) by U. If U contains 
an operator permutable with s,s} the rank of this matrix is less than four. 
The corresponding bilinear form determined by Ax, àz will therefore have a 
rank less than four. Consequently the separation of the groups with com- 
mutator subgroups of a given order into classes according to the number of 
operators of type I in U corresponds to the separation of the pencils of 
bilinear forms with four 2’s and l y’s into classes according to the number 
of forms in the pencils which have ranks less than four. We may call such a 
form, of rank less than four, singular. Then the classification of pencils has 
been made according to the number of singular forms in a given pencil. 
Theorem (1.1) states that any two pencils of bilinear forms in m 2’s and 
2m ys are conjugate and that such a pencil contains no singular form, 
Theorem (1.2) states that there are two distinct pencils of bilinear forms in 
m x's and 2m —1 ys; one contains no singular form, and the other contains 
one? , 

When l = 6 the classification according to the number of singular forms 
in the pencil is not enough. There are two pencils which have each one 
singular form. In both 6 and 7 above the singular form appears for 
Ai, Ag = 1,0. We may distinguish between them in the following way: Con- 
sider the numbers (£1, t2; La, V4) to be the coördinates of g point in a finite 
three-space. In terms of the coördinates of the plane z, = 0 no. 6 determines 
a pencil of forms in three v’s and five y’s and no. 7 determines a pencil of 
forms in three a’s and six y’s. The first pencil contains no singular form. 
It is possible to select planes in (a, Z2, T3, %4) in terms of whose codrdinates 


12 Where we understand the forms P(2,,- . 544) ‘and k- F(a,,-+-+,y,) to be the 
same; otherwise the number is p— 1. 
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no. Y will give pencils of forms in three v’s and five y’s, but every such pencil 
will contain singular forms. 

There are three distinct pencils of forms in four 2’s and six y’s none of 
which contains a singular form. None of the pencils of forms in the variables 
of a subspace of (a, Ta, %3,%4) can be singular. No, 8 determines a pencil 
of forms in two 2’s and two y’s on the line £, = z4 = 0. There is no line 
on which nos. 9 or 10 determines such a pencil. No. 9 determines a pencil 
of forms on three 2’s and four y’s on the plane 2, == 0, and there is no plane 
on which no. 10 determines such a pencil. 

The interpretation in terms of bilinear forms is particularly enlightening 
in the case of no. 28. There are (p+1)/6 or (p+ 5)/6 such pencils 
depending on the value of p. Each pencil contains four singular forms, each 
singular form is given by a pair As Àz. Each form of the pencil determines 
a point on the line (M, Az). The cross-ratio of these four points remains 
invariant under projective transformation of the ordered set of four points. 
A reordering of the four points gives one of six values of the cross-ratio. 
Two forms determined by p and p’ cannot be conjugate unless p’ is one of the 
values p, 1— p, 1/p, 1/(1—~p), (e—1)/p, or p/(p—1). 

The differences among the groups that come under 30, 31, and 32 can 
all be interpreted in terms of pencils induced in subspaces of (a1, La, Ta, T4). 
It is suggested that perhaps a more thoroughgoing geometric interpretation 
of the whole situation would be worth while. 


3. The proof of distinctness. We come now to the question of the 
possible isomorphism of two groups belonging to different classes. Our proofs 
of uniqueness of the various normal forms of generating relations have always 
been proofs of uniqueness under automorphisms of G in which H corresponds 
to itself. In none of these groups has H been the only abelian group of 
order p” in G, for the group {U,, U2, 83, 84,° * `, Sn} is such a group. More- 
over, the group U is not in general a characteristic subgroup of G, for any 
operator U; may be replaced by sU; where s is any operator of H. If sis 
in the central of G this has no effect on generating relations, but if s is not 
ih the central the U’s will in general cease to be permutable. We are con- 
fining our attention to groups G in which the U’s are permutable. This is 
justified by the fact that any classification of metabelian groups must take 
these groups into account; it must depend on the possibilities of “ commutator 
structure” arising from transformation of H by U. The simplicity of the 
statement in terms of pencils of bilinear forms gives added assurance that 
the limitations imposed on the investigations are natural to the problem and 
not arbitrary. 
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The question may be considered from the point of view of the uniqueness 
of the defining relations. The particular defining relations that we have 
chosen in each case are not the only ones that could be chosen. The situation 
is rather that if certain properties of the generators are required, then the 
defining relations can’ be reduced to the normal form we have given for the 
particular group. If two groups G and G” belonging to different classes were 
simply isomorphic, then it would be possible to select generators of G” which 
satisfied defining relations of G. These generators would in every case satisfy 
the following conditions: 


(1) n of the generators would generate an abelian subgroup H’, and 
and n— 2 of them would generate the central of G”; 

(2) the remaining four would generate an abelian group of type 1, 1, 1,1; 

(3) no operator of the second group, except identity, would be permutable 
with every operator of the first; 

(4) the operators of the second group would correspond to operators of 
types I and II in the I-group of the first. 


We have already considered the possibility of such isomorphisms between 
G and G in which H corresponds to itself and have seen that none exists when 
-the normal forms of the generating relations are different. The group H’ 
cannot then be {s1,5:,:*-,Sn}; it must, however, include the central 
{Sa 84,° * *, Sn}. We assume then that G and G” have different normal forms 
for ‘their generating relations and that there exists a simple isomorphism 
between them. Then there exists in G a group H’ which corresponds to H 
in G’. This group H’ must be {3 S'a, Ss; 84," * *, Sn}, where 

li ‘es SHS TOUT eT tt, i (i pa 1; 2). 


The numbers kı,’ - -, na cannot all be zero for then H’ would be H. We may 
suppose that all but kı and l, or all but k, and ke are zero, for this requires 
ouly a proper choice of generators of U. We may suppose further that the 
two which are not zero are both equal to 1, so that s’;—=s,%s,%U, and 
Sy = Ss Fal7;, (i= 1 or 2). If B: — 481540 we may select generators 
of {81, 82} so that s, = sU, and s's = s.U;. , If then i= 1} we may replace 
S'a by S3” = so. If t= 2, the group U’ = {U U's, U's, U's} where 


U0; ees s#ts t U U! UU 


must contain U, or sı and U; or s U’ cannot contain both s, and ss. 
for then without changing generating relations we could replace H’ by 
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` H" = (U4, Uz, 88S" * *, Sn} which is not maximal abelian invariant. We 
may therefore suppose that s, = sıU, and s's =s» If on the other hand 
G82 — %8, = 0, we may suppose that s, = siU, and s2 =U: If Ui = Uh, 
sı is in H’ and we may take s’, to be sı If U: is not U,, then either U, or 
sı is in U’. We have seen that there are not two independent U’s in H’ and 
` therefore whatever the value of 82 — %,8, we may suppose that 


Sı =U, and S= 8. 


From this it follows that U, must be permutable with sə and hence must be 
of type I. In the expression for one of the U’;’s as given above in terms of 
$1, S2 Un © +, Ua the exponent p; must be different from zero. Making use 
of it, s’, may be replaced by sy” = U1 without affecting the generating rela- 
tions. The group U’ must then contain s, or else by the same sort of trans- 
formation H” can be changed to H. But if s, is in U’ it must be permutable 
with U2, Us, and Ua. This identifies the group as no. 25. Since this is the 
only one of the groups with 2 + p + p° subgroups of type I, the original sets 
of relations of generators of G@ and G” were transformable into each other. 


4. The general case. The theorems (1.1), (1.2), and (1.4) go beyond 
the case where the order of U is p*. It is clear that the methods used will 
suffice to classify the groups G of order p**” where U of order p™ and abelian 
of type 1,1,- - - contains only operators of types I and II. It is clear also 
that this problem is the same as the problem of classification of families of 
forms. The groups of order p**™ may be separated first into classes according 
to the orders of their commutator subgroups. Then each of these classes may 
be subdivided according to the number of independent operators of type I 
in U. When these U’s of type I are segregated, the remaining operators of a ` 
set of independent generators of U determine a group U’ whose operators are 
all of type II. U’ determines two groups H’, and H”, which are commutator 
subgroups arising from transformation of s, and ss respectively by U”. Unless 
the commutator subgroup of {H, U’} is the product of the two distinct groups 
Hı and H’,, H’, and H’, have a cross-cut different from identity. This 
cross-cut determines operators U1, U2, > - such that their commutators with 
sı generate the cross-cut and it determines operators V1, V2,- - - such that 
their commutators with sz generate the cross-cut. The order of the group 
U” == {U,, Un: - >, Vi, Vo," © +} enables us to determine a normal form for 
the relations defining {H, U”} and then a normal form for relations defining G. 
The kinds of differences that may present themselves are apparent. For 
_ example, the operators U,, U2,- ++, Vi, Vas’ © © may be independent or they 
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may be dependent in various ways. It may be possible to select œ U’s and « V’s 
- such that the commutator subgroup determined by them and H is of order p*, 
in which case G contains a subgroup Ga. If that is the case it is necessary 
to determine the type of Gaa which appears. This goes back to the question 
of the invariant factors of the matrix AM -+ A:N where M and N are ‘a-rowed. 
square matrices. Though the method is clear and obviously sufficient it would 
be desirable to continue the study on account of the interesting facts that are 
bound to appear in the classification of polynomials of degree even as small 
as five. 

It is likewise obvious that the methods used here aré sufficient for the 
classification of groups where U contains operators ‘of type more “ advanced ” 
than I and II. If U contains an operator of type III, one which determines 
the partition n==2+2+2+14+:°--+ 1, and no operator except those 
of types I, II, and III, then the central of G would be of order p8. Only 
three of the generators of H, sı, se, and ss, need be outside the central of G. 
They would determine three matrices M,, Mz, Ms and three bilinear forms. 
The classes of groups would correspond in a 1— 1 manner with the classes of 
three-parameter (homogeneous) families of bilinear forms AM, + A-Ma + MMs. 
This classification would probably depend on the types of pencil as well as 
the types of form contained in the family. The method of procedure is clear 
in its general aspects; the details of the possible difficulties are not so clear. 
On that account the classification should be carried on in detail somewhat 
further in this direction. 

The methods and results point the.way also to the treatment of groups 
where U contains operators of type K and none of type greater than K. We 
shall content ourselves with the statement of the following theorem which has 
been clear for some time, although the theorem does not take full account of 
the method of attack we have used. 


The problem of the classification of metabelian groups {H,U} of order 
pe which contain H as a maximal invariant abelian group and in which U 
is in the group of isomorphisms of H is identical with the problem of classi- 
fication of k-parameter (homogeneous) families of bilinear forms in m 
variables x and an undetermined number of variables y under “ rational” 
projective transformation on the rs, the ys, and on the parameters. The 
number k takes on all values not greater than n/2. 
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A METRICALLY TRANSITIVE GROUP DEFINED BY THE 
MODULAR GROUP. 


By Gustav A. Hepiuunp.* 


1. Introduction. It is known ? that the modular group, T, is metrically 
transitive with respect to the real axis. This means that if # is a measurable 
point set of the real axis whichis invariant under the transformations of the 
modular group, I, either FẸ or its complement with respect to the real axis 
is a zero set. 

Let T, be the group of real transformations of the (é, y) plane, m, into 
itself, given by 

r: tn tt gett! 
c& +d?’ cy’ + 4’ 
where a, b, c and d are integers such that ad — bc = 1. The object. of this 
paper is to prove that the group I. is metrically transitive with respect to 
the plane 7. 

This is the essential result needed in proving the metrical transitivity 
of the dynamical system obtained by considering the non-euclidean billiard 
problem * defined by the modular group. The similar result where the modular 
group is replaced by a certain Fuchsian group with closed fundamental region 
has been published by the author.t The technic in the two cases is similar, 
but in the present case the method is not buried under the details involved 
in the other case. i 

The result obtained here implies the metrical transitivity of the group T 
with respect to the real axis, but the proof is, of course, very indirect. Con- 
versely, as an example shows, metrical transitivity of a group G with respect 
to the real axis does not necessarily imply metrical transitivity of the group Ge, 
which is obtained by applying the transformations of G simultaneously to two 
variables, with respect to the plane of the two variables. 





*This paper was completed during the tenure of a National Research Fellowship. 

2M. H. Martin, “ Metrically Transitive Point Transformations,” Bulletin of the 
American Mathematical Society, vol. 40 (1934), pp. 606-612. 

3E. Artin, “Hin mechanisches System mit quasiergodischen Bahnen,” Abhand- 
lungen aus dem Mathematischen Seminar der Hamburgischen Universität, vol. 3 (1924), 
pp. 170-175. 

4G, A. Hedlund, “On the metrical transitivity of the geodesics on closed surfaces 
of constant negative curvature,” Annals of Mathematics, vol. 35 (1934), pp. 787-808. 
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2. Quasi-transitive points. Under the transformations of the group I, 
a point P of ~ is transformed into the set of points congruent to P. If this 
set is everywhere dense in ~ the point P will be called a quasi-transitive point. 
From the work of Artin ë it is known that not only are there quasi-transitive 
points, but a point is quasi-transitive if either its abscissa or ordinate belongs 
to a certain linear set, the complement of which with respect to the real axis 
is a linear zero set. It immediately follows that the set of non-quasi-transitive 
points of r constitutes a zero set. 

With the aid of this result the problem of proving that any invariant 
measurable set in m is either a zero set or the complement of a zero set is 
considerably simplified. For since the non-quasi-transitive points form an 
invariant zero set, these points can be omitted from a measurable invariant 
set without affecting either the measure or the invariance. The use of this 
fact is illustrated in the following lemma. 


LEMMA 2.1. If E is an invariant measurable set of m and D is an open 
set of x, E is a zero set if E- D is a zero set. 


For assuming all points of # quasi-transitive, the set # can be obtained 
from the set #-D by applying the transformations of the group Tz. But 
if F-D is a zero set, the set obtained by applying the denumerable set of 
transformations of T is a zero set. 

In particular the set D will be chosen as the set 1 <&<2,—1l<7< 0. 
If # is the given invariant measurable set and it is shown that either F D 
or D— E- D is a zero set, the desired theorem will have been proved. 


3. A netin D. Let P(é,y) be a point of D and let the developments 
of é and —y in continued fractions with positive integral partial quotients 
be given by l 

é= [1], t, 03 * ‘J, —7= [0, 41,02," °°], 


where [bo, bi, b2,- © +] is given by ° 


i 1 

TA E . 
ba + eie., 

and the continued fraction may or may not be terminating. If it is termi- 

nating, the representation will not be unique, but this does not affect the 

following arguments. 


"E. Artin, loc. cit., p. 174. 
€ Perron, Die Lehre von den Kettenbrüchen, Teubner, 1913, p. 27. 
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Given the two sets of positive integers, @1, @2,° ++, @p, ANd G1, G-2,° ° *, dv, 
let R be those points (é,y) of D such that é= [1, a,d2,- © `, Qm © °] and 
— q = [0, @1, @e,°** , Gv, ` *'], where again these may be terminating 
continued fractions but they must contain enough partial quotients to assure 
the presence of the given sequences. The set R includes all the points of a 
rectangle in D. The interior, A, of R, will be denoted by 


{1, a> > +, Qu; O, d-n > >, dy}. 


Thus, in particular, D is given by {1; 0}. 

Let L(a a2, ` *,@p) be the length of a side of A parallel to the a-axis 
and L(a.1,@-2,° © *,@v) the length of a vertical side. The following formula 
is readily obtained: 


i B 
(3. 1) L(a,° g ~, ap) = [I (P:P^)>, 
where P; = [ti;' * * , au] and P’; = [ai ++, @pa,¢:+1], (i= 1,2, p). 
A similar formula holds for L(a.4,- ` -, a). 
4. A lemma on continued fractions. 


LEMMA 4. 1. : 
__[%o 2," Tn] 
[To Vr, ° e,n + a] ý 
I f n is even (odd), F isa PIAT R (non-increasing) PTs of each 
of the variables a, (îi = 0, 1, +, n). 


E (to, f° © ©, En) = Sg, LSZ r < o. 


Let Pi = [Ti © °, am] and Qi = [2i > <, Eni Tn- a]: Then obviously, | 
OP /8X9 = 0Qo/0a) = 1, and the following formulas can be obtained by evalu- 
ating the limit of the difference quotient: 





3P i i s 
(4.2) Pea (ÅP eeo (in) 
ket 
From these formulas follow: 
7 oF _ Qo — Po { Poite Pr Ge 
4.3) — = Avn; = (1 ce i eee Ek. Pe 
( ) 02, Qo” ( J" Qo Qo I Qr? i Ea 


Case I, n even. Then P; S Qi, i even, and P: Z Qi, t odd. In this case 
it follows at once from (4.3) that @F/dx, 20. From (4.3) we have 


Bete) 
Qo QJ? 
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But 
PP: = ToP +1 > 
QoQ: ZY. +1 ~ 
since P, = Q,, and hence @F/dz, = 0. To complete the proof by induction, 
we assume the theorem true for (i =1,2,---,j < n). Then if j is even we 





1, 


x j+1 
wish to show that PoQ 7 Il PQr? 21. From the assumption that the resylt 
kei 


je 
holds for i < 7 +1, it follows that PoQo? II PQ? 21. But the inequality 
kal 
Pin = Qin implies that PiPian/QiRin e (tj Pix T 1)/ (Qin + 1) = 1, 
and the desired result follows. The case where j is odd is treated similarly. 


‘Case II, n odd. Then Pi = Qi, i even, Pi = Qi, + odd, and from the 
reversal of the inequalities, the proof in this case follows readily from: that 
given in Case I. E 


5. The fundamental lemma. 


Lemma 5.1. There exist positive constants k, and ks such that 


k L(a, TAE A'm, Üm a an) < L(a, e a any na E a ün) 
p TL A a A S 
L(g: g Am) L(a: : `, am) 
Lia’, ty my Ansty ün) 
< ke EA I Es Di ent APR n—=m 0 
L(a@'s,: + +, Am) ee a 
independent of the positive integers a’s,- © `, O'm, Qr’ © *y Gy Omii” © © y On 


Proof. Let : a i 


Pi = [dit p Qn]; Pi = [0:n n t1], (1=1,: n); 
i= (a's: ++, Em Cees? anys w= [i Am, amas s an + 1], 
(t=1,---,m); 


Ri = [01 y, dm] 5 Ri = [tiam + 1], (t—=1,---,m); 
Di = [Wim]; D'i = [imn +1), G=, m). 
Then 


n 
L(a, tots Qm, Qmii’ * yia) = |] (Piraya i 
= i=1 


L(a, PESTIS A'm Ami’ T "5 ün) = II (QQ) Il (PiP':)7; 
ial i= m41 


m 
L(a * >, an) =I (Bik); 
L(a@’,,- à Rm) 3 =H (88); 


14 
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and 
L(ay,° + + Mm) L(a's,* © +, am) RRQ 
L(a’ 5 Oa) Las ea mi" Ga) ia PiP 
= G (a1, sy Amy VER r Sy A'm Amir ' 5 On). 


Let us consider 
Ri [ai 55 255 fe dm | 


P; [@i,* * +, Gm, Omi," * *, On] 





From Lemma 4.1, if m — i is even, 

R Bie 5 

Ri (1) gg P. a 
where R:(1) is the number obtained by replacing each argument in Ri by 1. 
Similarly, if m — i is odd 








Hence 





Batt Bas), .) BOW 


Rna() “Pa sl) jt PSS" 
sas (BO Rns(1) | \ @ Paii 
= Rm-2(1) Rall). l iaa PaKa 


where the prođucts in the parentheses are continued as long as the subseripts 
remain positive. From this follows 


[1] [1, 1, 1] r) Il RQQ 





1) LLLI JP PES 
ses( [11] [1,1,1] . Pe RRR 
SASALI SELEN H PASDA”? 


provided the infinite products in the parentheses converge. But the successive 
convergents of (1 -+ 5%)/2 are given by ci = [1], e = D; 1],: > +, and it is 


readily shown that the infinite products Il Coi1/Co, and Ik C2i/Coin, Converge 
421 41 


‘to positive constants e, and ez, respectively. 
Using the same technic it can be shown that the desired inequality 


€7/e,? S G = 62/6” 
obtains. Setting kı = e,?/e,” and ka = e2?/61? = k,71, the desired lemma holds. 


6. Some inequalities. Let A = {1, t, * * -, üp; 0, Qi; a2," © °, a-v} be 
a chosen rectangle of the net in D. Let e denote the set of sub-rectangles 
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of A given by {1, a1,° + +, Qm $1, S2,° + *,S,, L; 0, G1, @2,- + +, av}, where 
Si, Sa * *, 8, are arbitrary positive integers, but A is so chosen that à -+ » is 
odd. The area of the set eù is denoted by p(s). . 


Lemma 6.1. There exists a positive constant ks, such that 
(an) > kaa(A). 


This amounts simply to proving that there exists a positive constant ks 
such that l 
L(a, Qe," © * Am 1) > kL (a1, fa," * "5 am), 


where k, is independent of a4, d2,° * ©, Qm. 
A brief computation with the aid of (3.1) yields 
L(a, Qe," * *, Am, 1) 
L(a, üz: t, amn) 


= [@1, @2,* * +, Om] l . [a2," * +, am] a eae Am L, 
[ar do," * +, am + 1/2] [aa * +, am + 1/2] am + 1/2 2 


With the aid of Lemma 4. 1 and using the notation of the preceding paragraph, 


L(a, G2, * +, Mm, 1) > 1 1 ¢3 Cs 1 


L(a, @2,* © +, Gm) ~ Cy Ca Cy Cr ~ 145% 


and the above lemma holds with ks = (1 + 5%). 
Using the fact that A + p is odd, the rectangle ae 


A = {1, a, a2, ` t ts Op, S + 758,15 0,01, a2," > >, av} 


is defined by the inequalities: 


é = [1, a,° s Op, St SAL] < E [Lt Mp, Sa Sy R] = é 
— = [0, @y,°**, av] <—n< [0, Qat dv + 1] Sne maa 
provided v is odd. The second inequality is reversed if y is even, but it will 
be sufficient to discuss the case v odd. . 

The transformation é = [1, a:,° © +, Qm S1 °°, 8, £] i8 given by 
(6.1) pe gd hee, 


~ 6 +d? 
where a, b, c and d are positive integers and hence (6.1) is a member of the 
group T. If we let 


, 
— 7/1 == [0, 8), S- ts Sis Qp T *,@,1,@4,° A sav] 
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— 72 = [0, Sa Sd-1,° la Si A * ‘s l, Q1,° °° ,ay-+ 1], 


then it is easily shown (this result is stated in Artin, loc. ctt., p. oe) that 
the relations, 
“tb wa +b 
noaa ce fa? 
hold, where a, b, c and d are given in (6.1). Thus it is seen that there is a 
transformation of the group T, which transforms the rectangle 


A= {1, 4, Ts Gp, 81,° tS 15 0, @1, Q2,° © *, av} 
into the rectangle 
A’ = {1; 0, Sry Sd-1)° 7581, äm °°, Qi L, 04," ° *, av}. 


Using only transformations of the group T», each of the naveo 
rectangles of on, for fixed A, can be transformed into one of the non-overlapping 
set o”), {15 Satt, Si, Aus? y la, 1,44,°-*, av}, such that the correspondence 
is one-to-one. 


Lemma 6.2. There exists a positive constant k, such that 
a(o) > kulor). 
Considering a single pair, A and A’, of corresponding rectangles of the 
sets o) and or, 


) BAY =|&—-&1 lm], 
and ela) = | y's — 7's |. 


> 


A brief computation yields the equalities 


AEA | a2 — x7: | 
-lé | n2 — m | 


= = ie + a) (c + d) (on: + d) (e2 + d)! = 








| (8s — 7/2) (#2 —72)| 

| (é — m) (éz ina) 
From the A 1S &, &1, és E S 2, —1 Sm, 1/15 na ya S 0, it foll ows 
from the last equation that 





e(a) L 
e(@) = 9" 
But this inequality holds for each of the corresponding pairs in e and o'y 
and the desired lemma holds with k, == 1/9. 
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Lemma 6.3. If # is a measurable point set of x which is invariant under 
the group T, then ; 
w(B- on) > kap( Ho's). 


’ 


Denoting, as above, by A and A’ corresponding rectangles of the sets 

oy and o”; respectively, since # is an invariant set, the set Æ - A is transformed 

‘into the set E-A’ by the transformation of the group T, taking A into 4’. 

Using the equation ; 
e(Ā) _ Ié — n) (&—m)| 

H(A’) (E1 — 11) (E2 — 72) | 


there is obtained as above 





p(A) 2 kup(Q’). 


But if A is any sub-rectangle, with: sides parallel to the axes, of A, and 
A’ is the corresponding rectangle under 7’, precisely the same inequality can 
be obtained, viz., _ A 
p(B) = kaw (5’). 

The rectangle A being an arbitrary sub-rectangle (with sides parallel to the’ 
axes) of A, it follows that the Jacobian of T, evaluated at any point of A, lies 
bétween 9 and 1/9. This implies the inequality »(H-A) = kyp(B- A’). By 
summing over the set o,, the stated lemma is obtained. 


Lemma 6.4. E being a measurable invariant set of a, there exists a 
positive constant, ks, which does not depend on how A is chosen in D, and 
is such that if à is chosen sufficiently large, 


p(B o) Z hsp (BD) u(o'r). 
Case I. H+ D= {1, 6, €2,° + +, @m3 0, 64, C-25° +, e-n}. 
Let A be so chosen that A >n. Then 
P(E h)a, en) 5 Lew e lms 5 Sotw °° Ary lyla, ay) 


where © indicates the sum of the lengths of the intervals for which 


Shen- Sa 
Si-n ' * ° S1 are arbitrary positive integers, but the other elements are fixed. 
‘Similarly, 
a : 
plo a) = 5 L(Sy, S-17 °° 5 81, Qw T * lis hta , av), 
8e 8p 


where the sum is extended over all positive integral values of s),- - >, 8. 
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From Lemma 5. 1, 


L(A,: vty 1, au: `, av) 


4 @ Pee 
L(8r5 Srets* * * 5 Sy 0p *y By) L(4,° + +51, üp, av) 
2 3 Ld 2 k 
= OSEE E gee 
where in each term where 1,---,1 occurs, there are A such elements. It 


follows from this that 


B(1,+++,1, Gp, °°* 


È L(s,,°++ 5 81, py "+, Ov) < ke X 2 a-v) > L(s,,°++, $1). 
Bye + 81 


Edy + +,1) Shoes si 


Evidently 
= L(s),° ` *, 81) =I, 
Bho 8 
and 


D Lex, C_23° © T 5 Cn, Si-n ` * *, $1) = L(e1, C-2)° 7 "s ên). 
S-n. +» 81 


With the aid of these 


ALRI) = Keykeo*L (e, C_-2,° ° "5 e-n) L(é, gr ay Em) = Keke * (E s D). 
a(o) 


Choosing ks = k/k, the lemma holds in this case. 
Case II. E-D is a finite set of non-overlapping rectangles of the net in D. 
-Let E: D = S Ri. If à is chosen sufficiently large the proof given in 
Case I holds EE for all of the set Ei, (i = 1,: : +, N), and hence 


N N 
p(B oh) = Z a(R o/n) Z X kikr’a(Ri)a(oh) — kikao )a(E D). 
=1 =1 


The lemma holds again with ks = kik. 
Case III. E-D is an infinite set of non-overlapping rectangles of the 
net in D; E: D=ÙÑ Ri 
i=l 


N 
Given «e, there exists an N such that a( X Ri) > (L—e)p(#-D). For 
. ` i= 
oo N 
any A, (E: i) = D p(Ri to) Z È p(Rit o). If A is sufficiently large, 
4-1 q=1 
Case II can be applied and 
N N 
P(E o’y) = die (Ri: 0’n) Z kik u(r) Du(Ri) > kik (1—e)a(E-D)alo). 
i=1 i=1 


If e < 1/3, the lemma holds with k; = 2k1/3kə. 
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Case IV. E-D is an open set. This case is already included under ITI, 
for an open set is the sum of an infinite set of non-overlapping rectangles of 
the net in D, together with the boundaries of these rectangles. Since the 
boundaries form a zero set, they do not affect the argument. 


Case V. E- D is a measurable set of positive measure. 


Given Q` © >, @p,d1,' + +, Gv, from Lemma 5.1, 
ACEN) = 2 L(sy: +81, Qm °°, Gr, Ly da” + +, Quv) 
Bees Sy 
>i L(1,: > +,1, dy, > +, av) 
= 1 bi 
ERTEN 


and hence p(o’,) is bounded away from zero, for arbitrary A. Let c > 0 be 
such a lower bound. 

Given e= %,ke13-1c¢u(H#-D), there exists an open set Eo such that 
E,D E-D and p(By —E-D) <e. For à sufficiently large, we have from 
Case IV, 


w( Bq on) > 2k83 kop (Bo) p(o'n) Z 2k137k7w (BD) pw (o'r). 
But 
u(Eo o) —w(E-o’x) Sp(Bo— ED) < e, 
and hence 
w(E +o’) Z 2k83 k p(B -D)o — e. 


From the choice of ¢, it follows that 
w(E + o’y) Z ky3*he*w(H- D)p (o'r). 
The desired lemma holds with k; = 4,374.7. 
7. Metrical transitivity. 


THEOREM 7.1. (Metrical transitivity). If E is a measurable set of w 
which is invariant under the group To, either u(E) = 0 or p[Cr(#)] = 0. 


It can be assumed that »(#) > 0. From Lemma 2.1, (E: D)>0. 
Let A be a rectangle of the net in D. From Lemmas 6. 1-6, 4, if A is chosen 
sufficiently large, 


(E : A) = p(E . oy) > kp (E oy) 2 laksu (Ll - Djelo’) 
> keksp( E: D)alor) > ksk?ksu( E- D)u(A), 
or p(E-A) > kp(A), 


where k = kak ksp(H-D) > 0. 
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But this implies »(#-D) = ,(D). For if this were not the case, there 
would be a point of D at which the metrical density of the set H+ D would be 
zero. If P is such a point, a sufficiently small square, S, with P as center lies 
entirely in D and p(E- 8) < kun(S). A sequence of non-overlapping rect- 


wo 
angles of the net in D can be so chosen that S = F + £ Ri, where F is a zero 


i=1 
set. For each of these rectangles (7.2) holds and hence 


p(E-8) = X n(B- Ri) > t È a(R) = kp(8). 


This contradiction implies (E - D) = (D). : 
The set Cr (Æ) is then a measurable invariant set such that u(D-Cz#)—0. 
From Lemma 2.1, »(Cr#) = 0, and Theorem 7.1 holds. 


Theorem 7.1 implies the metrical transitivity of the group with respect 
to the real axis. For if this were not, true there would exist a measurable, 
non-zero set, Æ,, of the real axis such that #, would be invariant under the 
group T and O (E), with respect to the real axis, would not be a linear zero set. 
But then the set H, X E, consisting of those points (é, 7) of m such that both 
é and y belong to #;, would be a measurable non-zero set of +, invariant under 
T, such that neither a(FE, X Hi) = 0 nor Cr(E, X E) =0. This contra- 
dicts Theorem 7. 1, and hence the group T must be metrically transitive with 
respect to the real axis. 

Conversely, the group” G generated by the transformations 


LM; =T + Gj, (G =1,2; >), 


for which lim a; = 0, n— œ, aj Æ 0, is metrically transitive with respect to 
the real axis, but the group G, is evidently not metrically transitive with 
respect to the plane. 


* 


Bryn Mawr COLLEGE, 
Bryn Mawr, Pa. 


7 Martin, loc. cit., p. 611. 


SOME INTRINSIC AND DERIVED VECTORS IN A KAWAGUCHI 
SPACE. 


By J. L. SYNGE. 


1. Introduction. Let there be a space of N dimensions with coédrdinates 
xt, and let there be a function F of : 


(1. 1) £04, gi...) gimi, 
where ¢ is a parameter, and 
(1. 2) ri — dry? /dis, gt — gi, 


We define F to be an invariant in the sense of tensor calculus. This does not 
imply the invariability of the functional form of F but simply that, when we 
employ a different codrdinate system t, we are to associate with it a func- 
tion F, given by the transformation of the arguments of F, t being unchanged : 
that is, 

(1.3) P(t, ZOL. BOM) — P(t, oO 4,» «+, gmt), 


The length of a curve gt = gt (t) from ¢—1, to t= t is defined to be 
the invariant 
(1.4) ey Cae: 

ty 

Following Craig,* we shall call such a space a Kawaguchi space of order m, 
although Kawaguchi did not include ¢ among the arguments of F.? If 
m = 1 in (1.1), if ¢ is absent, and if F is homogeneous of the first degree 
iù 24, the Kawaguchi space reduces to a Finsler space. If, more particu- 
larly, F is the square root, of a homogeneous quadratic expression in x#, 
- the Finsler space reduces to a Riemannian space. It will be noticed that we 
have made no reference to transformation of the parameter ¢. In both the 
Finsler space and the Riemannian space, the are s as given by (1.4) is 
independent of the particular parameter ¢ employed. In the Kawaguchi space, 
as discussed in the’ present paper, no condition is imposed on F to insure 
invariance of s under transformation of the parameter t. With the exception 


+H. V. Craig, “On a generalized tangent vector,” .American Journal of Mathe- 
matics, vol. 57 (1935), p. 457. i 

2 A. Kawaguchi, “ Die Differentialgeometrie in der verallgemeinerten Mannigfaltig- 
keit,” Rendiconti Circolo Matematico di Palermo, vol. 56 (1932), pp. 245-276. 
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of (5.30), the results established will be true if this invariance exists, but 
they do not require it. i 

Since the parallel displacement of a vector, together with the associated 
ideas of absolute derivative and covariant derivative, play a fundamental part 
in Riemannian geometry, it is natural in studying these more general types 
of geometry to attempt to define parallel propagation and the associated. opera- 
tions in a way which reduces to the familiar definition when the space reduces 
- to Riemannian space. The operation of absolute differentiation of a contra- 
variant vector defined along a curve has been defined in the Finsler space by 
Taylor and Synge * and in the Kawaguchi space of the second order by Craig,® 
under the restriction stated. As I understand the work of Kawaguchi,” he 
appears to be interested in the most general forms which the operations in 
question could have, rather than the explicit development of the operations in 
terms of the function F. It is with this last development that the present 
paper is concerned. 

Before proceeding to the discussion of absolute differentiation and 
parallel propagation along a curve, it is natural to develop the purely in- 
trinsic properties of the curve itself. The vector which undergoes parallel 
propagation (unless e.g. it is a tangent vector) is not to be regarded as 
intrinsic. , 

For the Kawaguchi space of order m I develop a set of m -+ 1 intrinsic 
covariant vectors associated with a curve.” When the space is Riemannian, 
m = 1, and there are just two of these vectors, corresponding to the tangent 


and first normal. In addition to these vectors, denoted by És, other intrinsic 
vectors are also developed. The mode of development is based on taking some 
invariant “ generating function” H of the variables (1.1), or a larger set 
containing derivatives of higher orders with respect to the coördinates. 
Passing on to the definition of the absolute derivative of a vector along 
a given curve, it appears that the most natural process is that which derives 





*In developing the theory of the Kawaguchi space for m = 2, H. V. Craig (“On 
parallel displacement in a non-Finsler space,” Transactions of the American Mathe- 
matical Society, vol. 33 (1931), p. 129) subjects F to the condition that s shall be 
invariant under transformation of t. Craig’s method has beem extended to general 
values of m by H. Hombu, “On a non-Finsler metric space,” Téhoku Mathematical 
Journal, vol. 37 (1933), pp. 190-198. 

+J. H. Taylor, “A generalization of Levi-Civita’s parallelism and the Frenet 
formulas,” Transactions of the American Mathematical Society, vol. 27 (1925), pp. 
246-264; J. L. Synge, “A generalization of the Riemannian line-element,” ibid., pp- 
61-67. These papers were written simultaneously and independently. 

5 Three of these vectors have been given by Craig: see ref. 1. 
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a covariant vector from a contravariant vector given along the curve. We are 
naturally most interested in formulae which involve only the first derivatives 
of the components of the given vector. We find that there are m + 1 such 
derived vectors for a Kawaguchi space of order m. One of these derived 
vectors may be picked out as the natural generalisation of the ordinary ab- 
solute derivative (whose vanishing implies parallel propagation), but it is 
interesting to note that the case m = 1 is rather peculiar as far as the general 
formula is concerned. 


2. The Bulerian vector E;. In connecting with the variational equation 


te 
(2.1) 8( Fdt =0, 


ty 
there are associated the well-known Eulerian equations. It is natural to 
expect that the expressions which are equated to zero in these equations are 
the components of a covariant vector. That is in fact the case, and it seems 
most natural to use a variational method to prove it. Craig* has established 
it by a direct method. 
Let us take a singly infinite family of curves, 


(2. 2) zi = tt (u, t), 


where ¢ is a variable parameter along each curve and u is constant along 
each curve. Then 

d ¢t 2 OF 
(2. 8) aS, ra= f’ a, a 
and this is an invariant. Following Craig, we shall adopt the convenient 
notation 


p 
(2.4) Tars oF m dd oF 


Âr Dt? Po die gaoi 


In the present connection d/dt means partial differentiation with respect to t, 
uw being held fixed. Then 


(2. 5) TE E R 
z d ô ; dxi . 
A È Foiz ai 7 Eee st Poi a re 
un (1) 
aT CSR wig wont + Fos — Far J ate, 
+ g=l ĝu 
Proceeding by successive steps in this way, we gA 


OF d,” rS wtp ð Gai p Îr? 
(2.6) Iu = ql (“D7 E Pas ae }+ hia 
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where 
z REC: 
(2.1) E= (— 1) Pipi ; 
g=0 
this is the Eulerian expression. We have then 


..Grt) ĝ t=ta Oat 


(2.8) ae J, Pat & (ye Fun peed + S “Be Z at. 


Now let us suppose that the curves (2.2) are so chosen that the points 
for which t= tł, and t= t; are common to them all, and further that the 
values of 

es, et, Kain gim-t 
are also common to them all at these points. These conditions imply that 


(2. 9) Z soro for ¢==¢, and t= tz (q =0,1,: > -,m—1). 


Then the first term on the o side of (2.8) vanishes, and we have 


(2. 10) i ; "Pat -f By dt, 
Since this is an invariant, we have, on changing to new coördinates 2, 
=- ĝt dai 
(2. 11) f (2 Ty peal 
or 
ta xi 
(2.12) T (2: — 2, = 0 


But ôžt/ðu is arbitrary along any one of the curves u = const., except at the 
end points, where its components vanish; hence, by the usual method of the 
calculus of variations, 


n ri 
(2. 13) BE, = E; IF: 


Hence we have the following result: 
THEOREM I? The Eulerian expressions, 


(q} 


(2. 14) Bia (—1)9F wi 7 


are the components of a covariant vector in a Kawaguchi space of order m. 


a 


Although not intrinsic, we may mention an invariant, which appears as 
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a by-product of the preceding work. We have seen that the last term on the 
right of (2.8) is an invariant. Hence, if the terminal variations are left free, 
instead of being restricted by (2.9), it follows that the first term on the right 
of (2.8) is an invariant also. Let us put 


(2. 15) Xi — aut ðu, 


these being components of an arbitrary contravariant vector, given along any 
curve u = const. The invariant in question is 


(2, 16) È (1 È rer (aye. 
pel ap 
Writing it in a different form, we may state the following result: 


TuroreM II. The expression 


Y 


i ` m-1 m-r, . eas 
(2.17) PC hap) (IAF ioi 


is an invariant in a Kawaguchi space of order m, X+ being the components of 
an arbitrary contravariant vector given along the curve sê = st (t). 


When m = 1, this invariant is 


(2. 18) PoiXi. , 
When m = 2, it is 

å dx: 
(2.19) Xi{F ai — ai Foi} + i Fey. 


8. The set of intrinsic vectors É. Since the establishment of the vector 
` character of the Eulerian vector Fu, given in (2.14), involves nothing beyond 
the fact that F is an invariant function of the variables (1.1), it is obvious 
that we may obtain a class of vectors by the formula (2.14) on substituting 
for F any function f(F) of it. In Riemannian geometry it is convenient to 
substitute F?, However, if the parameter ¢ is chosen so as to make F constant 
along the curve, which can be done by taking for parameter 


‘ k t 
(3.1) s= f Pat, . 
ty i 


it is easily seen that these vectors only differ from F; by a constant factor. 

It is to be borne in mind in all the subsequent work that new vectors may 
be obtained from those given by writing f(#) instead of F. 

Now let #(¢) be any function of ¢, transforming as an invariant on 
transformation ‘of codrdinates. Then $F is an invariant function of the 
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variables (1.1), and we may use it as a “ generating function ” instead of F. 
Substituting in (2.14), we deduce that f 


, (3.2) ie 1) (Fmi) @ 


are the components of a vector: we have used the fact that ¢ involves ¢ only. 
This reduces to 


(3.3) SiS (‘) $P Pipi” > 
g=0 mo \P 
or i 
(3. 4) > bP Bi, 
p=0 
where 
(8.5) -$n (2) ro 
qzp Pp 


Here ( 4) is the usual binomial symbol, 


(3.6) (; ar): EE, (8) = À) =1, 


(p, q = 1,2,° mS q=p). 
Now for any assigned value of ¢, we may choose the values of ¢, p, - -,¢™ 
arbitrarily, and they are all invariants. Let us make them all zero except p”, 


and let ¢ —1. Then the vector (3.4) reduces to Es, and we may state 
the following result: 


TurorEeM III. The expressions 


p m 
(3.7) BS o(p) ria, (p—=0,1,"+-,m), 


q=p 
are the components of a set of m + 1 covariant vectors in a Kawaguchi space 
of order m.$ l 


It may be of interest to write out a few of these vectors explicitly: 


z bia .. (q) 
z E: = Ei = È (— 1) Foi, 
% = 
1 m an 
E; = >» (—1)%PF ios > 
g= 
(3.8) 


m-2 


Ei = (~ 1) F mni — (m—1)F inoi + 4m(m — 1) Finns }, 
m-1 

Ei = (—1)™* Pani — mB test B 

l E; = (— 1)” Fom)s- 





è These vectors were obtained by Craig (ref. 1) for p = 0, p = 1, and p =m. 
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The vector character'of the last is easily established directly. ` 
For: m = 1, there are only two vectors 


i 0 d: 1 
(3. 9) E; = Poni — z Faw E; = — Faji 


For m = 2, there are only three vectors 


o d qd? 
E: =F oi — li Pas + de Fai, 


H 


po d 
(3.10) T; = — Fan + 2 g Fow 
2 


E; == Figi 


. . . Pr eye : 
4. The intrinsic vectors Gi. The quantities 7+ — dat/dt are com- 
ponents of a contravariant vector, and hence any one of the expressions 


(4.1) sif, (p=0,1,:--,m), 


is an invariant. In deriving the vector character of È; as in (3.7), all that 
was required was the fact the F is an invariant function of the variables (1. 1). 
Now (4.1) is an invariant, but it is a function of 


0 {1 .. 2m- 
(4.2) t 4, gis, , gmp i, 


P 
since these are involved in #;. Thus we may use (4.1) as a generating 
function instead of F in (3.7), provided that we extend the range of summa-‘ 
tion to include the variables (4.2). Hence we have the result: 


THEOREM IV. The expressions 


Pr 2m-p Bo ge 
(4.3) G; = 2 (— (2) (PIB) > 
h (p=0,1, ,m;r=0,1,---,2m—p), 
where 
(4.4) SE GA 
8=p v4 


are the components of a set of $(m+1)(8m-+ 2) covariant vectors in a 
Kawaguchi space of order m. 


Perhaps the most interesting of these vectors is that for which 


(4. 5) p=m, r= m — l1. 
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We have 


Rim- v m i m a 
(4. 6). Gy = (—1)™1{ (@ 4B) omayi — m (4 IE) iwi } 
' d ; 
= 5:"F Gy — 8a" F oyi — 8 PIF omy jem-ayt + m (2 IF ony jemyi) 3 


if m = 1, this becomes 
19 n0 1) d cays 
(4. 7) G: = Fiir — af FF ajoi + ak (z IF aian) 


S 
When the space is a Finsler space, F is homogeneous of degree unity in g®t: 


then we have 
0,1 


(4. 8) Gi = Pay — Fow 
which is.the Eulerian vector, to within a sign. We may therefore state the 
following result: 


TrrorEM V. In a Kawaguchi space of order m there is associated with 


. mm- 
each point of a curve a covariant vector Gi; given by (4.6). When the space 
is a Finsler space, this vector is identical with the Eulerian vector, except 
for sign. 


5. The absolute derivative of a contravariant vector along a curve. Let 
Xt be a contravariant vector field, the components being furctions of the 
coordinates only. Let us take as generating function any one of the expressions 


(5.1) xh, | (p—=0,1,- +, m). 


This is a function of the variables (4.2), and hence may be substituted for F 
in (3.7), provided that the range of summation is suitably changed, the 
p of (3.7) being changed to another letter. In fact, we get a vector con- 
structed as in (4.3). In order to show that the vectors obtained in this way 
are “derived ” from X/, we shall adopt the notation 


° pr 2m-p P? Gy 
(5.2) , Die Ss (—»*(%) (XIE) ot”, 
Er 


(p=0,1,- m; T= 0, 1,: > :, 3m — p). 
- We may state this result: 


THEOREM VI. The formula (5.2) defines a set of 4(m + 1) (38m- 2) 
covariant vectors derived (along a given curve) from a contravariant vector 


field Xt in a Kawaguchi space of order m, È, being as given in (4.4). 
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If r = 0, we shall have, in the course of the calculation, to take the partial 
derivative of X? with respect to x‘. Consequently the derived vector will 
involve the partial derivatives of the vector field, as well as its derivatives 
with respect to ¢ along the curve. But if we take r > 0, the formula will 
involve only the derivatives of X? with respect to ¢, as in the formula for 
the absolute derivative in Riemannian space, which is 


axt 4 . dak 
(5.3) TH eT 


The formula (5.2) will involve the’ derivatives of X/ with respect to t 
up to and including the order 2m — p —r. Let us confine our attention to 
those which involve derivatives of the first order only. We are then to take 


(5. 4) 2m — p —r =], r= 2m — p—1. 
Let us then consider the derived vectors 


p:2m-p-1 . P 2 a) 
(5.5) Dag X == (—1)?*{ (XIE) cmp- — (Rm — p) (XIE) im-pi}, 
(p=0,1,---,m). 
I£ 
(5. 6) 2m —p—1=0, 


then @X4/dz* will appear in the evaluation of this expression. Now (5.6) 
can be true only if m = 1, and then for the value p = 1. It is interesting 
to see what (5.5) gives in this particular case. We have 


BO pi sod mee @ 
(5:7) DiyXi = (XIH;) wi — (XIE;) ws 


axi 
dat 





1 : 1 d p 1 

By + Xi (45) cos — {Zi (Ei) ai}, 
L g 
where (ef. (8. 8)) E; = — Fay: thus we have 


1,0 axi ; d . 
(5. 8) DiyjXI = — tat Fary — LIF yj i +z (XiFaiai) 
` ax 


2 QE es 
= aa Faya + E (Pia ict ®* 


dt 


i 
+ Faraos Y — Pao) — ant Fos- 


To complete the case m == 1, we must also put p = 0: this gives 


on es l PEETS, 
(5.9) DXi = — (XIB;) w + 2(XIB;) re 
15 
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Here we are to put (ef. (8. 8)) 


9 
7 .@ . 
(5.10) By—=Fwyy;—F ayy = Fom Paya E — Fayot, 


Thus l 
(5. 11) Dy! =— I(B ost 24 L (Z(E, ) era} 
= — AI (Fooi oe ut 


d 
: Dk L iyi ats 
Fey j¢0)t — Fooros) 2i (Zif ami) 





et 
= — [Foai di + XS (F oj yi — Faoi) 


+ BF aioyiozt Y + Hararas ®*}]. 
We may state this result: 


` 


TaroreĮm VII. In a Kawaguchi space? of order 1 the formulae (5.8) 
and (5.11) define two covariant vectors derived from a contravariant vector 
field Xi: (5.8) involves the partial derivatives of Xi, but (5.11) involves 
only the derivatives with respect to t. 


It is interesting to see what the derived vectors (5.8) and (5.11) 
degenerate to in the case of a Finsler space. We shall not, however, use these 
formulae as they stand, but the corresponding formula with F° substituted 
for F. We shall denote the corresponding vectors by 


1,0 a 0,1 . 
(5. 12) Aix), AXi. 
We shall write 
(5. 13) fi =(P )oiw fi = 3(2") wimiawe 


We know that these are covariant tensors. Using the fact that F° is homo- 
geneous of degree two in ¢™t, we obtain . 


(5.14) AyXi—2 ti - 4 finis 


2 Ge = fir Yiz Cok — fa E geo \ 


ax a 


-e { (oe +h 


— (tn at vile \ TOE F Rfi rR, 








7 In the sense of the present paper, a Kawaguchi space of order 1 is not necessarily 
a Finsler space: for the Finsler space, F is homogeneous of degree unity in gi, 
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In the still more particular case of Riemannian space, we have’ 

(5. 15) fu = gi, 

which are functions of the coördinates only. Then we have 
z_o (Xi Xr) Lox 

(5.16) AX! =o (SE — a) zok, 


whose vector character is well known. 
For the other derived vector in a Finsler space, we have 


0,2 į 
(5.17) —4hyX! = fu E 


sar (fe — te) wom 4 Meg fa | 





0,1 j 
(5.18) Ags X? =—4{ fu = 


ee ae 





Hence we may state this result: 


THEoREM VIII. When the Kawaguchi space of order 1 is a Finsler space 
the covariant vectors (5.8) and (5.11) derived from a contravariant vector 
field XI degenerate (when F is replaced by F°) to (5.14) and (5.18). 


Except for the numerical factor —4, formula (5.18) expresses the 
covariant components of the absolute derivative of a contravariant vector in a 
Finsler space, as defined by Taylor and Synge.* Since the vanishing of this 
absolute derivative is taken to define parallel propagation in a Finsler space, 
it seems appropriate to adopt the following definition of parallel propagation 
in a Kawaguchi space of order 1, which, it is to be remembered, differs from 
a Finsler space only in so far as F is not necessarily homogeneous of order 
one in a4, 


DEFINITION. A vector Xi is propagated parallelly along a curve in a 
Kawaguchi space of order 1 when it satisfies the equations ° 


6,1 
(5. 19) AXi = 0, 
where 


(5. 20) sah (F° Jo z ET E (FP) AT 
4S) mimio dI sE 4+ $2) oimai, 
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Let us now return to the general Kawaguchi space of order m and the 
derived vectors given in (5.5). Let us put 


(5. 21) p=m—], 
so that the formula reads 


m-im m- , mI) 
(5.22) Dau XI = (—1)™{ (X1 E; ) omi — (m + 1) (X1 E; ) Gaya} - 


We have already investigated this for m = 1' (cf. (5.9)) and we have seen 
that, if we put F? in place of F, it reduces to a familiar expression in a 
Finsler space. Let us now reduce the expression for any value of m. We have 


(5.28) "Du X= (— 1)" LXI { B; ) wi — (m + 1) Z (2E; )emars} 


Let us turn to (3.8); we have 


"T, no 
(Hues) E; = (— 1)" (F m- — ME mg) 
m 
= (— 1)" (F em- — m D Fem icauve*), 


and so 


; m-1 ` ` 
(5.25) (Ei)emi = (— 1)" (Femijes | 


— MF mjm- — M 2 F eminem (g Dk), 
m-t g7 
(23) emni = — (— 1)” mF ony jemyi- 


Thus (5.23) reads ; 


4 
dXi 
dt 
m 
+- (MF im-i)icm)j — Femij — m? = F emiemi grtt) XS, 
q=0 


which agrees with (5.11) when we put m =1. 

We get a derived vector analogous to (5.26) if we substitute for F any 
„function of F. The earlier work indicates that F? is the most suitable func- 
tion to take. Wẹ may state the following result: 


m-1ym 
(5. 26) Diy; Xi == —m(m+ 1) Femyicnyi 


THEOREM IX. In a Kawaguchi space of order m the formula 


m-lım axi 
(5. 27) Ais MS com — m(m +1) (F?) emiemi Gt. 


+ {im (EF?) miyim — CF?) omy sem-ryj 


m 
— m > (F°) eniemjepkt TPE) 
g= 
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defines a covariant vector along any curve xt = st (t) along which the contra- 
variant vector XI is given. 


The following definitions may be set down: 


m-1m y A ` 
DEFINITION. Ai; X’ is the absolute (covariant) derivative of the vector X+. 


DEFINITION. A vector XI is propagated parallelly along a curve in a 
Kawaguchi space of order m if its components satisfy the differential equations 


m-lym 


(5. 28) Ais XI == 0. 


The type of geometry with which the present paper deals is essentially 
concerned with processes of generalisation. Generalisations are by no means 
` unique, and a method such as that developed in the present paper opens up 
an embarrassing variety of generalisations. Riemannian geometry is the well- 
established base with which (as a particular case) our generalisations are to 
be checked. The definitions adopted above do check with well-established 
results in Riemannian space, but we may ask whether, in the case of the 
Kawaguchi space of order m, we have been wise to use F? as the generating 
function in (5.27), instead of #1, This would equally well give agreement 
with results in Riemannian or Finsler space, since when m ==1 we have 
m + 1 = 2, 

It is easily seen that 


(5. 29) fu = 4(F*) mimi 


is a covariant tensor in a Kawaguchi space of order m; if the determinant 
of fiz is not zero, we may introduce a conjugate contravariant tensor f’, and 
use it to convert covariant vectors into contravariant vectors. Thus although 
the formula (5.27) derives a covariant vector from a contravariant vector Y/, 
we can at once obtain a contravariant derived vector, 


m-1,m 


m-1,m 
(5. 30) ARs Xi =f Ay Xi. $ 


It should be noted, however, that this cannot be done if s is invariant 
under transformation of ¢, for in that case the determinant of fi; vanishes.® _ 


UNIVERSITY or TORONTO. 


2 Cf. H. V. Craig, Bulletin of the American Mathematical Society, vol. 36 (1930), 
p. 560. 


AN ANALYTIC CHARACTERIZATION OF SURFACES OF FINITE 
LEBESGUE AREA. PART I. 


By CHartes B. Morrey, JR. 


Since Schwarz è showed that the ordinary definition of the length of a 
curve could not be generalized directly to give a definition of the area: of a 
surface, many definitions of the area of a surface have been proposed. In 
this paper, we shall use that proposed by Lebesgue in his thesis. Although 
this definition was almost forgotten for over' twenty years due to the lack of 
methods for handling it and also perhaps for esthetic reasons, its usefulness 
in connection with the solutions of the Problem of Plateau (particularly those 
of Radó and McShane*) demonstrates its value as a tool in Analysis and 
Geometry. 

This definition presupposes a definition of limit elements in the field of 
surfaces. For surfaces z = f(s, y), it is clear that we should say that a 
sequence of surfaces S» had the surface § as its limit if and only if the 
corresponding functions f,(z, y) converged uniformly to the limiting f(z, y). 
An ideal extension of this definition to general surfaces is furnished by 
Fréchet’s definition of the distance between two surfaces.’ It is a curious fact 
that, although earlier workers in the area of surfaces (such as Lebesgue and 
Geéeze) clearly had some such definition of convergent sequences in mind, 
it was not precisely formulated until so recently and has accordingly been used 
only in the work of Radó, McShane, Douglas, and the author. 

The problem considered in this paper is that of determining an analytic 


1 Part I was presented to the American Mathematical Society on December 27, 1932, 
under the title “An analytic criterion that a surface possess finite Lebesgue area.” 
Part II was presented on April 14, 1933, under its present title. 

2? National Research Fellow (1931-33). 

° 3H. A. Schwarz, Gesammelte Anhandlungen, vol. 1, p. 309. 

“E. Lebesgue, |“ Intégral, longueur, aire ” (Dissertation), Annali di Matematica, 
ser, 38, vol. 7 (1902), pp. 231-359. 

ëT. Radó, “On the problem of least area and the problem of Plateau,” Mathe- 
matische Zeitschrift, vol. 32 (1930), pp. 763-796. 

E, J. McShane, “ Parametrizations of saddle surfaces with application to the 
problem of Plateau,” Transactions of the American Mathematical Society, vol. 35 
(1933), pp. 716-733. ‘ 


TM. Fréchet, “Sur la distance de deux surfaces,” Annales de la Société Polonaise ` 


de Mathematiques, vol. 3 (1924), pp. 4-19. 
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characterization of surfaces of finite area more or less analogous to that of 
rectifiable curves. Accordingly, we shall list mainly researches on this problem 
and refer the reader to Radé’s Ergebnisse tract “ On the Problem of Plateau” $ 
for the most important literature on the general theory of the area. Surfaces 
z = f(x,y) of finite Lebesgue area were first characterized by Gedcze® and 
later independently by Tonelli.2° Tonelli also characterized functions f(x, y) 
(calling them absolutely continuous) for which the area of the surface 
z = f(x, y) is given by the classical integral formula, and these functions have 
been invaluable in subsequent work on area. McShane™ and the author 1? 
independently defined a class of representations (called class L) of surfaces 
for which Z(8) is finite and given by the classical integral formula and 
McShane ¥ characterized “saddle” surfaces of finite area bounded by Jordan 
curves by showing that each such surface possesses a representation of class L 
(in fact “ generalized conformal”). 

The present paper gives an analytic characterization of the most general 
surface of finite Lebesgue area. It is first shown (in part I) that every 
non-degenerate (see § 1) surface of finite Lebesgue area possesses a generalized 
conformal (see § 2) representation. To characterize arbitrary surfaces, it is 
found helpful to allow parametric representations of surfaces on certain sets 
in 3-space called hemicactotds, a theory of such representations having been 
fully developed in the author’s recent paper “The topology of (path) sur- 
faces” 14 which will hereafter be referred to as T. It is then shown in §3 
(part II) that a necessary and sufficient condition for a surface S to possess 
finite Lebesgue area is that there exists a hemicactoid H on which S may be 
represented, the representation being generalized conformal on each non- 
degenerate cyclic element (see § 3). 

Throughout this paper we shall use the following vector notation: the 


8T. Radó, “On the Problem of Plateau,” Ergebnisse der Mathematik und Ihrer 
Grenzgebiete (Springer), vol. 2 (1933). 

°Z. de Gedcze, “Die notwendigen und hinreichenden Bedingungen fiir einer end- 
lichen Flaicheninhalt eines Flichenstiickes,” Mathematicai es Physikai Lapok, vol. 25 
(1916), pp. 61-81. . 

1° L. Tonelli, “ Sulla, quadratura delle superficie,” Atti della Reale Accademia det 
Lincei, ser. 6, vol. 3 (1926), pp. 357-362, 445-450, 633-638, 714-719. 

14 E. J. McShane, “Integrals over surfaces in parametric form,” Annals of Mathe- 
matics, vol. 34 (1933), pp. 815-838. 

12 C. B. Morrey, Jr., “A class of representations of manifolds (Part I),” American 
Journal of Mathematics, vol. 55 (1933), pp. 683-707 (hereafter cited as R). 

18 Loc. cit. (first reference). 

1C. B. Morrey, Jr., “The topology of (path) surfaces,” American Journal of 
Mathematics, vol. 57, no. 1 (January, 1935), pp. 17-50. 
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letters z and X shall stand for the codrdinates (z1, :, 2N) and (X1,---, XY) 
of a point in the z-space in which the given surface lies, the letters u and U 
for (u,v) and (U,V) respectively, the sum and difference of pairs of these 
letters, i. e., 2, = Zz OF U, Æ Ue, will denote the vector sum and differences in 
the respective spaces, Sa will stand for the’ vector (d2'/0a,---,0x£%/da), 
a being a parameter, z(u) and X (U) will be vector functions, and if ¢ is a 
vector in any space, | ¢| shall denote its length. We shall sometimes write 
«(P) to mean x(u) where u is the codrdinate vector of the point P. Given 
a point set F, # shall denote its closure and #* the set of its frontier points. 
The letters r and R shall always denote Jordan regions (i. e., regions bounded 
by a single Jordan curve). All vector functions occurring in a transformation 
or a representation of a surface will be assumed to be continuous. 


1. Non-degenerate vector functions. In this section, we shall merely 
demonstrate a few simple properties of such vector functions which, however, 
are invaluable in the developments of the next section. 


Definition 1. Let x(w) be a (continuous vector) function defined on F. 
We define the oscillation of x(u) over the set, F, as the least upper bound of 
| e(u) —a(u’)|, for all u, w in E. (T, def. 1, § 3.) 


Definition 2. Let x(w) be defined on f. and suppose C is a continuum, — 
in #, of diameter =p > 0. We define m (p, 23 C) as the oscillation of x(u) 
over O and yı (p, x) the greatest lower bound of m (p, T; C) for all such C. 


Definition 3. We shall say that a continuum, C, is the upper limit of a 
sequence, {Cn}, of continua if (T, def. 1, § 2) 


(i) all the limit points of a sequence, {Pn}, of points, Pn € Cn, lie on C; 
(ii) if P is any point of C, there is a sequence, {Px}, of points, Pr e Cn,» 
which converges to P, {mz} being a subsequence of the integers. 


If C is also the upper limit of every subsequence of {Cn}, then we say that 
C is the limit of the sequence {Cn} and that {0n} converges to O. 
« The following lemma is well known: 1 


LEMMA 1. if {Cn} is a sequence of continua in a closed bounded region 
B, then a subsequence of {Cx} possesses a unique limit continuum, O. Thus 
the sets (1) of all continua of R, and (2) of ail continua in R of diameter = p, 
are compact. 


16 See, for instance, R. L. Moore, “ Foundations of point set theory,” American 
Mathematical Society Colloquium Publications, vol. 13, pages 28, 29, 
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THEOREM 1. Suppose s(u) is defined and continuous on F. Then 
m(p,2;C) is lower semicontinuous in O, and thus takes on its minimum, 
(p, £), on some continuum C of diameter = p. 


Proof. Let {Cn} be a sequence of continua, of diameter = p, with limit 
continuum C. Let P, and P be points of C such that 


mp, 2; C) = | 2(P1) —2(P2)|. 


We may select a subsequence {np} of the positive integers such that 
Pym —> P, (Pe Cm) (= 1,2), and m(p, £3 Om) — lim m (p, 0; Cn). Then 


2-200 


clearly 
m(p, 2; 0) = | @(P1) —2(P2)| = lim | (P1) — e (Pa) | 
k-00 


= lim yı (p> T5 Cn) ’ 
i500 


which proves the theorem. 


THEOREM 2. If the (continuous vector) functions %(u), defined on F, 
approach a(u) uniformly, . 
m(p, £) SS lim q (p, n). 

n> 

Proof. For each n, there exists a continuum On, of diameter = p, such 
that y1 (p, Zn) =M (P, Pn; On). We may select a subsequence, {ny}, of integers ~ 
such that Cn,—>C and m (p, En) lim m (p, an). Now let P, and P, be 

n> 


points on C for which | «(P,) —z(P2)| is a maximum, and let {ni} be a 
subsequence of the integers {nx} so that we can find points, Pin, on Ony 
so that Pin, > Pi, (i= 1,2). Then clearly 


np z) <}«(P,) ~2(P.)| = lim | Em (Pam) — tm (Pam )| 
= i a M (Ps Tn) = tim Am y (P> Zn)» 


which proves the theorem. 


Definition 4. A vector function is said to be non-degenerate on a con- 
tinuum, C, if it is not constant over any continuum of © containing more than 
one point (ef. T, def. 5, § 4). 

The following two theorems follow immediately from the definitions. 


THEOREM 3. If x(u) is non-degenerate on F, (ps) > 0 if p> 0. 


Turorem 4. If g(u) is non-degenerate on F, u=u(U) is a 1—1 


| 
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continuous transformation of F into R, and we define X(U) =a[u(U)], then 
X(U) is non-degenerate on R. 


The following theorem simplifies the argument in § 2: 


THEOREM 5. If {,(w)} is a sequence of non-degenerate vector func- 
tions approaching the non-degenerate vector function z(u) uniformly, we can 
find a function 1(p), positive for p > 0, such that 


m(p) Sm(p,t);  m(p) Sm(p, ĉn); (n=1,2,-°-). 


Proof. We may define 7,(p) as the greatest lower bound of yı(p, £) and 
the numbers 7:(p, 22). If this is zero for some p > 0, we may extract a sub- 
sequence, {nx}, of the positive integers so that m (p, £n,) —> 0 which contradicts 
Theorems 2 and 3. 


2. The existence of a generalized conformal representation of an arbitrary 
non-degenerate surface of finite Lebesgue area. In this section, we prove a 
selection theorem for a sequence of representations of non-degenerate surfaces 
which converge to a non-degenerate surface. This theorem together with its 
proof is the exact analog for the vector functions representing these surfaces 
of Lebesgue’s selection theorem for a sequence of monotone functions with 
uniformly bounded Dirichlet integrals which converges uniformly on the 
boundary of a region. By means of this theorem, the main result of the paper 
is established. The method of proof used extends to representations on an 
n-sphere of n-dimensional manifolds which are of class L with 


f S f [gu +: . < F gmn]"” dud - é - du” < M 


independent of n, the gi; being among the coefficients gi; of the fundamental 
(positive definite) form 

n a x 

d? = J, X, gudutdw. 
4=1 j=l 
Definition 1. A function, f(a, y), will be said to be absolutely continuous 

in the sense of Tonelli *° (A. C.T.) in a region F if it is A.C. T. on every 
rectangle interior to r with fs and fy summable over r; f(x,y) is A. ©. T! 
fora S sS b, cS yS d if it is continuous there and 


1L., Tonelli, “Sulla quadratura delle supérficie,” Atti della Reale Accademia 
Nazionale dei Lincei, ser. 6, vol. 3 (1926), pp. 633-638. 1 

1t In a paper, “ Complements of potential theory II,” American Journal of Mathe- 
matics, vol. 55 (1933), pp. 42-46, G. C. Evans has shown that this concept is identical 
with that of a continuous potential function of its generalized derivatives (see ref. 19). 
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(i) for almost every X, a S X S b, f(X, y) is absolutely continuous in 
y, and for almost every Y, eS Y Sd, f(x, Y) is absolutely continuous in 2; 


v d 
(ii) f Vewa[f (X, y)]4X and f Va"? *[ f(z, ¥)]d¥ both exist, where 


Val f(X,y)], for instance denotes the variation of f(.Y,y) on (c,d) con- 
sidered as a function of y alone. 
It is known that fr and fy exist almost everywhere and are summable. 
The following definitions and lemmas may be found in the literature and 
are included here merely for the sake of completeness. 


Lexma 17° If {fa(a,y)} ts a sequence of functions, A.C.T. on fF, 
which approach the continuous function, f(x,y), uniformly and there exist 
constants M, p > 1, and q > 1, independent of n such that 


ff [| fn/dx |? +- | Ofn/dy |*|\dx dy < M, (n =1,2,---), 


r 


then f(x,y) is A.C.T. on F, | fe |? and | fy j1 are summable on r, and 


Sf tele aeay stim f f | afn/ae |e de dy; 


n> 
r r 


SS Ve lede dy tim f f |8fa/0y | de dy. 
A woe 


Lema 2.%° Let f(x,y) be A. C.T. in F, and let x = x(s, t), y = y (s, t) 
be a 1—1 transformation of f, into È, where x(s,t) and y(s,t) are con- 
tinuous together with their first partial derivatives and | tsyt—xtys | = A> 0. 
Then if p(s, t) = f[a(s, t), y(s, t)], we have that $(s, t) is A.C. T. in R, and 


(2. 1) . bs = forts + fits, ge = fete + fyyt 


almost everywhere. 


Lemma 3. Suppose (i) f(x,y) is A. C.T. in F with fz? and fy? summable 
over r, (ii) e—a(s,t), y=y(s,t) is a 1—1 conformal transformation 
(merely continuous on r*) of F into R, (iii) $(s,t) = Z[x(s, t), y(s, t)]. 
Then (a) $(s,t) is A.C. T. on È, (b) its partial derivatives are given almost 
everywhere by the formulas (2.1), (c) $s? and $:? are summable over R, 
and (d) we have 





18 C. B. Morrey, Jr., loc. cit. (R). 
1° G. C. Evans, “ Fundamental points of potential theory,” Rice Institute Pamphlets, 
vol. 7, no. 4 (1920), pp. 274-285, particularly. 
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f f (Get + 918) de at= fS fet + fe) de dy. 
R T 


Proof. Lemma 3 is an immediate consequence of the preceding lemma as 
is easily seen by considering the mapping of regions entirely interior to R 
on regions entirely interior to r by the given transformation. l 


Definition 2.2%! A representation, © = s (u), wef, of a surface, J, is 
said to be of class L if 


(i) the components, z*(u, v), are all A.C. T. on F, (¢—=1,---,N), 
hee Gee (ari eri) A(t, wi)! 
(i) iaf S | FS (u,v) , 
Ta 7 
(4, j= =1,- SN), 


eni (u, v) = (17h?) i i a ai (é, n) dé dn, 


du dv =0, %>a«>0, 








Ta being the set of points of r at a distance =« from r* (i.e, this is true 
for all these «). 


Lemma 4.222 A convenient subclass. Lof repr esentation of class L is 
determined by the following conditions: 


(i) wi(u,v) is A.C.T., Gnd s“ N), 
(ii) Te |2, | ai |€ are summable over T, P, qg21, p+, 
(i=1,:--,N). 


We include the case where one of p and q is unity and the other infinite by 
interpreting (ii), in the case where p = 1, q = œ, for instance, to mean 


(i) | ty? | < M, | cut | summable in +, -(i=—1,:--, N). 
Surfaces z == f(z, y) with f(a, y) A.C. T. dre also seen to be of class L. 


Lemma 5.775 If the representation, z= z(u), of the surface S, is of 
class L, L(8) is gwen by the usual integral formula. 


Definition 8.22 The representation, æ == z(u), of the surfacé 9 is gen- 
eralized conformal if it satisfies conditions (i) and (ii) of Lemma 4 with 


2 O, B. Morrey, Jr., loc. cit. (R). 

21 E, J. McShane, loc. cit. (2nd ref., footnote Z 
22 C. B. Morrey, Jr., loc. cit. (R}. 

23 E. J. MeShane, loo. cit. (2nd ref.). 
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p=q=2 and E = G, F =0 almost everywhere, F, F, G being given by 
their usual formulas. 


Definition 4. Wesay that the points P; and P, of a surface 8, S : s = s(u), 
uef, are logically distinct if they correspond to distinct values u, and uz in F, 
such that æ(u) is not constant over any continuum containing them both. This 
property is clearly invariant under changes of parameter, u. If S ** and z(u) 
are non-degenerate, the above merely requires that u, 4 ug ` 


Lemma 6.5 Let It be a non-degenerate polyhedron. It possesses a 
generalized conformal representation on the unit circle in which three given 
logically distinct points on the boundary of I correspond to three given dis- 
tinct points on the boundary of the unit circle. If IL is degenerate, the mapping 
ts impossible. f 


LEMMA 77° Let 8, 3:a—2(u), and Sn, Sn: 8 = Tr (U), (n =1,2,::*), 
be continuous surfaces. Suppose (i) the given representations of the Sn are 
generalized conformal, (ii) the functions x,(u) converge uniformly to x(u), 
, and (ii) lim L(8n) = L(8). Then the given representation of S is gen- 
eralized conformal. 


` 


THEOREM 1. Given that S, S : x = a (u), ue, and Sn, Sn: © =2n(u), 
wef, (n =1,2,: + +), are non-degenerate surfaces, that lim Sn = 8, that s (u) 
1 noo 


and Z (u) are all non-degenerate, and that &n(u) approaches x(u) uniformly. 
Suppose «= X,(U), Ue R, is a representation of Sn satisfying: (i) tt is of. 
class L; (ii) one of the induced (T, § 4, Theorem 3, and Def, 8) continuous 
monotone transformations, u = Un(U), of B into F carries three fixed (in- 
dependently of n) distinct points, A, B, and C, of R* into three fixed distinct 
points, a, b, and c, respectively, of *; (iil) there is a constant M, mene nendent 


of n, such that 
SS [| 0£n/0U |? + | 0X,/0V |]dU dV <M, = (n=1,3% +). 


Then the Xa(U) are equicontinuous on R. 
If the Xn(U) are not normalized on the boundary a e., do not satisfy 
(ii), they are equicontinuous on any closed set interior to R. 


244 surface is said to be non-degenerate if it possesses a non-degenerate 
representation. 

25 See for instance, C. Caratheodory, “ Conformal representation,” Cambridge Tracts 
in Mathematics and Méthematical Physics, no. 28, § 161 and §§ 125-130 particularly. 

26 ©, B. Morrey, Jr., © A class of representations of manifolds (Part II),” American 
Journal of Mathematics, vol. 56, no. 2 (1934), pp. 275-293. 


! 


“ 


: 2 i. ieee 
700-. : a . CHARLES B. Moni ie 


In the normalized case, any limit “pinciion, X (u), will satisfy all three 
conditions, and in the second case any limit function (defined over all of R) 
will satisfy (i) and (iii) on every closed region interior to R. 


Proof. It is clear (Theorem 4, § 1) that we may take # to be the unit 
circle, and a, b, and c to be equally spaced. On account of Lemma 3, we may 
also take & to be the unit circle and A, B, and C to be equally spaced.” It is 
clearly sufficient to show that the functions up(U) are equicontinuous. 

We wish to observe at the outset that if P*, and P*, are points of R* 
on å closed large (small) arc bounded by two fixed points and containing 


~ 
(not containing) the third, and we choose P*,P*, as that are bounded by 
'P*, and P*, and lying in the above large (small) arc, then all the points of the ` 


are Px pr, are carried into the corresponding arc p*,p*,, p*; == I'n(P*;), 
(¢==1,2). This follows from the normalization of the Ta and the nature 
of the continua of R* which are carried into points of ** by a continuous, 
monotone transformation.** Thus | um(P*,) —un(P*2)| is equal to the os- 
cillation of u(U) on an are P*,P*, which contains at most one of the fixed 
points A, B, C, unless this oscillation is equal to 2 in which case the above 
expression is not less than 3%. l 

Let C(Po,p) denote the circle with any center at Po and radius p, 
34/2 = d > p >.0. Suppose that the oscillation of some u»n(U) in 
C(Po, po) Ze 2Be>0,d> p,>0. Then, from T, § 3, Theorem. 1,78 
it is clear that the oscillation of tn(U) on [C(Po,p):- R]* Ze, d> p= po. 
Define C(p) to be the are of [C(Po, p)]* which lies in #, and let P*,p and 


P*ap be its end points, if they exist, in which case we let P*pP¥ xg be the 
are [C (Po, p) < R]*- R*. Then it is clear that the oscillation of un(U) over 
C(p) È «/2, d > p= po, for (i) if the oscillation over P*:pP*sp (which may 
be null or a point) S «/2, this is obviously the case, and (ii) if the oscillation 


— G 
over P*ipP*zp > 6/2, then the oscillation over O (p) = | un(P*ip) —Un(P*2p) | 
which is = the smaller of the numbers 3% and the oscillation of un(U) over 


on 
‘px Pap (since P*ipP*ap obviously cannot contain more than one of the fixed 
points), both of Which exceed ¢/2, since « S 2. 
Now, by Theorem 5, § 1, we can find an q (e), positive with «, such that, 


=! The argument can be carried through if R is any (Jordan) region, however. 

*8 Or it follows directly from the theorem İT. § 3, Theorem 2) that a monotone 
transformation is the uniform limit (in the sense that the vector functions approach 
their limit uniformly) of a sequence of I1—1 continuous transformations, the state- 
ment being obvious for these. 


* 
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neice) aC), T = E : 
Hence, if we define : 


8(c) = 2d-k(e), kee) = ETMADI 


we see that | (Ui) — un(U2)| < e when | U — U: | < ê(e). For if this 
is not the case for some u,(U) and points U, and U2, the oscillation of u»n(U) 
in (Po kd) È Ze, where Up = (U: + U2) /2. Then for every p, d > p Z kd, 
the oscillation of w(J7) on C(p) & «/2, and thus the oscillation of 
An(U) = %n[Un(U)] È m(e/2) on C(p). Let us choose polar coérdinates 
with pole at Po (notice Lemma 2), and let 6:p and Bap, 20 = bap — Dip > 0 
(27/8 in fact), be the angular codrdinates of P*,) and P*2p respectively 
(chosen so that C(p) is the arc tip = 9 bp) if they exist, otherwise let 


Op = 0, bop = 2r. Then using Schwartz’s inequality 


w> fS] + | Jaws Sel 


kd. P 1p 
apu rp | a 
Tra p Oz = bap 


which is impossible. 

If we choose *) < 1 and d = E the above argument demonstrates 
the equicontinuity of the ua(U) in the closed circle U?+ V? S rọ? in- 
dependently of the normalization on U?-+ V? = 1. This demonstrates the 
second statement in the conclusion of the theorem. The third statement 
follows immediately from Lemma 1. 




















06 


= M 








THEOREM 2. A necessary and sufficient condition that a non-degenerate 
surface, 8, be of finite Lebesgue area is that it possess a generalized conformal 
(normalized) representation on the closed unit circle. 


Proof. The sufficiency of the condition is immediate from Lemmas 4 
and 5. 
To prove the existence of such a map, let {IIn} be a sequence of polyhedra 
approaching S, where lim L(In) = L(S), and z = z(u) be a non-degenerate 
. n> 


representation of S on 7. It is clear that we may replace each Tl, by a non- 
degenerate polyhedron, Iw, such that | D(1,) — L(In)| < 1/n and 
| In, Hn | < 1/n by merely moving the vertices ? of II, slightly. Then, let 


°° By definition (given for instance in ©, B. Morrey, Jr., loc. cit. R) ii, can be 
represented on Q (the unit square) by a function z; (u) which is linear in triangles 
(a finite number of them), The vertices of Ii,, are merely the points corresponding to 
the vertices of the triangles in Q. 


* 


t 
i 
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Em Zn(u) be a sequence of non-degenerate representations of If, such that 
` Tafu) approaches (u) uniformly (that this is possible follows from T, 
- §5, Theorem 2). Then, let a, b, and c be three distinct points of r*, and 


p A, B, and Q; three distinct points of R*, where & is the closed unit circle. 


Let £ = X,(U), U e È, be a generalized conformal representation of 1, on È 
so that an induced transformation, u == un(T) of È into ř, carries A, B, and 
O into a, b, and c respectively. By Lemma 5, and the conformality, 


L (Tn) = (1/2) f f [| 0X,/00 |? + | 0£n/ðV |2]dUav. 


Thus, the hypotheses of Theorem 1 are fulfilled and thus we may extract a. 

- subsequence of the X,(U) which converges uniformly to a function X(UV). 

Clearly x = X(U) is a representation of G and, Hys Lemma 7, it is gen- 
èralized conformal. 

— The following very important ‘hegre due to McShane ® and used by 

him in his very interesting solution of the problem of Plateau is a consequence 


"Gf the above theorem and the theorem of T, § 5, Theorem 5. 


THEOREM 3, Let S be a Lebesgue monotone (T, § 5, Def. 4) surface of 
finite area bounded by a Jordan curve. Then S possesses a generalized con- 
` formal representation on the unit circle in which three given distinct points 
on the boundary of S correspond to three given distinct points on the circum- 
ference of the unit circle. 


THe UNIVERSITY of CALIFORNIA, 


30 For let £, be this surface. Clearly lim || S, S, |} = lim || S,,8, | = 0. But since 
i y n 1 n 


‘ >%0 , 
the Fréchet distance satisfies the “ triangle. inequality,” || 8,8, || <= |] 8,48, | + | Si 8, }) 
we see that || S, S, | = 0 and thus 8 = 8, 

32 E. J. McShane, loc. cit. (1st ref.). 
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BOOLEAN ALGEBRAS. 


By M. H. STONE. 


In this paper we present a new set of postulates for Boolean algebras, in 
. terms of logical addition and logical multiplication (or, to use the language 
of the algebra of classes, in terms of union and intersection), a similar set 
of postulates for generalized Boolean algebras (distinguished by the possible 
absence of a unit or “universe” element), and an investigation of the in- 
dependence of the proposed postulates. This material was originally designed 
to constitute an introduction te a general theory of Boolean algebras, to be 
developed by the methods appropriate to modern concepts of algebra The 
postulates were therefore chosen with the intention of emphasizing the analogy 


between Boolean algebras and abstract rings, the latter being systems which ` i 


have already undergone extensive analysis, From this point of view our 
postulates appear to be as satisfactory as possible, so long as logical addition 
and multiplication are to be treated as the analogues of ring addition and 
multiplication. We have recently observed, however, that Boolean algebras 
can be regarded as rings of special type when the operation of forming the 


symmetric difference is taken as ring addition.? In consequence, the most, 


natural approach to a mathematical theory of Boolean algebras is not one 
based upon the material of the present paper. Since the results which are 


collected here seem to possess some intrinsic interest—in particular, they- 


offer a simplification of Huntington’s set of postulates in terms of logical 
addition and multiplication, and also establish the redundance of one of the 
postulates in the set proposed by Del Re *—we venture to presént them apart 
from our general theory of Boolean algebras. 


1. A new set of postulates for Boolean algebras. We shall define a 
Boolean algebra as a system with double composition in which the operations 


e 
1For a brief sketch of the theory, see Bulletin of the American Mathematical 
Society, abstract No. 39-3-86; Pr oceedings of the National Academy of Sciences, vol. 20 
(1934), pp. 197-202. 
2 See Proceedings of the National Academy of Sciences, vol. 21 (1935), pp. 103-105; 


the formal definition of the symmetric difference in terms of logical addition and e 


multiplication is given as Definition 4 below. 
3 See § 2 below. 
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of addition and multiplication are required to satisfy certain further postulates. 
In selecting these postulates we are guided by three principles: in the first . 

place, they shall embody known properties of the operations of forming finite 
unions and intersections of classes; in the second place, they shall embody 
so far as possible only such properties as are valid of the operations of addition 
and multiplication in a ring; and, in the third place, they shall be independent. 
We recall * that a ring is a system with double composition in which addition 
is commutative, both addition and multiplication are associative, multiplica- 
tion is both left-distributive and right-distributive with respect to addition, 
and the equation ë xv a =b has a solution for arbitrary elements a and b. 
It is easily shown that in an arbitrary ring this equation has a unique solution, 
and that there exists a unique element 0 such that av0 = 0 v a = a for every 
element a. In an algebra of classes, the operations of forming the finite union 
and finite intersection have all these properties except that the equation 
zu a = b does not have a, solution unless a C Ņ and does not have a unique 
solution, even when this condition is satisfied, unless the auxiliary relation 
ga = v be required. The algebra of classes is further differentiated by the 
existence of the special properties expressed by the equations a v a =a and 
aa =a. The second of these equations is not generally true for rings but can 
be verified without exception in certain special rings. On the other hand, 
the only ring element which has the property that av a = a is the element 0 
described above. In accordance with the first two principles stated above, 
we may postulate the commutative law for addition, the associative law for 
addition and multiplication, the two distributive laws for multiplication with 
respect to addition, the existence of an element 0 such that av 0 =a for every 
element a, the existence of a solution of the simultaneous equations g v a= e 
and za = 0 for every element a and a certain fixed element e, and the two 
special rules ava =a and aa=a. Every algebra of classes has all these 
properties; there are special rings which have all these properties except 
the one expressed by the equation ava—a; and the only ring which has all 
these properties is the trivial ring consisting of the single element 0. Our 
third principle, however, requires us to reject the associative laws for addition 
and multiplicatign, since they can be deduced from the other properties listed. 
Thus our definition of Boolean algebras can be stated as follows: 


DEFINITION 1. A Boolean algebra A is a system with double composition 
which satisfies the further postulates: 


“See B. L. van der Waerden, Moderne Algebra, Bd. 1 (Berlin, 1930), pp. 36-39. 
5 We shall denote addition by the symbol v. i 
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Postulate 1. avb—=bva; 

Postulate 3. a(bvc) = ab vac, 

Postulate 32. (avb)ce—acvbe; 

Postulate 4,. There exists an element 0 in A such that av0 =a for 
every element ain A; 

* Postulate 5. If there exists an element 0 with the property required 
by Postulate 4,, there exists at least one such element 0 to which 
corresponds a fixed element e in A such that the simultaneous 
equations sva =e, ca==0 have a solution for every element 
ain A; 

Postulate 6. ava=—a; 
Postulate 6.. aa =a. 


Any element such as that postulated in Postulate 4, is called a zero; and any 
element such as the element e postulated in Postulate 5 is called a unit. 


The numbering of the postulates has been chosen with a view to certain 
subsequent modifications in the system of postulates. We may point out that, 
‘in accordance with Postulate 4,, a Boolean algebra contains at least one ele- 
ment. It is often required that a Boolean algebra have at least two elements; 
but for our purposes it is preferable to admit as a Boolean algebra a one- 
element system, consisting of zero elements alone. We call attention to the 
fact that the replacement of the simultaneous equations of Postulate 5 by the 
simultaneous equations cva—e, at==0 does not constitute an essential 
_ alteration: if we rewrite the altered set of postulates in terms of a new 
, multiplication o defined by writing ao6 for ba we obtain the original set 
once more. 

We must now proceed to deduce from the postulated properties of the 
operations in a Boolean algebra a series of further properties, including, for 
instance, the associative law for addition and multiplication and the com- 
mutative law for multiplication. In order to condense the demonstrations, ` 
we shall arrange them so far as possible in the form of continued equations, 
citing the propositions used in passing across successive equality signs by 
successive groups set off by commas. In the citations, we shall replace the 
words postulate, definition, theorem, lemma, and hypothesis by their initial 
letters P, D, T, L, and H respectively. Those propositions which do not hold 
in generalized Boclean algebras, introduced later, will be indicated by pre- 
fixing an asterisk. 


THEOREM 1. The element 0 of Postulate 4, is unique. 


If 0, and 02 are elements with the property postulated in P 4,, then 
01 = 01 v 02 = 02 v 01 = 01 by P 4, Pi, P 4. 
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* THEOREM 2. If 0 and e are elements with the properties demanded in 
* Postulate 5, then ea = a for every element a. 


Let x be an element such that g v a = e, va = 0 in accordance with * P 5. 
Then by *P 5, P3., *P5—P 6, P11, P 4, we have ea = (g v a)a = zav aa 
== 0 v a = a v 0 = 4. 


* Lemma 1. If a’ is any solution of the equations sv a= e, sa == 0, 
then v'e =g. 


By * P5, P3, P6,—*P5, P4, we have d'e =a (d va) =a vga 
=g v 0 =g. l 


* LEMMA 2. If a’ is any solution of the equations zv a = e, va = 0, and 
if a” is any solution of the equations æv € = e, va’ =Q, then d” =a. ` 


- By *L1, *P 5, P3,, *P 5, *P 5, P 3, Pl, *P 5, *T 2, we have 
a” as ave ae a’ (a v a) ine wa’ v a'a = 0 v d'a 
= Ka v d'a = (a v a’ )a = (a v d )a = ea = a. 


t LEMMA 3. If g is any solution of the equations sva =e, za=0, 
then aa’ = 0. l 


By *L 2, we have aa’ = a’a’ = 0. 


* THEOREM 3. If 0 and e are elements with the properties demanded in 
* Postulate 5,.then ae =a for every element a. 


Let a’ be any solution of the equations v a = e, sa = 0. Then by *P 5, 
P 3,,*L38—P 6,, P1,, P 4, we have ae = a (d v a)= aa’ v aa = 0 v a = a v 0 =a. 


* THEOREM 4. The element e of Postulate 5 is unique. 


If e, and e; are any two elements with the property postulated in *P 5, 
whether they correspond to the same or equal zero elements, we have 
Cı = C102 = eo by *T 3, *T 2. 


* THEOREM 5, If e is the element described in * Postulate 5, then 
eva==ave=e for every element a. 


Let a’ be any solution of the equations g v a = e, zta = 0. Than, by P li 
*T2, *P5, P3, P3, *P5—*T4—P6,—*T4, P1,—P4,—P6, 
*P 5, we have 
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eGR Ore U = (a va) (ave) =g (ave) va(ave) 
= (av d'e) v (aavae) = (0va’) v (ava) =a va =e. 


THEOREM 6. If 0 is the element of Postulate 4, then a0 = 0a = 0 for 
every element a. 


By P 4,, *T 2, P 32, *T 5, *T 2, we have a0 = a0 v 0 = a0 v e0 = (ave)0 
= e0 = 0; and, by P 4, *T3, P3, *T5, *T3, we have 0a = 0av0 
= 0a v 0e = 0 (a v e) = 0e = 0. - 


* THEOREM 7. The equations zv a= e, sa = 0 of * Postulate 5 have a 
unique solution. - 


Let 01, 02 be zero elements; let e, and ez be corresponding unit elements ; 
let a’, be any solution of the equations 2 va, = e1; £a, = 01; let a’, be any 
solution of the equations wv @s = és, as = 02; and let a, = üz By *T 3, 
*P 5, H, P3,, *P 5, T 1, *L3, P 32, H, *P 5, *T 2, we then have 


= We, = a, (a's v dp) =% (aa v a) = 0402 Vv 00, = 102 v 01 
= WaWa V O = UIA V Aoa = (01 Y Oz) O's = (01 V A) "2 = 010g = 0p. 


In view of * Theorem 7, * Lemma 2, it is convenient to introduc the 
following definition and theorem. 


* DEFINITION 2. The unary operation which takes the element a into the 
solutions of the equations of * Postulate. 5, namely, the simultaneous equations 
tva=e and xa =Q, is called complementation; and the element which 
results from this operation is denoted by a’ and is called the complement of a. 
The element (a’)’ is denoted by a”. - 


* THEOREM 8. The operation of complementation has the following 
propetries: 


(1) a=b implies a =b; (2) a” =a; (3) 0’ =e; (4) e =0. 


This theorem merely summarizes the results of * Theorem 7 and * Lemma 
2 and the special cases ev 0 = e, e0 —0 and Ove = e, 0e = 0 of the relations 
proved in * Theorems 5 and 6. 


* LEMMA 4,. If avb 0, then db =0. 
By P 4, *P 5, P3:—P1:, H, T 6, we have 


vb =abv0 = Wb v d'a = g (a v b) = g0 = 0. 
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* LEMMA 4» If av =0, then ab =0. 
By P 4,, *L 3, P 32, H, T 6, we have 

ab’ = ab’ v 0 = ab’ v bb’ = (av b) b’ = 00’ 
THEOREM 9. If avb=0, then a=b=0. 


. By P1, and T1, it is sufficient to show that a= 
*P 5, P3,, *L 4, *L.4,, P32, *P 5, *T 2, H, we have 


&=ava=avae=ava(b’vb) = av (ab vab) 
= qav (0vab) =av (db vab) =av (a’va)b= 
* LEMMA 5, If c= (avb)’, then ca =0. 


By P 3,, *P 5, we have cav cb == c(avb) =0. By 
ca = 0, 


* LEMMA 52. If c= (avb), then ac =Q. 


By P82, *L3, we have ac vbe = (avb)e=0. By 
ac =Q. 


* LEMMA 55. If c= (avb)’, then cv’ =c. 
By P 4,, *L5;, P 3,, *P 5, *T 8, we have 

ca’ = ca’ v0 = ca’ v ca = c(a va) = ce = 
* LEMMA 5, If c= (avb)’, then dec= c. 
By P 4,, *L 52, P 32, *P 5, *T 2, we have 

a'c = d'e v 0 = d'c v ac = (ava) c= ec 
* LEMMA 5;. If c= (avb)’, then d = cv a'b. 
By *T 3, *P 5, P 3, *L 54 —P 3, *P 5, P l, PA, 

Ww = d'e = a'e v (avb)] =adeva'(avb) 
= cv (dav b) =cv (0v gb) =e 

* LEMMA 5e If c= (avby, then a’ = cvb. 
By *T 2, *P 5, P 8, *L 5, —P 3, *L3, P1, P4 


a’ = ea’ = [ev (avb) Ja’ = cd v (av bja 
= cv (ať vb) = cv (0v ba) =c 
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* LEMMA 6, a(a’b) =0. 

Let c= (avb)’. Then, by P 4, *L 52, P33, P L, +L, b,, *L 8, we have 
a(a’b) ==a(a’b) v0 = a(a’b) vac = a(a’b vc) = afc v db) = aa’ = 0. 

* LEMMA 6. a(ba’) =0. 

Let c= (avb)’. Then, by P 4,, *L 5», P 34, P 1, *L 5e *L 3, we have ` 
a(ba’) =a (ba) v 0 =a(ba’) vac = a(ba’ vc) = a(cv ba’) = aa’ = 0. 

* LEMMA 63. (a’b)a=0. 

Let c= (avb)’. Then, by P 4, *L 5, P 32, Pli, *L 5s *P 5, we have 
(a’b)a== (a’b)av0 = (a’b)a v ca = (d'b v e)a = (cva'b)a=—aa=0. 

* LEMMA 6, (ba’)a—0. 

Let c = (av by’. Then, by P 4, *L 5, P 32, Pdi, *L 5e, *P 5, we have 
(ba’)a == (ba’)av0 = (ba')av ca = (ba v e)a = (cv ba')a = d'a = 0. 

THEOREM 10. avab= qay ba =a. 


_ Let c= (avb). Then, by P 6. —P 4, P 3, —*L 5, P 8, PL, *P 5, 
*T 3, *T 2, *P 5, P 83 *L 5, — P 32, P 6:—P 1,, P 4,, we have 


avab = (aav ab) v 0 =a(avb) vac =a| (avb) ve] —=alev (av b)] = ae 
= 4 = e4 = [cv (av b) ja = cav (av b)a = 0 v (aa v ba) = (av ba) v 0 = av ba. 


t LEMMA 7% avab =avb. 
By T10—P 4, P 1, P 6:—*P 5, P 3, P 3, P L, *P 5, *T 2, we have 


ava‘b =(avab) v (a’b v0) = (avab) v (0va’b) = (aavab) v (avab) i 
=a(avb) va'(avb) = (ava’) (avb) = (w va) (avb) =e(avb) =avb. 


Lemma 8. (avb)(avc) = av (bav be). 
By P 32, P 81, P 62, T 10, we have 


(avb) (avec) =a(ave) vb(ave) 
_« = (aav ac) v (bav be) = (avac) v (bavbc) =av (bavbe). 
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Lemma 8. a[av (bav be)] =a. 
By P 3;, P 6, T 10, we have 
afav (bav bc) ] =aava(bav be) =ava(bav 
* LEMMA 85. a’[av (bav bc)] =a (be). 
By P3, *P5, Pi, P4 —P 3, *L2, *L6,, F 


a'[av (bavbc)] = aava (bavbc) =0v a (bav be) =u (b 
== g (ba) væ (bc) =a’ (ba) væ (be) =0 væ (be) = (i 


THEOREM 11. (avb) (ave) == av be. 
By L&, #72, *P 5, P 3s, *L8,—L8,, Py, *LY, v 


(avb)(avc) =av (bavbe) ~e[av (bavbc)] = (a va)[ 
= g [av (bav bec) ] valav (bav be) ] = g (bc) va =ava 


* LEMMA 9. (avb)væ =e. 


By *T 2, *P 5, P 3%, P 34, P 31 — P 6.—P 3, —*L 3, 
Pi,—T10, P4, Pl, T10, *P 5, we have 


(avb) val —e[ (avb) vd] = (a’va) [(avb) va] 
=a'[(avb) va] vaf (avb) va] = [u (avb) vea] v [a 
— [(d'av ab) val] v [ (aav ab) v0] = [ (Ovary va] v ( 
= [ (aby 0) vd] va = (bvg) va = (v b) va =¢ 


* THEOREM 12,. (avb =V. 


By *T 7, it is sufficient to prove that a'b’ is a solution 
equations sv (avb) =e, (avb) =0. By Ph, T1, 
P 6, we have. i 


a'bav (avb) = (avb) vat =[ (avb) ve] [ (avb) vb"] =el 
and, i P3, *L b —*L 6, P6, we have also 

a'b’ (avb) = (a’d’)av (db )b = 0 v 0 = 

* THEOREM 12, ab= (a’vb’)’ and (ab) =€ vb. 

By *L2, *#T12, we have ab= ab” = (dvb) 


(aby = (gvr y = axb. 
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THEOREM 13. ba—ab.. a { 
By *T 12, Pi, *T 122, we have ba = (b v d Y = (W v bY = ab. 
Lema 10, a[(avb) ve] —afav (bve)] =a l 
By P3,, P 34, P 62, T10, T10, T10, P 6, P 8, we. baye 
al (avb) ve] =a(av b) vac = (aav ab) v ac = (avabyv vac 
= avac=&=ayva(bvc) =dava(bvc) =alav (bve)]. 
* Lemma 102. a’[(avb) va] =g [av (bve)] =a'(bve). 
By P3, P3, *P5, Pi, P4, P3, P4, Plo *P5, P3, we have 
_ d'{[(av b)v c] =g (av b) v'e = (davdb) vdc = (0 va’b) vac 
= (abv 0y v'e = bv de =d (bvc) =a’ (bve) v0 
= 0v (bvc) = vava (bve) =g [av (bve)]. 
THEOREM 14. (ævb)ve=av (bvo). 


By *T2, *P5, P3, L10,—*L10. P3, *P5, *T2, we have 
(avb) ve==e[ (avb) ve] = (ava) [(avb) ve] 
=W [ (avb) ve] va[(avb) ve] =w [av (bvc)]vafav (bve)] 
= (a’va)[av (bvc)] =e[av (bvc)] =av (bve). 
THEOREM 15. (ab)c=—a(bc). 
By *T 12a, T 123, T14, *T 122, *T 122, we have 
(ab)c = ( (ab) ve y = ((a' vb") vd) = (a’v (b’ vc’) )’ = (w v (be)’)’ = a (be). 


THEOREM 16,. If the simultaneous equations æv a=b, ta = 0 have a 
- solution c, then ba =a, be =c, and the solution is unique. 


If cisa solution, we have ba = (cv a)a = ca v aa = 0 v a = a v 0 = a by 
H, P32, H — P 6s, P11, P 4,; and also be = (c v a)c = ce v ca = c v 0 =c by 
H, P 8:— T 13, P 6:— H, P 4,. If c and c, are solutions of the respective 
systems g v a, = by, 2d, = 0, and T y dz = Do, Taz == 02, where a, == de, bi = ba, 
and 0, = 02, we have to show that 6, = c. For this it is sufficient, by what 
we have just proved, to show that bc; = b2c,. Now we have 


b101 = Dols = (C2 V Mg) C1 = (Ca V a ) Cy = Cols V Qa03 == C102 Y C10, l 
== 0102 V0, == 0102 V Og = 6102 V Colle = C102 V M1C = (C1 VO) Ca = b102 = beC 


by H, H, H, P3,, T 13 —T 13, H, H, H, T 13 — H, P 8, H, H.. 
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* THEOREM l6». If ba==a, the equations of Theorem 16, have the 
solution ba’. 


We have ba’ va=ba'vba=b(ava) =be =b by H, P3, *P5, *T3; 
and (ba’)a=0 by *L 64. 

We have now obtained the principal rules governing the operations of 
addition and multiplication in a Boolean algebra. Both operations are 
commutative, by Postulate 1, and Theorem 13; both are associative, by 
Theorems 14 and 15; and each is distributive with respect to the other, by 
Postulates 8, and 8, and Theorem 11. The further rules ava =a, aa = 4, 
avab =a, are given by Postulate 6,, Postulate 62, and Theorem 10 respectively. 
By virtue of the commutative and associative laws, we can simplify our nota- 
tion: it is no longer necessary to indicate by the use of parentheses or by the 
ordering of the base elements the precise structure of an additive or multi- 
plicative construct or polynomial in a Boolean algebra. In Definition 2 we 
have introduced the new unary operation of complementation; the principal 
rules which govern it are embodied in the relations a” == a, a v a = e, wa = 0, 
(avb) a/b’, and (ab) =a vb of Theorem 8, Definition 2, Definition 2, 
Theorem 12,, and Theorem 122, respectively. The last two relations reveal 
clearly the complete duality between the operations of addition and multi- 
plication, which one would suspect from a comparison of the rules they obey: 
it is evident that any rule connecting addition and multiplication can be con- 
verted, by taking complements, into a rule in which the rôles of the two 
operations are interchanged. A systematic treatment of this duality, while 
unnecessary for our purposes, can easily be supplied. Finally, we have pre- 
sented in Postulate 5 and Theorems 16, and 16, those facts from the theory 
of equations which will be most useful in the sequel. Since any algebra of 
classes satisfies the postulates of Definition 1 or is a subsystem of an algebra 
with this property, we can apply these results to the operations upon classes; 
it is easily seen that the operation of complementation here becomes the 
familiar operation of forming the complement of a given class. 

e We shall now study the definition of a relation in a Boolean algebra 
which is analoggus to the relation C defined for classes. We can introduce 
. such a relation in any one of a number of equivalent ways. Here we choose 
to make our fundamental definition in terms of the operation of multiplication. 


DEFINITION 3. If ab=—=a, we write a<b, b>a; and we say that 
a is less than b, b greater than a. 


THEOREM 17,. 0 <a for every element a. 


We have 0a = 0 for every a by T 6. 
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* THEOREM 1%. a< efor every element a. 


We have ae = a for every a by *T 3. 
THEOREM 18,. Ifa<bandb<oc, thna<e. 

We have ac = (ab)c = a (bc) = ab = a by H, T 15, H, H. 
THEOREM 18,. If a< b,b <c, and a= c, then a = b =c. 

We have c = a = ab = cb = bc =b by H, H, H, T 13, H. 
THEOREM 18, Ifa< band b <a, then a=b; and conversely. 


Ifa <b and b< a, we have a = a and hence a == b by T 18». If a =b, 
we have ab == aa = 4a by P 6,; and ba = bb = b by P 62. 


THEOREM 19. Ifa< band c< d, then ac < bd andave < bvd, 


We have (ac) (bd) — (ab) (cd) = ac by T13 — T15, H; and 
(avc) (bv d) = (ab v ad) v (cb v cd) = (av ad) y (cb y c) =ave by P3, 
— P 3, H, T10—P1,—T 10. 


THEOREM 20,. In order that a< b and a< c, it is necessary and 
sufficient that a:< be. 


In order to prove the sufficiency of the condition a < be, it is sufficient 
by T18, to show that bc<b and be<c. Now we have (bc)b =b (bc) 
== (bb)c = be by T13, T 15, P 62; and (be)e = b(ce) —be by T 15, P 6. 
In order to prove the necesssity of the condition a:< bc, we have merely to 
note that a(bc) = (aa) (bc) = (ab) (ac) = aa =a by P6, T13—T 15, 
H—H, P 62. 


THEOREM 202. In order that a'> b and a>, tt is necessary and 
sufficient that a'> bvo. 


In order to prove the sufficiency of the condition a > bev c, it is sufficient 
by T 18, to show that bv.c'> b and bvc >c. Now we have b > b by T 18s, 
e>0 by T1%, bve >bv0 by T19, bv0> 6 by P 4,—T 18, and bve > b 
by T18,; and byc >ecvb by P1,—T18,, cvb >c by what has just been 
proved, and b v c'> c by T 18,. In order to prove the necessity of the condition 
a'> bve, we note that ava >bve by H—H— T19, a>ava by P6, 
— T 18, and a> bvc by T 18. 
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THEOREM 21. In order that a < b, it is necessary and sufficient that 
avb =b. i 


If ab = a, we have av b = ab v b = b v ab = b by H, P 1,, T10; and, if 
av b = b, we have ab = a (a v b) = aa v ab = a v ab = a by H, P 3, P 62, T 10. 


* THROREM 22. In order that a < b, it is necessary and sufficient that 
a >b. l 

Ifa < b, we have b’a’ = d'V = (avb)’ — b’ by T 13, *T 12, T 21; and, 
if a'> b’, we have ab = ba = (b’va’)’ = (a’)’ =a” =a by T13, *T 12, 
T 21, *D 2, *T 8. 


* THEOREM 23,. In order that a < b, it is necessary and sufficient that 
ab’ == 0. : 


If ab = a, we have ab’ = (ab)b’ = 0 by H, *L 2 — *L 64; and if ab’ = 0, 
we have ab = ab v 0 = ab v ab = a(b v b’) = ae =a by P 4, H, P3, Pi, 
— *P 5, *T 3. 


+ THEOREM 23+. In order that a < b, it is necessary and sufficient that 
g vb =e. i i 


If a < b, then a’ vb =g v b” = (ab’)’ = 0 ~e by *T 8, *T 122, *T 28, 
*T 8; and, if g’ vb = e, then ab’ = (W v b” Y = (a’vb)’ =e = 0 by *T 12s, 
` +T 8, H, *T 8, so that a < b by *T 23.. 

We have now examined in sufficient detail the relation introduced in 
Definition 8. We have not distinguished the case where we have a < b and 
a= b from the case where we have merely a < b; in the present paper it is 
not important that we do so. We have not proved, nor can we do so in general, 
that one of the two relations a'< b, b < a holds whatever the elements aand b. 
Thus, in view of Theorem 18,, we may describe the relation indicated by the 
symbol << as an incomplete ordering relation. The most striking and im- 
portant connections ‘between this relation and the operations of addition, 
‘multiplication, and complementation are those presented in Theorems 19 and 22. 

` We next study the introduction ° of an operation analogous to the opera- 
tion of forming the symmetric difference of two classes—that is, the class of 
elements belonging to either one but not both of the given classes. In order to 
abbreviate the somewhat tedious proofs of several of the theorems which we 
have to establish—in particular, those of Theorems 32, 42, and 48—we shall 


®See Daniell, Bulletin of the American Mathematical Society, vol. 23 (1916), 
pp. 446-458, ' 


t 
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occasionally be less precise than hitherto in citing earlier propositions. We 
commence with a variation upon Theorem 162. 


THEOREM 24. The equations rvab==avb, (ab) =0 have a unique 
solution. 


If these equations have a solution, it is unique, by Theorem 16;. We have 
(avb) (ab) = (aa)bva(bb) = ab vab =ab by P3,—T183—T15, P 6, 
P 6,. Hence we see that the equations in question have a solution, by *T 162. 


DEFINITION 4. The unique solution of the simultaneous equations 
tvab==avb, (ab) —0 is called the symmetric difference of the elements 
a and b, and is denoted by aAb. The operation of forming the symmetric 
difference is called differentiation.” 


THEOREM 25. If a—c and b =d, then a Ab =cAd. 


By hypothesis, we have ab — cå and avb = cvd. From T 24 and D4, 
we conclude that a Ab =c Ad. 


THEOREM 26. bAa=4aAb. 


We have avb =bva by P1, and ab = ba by T183. Hence we have 
bAa=aAb by T 16r and D4. 


THEOREM 27. aAb= (avb) A (ab). 


We have (avb) vab = (avab)vb==avb by P1,—T14, T10; and 
(avb)(ab) ab by the proof of T24. Hence we conclude that aAb 
= (avb) A (ab) by T16, and D4. 


Tuxrormrm 28. In order that a Ab = 0, it is necessary and sufficient 
that a=b; in particular, a A a = 0 for every element a. 


If aAb=—0, we have avb—(aAb)vab=0vab—ab by D4, H, 
P1,—P 4,; we have ab'< a, a < avb by T 20,, T 20, and ab << b,b <avb 
by T 20:,, T202; hence we conclude that a = avb =b by T18. If a=% 
we have avb = ava =a by P 6, and ab = aa =a by P 6g; hence aAb is 
the unique solution of the equations «va = a, wa = 0 in accordance with T 24 
and D4; since these equations have the solution 0 by P 1,, P 4, T 6, we 
conclude that a Ab =0. Since aa, we have in particular A a = 0. ` 


* This term is introduced on the basis of its colloquial logical connotations. There 
is little danger that it will be confused with the term “differentiation” used in 
mathematical analysis with a special technical meaning. 
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THEOREM 29. aA0Q =a. 


We have av 0 =a by P 4, and a0 = 0 by T 6; hence aA 0 is the unique 
solution of the equations æ v 0 = a, 20 = 0 in accordance with T 24 and D 4; 
since these equations have the solution a by P 4,, T 6, we see that aA 0 =a. 


* THEOREM 30. aAhe==a’. 


We have ave = e by *T 5 and ae = a by *T 3; hence a A e is the unique 
solution of the equations «va = e, sa = 0 in accordance with T 24 and D4; 
since these equations have the solution a’ by *P5 and *D 2, we see that 
aA e=. : 


* THEOREM 81. aAb—ab’va'’d. 


We have a A b = (av b) (ab) = (av b) (a v b’) = aa’ v ab’ v d'b v BD 
= 0 vab v bv 0 =ab' vab by *T 16», *T 12, P3, —P 3:—T13—T 14, 
+L 3, P 1, —T 14 — P 4. 


THEOREM 32. (@Ab)A(bAc)=a4Ac. 


Using *T 31, the commutative and associative laws for addition and 
multiplication, and the familiar properties of complementation, we have 
(aA b) A (bAc) = (abv ab) (be vbe) v (abv by (be v bc) 

= (ab’ v b) (b’ vc) (bye) v (a vb) (av bd’) (be vbe) 
= (ab’ v db) (b'e v bc) v (KU vab) (be v b'e) = b'e v d'be v d'be v abe 
= ac (b xb) va'e(bv b) = ace v dce = ad v d'e = 0 A c. 
THEOREM 83. Ifc=—=a Ab, then a=b Ac; in particular a = b A (ab). 
If c—aAb, we have . 


a=aA0= (aA0)A(bA0) = (4A b) Ab =b A (aAb) =b Ac 


by T29, T32, T29— T25, T26, H—T 25. 


THEOREM 34. aA (bAc)=(a44b)Ac. 


We have aA (bA c) = [a Ab] A [bA (bAc)] =(aAb) Ac by T32, 
T26 — T 33 —T 25. , 


THEOREM 35. In order that a Ab = & A c it is necessary and sufficient 
_ that b =c. 
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By T 28, aAb=aAc if and only if (2Ab) A(aAc) =0; the latter 
relation holds, by T 26, T 25, T 32, if and only if bAc=0; and, by T 28, 
bAc=0 if and only if b =c. 


THEOREM 36. ab = (avb) A (a4b). 

This result follows at once from T 27, T 26, T 33. 
THEOREM 37. avb = (ab) A(aAb). 

This result follows at once from T 27, T 26, T 33. 
THEOREM 88. (a@Ab)¢ = (ac) A (be). 

We have 


(ac) A (bc) = (ac) (bey v (ac) (be) = (ac) (b vc’) v (œ ve’) (bc) =, 
== (ab’)cv (a’b)c = (ab v ab)c = (aA b)e 


by T31, and the familiar properties of addition, multiplication, and com- 
plementation. 
THEOREM 39. av (aAb) =avb. 
We have 
av (ab) = (avab) v (aAb) =av[ (add) vab] =av (avb) = (ava) vb =avb 
by T10, P1,—T14, D4, T 14, P 6. 
+ THEOREM 40. (aAby =g Ab=add’. 


We have (a Ab) = (ab v by = (a’vb) (av b’) =a'b’ v ab =a’ Ab by 
*T 31, and the familiar properties of addition, multiplication and comple- 
mentation. By T 26, we have also (a A bY = (b A ay =v’ A a = aAb. We 
can also obtain this result from T 30, T 34, and T 26, in an obvious manner. 


THEOREM 41. If a<cand b <d, then aAb<evd; in particular, 
ahb<avob. š a 


By T 18, and T 19, it is sufficient to show that aAb<avb. Now we 
have (a Ab) vab =avbbyD4; and hence (aAb) <avb by T 18, and T 202. 


THEOREM 42. aAc< (aAb)v(bAc). 


_ This result follows directly from T 32 by T 18,, T 18, and T 41. 
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THrorEM 43. (ab) A (cd) < (aA c) v (bA d). > aegis 


By suitable applications of *T 31 and the familiar properties of addition, 
multiplication, and complementation, we have 


(ab) A (cd) — (ab) (cd) v (ab) (cå) = (ac')b v (bd!) av (a’c) dv (B'd)e 


and ý : 
(a Ac) y (bAd) =a vbt v deyv bd. 


Then by using T 19 together with the relations (ac’)b < ac’, (bd’)a < bd’, 
(a’c)d <ac, (b’d)c < b’d, which all follow from T 20,, we obtain the result 


asserted in the statement of the theorem. P 


THEOREM 44. (avb) A (cvd) < (aAc)v(bAd). 
The proof is similar to that of the preceding theorem. We have 


(avb) A (cvd) = (avb)(cvd)’v (avb)’(cvd) 
= (a) E v (bd’) ev (a’c) bv (VAa < ac’ v bd’ va'evb'd = (aA c) v (bAd). 


We have now obtained the chief properties of the operation of differentia- 
tion. From an algebraic point of view, differentiation is the analogue in a 
Boolean: algebra of both addition and subtraction in an abstract ring. The 
commutative and associative laws hold for differentiation, as we have shown in 
Theorems 26 and 34 respectively ; and multiplication is distributive with respect 
to differentiation by Theorem 38. The connections between differentiation and 
the operations of addition, multiplication, and complementation are given by 
Theorems 37 and 39, Theorem 36, and * Theorems 31 and 40, respectively. 
In view of Theorems 25 and 37, we may regard a Boolean algebra as a system 
with double composition in which the given operations are those which we 
here call multiplication and differentiation, the operation which we here call 
addition being introduced through the equation avb = (ab) A(aAb). Al- 
ternatively, we may treat addition and differentiation as the given operations 
and introduce multiplication through the equation ab = (avb) A(aAb) of 
Theorem 36. We shall next call attention to an analogy which throws a good 
deal of light on* Theorems 26, 28, and 42. If we call a4b the Boolean 
distance from the element a to the element b, we find that these theorems 
simply reflect familiar properties of ordinary numerical distances: Theorems 
17 and 25 show that-the Boolean distance is a function of the arguments a 
and b defined and single-valued for all a and b in a Boolean algebra A, with 


8 See the remarks in the introduction. 
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values greater than (ör equal to) 0 belonging to A; Theorem 26 shows that 
the Boolean distance is symmetric in its two arguments; Theorem 28 shows 
that the Boolean distance is equal to 0 if and only if œ =b; Theorem 42 
shows that the Boolean distance satisfies the “triangle inequality”; and 
Theorem 38 shows that the Boolean distance is a homogeneous function of 
degree one under Boolean multiplication of its arguments. Finally, we point 
out that the reciprocity established in Theorem 33 can be brought out in an- 
other way which is interesting in itself but not important later. Let us, 
define a triadic relation by writing R(a, b,c) to indicate that the equations 
a(b vc) =a, b(cva) =b, c(avb) = c, abc = 0 hold for the elements a, b, c. 
It is evident that this relation is symmetric in the related elements—in other 
words, that the relation persists under any permutation of the elements a, b, e. 
We can now show that, when b and c are given, there exists a unique element a 
such that R(a,6,c)—namely, the element a=b Ac: for R(a,b,c) implies 
av be = (bvc)avbe = (bav bc) v (acvbe) =bve, a(bc) ==0, and hence 
a==bAc; and a= b A c¢ implies 


a(b vc) = (b A c) [be A (b A c)] = (bAc)bcA (b Ac) = 0) A a = 4, 
b(cva) = bfe~v (bAc)] =b(bv c) =b, 
c(avb) =c|[ (b Ac) vb] —=c(evb) =c, abe = (b A c)be = 0, 


and hence R(a; b,c). Thus the symmetry of our triadic relation is reflected 
in the reciprocity of Theorem 33. 


2. Connections with the Postulates of Huntington and Del Re. We must 
now show that our definition of Boolean algebras is essentially equivalent to 
at least one of the standard definitions. Naturally it is convenient to make 
the necessary comparison with some definition which, like ours, is based upon 
a system with double composition. The two best-known sets of postulates of 
this type are those due respectively to Huntington and to Del Re. We repeat 
them here: ° l 


HUNTINGTON’S Posrutares. A Boolean algebra A is a system with 
double composition which satisfies the postulates 

Postulate 1,0 avb=bva; Postulate 1». ab = ba;° 

Postulate 3,. a(bvc) =abvae; 

Postulate 3}. avbc== (avb) (ave); 

? See Huntington, Transactions of the American Mathematical Society, vol. 5 


(1904), pp. 288-309;- Del Re, Algebra della Logica, Naples, 1907; B. A. Bernstein, 
University of California Publications in Mathematics, vol. 1 (1914), pp. 87-96. 
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Postulate 4,. There exists an element 0 in A such that av 0 =a for 
every element ain A; 


Postulate 4». There exists an element e in A such that ea =a for every 
element ain A; 


Postulate 53. If the elements 0 and e of Postulates 4, and 4, respectively 
exist and are unique, then the simultaneous equations gva == e, 
za == 0 have a solution for every element ain A; 


Postulate Y. There exist elements a and b in A such that a b. 


Det Re’s Posrutates. A Boolean algebra A is a system with double 
composition which satisfies the postulates 


Postulates 1,, 12, 81, 41, 42, 53, 61,7; [Postulate 2,. (avb) ve=av(bve).] 


We have, of course, numbered the various postulates concerned in such 
a way as to facilitate comparison with our own system. Furthermore, we have 
made some minor changes in phraseology in order to eliminate trivial dif- 
ferences in statement. as 

We now observe that, of the postulates which occur in Huntington’s and 
Del Re’s systems, every one except Postulate 7 either occurs in our system or 
is deducible therefrom. We have established Postulate 1, as Theorem 13 in 
our system, Postulate 2, as Theorem 14, Postulate 3, as Theorem 11, Postulate 
4. as Theorem 3; and we can establish Postulate 5; as a consequence of 
Postulate 5 and Theorem 3. 

We next observe that, of the postulates which occur in our system, every 
one either occurs in Huntington’s system or is deducible therefrom without 
the use of Postulate 7. We can establish Postulate 3, in Huntington’s system 
since (avb)c=c(avb) = cav cb =acvbe by Pls, P3,,P1,—P1. We 
can establish Postulate 5 as follows: in Huntington’s system we establish the 
existence and uniqueness of the element 0 by combining Postulates 1, and 4, 
just as we did in proving Theorem 1 in our system; we establish the existence 
and uniqueness of the element e by combining Postulates 1, and 4, in a similar 

* manner; we then use Postulate 5, to show that, for the indicated elements 0 
and e, the simultaneous equations v v a == e, xa = 0 have a solution, whatever 
the element a in A. We establish Postulate 6, from the relations a=av0 
= dv va = (ava) (ava) = (eva) (ava) =e(ava) =ava by P4, P 5s, 
P3;, Pli, P53, P42, the element x being chosen as a solution of the 
simultaneous equations g vya = e, za==0, in accordance with Postulate 5, 
and the previous remarks concerning the existence and uniqueness of the 
elements 0 and e. Finally, we establish Postulate 6, from the relations 
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a = ea = (z v aja = za v aa = 0 v aa = aa v O = aa by P 4, P53, P3, P 5s 
P 1,, P 4, the element x being chosen as in the preceding demonstration. 

We observe finally that, of the postulates which occur in our system, every 
one either occurs in Del Re’s system or is deducible therefrom without the use 
of Postulates 2, and 7. In fact, we see that Postulates 3., 5, and 62 can be 
established in Del Re’s system by arguments precisely the same as those which 
were effective in Huntington’s. Since Postulate 2, can now be deduced as 
Theorem 14 from the postulates of our system, it follows that this postulate 
is redundant in Del Res system. 

Postulate 7 plays no part in deductions from the systems of Huntington 
and Del Re; indeed, it serves only to exclude the essentially trivial case of 
an algebra with exactly one element. It is largely a matter of taste whether 
one shall or shall not reject this case. We find it convenient to consider one- 
element algebras and hence to omit Postulate 7 from our list. 

We may summarize the foregoing comments as follows: 


THeorem 45. Definition 1 is equivalent to Huntington’s definition of 
Boolean algebras and also to Del Re’s, provided that Postulate Y is suppressed 
from their lists of postulates: 


i 


3. Postulates for generalized Boolean algebras. It is of some interest to 
examine the possibility of introducing a system with double composition which 
possesses most of the peculiar properties of Boolean algebras without con- 
taining a unit element. The analogy with the theory of abstract rings suggests 
that the direct or indirect postulation of the unit element should be avoided; 
and examples from the theory of classes—for instance, the example of all finite 
subclasses of a given infinite class, or the example of all Lebesgue or Borel 
measurable sets of finite measure in n-space—indicate the existence of in- 
teresting algebras without unit. We shall therefore introduce the following 
definition : 


Derinirion 5. <A generalized Boolean algebra A is a system with double 
composition which satisfies the further postulates: 


1 The example which has been given by B. A. Bernstein, University of California 
Publications in Mathematics, vol. 1 (1914), pp. 87-96, especially” p. 95, to show the 
independence of Postulate 2, in Del Re’s system is known to be irrelevant, as Professor 
Bernstein informed the writer, first by word of mouth and then by letter when con- 
sulted on the situation presented here: for both Postulate 2, and Postulate 3; fail to 
hold in this example, as we see from the relations l 


(C1 V €z) V €s = Cis V €z == Cx A Cr = Cy V Coy == Gv (€z V &) 
and 





€2 (Cr V €3) == Calg == Co £ Cy = Cy V Co = Cale V O2lr. 


722 M. H. STONE. 


Postulate 14. avb=—bva; 
Postulate 22. a(bc) = (ab)c; 
Postulate 3,. a(bvc) = ab vac; 


Postulate 4,. There exists an element 0 in A:such that av0 =a for 
every element ain A; 


Postulate 5,. If there exists an element 0 with the property required 
by Postulate 4, and if a and b are elements of A such that ba = a, 
then there exists at least one such element 0, independent of a and b, 
for which the simultaneous equations xv a = b, sa =0 have a solu- 
tion in A; 

Postulate 5. If there exists an element 0 with the property required 
by Postulate 4, and if a and b are elements of A such that ab = a, 
then there exists at least one such element 0, independent of a and b, 
for which the simultaneous equations zv a =b, az = 0 have a solu- 
tion in A; 

Postulate 6, ava=a; 

Postulate 62. aa = 4. 

Any element such as that postulated in Postulate 4, is called a zero. 


The list of postulates given in this definition is obtained by certain 
obvious modifications of the list given in Definition 1. We begin by replacing 
* Postulate 5 by the more complicated, symmetrically related Postulates 5, and 
52, in order to obtain a system without postulated unit in which the indicated 
simultaneous equations still possess solutions; we may point out that, in the 
presence of the remaining postulates of Definition 1, the relations ba = a and 
ab = a of the new postulates are necessary conditions for the existence of such 
solutions. This substitution unfortunately renders the list of postulates in- 
adequate for our purpose and therefore forces us to proceed further. We elect 
to add Postulate 2. at this stage. We find, however, that the addition makes 
each of the Postulates 3:1, 3, redundant in the presence of the others™; but 
we are able to bring our series of changes to a close with the suppression of 
One or the other of these two postulates. We have chosen to postulate the 
distributive law for multiplication on the left; but, if we had chosen to 
postulate the distributive law for multiplication on the right, we could have 
recovered the list of postulates given in Definition 5 simply by introducing a 
new operation o defined by the relation ao b = ba. It may be noted that the 


I am indebted to Professor A. A. Bennett for this observation; the argument 
given in Theorems 47-50 below is due essentially to him. 
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finite subclasses of a fixed infinite class constitute a system satisfying the postu- 
- lates of Definition 5 but possessing no unit. 

By way of justifying the terminology introduced in Definition 5, we may . 
note the following result: 


THEOREM 46. Every Boolean algebra is a generalized Boolean algebra. 


We have only to prove that any system with double composition which 
satisfies the postulates of Definition 1 satisfies the additional postulates oc- 
curring in Definition 5. Now Postulate 2. has been established as Theorem 15, 
Postulate 5, has been established as Theorem 16,, and Postulate 5, follows 
from Postulate 5, by an application of Theorem 13. 

In discussing generalized Boolean algebras, it is our aim to show that 
all the unstarred theorems of § 1 remain valid in these more general systems. 
We shall condense the necessary developments as much as possible, using the 
form of presentation adopted in § 1. 


THEOREM 47. The element 0 of Postulate 4, exists and is unique. 


By P 4,, such an element exists. If 0, and 0, are such elements, then 
0, = 0; v 02. == 0. v 0, = 0, by P4,, Pi, P 4. 
We shall use Theorem 47 without specific reference in the sequel. 


THEOREM 48,. 0a = 0. i 
By P 62— P 5, there exists an element x with the property X that 
zva=q, zta = 0. We now have z= gv 0 = vg v za = s(x va) = ra = 0 by 
„P 4, P 6.—X, P 31, X, X. Combining this result with X, we have 0a == 2a = 0. 


THEOREM 48,. a0 = 0. 


By P6,—P 5, there exists an element 2 with the property X that 
Lva—=4a, ax =0. Hence we have a0 = a (av) = (aa)x—ar—0 by X, P 2, 
P 62, X. 


LEMMA 11. ab= 0 implies ba =Q. 


We have ba = (ba) (ba) = b[a(ba)] = b[ (ab) a] = b[0a] = b0 = 0 by 
P- 62, P 22, P 23, H, T 48,, T 48>. 


LEMMA 12. (ab)a = ab. 


We have ab = (aa)b =— a (ab) by P 62, P22. Hence by P 5, there exists 
an element « with the property X, that svab—a, x(ab) =0; and, by 
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X, — L 11, this element z has also the property X; that (ab)s = 0. Thus we 
have (ab)a—= (ab) (x v ab) = (ab)axv (ab) (ab) = 0 v ab = ab v 0 = ab by X,, 
P3, X, — P 62, P di, P 4. i ; x 


THEOREM 49. ab = ba. 


We have (ab) (ba) = [ (ab) b]a = [a (bb) ]a = [ab]a = ab by P 2», P 23, 
P 6,, L12. Hence by P 5, there exists an element z with the property X, that 
avab = ba, (ab)e=0. By X, — L 11 this element has the property X, that 
2(ab) =0. It has also the property X, that x(ba) = 0, since 


(ba) x = [ (ba) b] = b[ (ab) a] = 60 = 0 


by L12, P 2.—P 2, Xi, T 482, and L 11 is therefore applicable. Finally, it 
has the property X, that z = 0, since 


g = g v 0 = gg v s (ab) = s(x v ab) = z (ba) = 0 
by P 4, P 62 — Xe, P 31, Xi; X3. Hence we conclude that 
ab == ab v 0 = ab v z = q v ab = ba 
by P 4, Xs P l, Xi 
TurorEM 50. (avb)e= acy be. 


We have (avb)c—=c(avb) =caveb—acevbe by T49, P 3,, T49—T 49; 
in other words, Postulate 3, is valid in a generalized Boolean algebra. 

If a is an arbitrary element of A, we may consider the class of all elements 
c such that c = ab for some element b in A. We shall denote this class by 
the symbol a(a). 


THEOREM 51. If a is an arbitrary element in the generalized Boolean 
algebra A, then the class a(a) is a subsystem of A and is in addition a Boolean 
algebra, its zero being the element 0 in A and tts umt being the element a. 

Jf c, and cz are elements of a(a), we can write cı = abı, C2 = aba; thus, 
C1 V Cz = Gbyv ab, = a(b, v b2) by P 3, and cica = (ab,) (ab2) = a[b (ab:)] by 
P 23; and hence c: v cz and cc, are elements of a(a). Thus we see that a(a) 
is a subsystem of the system A. We now note that 0 and a are bozh elements 
of a(a), since we have 0 = a0 by T 48, and a = aa by P 62. Now, since a(a) 
is a subsystem of A containing the element 0 and since Postulates 1,, 34, 

8, (by T 50), 41, 61, and 6, are valid in A, these postulates are also valid in 
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a(a). Hence, to prove that a(a) is a Boolean algebra, we have only to estab- 
lish Postulate 5 for this system. This may be done as follows: we first note 
that if c is any element in a(a) we can write c—ab and therefore have 
ac == a (ab) = (aa)b = ab =c by H, P 2%, P62, H; hence, by P 5, there 
exists an element x in A with the property X that eve=—a, c¢=—0; and, 
since aa = ra = (vv) = qg v vce = 7 y 0 = x by T 49, X, P 3, P6,—X, 
P4,, this element z, as well as the elements 0, a, and c, belongs to a(a). 
In particular, we see from the foregoing results that the zero in a(a) is the- 
element 0 in A and that the unit in a(q@) is the element a. 


THEOREM 52. If cis an element of a(a), then a(c) Ca(a). 


If d is an element in a(c), we can write d = cb, and ¢ ab: and- thus 
find that d == cb, = (ab,)b, = a(bibe) by H, H, P22. Hence d is in a(a) 
and a(c)C a(a). 


THEOREM 53. The class a(avb) contains the elements a and b. 


Since a and ab are elements of the Boolean algebra a(a) in, accordance 
with T 51, we have avab =a by T10 and hence 


a = a v ab = aa v ab = a (av b) = (av b)a 


by P 62, P 3,, T 49; it follows that @ is an element of a(avb). Since b and 
ba are elements of the Boolean algebra a(b), we have similarly 


b = b v ba = ba v b =bavbb =b (av b) = (av b)b 


by T10, P 1,, P 6», P3,, T49 and hence conclude that b is an element of 
a(avb). 


THEOREM 54. The class a(av [bv (cvd)]) contains the elements a,b, c, d. 


By. T53 we see that a(av [bv (evd)]) contains a and bv (cvd), 
a(6v (cvd)) contains b and cyd, and a(cvd) contains c and d. By T 52 
we see that a(cvd) Ca(bv (evd)) Ca(av [bv (cvd)]). Hence the class 
a(av [bv (ev d)]) contains the elements a; b, c, d. 


THEOREM 55, All unstarred propositions and definitions of § 1 are valid 
in a generalized Boolean algebra, provided that the term “ Boolean algebra” 
is supplanted wherever it occurs by the term “ generalized Boolean algebra.” 


A brief survey of the definitions and propositions of § 1 shows that the 
starred definitions and propositions are precisely those involving the unit 
element e and the related operation of complementation. Such definitions and 
theorems obviously cannot be carried over to a generalized Boolean algebra. 
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To assert that the remaining definitions and propositions of § 1 can be carried 
over to a generalized Boolean algebra therefore means that the operations of 
addition, multiplication, and differentiation, and the relation “less than” are 
defined in such an algebra and are subject to the same formal rules as in a 
Boolean algebra. f 

In verifying this assertion, we must examine in succession the various 
unstarred definitions and propositions of § 1. In deciding whether or not a 
definition or proposition remains valid in a generalized Boolean algebra, we 
may appeal to several different criteria. A definition can be retained whenever 
it is stated directly in terms of the fundamental postulated operations of addi- 
tion and/or multiplication or indirectly through preceding unstarred defini- 
tions and/or propositions. This criterion applies at once to Definitions 3, 4; 
of course, Definition 4 reposes upon the preceding unstarred Theorem 24. 
A proposition which is stated in terms of the fundamental postulated opera- 
tions and/or preceding unstarred definitions remains valid (1) whenever it 
is one of those postulated or proved in the present section; ‘(2) whenever it 
reposes only upon preceding unstarred propositions and/or starred propositions 
which have adequate substitutes valid in a generalized Boolean algebra; 
(3) whenever it asserts a relation which can be treated by regarding the 
related elements as belonging to a Boolean algebra constructed in accordance 
with Theorems 51 and 54 of the present section. We apply criterion (1) in 
the following instances: Postulates 1,, 8:, 41, 61, 6. of Definition 1 appear 
as postulates in Definition 5; Postulate 3, has been proved as Theorem 50 
of the present section; Theorem 1 appears essentially as Theorem 47 of the 
present section; Theorem 6 appears, subdivided as Theorems 48, and 48, of 
the present section; Theorem 13 appears as Theorem 49 of the present section 
and Theorem 15 appears as Postulate 2. of Definition 5. We can apply 
criterion (2) above in the following instances: Theorems 16;, 17, 181, 182, 
19, 203, 202, 21, 24, 25, 26, 27, 28, 29, 33, 34, 35, 36, 37, 39, 41, 42, and 
Lemmas 8, 82, 10. In the case of Theorem 24, the proof involves the starred 
Theorem 16,, which is used, however, merely to establish the existence of a 
solution of the simultaneous equations under consideration; but in a gen- 
eralized Boolean algebra the existence of the desired solution is established by 
Postulates 5, and $; (which we may now regard as equivalent by virtue of the 
commutative law for multiplication). Finally we apply criterion (3) in the 
following instances: Theorems 9, 10, 11, 14, 32, 43, and 44, We shall content 
ourselves with giving detailed discussions of two typical eases. First let us 
consider the demonstration of Theorem 9: if 0 is the zero element of a gen- 
eralized Boolean algebra A and a and b are arbitrary elements in A with the 
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property that av b= 0, we may regard 0, a, b as elements of the Boolean 
algebra a(av [bv (evd)]) in accordance with Theorems 51 and 54, the 
element 0 being the zero of this algebra; Theorem 9 is now applicable within 
this Boolean algebra and shows that a == b = 0, as desired. Let us also con- 
sider the demonstration of Theorem 32: whether we regard the elements 
a, b, c and the operation A as belonging to the generalized Boolean algebra A 
or to the Boolean algebra a(av [bv (cyd)]) contained in A, the elements 
aQb, bAc, aAc are obtained as the unique solutions of certain fixed pairs 
of simultaneous equations and are therefore independent of the interpretation 
chosen; now under the second interpretation, and hence also under the first, 
these elements belong to the algebra a(av [bv (cvd)]); in the same way we 
find that the element (a Ab) A (b Ac) also belongs to this algebra; thus we 
can apply Theorem 32 within the Boolean algebra a(av [b v (cvd)]) and 
conclude that (a Ab) A (b Ac) ade, as we wished to do. In summary, 
we may say that the three indicated criteria cover all the unstarred proposi- 
tions of § 1 and thus lead to the present theorem. 

We shall conclude the present section with a brief discussion of certain 
conditions under which a generalized Boolean algebra is a Boolean algebra. 
We have first: 


THEOREM 56. A necessary and sufficient condition that a generalized 
Boolean algebra A be a Boolean algebra is that it contain an element e with 
one or both of the equivalent properties that ae = a, ea =a whatever the 
element a in A. If suole: an element exists, it is the unit of the Boolean 
algebra A. 


If A is a Boolean algebra, such an element exists by Postulates 4,, 5 and 
Theorems 2, 3. If such an element exists, then Postulates 5,, 52 show that 
the simultaneous equations xva=—e, za==0 have a solution whatever the 
element a in A; thus the system A satisfies Postulate 5 as well as all the 
unstarred postulates of Definition 1, and is therefore a Boolean algebra with 
the element e as its unit. 


THEOREM 57. If A is a generalized Boolean algebra oye finite car dindt 
number n, then A is a Boolean algebra. 


By hypothesis, there exist elements a,---,@ such that a; 4a, for 
jxk, j,&’=1,:+-,n while acA implies aa, for some integer k, 
k==1,---,n. Now the element ¢e=4,¥---va, has the property that 


.ae == & whatever the element a in A: for, putting a = ar, we have 


ae == O(a, v° d Vln) = kär V ap (Ar v °° Vv lka Y aka Yt Y Gn) = Ay = Q 
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by H, P 1, — P 1.3, — T 14— T 55, P 6. —T10-—T 55, H. Thus A is a 
Boolean algebra in accordance with Theorem 56. 


4. Independence of the postulates. The consistency of the sets of postu- 
lates given in Definitions 1 and 5 for Boolean algebras and generalized Boolean 
algebras respectively is shown by exhibiting specific systems with double com- 
position in which all the listed postulates are valid. The system with a single 
element 0 where 0 v0 and 00 are both 0 is one such system; and the system 
with two elements 0 and e, where 0 4 e, where 0v 0, 00, Oe, e0 are all 0, and 
where Ove, ev 0, eve, ee are all e, is another. As we have already pointed 
out by means of examples, there are systems with double composition which 
are generalized Boolean algebras without being Boolean algebras; in view of 
Théorem 57, such systems are necessarily infinite. 

In the following examples, we shall denote by *KP« a system with double 
composition in which Postulate « of Definition 1 is not satisfied while the 
remaining postulates of that definition are valid; and we shall denote by KPa 
a system with double composition in which Postulate « of Definition 5 is not 
satisfied while the remaining postulates of that definition are valid. In each 
example, the system considered’is finite and its elements are. designated by 
appropriate letters, different letters always denoting unequal elements and the 
letters 0 and e being reserved for elements with the properties described in 
Postulates 4; and 5; and the fundamental operations are defined by an addi- 
tion table placed at the left and a multiplication table placed at the right, 
the tables being arranged so that avb or ab appears in the row labeled “a” 
and the column labeled “b.” In many cases we shall point cut various 
properties of the systems exhibited beyond those mentioned above. In those 
instances where we assert the failure of a certain proposition in a given system, 
we shall indicate at least one specific case of the asserted failure; but in those 
instances where we assert the validity of a certain proposition in a given 
system, wè shall merely report the result of checking all possible cases. 


*KP l, KP L. Oy: O l 0, 0, 





It is evident that P 1, fails here, since 0; v 0, = 0, 34 0a = Oa v O. P22, 
P 34, P 32, P 6,, P 6z ate easily verified; and it is also clear that P4, is valid 
whichever of the two elements 0,, 02. is designated as the element 0 of that 


e 
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postulate. If we choose 0; as the element 0 and also as the element e of *P 5, 
we find that *P5 is satisfied: for the simultaneous equations gv a= 0, 
xa == 0, have the solution 0,, whatever the element a. 

Neither P 5- nor P 5, is valid here: for none of the four sets. of simul- 
taneous equations 


tv 0a = 02, x0. = 0,3 wv 0, = 02, 0.7 = 01; 
gy 0, = 0, z0, = 03; æv 0, = 02, 0s = 03; 


has a solution although the relations 0202 = 02, 0102 = 020, = 0, are valid. 
It is easily verified that Theorems 10, 11, 13, 14, 15 hold in this system. 


*KP 3, 0 a b c oe 0 a b c eè 


a SF R OS 
=~ a S 


Oo 





The failure of P 3, is exhibited by the relations 
c(avb) = ce = c b = 0 v b = ca v ob. 


It can be verified directly that, P1,, P 32, P 4,, *P 5, P 6,, P 6, are valid in 
‘this system; and also that P 2, P 5, T9, T14, T15 are valid here. On ` 
the other hand, P 5, fails since be —c while the simultaneous equations 
a2ve==b, ge = 0 have no solution; T10 fails since cv cb = cvb =b ce; 
T 11 fails since (cva)(cvb) = eb =b Æ c = c v 0 =c vab; and T13 fails 

since be = c s4 b = cb. Í 


*KP Be. 0 a e 
0 0 0 
aja a a k 





The failure of P 3, is evident from the relations 


(e v a) 0 = e0 = 0 Æ a = 0 v a = e0 v a0. 





It can be verified directly that P 1,, P 3,, P 4,, *P 5, P 6., P 6, are valid in 
this system; and also that P 2., P 5,, T9, T 14, T 15 are valid here. On the 
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other hand, P 5, fails since a0 = a while the equations z v a == 0, ax = 0 have 
no sólution; T10 fails since 0 v a0 = 0 va =a 40; T11 fails since 


(ave)(av0) = ea = 0 a =a v 0 =a v e0; 


and T 18 fails since a0 = a =Æ 0 = 0a. 


*KP 4, KP 4. ' a b c a b c 
aja a a 
b a b c 
cja c c 








The failure of P 4, is evident from the addition table. Since the element 0 
described in P 4, does not exist, *P 5, P 5,, and P 5. are satisfied vacuously. 
It can be verified directly that P 11, P 22, P 31, P 32, P 61, P 6. are valid in 
this system; and also that T 11, T 13, T 14, T 15 are valid here. O2 the other 
hand, T 10 fails since b v ba = b v a = c 34b. 


*KP 5. 0 a 0 a 
010 a 0 | 0 a 
a a 


a a | 


The failure of *P 5 is evident from the fact that even the single equation 
za = 0 has no solution in-this system. It is easily verified that P 11, P 84, 
P 3., P4, P61, P 6, are valid here; and that P 2, T9, T11, T13, T 14, 
T 15 are also valid. On the other hand, P 5, fails since 0a = cœ while the 
equations 7 va = 0, za = 0 have no solution; P 5, fails since a0 =a while 
the equations «va=0, av—=0 have no solution; and T10 fails since 
0 v 0a = 0 va = 4 40. 


*KP 6, KP 6. > 0 e 0 e 
$ olo e oto o i 
g ele 0 e] o0 


The failure of P 6, is evident from the relation eve==0. Itis easily 
verified that P 1,, P 2., P 34, P 82, P 4,, *P 5, P5:, P52, P 6, are valid in 
this system; and also that T 13, T14, T15 are valid here. On the other 
hand, T9 fails since eve-=0; T 10 fails since ev ee = e v e = D 6; and 
T 11 fails since (eve) (ev0) = 0e = 0 4 e = e v 0 =e v 00. This system is - 
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of particular interest because it is a ring, isomorphic to-the ring of integers 


taken modulo 2. 
0 e 0 e 
010 œe 010 0 
eje e elo 0 


*KP 62, KP 62. 

The failure of P 6, is evident from the relation ee 0. It is easily 
verified that P1,, P22, P31, P3., P4,, *P 5, P 5, P 5 P 6; are valid in 
this system; and also that T 9, T 10, T 13, T 14, T 15 are valid here. On the 
other hand, T 11 fails since (ev 0)(ev0) = ee = 0 4 e =e v 0 =e v 00. 


KP 2. 0 a b c 0 a b c 


~ fk o 


9 





It is evident that P 2, fails in this system since 
a(bc) = aa = a Æ c = ce = (ab)c. 


It is easily verified that P 1,, P 3., P 4,, P51, P 52, P 6,, P 6z are valid here; 
and that P 3}, T 9, T 18 are also valid. On the other hand, *P 5 fails since 
the relations z v y = z, ty == 0, imply z = 0, z = y or y = 0, z = y and hence 
preclude the existence of the required element e; T10 fails since avab 
= gavc =b 4; Til fails (av0)(avb) = ac =b a = av 0 = av 0b; 
T 14 fails since av (bvb) = av b = c a = c v b =— (avb) vb; and T15 
fails since it is equivalent to P 2%. 














KP 384. 0 a b c e 0 a b c e 
of 0 a b c e 010 0 0 0 0 
ae @ e e eè ajo a 0 0 a ° 
bib e b e è bio 0 b & b 
c|c e @ c e co 0 0 c c 
ee e e e@ e el0 a b c e 





The failure of P 3, is evident from the relations 


a(b y c) = ae = a Æ 0 = 0 v 0 = ab v ac. 
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It is easily verified that P1,, P22, P 4, P 51, P 52, P 6,, P 6, are valid in 
this system; and also that *P 5, T9, T 10, T13, T14, T15 are valid here. 
On the other hand, T 11 fails since (avb) (av c) = ee = e £ a =a v 0 =a v be. 
This particular system may be interpreted in the following way: e is a fixed 
two-dimensional linear manifold; 0 is a fixed 0-dimensional linear manifold 
in e; a, b, c are three distinct 1-dimensional linear manifolds in e containing 
0; the sum of any two of these linear manifolds is the least linear manifold 
containing both, and the product is the largest linear manifold contained 
in both. 


KP.5;. 0 a 0° a 











The failure of P 5, is evident from the fact that 0a =—= a while the simul- 
taneous equations vv a= 0, va = 0 have no solution. It is easily verified 
that P 1,,-P 22, P 34, P 4, P 5., P 6,, P 6, are valid in this system; and also . 
that P 32, T 9, T 11, T 14, T 15 are valid here. On the other hand, *P 5 fails 
since neither the equations zva==-0, za=0 nor the equations rva—a, 
za == 0 have a solution and consequently no element with the properties de- 
manded of e exists; T 10 fails since 0 v 0a = 0 va =a 0; and T13 fails 
since 0a = a =Æ 0 — ad. 


KP 5p. 0 a 0 a 
ojo al 0 0 


The failure of P 5, is evident from the fact that a0 == a while the simul- 
taneous equations vv «= 0, az= 0 have no solution. It is easily verified 
that P 1;, P 23, P 31, P 4,, P 5, P 6,, P 6, are valid in this system; and also 
that P 3,, T 9, T 11, T 14, T 15 are valid here. On the other hand, *P 5 fails 
ince neither the equations æv 0 =a, 20 0 nor the equations gva == 0, 
xa == 0 have a solution and consequently no element with the properties de- 
manded of e exists; T 10 fails since 0 v a0 = 0 v a =a 40; and T 13 fails 
since 0a = 0 = a = a0. The system under consideration is obtained from 
KP 5, simply by reflecting the multiplication table in its principal diagonal, 
so that the product zy in KP 5, is the same as the product yw in KP 5y. 

In conclusion, we see that each of the various postulates in Definition 1 
or Definition 5 is independent of the remaining postulates of that definition. 


HARVARD UNIVERSITY. 


ON FINITE BOOLEAN ALGEBRAS. 
By B. A. BERNSTEIN. 


Introduction. In every finite Boolean algebra there exists a set of ele- 
ments, which I shall call the “minimals” of the algebra, that play a rôle in 
the algebra very much like that played by the prime numbers in arithmetic. 
Huntington ? introduced these elements, under the term “irreducible,” * for 
the purpose of proving the order theorem for finite Boolean algebras. The 
object of my paper is to discuss the minimal elements more fully and to make 
further application of the properties of these elements. The application will 
be to some questions concerning sub-algebras of a finite Boolean algebra, to a 
problem in. dichotomy, and to arithmetic representations of finite Boolean 
algebras. Incidentally, Huntington’s results concerning the minimal elements 
will be obtained from a different starting point. Incidentally, also, a proof 
of the order theorem for finite Boolean algebras will be obtained without the 
help of the minimal elements.* 


1. The minimals. Consider any Boolean algebra B. If ai, Qe,` * *, n be 
elements of B, and 1 the universe element, then 


(i) 1 == (a; + @1) (de H aa) t (On +n) 
(ii) meas: > bay F hte Web RS ae 


The expression (ii) is the additive normal development of 1 with respect to 
Qis G2," * *, Gn. IË B be finite, and if a, Q2, - `, Qn be all the elements of B, 
(ii) will be called the complete additive normal development of 1. The con- 
stituents in the complete additive normal development of 1 that are not 0 
will be called the minimal elements of B, or simply the minimals of B. 

We have at once the following basic theorem : 


1 Presented to the American Mathematical Soliety, June 20, 1934. 

2 Transactions of the American Mathematical Society, vol. 5 (1904), pp. 308, 309. 

3 This term seems tc me less simple than “minimal,” and permits a less convenitnt 
name and notation for the duals of the minimal elements (See §4 below). 

*The reader is referred to the following more general papers on ‘Boolean algebra, 
which no doubt yield, from a very different angle, many of my results: E. T. Bell, 
“ Arithmetic of logic,’ Transactions of the American Mathematical Society, vol. 29 
(1927), pp. 597-611; W. A. Hurwitz, “On Bells arithmetic of Boolean algebra,” ibid., 
vol. 80 (1928), pp. 420-424;, M. H. Stone, “On the structure of Boolean algebras ” 
(Abstract), Bulletin of the American Mathematical Society, vol. 39 (1933), p. 200; 
M. H. Stone, “Boolean algebras and their application to topology” (Abstract), Pro- 
ceedings of the National Academy of Science, vol. 20 (1934), pp. 197-202. 
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1.1. In a finite Boolean algebra, every element a, 0, is expressible 
umquely as a sum of minimals. ; 


For, by (i) and (ii), every element a of the algebra is expressible uniquely 
as a sum of constituents in (ii), namely, the sum of those constituents in 
which a enters positively. Hence, if a5£0, a is expressible uniquely as the 
sum of those non-0 constituents in which a enters positively. 

If m is a minimal in an expression for a, we shall say “m is a minimal 
of a,” or “ m belongs to a,” or “ m is contained in a.” 

Theorem 1.1 enables us to construct a finite Boolean algebra from its 
minimals. 

Theorems 1. 2-1. 19 below are practically all simple corollaries of 1.1 and 
the definition of minimals. Proofs for the more obvious of these theorems 
will be omitted. 


1.2, Every finite Boolean algebra has at least one minimal. 


1.3. The order of a finite Boolean algebra is 24, where k is the number 
of minimals of the algebra. 


1.4. If mı, Mmo,’ ++, my are the minimals of a finite Boolean algebra, 
then 
m +m +: Hm= l, mim; = 0 [tj]. 


“1.5. Ina finite Boolean algebra, a necessary and sufficient condition 

that a be a minimal is: 
(i) az 0, (ii) a+- ra [z 3£0, sa]. 

For, first, let a be a minimal. Then a0. Also, if @ +g =a 
[t 40, sa], then z, hence a -+ z, hence a would contain minimals not 
belonging to a, contrary to 1.1. Hence, (i) and (ii) are necessary. 

Secondly, let 2540 and a + «a [z >£ 0, v=4a]. Then, if a were not 
a minimal, we should have, by 1.1, a =m, + m +`: +m [h>1], 
where the eleménts m; are minimals. Hence, there would be a minimal, say 
Ma, such that a + mı =a, where m, Æ 0, m, £a, contrary to supposition. 
Hence, (i) and (ij) are sufficient. 


1.6. Ina finite Boolean algebra, a necessary and sufficient condition that 
a be a minimal is: 


(i) a340, (ii) zeta [z 540, ea]. 
For, x < a is equivalent to a -+ z =a. Hence the theorem, by 1. 5. 


Theorem 1. 6 shows that the minimal elements are identical with Hunting- 
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tows “ irreducible” elements. Theorems 1. 1-1. 6 include all of Huntington’s 
results concerning these elernents. 


1.7. Let a,,@2,- > +, a, be a set of k elements of a finite Boolean algebra 
B such that \ 
A+ d+ sta =1, a0, aaj [tA]; 
if k be the number of minimals in B, then ay, a2,- ` +, a are the minimals of B. 


For, by'1.1, each element a; is a minimal or a sum of minimals; and if 
some a; were a sum of two or more minimals, there would be two distinct a,’s 
having a minimal in common, contrary to the supposition that aja; =0 [i-4j]. 

Hereafter, unless expressly stated otherwise, the algebra under considera- 
tion in any particular case will be understood to be a finite Boolean algebra, 
and the symbol m will always denote a minimal. 


1.8. In the additive normal development of 1 with respect to any set of 
elements, the number.of non-0 constituents cannot exceed the number of 
minimals. 


For, each non-0 constituent is a sum of minimals, by 1.1; and no two 
distinct constituents, cı and cs, can have a common minimal, since ¢,¢z = 0. 


1.9. The sum of any set of minimals is the negative of the sum of the 
remaining minimals. l 


1.10. If m, and mz are two distinct minimals, then mym’, = my. 


For, m’, is of the form m, -+ a, by 1.9, and m (m: + a) =m. 
' More generally, we have: ' 


1.11. Ifmy,,me,-++,my are distinct manimals, then may = MIM 9" ` M 41Mite 
For, mi, m’s,° + +, Mka are each of the form my +a: j 


1.12. In the additive: normal development of 1 with respect to the 
minimals, the non-0 constituents are precisely the minimals. 


By 1.11 and 1.8. . = r 


1.13. The minimals of a +- b consist of the minimals contained in a or b. 

1.14. The minimals of ab consist of the minimals common to a and b. 

1.15. A necessary and- suficient condition that a minimal m be a mini- 
mal of a is that m < a. : 


For, m < a is equivalent to the relation a = a +m. Hence the theorem, 
by 1.1. i 
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1.16. If m<a+b, thenm<aorm< b. 

By 1.15 and 1.13. 

1.1% m0. 

For, if m < 0, then O=O0-+m=—™m, 

1.18. Let ab—0;if m<athenm <b. 

For, if m < a and m < b, then m < ab; hence m < 
1.19. If m ta, then ma = 0. 


For, if m { a, then m is not a minimal of a, by 1 
by 1. 1, 1. 4. 

Further properties of the minimal elements will be 
of the notion of “ index ” of an element and of other n 


2. Index of an element: In a finite Boolean alg 
of an element a, denoted by I (a), will be meant the 
belonging to a. The index of the universe element 1, 
minimals in B, will be called the index of B. A Boole 
will be denoted by By. o* 

We have, for indices, theorems 2. 1-2.5 below. (J 
operations between indices are, of course, arithmetic.) 


2.1. If ab=0, then I(a+b) =I(a) +1(8). 


For, a and b cannot have a common minimal, | 
theorem, by 1. 13. 
The following two theorems are corollaries of 2. 1. 


2.2. In an algebra Br, I(a’) = k —I (a). 
2.3. In an algebra By, I(a’b’) =k —I (a+ b). 


Since if b < a then a = ab + ab’ = b + ab’, we hi 
-> 2.4 Ifb <a, then I(ab’) =I (a) —I(b). 

Since a -+ b°=a + a'b = b + ab’ = ab + ab’ 4 a't 

2.5. I(a+b)=I(a)+ IE(db)=I (b)+ I (ab )= 


3. Addends. The introduction of the notion of “ 
ciated notions will enable us to view the minimal element 
and will also enable us to state conveniently some addit 
finite Boolean algebras. 
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In any Boolean algebra B, if there exists an æ such that b + z = a, then 
b will be called an addend of a, and a a complex of b. Two elements a, b will 
be said to be relative minimals, if 0 is the only addend common to a and b. In 
a finite B, the minimals of a are, of course, addends of a, and a is a complex 
of its minimals. If a, 540, has no addends other than 0 and a, then, by 1. 8, 
a is a minimal. In a finite B, an element c will be called the least common 
complex (L. O.C.) of a and b, if the minimals of c are the minimals belonging 
either to a or to b; an element c will be called the highest common addend 
(H.C.A.) of a and b, if the minimals of c are the minimals common to a 
and b. 


3.1. In any Boolean algebra, a necessary and sufficient condition that b 
be an addend of a (or that a be a complex of b) is that b < a. 


For, b< a is a necessary and sufficient condition that the equation 
b + «=a have a solution. 


3.2. In any Boolean algebra, a necessary and sufficient condition that 
a and b be relative minimals is that ab = 0. 


For, the pair of relations z < a, œ < b is equivalent to the single relation 
x < ab; and ab = 0 is a necessary and sufficient condition that « < ab have 
the unique solution 0. 
" Theorems 3.1 and 3.2 enable us to restate the theorems of § 1 in terms 
of addends and related notions. Thus, 1.16 and 1.18 become respectively 
3. 3 and 3. 4 following. 


3.3. If a minimal m is an addend of a+ b, then m is an addend of a 
or m is an addend of b. 

8.4. Let aand b be relative minimals; if m is an addend of a, then m 
is not an addend of b. 


In view of 1.13 and 1.14, we have: 
3.5. a+b=L.0.0. of a,b; ab—H.C.A. of a,b. ‘ 


The following four theorems concern the addends of an element as con- 
stituting a Boolean algebra and an abelian group. 


3.6. In any Boolean algebra B, the addends of an element u, £0, 
form a Boolean algebra A with respect to the operations + and X, the elements 
0, u, uv’ of B serving in A as the “ zero,’ the “ universe,’ and the “ negative 
of c” respectively. 


738 B. A. BERNSTEIN. 


a 


For, with respect to the operation A the addends one ware related to u 
precisely as the elements of B are related to 1. 


3.7. In any Boolean algebra B, the addends of an element u form an 
abelian group with respect to the operation o given by roy = gry + ty. 


For, it can be verified, the operation o satisfies the following three con- 
ditions: (i) aob=boa; (ii) (a0b) oc—ao (boc); (iii) for any two 
addends a, b of u there is an addend æ such that a o z =b. 

If the algebra Bin 3.6 and 3.7 be finite, these theorems become respec- 
tively Theorems 3. 8 and 3. 9 following. 


3.8. In an algebra Br, the addends of an element u, +0, of index h, 
form a Boolean algebra By, with respect to the operations + and X, the 
elements 0, u, ua’ of By serving in Br as the “ zero,’ the “ universe,’ and the 
“ negative of x” respectively. 


3.9. In an algebra Br, the addends of an element u, of index h, form 
an abelian group of order 2 with respect to the dperanon o gwen by 
go y = ry oh xy. 


4, Dual considerations.: The maximals: The foregoing considerations 
have, of course, their dual counterparts. Thus, corresponding to “ minimal,” 
“ addend,” “ complex,” “ relative minimals,” “least common complex,” “ high- 
est common addend,” we have, respectively, “ maximal,” “ factor,” “ multiple,” 
“relative maximals,” “least: common miltiple,” “highest common factor.” 
The definitions of the notions in the latter set follow. 

A mazimal element p of a finite Boolean algebra B is a non-1 constituent 
in the complete multiplicative normal development of 0. In any Boolean 
algebra, if there exists an æ such that bz = a, then b is a factor of a, and 
ais a multiple of b; two elements a, b are relative maaimals if 1 is the only 
factor common to a and b. In a finite Boolean algebra, an element c is the 
least common multiple (L.C.M.) of a and b, if the maximals of c are the 
maximals belonging either to a or to b; an element c is the highest common 
factor (H.C. F.) of a and b, if the meen of care eae maximals common 
to a and b. ° j 
, As samples of the duals of the foregoing propositions, I give propositions 

4. 1-4. 5 below. These are the duals of 1.1, 1.4, 1.6, 1. 10, 3. 1 respectively. 


4.1. In a finite Boolean algebra, every element a, #1, is expressible 
uniquely as a product of maximals. 
4.2. If wr, po: ` `, pe are the maaimals of a finite Boolean algebra, then 


wu’ ep =Â, mtel [tj]. 
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4.3. Ina finite Boolean algebra, a necessary and sufficient condition thai 
a be a maximal is: 


~(i) tÆ l, (ii) spa [r £1, ca]. 


4.4. .If p and p are two distinct maximals, then pm + We == p. 
4.5. In any Boolean algebra, a necessary and sufficient condition that 
b be a factor of a (or that a be a multiple of b) is that b > a. 


In view of 3.1, Theorem 4. 5 tells us: 


4.6. In any Boolean algebra, a necessary and sufficient condition that 
a bea multiple of b is that a be an addend of b. 


5. Relation between the minimals and the maximals. As is to be ex- 
pected, there is a very close relation between the minimal and the maximal 
elements of a finite Boolean algebra. This relation is given by the following 
theorem. . 


5.1. Ina finite Boolean algebra, if m is a minimal then n is a maximal, 


For, if m is a non-0-constituent in the complete additive normal develop- 
ment of 1, then m” is a non-1 constituent in the complete multiplicative normal 
development of 0. 

As a consequence of 5.1, in view of 1.10, we have: 


5.2. In a finite Boolean algebra, let m be a minimal and p a maximal; 
then mp == 0, or else mp = m. 


Dually, we have: 


5.3. In a finite Boolean algebra, let u be a maximal and m a minimal; 
then p -+ m = 1, or else p+ m= p. ` 


6. Eristence and construction of sub-algebras. I shall now apply the 
properties of minimals to answer some questions concerning sub-algebras of a 
finite Boolean algebra. - 

We know that every Boolean algebra B has “ embedded” in it as a sub- 
algebra the algebra B, of index 1, consisting of the elements 0,1. Are there 
sub-algebras By, [A > 1] embedded in an algebra Br [k > h]? If sub-algebras 
By, exist, how construct these algebras? Again, given an algebra Ba embedded 
in a By [k> h +1], does there exist an algebra Bnı embedded in B, and 
embedding B»? The answers to these questions will be found in the Theorems 
6. 1-6. 8 following. l 
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6.1. Let mı, Mmo ++, my be the minimals of an 
the kk —1 elements 
My, Meo,° ` * 5 Mk-2 Myr + Mk 


constitute a set of k—1 minimals for a sub-algebra By 


The theorem is true by virtue of 1. 7. 
As a corollary of 6. 1, we have: 


6.2. Every algebra By has embedded in it sub-a 
dices h [1 Sh S k]. 


Theorems 6.1 and 6.2 enable us to construct sy 
algebras of a given finite Boolean algebra. 


6.3. Let mı, me, ++, mn be the minimals of an 
in an algebra By [k > h]; there is in By an element 
minimal, say mn, the h+ 1 elements 


My, Ma," * * 3 Mh-1y LINK, s'M 
constitute a set of minimals for an algebra Bri, embedd 


For, there exists in B, some minimal of Br, say ma, 
element z, 540, 4 ma, such that x < ma; otherwise, 
is in By an element x such that cm, = v [a s4 0, © £ m; 
By an element x such that smn £ 0 [z 340, £ 5A m]. 
have #’my, = 0, i. e. mn { 2; otherwise, £ = ma. Since 2 
the elements m1, Ma, ` *, Mn-1, @Mn, Vma form, by 1.7, 
an algebra Br; and this algebra embeds By. 

The reader can readily supply the duals of the abo 


% A problem in dichotomy. In a Boolean algebr 
stituents in the additive normal development of 1 with 
will, in general, vanish. The following problem then s 


PROBLEM. In an algebra By, to find a set of h ele 
which none of the additive constituents of 1 vanish. 


The properties of the minimal elements established 
tions enable us to solve this problem readily. We obser 
that our problem have a solution, we must have, by 1. 8, 
k = 2%, Then, by 6. 2, there exists in By a set of 2% eleme 
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which can serve as a set of minimals for a sub-algebra B, embedded in Bz. 
The desired h elements are the elements a; determined by the following 2"— 1 
equations: 


Qila’ ` © An == My, Mile’ °° Wy = Ms," + +, Waa: * n = M-i 


where the a-products are all different, and where a’,a’,- - - a’, does not appear. 

Thus, consider a Boolean algebra Bs. Let the minimals of Bs be 
Mı, M2,°**, ms. A set of three elements with respect to which none of the 
additive constituents of 1 vanish are a1, @2,@3 given by the following 2° — 1 
equations : 


, r 
Ay lz lg = Mi, Qila lg = Mo; Q Qz Ag == Mz, 
Urla Ag = Ma, 0,020’; = Ms, Wila A's = Me, 
AA zag == M7. 


Indeed, noting that the sum of the products involving a; affirmatively is 
i, we have: 


ean ia Shi dy == My + Ma + Ma + Me, 


ag = M, + Mm + ms + m. 
The reader can supply the dual of the above problem and its solution. 


8. Arithmetic representations of finite Boolean algebras. The properties 
of the minimal elements and related concepts deliver into our hands very simple 
arithmetic representations of finite Boolean algebras. These representations 
are given by the following considerations. 

Let Nz be the class of 2* numbers consisting of the number 1 and the 
products of A distinct primes taken from a set of k distinct primes pı, po,°** , Pre 
[1Sh4Sk]. Further, let a Œ b be the least common multiple of a and b, 
and aA b the greatest common divisor of a and b. Then, no number of Ny 
contains a prime to a power higher than 1. Hence, the primes of M; play 
with regard to O and A the precise rôle that the minimals of B, play with 
regard to Boolean addition, œ, and Boolean multiplication, ©, respectively. 
Hence, the arithmetic system (Nz, O, A) is simply isomorphic with the 
Boolean system (By, Q, ©), O corresponding to @, and*A to o’ 

Dually, the primes of N, play with regard to O and A the precise rôle 
that the maximals of By play with regard to Boolean © and @ respectively. 








5The Boolean “zero,” “universe,” and “negative of a” correspond respectively 
to the N,-elements 1, v =p, O 2, [+--+ O Pp Oy = V+. 


742 B. A. BERNSTEIN, 


a 


Hence, the arithmetic system (Nx, O, A) is simply isomorphic with the 
Boolean system (Br, @, Q), O corresponding to o and A to @.® 

It is to be observed that the representations of finite Boolean algebras 
given here enable us to “number” conveniently the elements of a finite 
Boolean algebra. Thus, to number the elements of an algebra Bs, we take for , 
the three minimals in B, any three primes, for simplicity, the frst three 
primes: 2, 8,5. The numbered elements of B, are, then: 


1, 2, 3,5,6 (—2 O 3), 10 (=2 O 5), 15 (=3 D 5), 
30(=20305=0).? 


' 9. New proof of the order theorem. I shall close my discussion of finite 
Boolean algebras with a new proof of the theorem that the order of a finite 
Boolean algebra is of the form 2* [k.>0]. This proof has interest in that 
no use is made in it of the minimal (or the maximal) elements. The proof 
follows. l to 

Let A be a finite Boolean algebra of order n. Consider any group opera- 
tion in A, say the operation o given by aob = ab +b. With respect to o 
the elements of A form an abelian group. Suppose, now, that A has a sub- ' 
group B of order 2" [h = 1]. Let bı, b2,- > >, bo" be the elements of B. Then, 
for any element c of A outside B, the 2" elements ; 


by, ba y b2, b, 06, b200: s "boc 


form in A an abelian group of order 2", Hence, since A is finite, the number 
n of its elements must be of: the form 2* [k > 0]. That is, we find that if 4 
has any sub-group of order 2 [h 2 1], then the order of A is of the form 2% 
[k > 0]. But A has the sub-group of order 2, consisting of the elements 0, 1. 
Hence the theorem. 


THE UNIVERSITY OF CALIFORNIA. 





®The Boolean “universe,” “zero,” and “negative” correspond respectively to the 
Np elements I, v, @,. 3 

T Compare Sheffer’s representations of finite Boolean algebras, reproduced by 
Huntington, Transactions of the American Mathematical Society, vol. 35 (1933), p. 278. 


LINEAR METRIC LEBESGUE SPACES. 


By Anprew C. BERRY. 


The present paper is intended to gerve as an introduction to a study of 
the elements of linear functional analysis in certain function-spaces whose 
metrics are given explicitly in terms of Lebesgue integrals. Spaces Lg,y, 
generalizations of spaces Lp of functions whose p-th powers are integrable, 
are introduced. Hach such is here shown to be a complete linear metric space. 
Simple necessary and sufficient conditions for separability are found. 

In the classical theory, spaces Lp, Lq,-Lpa/cniq) ate connected by an 
inequality due to Hélder. Using this fact, M. Riesz investigated convexity 
relations involving the individual members of families of such spaces. The 
indicated generalizations will be studied in a second paper. 

Finally, by means of these new results, a third paper will extend the 
elementary theory of linear functionals from the classical symmetric case to 
the more nearly general case involving pairs of distinct spaces Ly,y. 


I. THE GENERAL HYPOTHESES AND THE FUNDAMENTAL DEFINITION. 


1.1. Introduction. Tt will be assumed that the reader is familiar with 
those laws of vector-algebra (dealing with addition of two elements and multi- 
plication of an element by a complex number) which serve as postulates for a 
linear abstract space.* It will be assumed, further, that the reader is familiar 
with the details of the process of associating with each given Lebesgue- 
measurable function f(x) every measurable function coinciding almost every- 
where with f(z), terming the totality thus formed a function-element, and 
extending algebraic operations and Lebesgue integration to these elements. 
Wherefore, the reader will allow us to avoid these precise constructions and to 
adopt in their stead the convenient, albeit paradoxical usage which considers 
each measurable function as an element and. yet refuses to distinguish between 
elements f(x) and g(x) which, as functions, differ on a set of measure zer®. 

We shall investigate certain function-spaces Ly,y each vf which is deter- 
mined by a metric-generating pair 


+¥For complete details consult: N. Wiener, Bulletin de la Société Mathématique 
de France, t. 49 (1921), pp. 119-184; S. Banach, Fundamenta Mathematicae, t. 3 
(1922), pp. 183-181; M. Fréchet, Les espaces abstraits, Paris, Gauthier-Villars (1928), 
particularly pp. 125-126; S. Banach, Théorie des opérations linéaires, Warsaw, Mathe- 
matical Seminar of the University of Warsaw (1982). ` 
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elu), y(u) 


of functions which, it will be understood throughout this paper, satisfy the 
following three requirements. 


(1.11) (u) shall be defined for OS uss œ asa a non-negative, non- 
decreasing function of u, with + œ as a permissible value: 


0S glu) Spl) S o, (OSu<vSo). 
Furthermore, it shall be required that 
(0) =0, $(1) 1, o() = lim (u). 


(1.12) y(u) shall be defined for 0<u< o as a non-negative, non- 
decreasing function of u, with -+ oo as a permissible value: 


0Sy(u) Sy(v) So, (Q9<ucu<o). 
Furthermore, it shall be required that 


0<y¥(1) < ». 
(1.13) The inequality 


y (sw )y(tw)p(su + tv) S p(w) {sy (tw)p(u) + ty (sw) $(v)} 
shall be satisfied whenever all the functional values involved are finite and 
O<s, O<t stt—1, 0Sucw, 0Sv<0M, 0S wco. 


Definition 1.14. L,y will denote the totality of complex-valued Lebesgue- 
measurable functions, f(s), of the single real variable z, — 0 <a < œ, for 
each of which there exists, as a finite number, 


loy (f) = inf e > 0 such that f $ (4) dz = y (e), 


the integral being a Lebesgue integral ? extended over (— œ, œ). If, for a 
given e, it is true that y (e) = œ, then the inequality of this definition is to 
be considered satisfied for this e. 


1.2. Discussion of the general hypotheses. 
For convenience, we introduce the following standard notation. 


?It is known that a monotone function of a measurable function of a real variable 
is itself a measurable function of the variable. See, for example, Carathéodory, 
Vorlesungen über reelle Funktionen, 2nd ed. (1927), B. G. Teubner, Berlin, §§ 348, 351. 
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(u+) = lim gute), y(u +) = lim plute), (0Su< a), 


(e> 0) (e>) 
o(u—) = lim o(u—e), y(u —) = tim y(u— e), (0 <u< o). 
(0<e<u) (0<e<u) 


THEOREM 1.21. If ¢(0-+) >0, then y(0 +) —0. . 
Proof, In (1.18) we set u = 0, v = 1, w = 1, and so find 
w(s)y(t)o(t) S¥(1) [ty(s)] S h1). 
Noting that y(t) Sy(s) when 0 < tS 4, we conclude that 
R . 
gps WO! , 0<t<}h). 
WORS SOF) (0<#s2) 
This result establishes our theorem. 
We shall now show that the two requirements: ¢(1) =1,0<y(1) < œ, 
introduce no essential loss of generality. We note, in passing, that the con- 


dition ¢(0) = 0 makes certain that the null element (i. e., “the” function 
which is zero almost: everywhere) will have the length zero. That there may 


» be no second element of length zero it is necessary to require both that ¢(u) 


be not identically zero in its domain of definition and that y(u) possess at 
least one finite value. Thus, there must exist u, and v, such that 


0< um <, 0 < (tu); 
0< my < w, W(t) < œ. 


Next, it is desirable that Lọ, y fail to be a null space (i. e., a space con- 
sisting solely of the null element). One necessary condition for such failure 
(since it has just been shown that #(u,) > 0) is that y(u) have at least one 
positive value. Thus, there must exist v2 such that 


0< << o, 0 < y(v). 


A second condition, necessary in the case in which y(u) is everywhere finite, 
is: (0 +) < œ. 

Another degenerate type of space Lọ, y, also sufficiently trivial to warrant 
rejection, is that which contains as elements all measurable functions f(z) 
and assigns to all its elements, other than the null element, one constant length 
0 << œ. The conditions: ¢(0-+) = œ, y(u) = oo for some u, are 
separately necessary and collectively sufficient that Lg y be such a space (with 
l defined by the relations y(1—) < œ, y(i+) = œ). . 

In view of the foregoing remarks we finally must require #(0 +) to be 
finite. Thus, there must exist u» such that 
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0 < u< om, (uz) < œ. 


On combining our several results we readily demonstrate that there must exist 


uo and vo such that ) 


O<uw<o, 0<gluo t)  $(uo—) < %; 

0<m< 0, 0<ylot) Y(%—)<o. 
A brief consideration of the fundamental definition shows that we may alter, 
if necessary, the values (uo) and ¥(vo) so that 


0 < $ (to) < ©; 0 < y (vo) < 0, 


without altering the remaining values of these functions, and so without 
altering the space Lg,y. 
Now, introduce the functions 
o (uou) 
(u) =z) $ (uo) ? 
We see, firstly, that : 
g1) =l, 0<w(1) < %, 








and, secoridly, that . 
le,y (Uovof) = Volgy (f). 


The two spaces Loy and Dg,,y, are essentially equivalent, the one being merely 
a homogeneous enlargement of the other (partially from the point of view of 
the metric assigned to a given element and partially from the point of view 
of the elements themselves). Thus, the aim of the present discussion has been 
attained. i ' 


1.3. Examples of spaces Lọ, y. 

THEOREM 1. 31. If (u) satisfies (1.11) and if y(u) =u, (0< u < œ), 
then the general hypotheses are fulfilled for the pair (u), y(u). 

Proof. The function y(u) = satisfies (1.12) and reduces (1.13) to 


Saa o(su + tv) < $(u) +400), 


which automatically is satisfied since (su -+ tv) is intermediate in value 
between, u and v and since ¢(u) is non-negative and monotone. 


THEOREM 1.32. If $(u) satisfies (1.11) and is a “ convex” function 
of u (i.e. satisfies the inequality: ¢(su-+ tv) Ss¢(u) + t6(v), whenever 
0<s, O<t, s+t=1), and tf y(u) = constant (0 < const < œ) for 
0<u< oo, then the pair o(u), y(u) is satisfactory. 
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Proof. Immediate. 

Example 1.33. By 1.32, the pair 
¢(u) = uP (for some p such that 1S p < œ), (0SuS o), 
y(u) =1, (9<4uK< o), 


is known to satisfy the general hypotheses. A simple calculation yields: 


wD =d f Lyle) fae I 


Thus, the corresponding Lg,y is the familiar space of measurable functions 
whose p-th powers are integrable. This is known, in particular, to be a 
separable, complete, linear metric space with homogeneous metric. © 


Example 1.34. Consider the pair 
{ $(u) =u (for some g such that 0 < q <1), (OSuS œw), 
y(u) =u, (0S uU< o), 
Here, (1.18) becomes: ae 
2 (su + tw) S S (su) + (tv)4 
The reader will establish the validity of this inequality. The corresponding 


space later will be seen to be separable, complete, and linear metric. However, 
the metric . 


leu(f) =f 17) [tae 
is not homogeneous. 


Example 1.35. For the, by 1. 82, satisfactory pair 


(u) = lim uw? = T (u= 1), 

; (l<uSo), 
ee (Q<u< æ), : 

we find- a i $ 


lg,y(f) = upper measurable bound of | f(z) | ° 
= inf «> 0 such that meas {| f(x) | > «} = 


This metric is homogeneous and the corresponding L¢,y is the familiar non- 
separable, complete, ‘linear metric space of measurably bounded: functions. 


oF, ‘Riesz, KA Über Systeme integrierbarer Funktionen,” Mathematische Annalen, 
Bd. 69 (1910), pp. 449- 497; Banach, Théorie des opérations linéaires, cited above. 
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Example 1.36. The, by 1.31, satisfactory pair 


. 0, (u=90), 
p(u) = lim uf = . $(o) = 1, 
l a0)... <3 (i ee); 
y(u) =u, (0<u< 2), 


yields the non-homogeneous metrie - 


ley (f) = meas { | f(x) | > 0}. 


Example 1.37. The pair 
2 AD OSu<1), 
eee “in (Sus 0), 
‘Ly (u) = Uy (0<u< œ), 
determines the metric 
ly (f) = infe > 0 such that meas {| f(z) | >e} Se 


The corresponding space L¢,y has been discussed by us elsewhere.* 


II. EACH Loy IS A COMPLETE LINEAR METRIC SPACE. 


If f(z) is an element of a space Lọ,y having the property 9 (which 
property will be defined in 3.11), then f(x) must be finite almost everywhere. 
For a general Lo,y, however, a linear combination of elements, af (£) + bg(z), 
may involve the indeterminate forms: œ — œ, 0: œ. On the set of inde- 
terminate values the linear combination may be defined according to our 
pleasure by equating it to any measurable function. The modifications thus 
necessitated in the linear algebra are well known. 


2.1. Preliminary estimates. 


THEOREM 2.11. If f(a) isan element of a given Loy and if e > lẹ y (f), 
then the inequality of 1.14 will be satisfied for this f(x) and this e. 


Proof. By 1.14, there exists a,ls,y(f) Sa < e such that 


S EP) es v0. 


« 
‘Berry, Proceedings of the National Acad. of Sciences, vol. 17 (1931), pp. 456-459. 
I take this opportunity to make a correction. In this note I stated that the metric 


L(f) = inf (e + meas {| f(a)| > ¢}), 
(e>0) 


> 
introduced by M. Fréchet (“Sur divers modes de convergence d’une suite de fonctions 
@une variable,” Bulletin of the Calcutta Mathematical Society; vol. 11 (1921), pp. 187- 
206; Les espaces abstraits, cited above, p. 91) was said by him not to satisfy the 
triangle inequality 2.22. Secondly, I impliedly agreed with this supposedly quoted 
opinion. 


a 
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By (1.11) and (1.12) the desired inequality, 
S s (EH) asyo, 


THEOREM 2.12. If f(x) is an element of a gwen space Loy, if g(r) 
is measurable, and if | g(x) |S | f(x) |, almost everywhere, shen g(x) is an 
element of Loy, and loy(g) SS lyn (f). 


Proof. By (1.11), it is seen that the inequality of 1.14, if satisfied for 
the given f(x) and for a given e > 0, also will be satisfied for g(x) and the 
same e. This fact establishes the theorem. 


follows. 


THEOREM 2.13. If f(x) is an element of a gwen Loy, if OSley(f) < 4, 
and if Uo, 0S Uy < œ is such that 0 < (uo +), then 


meas {| f(2)| > te View()} S gy Vea 


Proof. Let eand y be chosen so that 
OS leyf) e< 0<y< a, 


and let these values be kept fixed throughout the discussion of the following 
three cases. 


Case A. (ce) =0. 
Here, by 2. 11, 


o( Ql) = 0, almost everywhere, (— œ <v < oo). 
Since 
(AP a) = (uo +) > 0, 
it follows that 
meas {| f(x) | > (to + 9) <4} = 0. 


Case B. ẹ (22) = o. ° 


Here, since 2. 11 yields: 


(LO!) eso sy < o, 
we see that 
meas {| f()| > (uo + n)e4} =0. 
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Case C. w(e) >0 and +(#$2) < 00. 


Here we note that 
0<$ (ue +) Selu ta) agen 
0 < (ce) Sy(e*#) Sy(1— 4) Sy (1); 


Thus, if in (1.13) we set u = 0, v (“ i) , w= 
we find that 











TE OE 
= oto tn) vl) 





Whence, 
meas {| f(«)| > (uo + 7) e} 


< 20 o (237) mens (1102) 
= pluo +) © a 


f(a) | 
ENN a Ai J (= Dia 
=r We E 


In all cases we have found that the inequality 





p #1) 
meas {| f(2)| > (u +9) E ra Fa 


holds for each sufficiently small e > 1¢,y(f) and for each 
only such values of e and 7, but requiring 


e> lou (f), 70, 


we see that the set {| f(x)| > (w+ 7)«%} expands 
{| f(x) | > uwoV1lo,¥(f)}. Under such circumstances we 
= lim meas. Therefore, 


meas {| f(2)| > wV} £ sty 5 Vin, 


2.2. Proof that each L¢,y is a linear metric space. 


THEOREM 2.21. A necessary and sufficient condi 
is that f(x) == 0 almost everywhere, i. e., that f be the n 
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Proof of sufficiency. Let f(z) =0 almost everywhere. Then for each 


«> 0, l 
f e (HEN) dz =0 S y (e). 


By. definition 1. 14, lọ, (f) = 0. 


Proof of necessity. Let lẹ,y(f) =0. Since ¢(1-+) >0, it follows 
from 2. 13 that 
meas {| f(x)| > 0} =0, 


which means precisely that f(s) = 0, almost everywhere. 


THEOREM 2.22. If f(a) and g(x) are both elements of a gwen Lg,y, 
then the “ triangle inequality,” 


lov (f+ 9) E loul) + lelg), 
is valid and implies that f(x) + g(x) also is an element of L¢,y. 
Proof. Let «and y be chosen so that 


ley (f) <e< a, lew(g) LIA, 


and let these values be kept fixed during the discussion of the three following 
cases. 
Case A. wle+n) = œ.. 


Here we are to regard the inequality 
l p 
fo (LOIN asyet 
e+7 
as satisfied. 
Case B. At least one of the values w(e), (7) is zero. 


Without loss of generality we may assume that ẹy(e) = 0. This, in virtue 
of 2.11, implies that 


$ (E) = 0, almost everywhere, (— œ < s< wo). 
Since (u) is non-decreasing, we conclude that 


l . | F(£) + g(2)| I f(æ)| +1g(2)|] 
, af e+ <<( e+ ) 


= max [o (! fe) N) ,$ (ety) =¢ (e1) , almost everywhere. 
4 
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Thus, 


fo Aes f «(Uta 


Case ©. 0< plc), 0<H(n) and Yle+7) < 
If, in (1.13), we set 
-Jl lel 
E n 
we find that 


» w= s= 


(52 { f(z) +.9(2)| fo) t 
e+n Lae 


| F(2)| a 
S y(e+ n) = co oem “ a 
ra g 16 t $ 3 ¥(n) 
Since 2. 11 yields: 


+ (2) du = y(e), and fe (= 


it follows that 
(ZOHO) aes ye 


Collecting results, we find that this last inequa 
We conclude, therefore, that 


lou (f+ 9) Setn 
for all e >lgy(f) and all n >1p,y(g). This is pos 


loy (f +9) Slow(f) + loys 


Tueorem 2.23. If f(x) is im Loy and if a is 
then af(x) is in Loy, and 


. {tester S |a| ley(f), when |i 





lpp laf) = “ley(f), when |i 
l$, (af) S lep (f), when |i 


In the special case in which y(u) = constant, (0 < 
can be strengthened to the equality lyy(af) = la| 
i.e., the metric is homogeneous in this case. 
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Proof. We need only consider the case: |a| > 0. 
When (wu) = constant, the inequalities 


Suso fo A asya, 


have their left members equal and their right members equal, and so are 
equivalent in the sense that whenever one is valid so also is the other. By 
1.14, then, lọ, (af) = | a] lo,y(f), for all a. 

In general we see that these same two inequalities are equivalent only 
when |a|—1, but that the validity of the first implies that of the second 
whenever |a|> 1. These facts establish, respectively, the second and first 
relations of the theorem. The’ third relation is an immediate consequence 
of 2.12. 


2.3. ‘An existence theorem. 


THEOREM 2.31. If gi(£), ga(£),' °°, are elements of a given Loy; 
if (for a given constant, T, independent of n) it is true that g,(t) ==9 
whenever |a| >T, (n==1,2,°- +); if 


| gna (2) — gn{x)| S 2, for all x and all n; 
and if for each p, (p= 1,2,- -), 
16,y(9m— gn) S27", when m= p and n= p; 
then there exists an element g(x) in Loy such that 
lim ley (g — gn) = 0. 
n->00 
Proof. We note first that, since 
a(z) = g: (2) + {go(#) —9:(2)} + ` © {9a (2) — gua(e)}, 
there exists 


g(z) = tim galt) = 91(@) + {g2(@) —gi(%)} +: 


defined for all x as the sum of a uniformly and absolutely convergent series. 
In particular, we see that 


| g (2) — ga (2) | E | guia (£) — ga (£) | + | guma (£) — gan (2) ++ 2", 
for all z and all n. l 
Now let e> 0 be given. 
Case A. ${e) =0. 
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Here, determine ne so that 
Rone < e. 


Since 27- > 2-2.-2 when n = 1,2, - +, theorem 2.11 yields: 





$ | fon ( 2) — gui) | ) = 0; almost everywhere (for each n = me). 


Next we observe that, for all a, 


| 9(2) —gn(x)| < | gaia (@) — ga (x) | + | gme (@) — gan (2) | te 
€ gni ¥ gre 


| Gos (%) — 9 (2) | 
grt 





SS sup , whenever n = ne 


pen 


Since the union of a denumerable infinitude of sets of measure zero is likewise 
a set of measure zero, and since ¢(w) is non-decreasing, we conclude that 


$ (Oel) 


== 0, almost everywhere (for each n = ne). 
This implies that 
lpp (g — gn) Se, for all n È ne ` 
Case B. (ce) >0, (0+) =0. 


Here, determine ne so that 
ä Dne s 
IGS ETO 
€ 


Then, for all n= ne 


fe (Oa! wsers (EF) sv. 
That is, 
lew (9 — gn) Se for all n = ne. 


Case C. REAP $(0 +) > 0. 


Here, determaéne ne so that 


CE S120) 
ya) E oyi 


2-ne < min 
By 2. 13, akai ONRET 
meas {| gan (2) — ga(2)| > 0}S PO p, (n=1,8, ++). 

Whence E 











-zZ 
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S o (E) aes 4 (F) meas {1 g(a) — ga(a)1 > 0) 
S4(1) > meas {| ga (2) — go(2)| > 0} 





< y(1) Qs w(e), for all n = Ne 


$(0 +) 


lo,y(9 — gn) Se, forall n Z ne 


That is, 


Thus we have shown that the function g(s) constructed at the outset of 
our proof meets the requirement: 


lim 19,¥(g — gn) = 0. 
n00 
Since g == (g — gn) +- gn and since Lọ y is linear we see that this same 
g(z) is also an element of L¢,y. 
2.4. On non-decreasing sequences of non-negative functions. 
THEOREM 2.41. If hi (£), he(@),- >- are elements of a gwen Loy, 
if for each j, (j =1,2,: °°). 
OS hi(2) S hjn(£), almost everywhere, (— œ <r< w), 
and if there is a constant, M, independent of 7, such that 


l$, (ħ;) SM, (j = 1,2,° eh 
then 
h(t) — lim hy(z) S o 
i>% 


- exists almost everywhere, is an element of Loy, and is such that 


lpy(h) S M. : 


Proof. Since the denumerably many inequalities, h; (£) SS hju (£), are 
valid simultaneously except at most on a set of measure zero, it follows that 
h(x) exists almost everywhere. 

Let e > M be given. Determine some eo such that e > & > M. By 2.11, 


hi (x . ° 
fsC@) eswa) sve, G=): 
As j— œ, the non-negative integrand increases monotonely. Hence, 


JBC) eee) 


But, by (1.11), 
lim ¢ G2) =¢ 2) , almost everywhere. 
0 € 


j>% 
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Se F2jesvo 


for each «> M. This implies that J¢4(%) SM, and so establishes the 
theorem. 


Whence, 


Note 2.42. Under the hypotheses of theorem 2.41 we might expect to 
conclude further that i 
lim lọ, (h — h;) =0. 
i> 


We shall see indeed, in theorem 3. 22, that this conclusion can be guaranteed 
when L¢,y has the property S defined in 3.11. However, if Ly,y fails to have 
the property S, then the conclusion under consideration can be shown to, be 
false by means of the functions constructed in theorem 8.41. The details will 
be discussed in note 3. 23. 


2.5. Proof that each Ly,y is complete. 
THEOREM 2.51. If fi(w), fels), ©- are elements of a given Loy and if 
lim 19,y(fm— fa) = 0, 
Mt n->00 
then there exists an element f(x) of Lo,y such that 
lim ley (f — fa) =0. 
n=>0 


Proof. If the theorem can be established for a sub-sequence of the given 
sequence of elements, then a simple application of 2.22 will establish the 
theorem for the given sequence. Therefore, we need prove our theorem in no 
more general a case than the following in which we assume that 


loy (fm — fn) S 272, whenever m= p and n= p, (p1,2,°°°). 
This implies, by 2. 13 with uo = 1, that for each p, (p = 1, 2,- > +), 
meas {| f(t) — fa (x)| > 2?*} Sy(1) 227, (mÈ p, n= p). 
For each j, (j = 1, 2,: - -), let the corresponding set 


> {| fo (2) — f(z) | > 27} 


be denoted by Æ; and let the complement with respect to the entire interval, 
—~0 <s < 0, be denoted by #;. We observe that 


meas E; S Ñ meas {| fou (2) —fo(2)| > 277} Sy(1) 24, (F=1,2,- °°), 


LINEAR METRIC LEBESGUE SPACES. . 757 


and that each set E; contains the corresponding set Hja. Finally, we see that 
x is in E; if and only if all of the inequalities 
| fous (@) — fo (2) | S 277, (p=3,9+1,°°°), 
are valid. 
Let us temporarily fix 7. Construct the functions: 
_ f fn(#), if, simultaneously, v is in F; and | æ] Sj, 2 Me 
a(z) -{ 0, otherwise, Tees) 


By 2.12, the sequence g,(x), g2(v),- > > is seen to satisfy the hypotheses of 
2.31 (with T = f). Hence, 


g(a) = lim gn(z) 
exists for all z, is an element of L¢,y, and is such that 
lim ley(g—gn) = 0. ` 
Now, by 2. 22 and 2. 12, i 
loy (9 — gu) S ley (g — gm) + loy (gn — gn) 
Slo,y(9 — gn) + lew (fm — fn) 


S lp y (g — gm) + 2?"?, for all m Èn. 
Thus, 
; loy (g — gn) S 2°", (n=1, 2: >). 
This last estimate is of importance in that M == 2-°"-? is independent of 
j. As j— œ, we see that g(x) converges almost everywhere (since Æ; con- 


tracts and since meas E; — 0) to a limiting function which we shall denote 
by f(x). Moreover, since for each n, (n = 1,2, © °), 


i __ f F(e)— fale), if, simultaneously, œ is in #; and | «| S j, 
g (2) — gn{z) = { 0, otherwise, 


we find that if we fix n and ‘allow j — œ, then the non-negative functions 
| g(t) —gn()| form a non-decreasing sequence converging almost every- 
where to | f(x) —fn(x)|. By 2.41, therefore, 

` loy (f — fn) Seen, (n = 1,2, +). 
This proves that f(z) is the desired element of Lọ,y. 


III. CONDITIONS ror THE SEPARABILITY OF L¢,y. 
8.1. The property 8S. 


Definition 3.11. Lẹ, will be said to have the property 3 if the corre- 
sponding functions (u), y(u) satisfy the following additional requirements : 
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(3.111) $0 +) =0. 
(3. 112) 0 < y(u) < œ forall u,0<u< ow. 
(8.113)5 ` There exists a constant 0,1 S0 < œ, 


such that 
~ AU SClu), (0<u< w). 


THEOREM 3.12. If Lọ,y satisfies (3.118), then 
O< (u) < © whenever 0 < u< om. 
Proof. Since ¢(1) = 1, (3.118) yields: 
0<9(2"), (2) <0,  (n=0,1,2: ++). 
Since ¢(u) is non-decreasing, the theorem follows. 
3.2. Dominated convergence in an Ly having the property S. 


THEOREM 3.21. If f(x) is an element of a space Loy having the 
property S, then | f(x)| < œ, almost everywhere. 


Proof. Apply (3.112) and 3. 12. 


THEOREM 3.22. If g(x), fi(e), fa(£),; -> are elements of an Ley 
with the property S, and if, almost everywhere, 


f(x) = lim fn(z) exists, 
ARRO 
then f(z) is an element of Lọ y, and 
lim Us, (f— fa) = 0. 
Proof. We may assume that 
1—=ley(g) > 0, 


as otherwise the theorem is trivial. Let e > 0 be given. Let us determine a 
corresponding nonnegative integer m = Me such that 


maf, 
€ 


5 Compare this requirement that ¢(w) be “ not too convex” with the property (42) 
used by Birnbaum and Orlicz: ‘‘ Über die Verallgemeinerung des Begriffes der zueinander 
konjugierten Potentzen,” Studia Mathematica, t. 3 (1931), pp. 1-67. 
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Now f(z), itself, is dominated almost everywhere by g(s). Hence, by (8.113), 
| #(2) —fale)l). 2| 9(2)| ma (zl gle)l mg (LI 


almost everywhere. But, by 2.11 and (3.112), 


f omg (LP!) aes om yal) < o. 
Furthermore, by (3. 111), 


lim p (E2 = 0, almost everywhere. 


nO 


By the Lebesgue theorem on dominated convergence, therefore, 


lim g (Meare) da==0 < 4(6). 


nw 


In other words, 
lim sup lg y(f— fn) Se 
n->00 


This being true for each e > 0, our theorem is established. 
Note 3.23. If we apply 3.22 by making the substitutions: 
g(t) =h(x), fa(z) = h; (2), (n==j=1,2,-°°), 


we learn, under the hypotheses of 2.41 and the additional requirement that 
Lg,y have the property S, that 


lim lọ, (h —hj) =0. 
j>% . 
Now let Lo,y fail to have the property 8. If we can show that the above 
extension of 2. 41 is here false, then we shall have shown at the same time that 


3.22 would be false without the hypothesis that Ly,y have the property 8. 
Consider the one-parameter family 


{fr(z)}, 0 S1351), 


which will be constructed in 3.41. Select, for example, the sequence, 


{1 — 1/1}, (7 =1,2,- ` ) 
of parametric values and denote the corresponding elements of the family by 
hi(w), ha(£),* +. These functions satisfy the hypotheses of 2.41 and 


converge for all v to the limiting function: 


h(x) —lim hy(2) =—fa(e). 
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But, by 3. 41, 
lim inf ly,y(k—hj) 21> 0. 
fon 


Thus, when 3.41 will have received its independent proof, the present 
necessity for the property § will have been established. 


THEOREM 3.24, IPf f(x) is an element of an Lo,y having the property S, 
and af for each T, (T —1,2,-- +), we set 


© f(g) = 1 if, simultaneously, | f(z)| ST and |z] S s T, 
otherwise, 


then each fP (x) is an element of Loy, and 
lim I¢,y(f—f@) =0. ' 
T>% 
Proof. By 2.12, each fP (x) is in Ley. By 3.21, 
lim f°? (æ) = f(x), almost everywhere. 
T->00 : 
By setting g(x) = f(x), we obtain the present theorem from 3. 22. 


TuEorEM 3.25. If f(s) is measurable, is bounded, and differs from 
zero at most on a finite interval, and if Loy has the property S, then f(a) 
is an element of Leo,y. 


Proof. Apply (8.112) and 3. 12. 
3.8. Proof that each Loy with the property 8 is separable. 


Definition, 3.31. The expression “rational step-function ” will be re- 
served for functions of the form: 


IERE { are, | 2 — ke | < 8/2, (k=0,+1,---,+7), 
0, otherwise, 

where 7 is a positive integer, where 8 is a positive rational number, and where 

each ay is a complex number whose real and imaginary parts are both rational. 

Ft is to be noted that the totality of rational step-functions can be arranged in 

a sequence : ° 


s (2), 82(x),° youn 


THEOREM 3.32. If f(x) is an element of a gwen Ley having the 
property S, and if «> 0, then there can be selécted from the sequence of 
rational step-functions an element, s;(x), such that 


lg y (f — si) < © 
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Proof. In virtue of 2.22 and 3.24, we need prove the theorem only in 
that case in which there exists a positive integer T' such that 


{ | f(z)| ST, forall a, 
f(z) =0, if |e] >T. 


Since f(x) is also measurable, it is integrable. For each positive integer n 
let us determine the numbers: 


(e+) Tn 4 
bin = n/T f(t) dt, (k=0, £1, En). 
k- T/n 


Let {dz} be any corresponding rational complex numbers such that 
| arn | SS] din] and |arn— ben] < 1/n. 
Consider the rational step-functions : 


G= Ta ja—kT/n| <T/2n, (k=0,+1,°°°,+#7), 
me 0, otherwise, (nm == 1, 2,°--). 


Almost everywhere, the derivative of the indefinite integral of f(s) exists 
and is equal to f(x). Whence, readily, 


lim on(«) =f (2), almost everywhere. 
n->00 aos ' 


Next, we observe that 


| on(a)| Sg(2) = { 9° jetar 


0, otherwise, (tym 1,2," +), 


By 3.25, Loy contains g(x) and each on(z). Therefore, by 3. 22, 
lim ly (f— on) = 0. 
This fact, since {on (2) } is a sub-sequence of {s;(z)}, establishes the theorem. 
3.4. Spaces Lo,y lacking the property 8. 


THEOREM 3.41. If Loy fails to have the property S, then there esist ` 
numbers Land M,0 <1< M < œ, and there exists a one-parameter family 
{fr(z)}, (0 SAS1), of elements of Loy such that i 


lp) EM, č lgylfi— f ZL (An). 


In particular, there exist such elements for which, furthermore, 


0 S AlE) E fale), forate, | (X<p). 
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Proof. Since, by 2. 23, le y (fa — fa) = low (fa — fr), we shall introduce 
no loss of generality if we replace the requirement As4 p by A < p. Through- 
out the following four cases it will be agreed, firstly, that each definition or 
relation involving A alone holds for all A such that 0 SA 1, and secondly, 
that each inequality involving both A and u holds whenever OSA < pS. 


Case A. (8.111) is false. 
Hore, by 1.21, we can determine 1,0 <} < 1, so that 
oS y) <¥(1) < œ. 
And we can find a corresponding M > 1 such that 


(7) rO <40 +D. 





Now, let 
no<cs<c tR, 
f(z) = $ (3) 
0, otherwise. 
Since 
Se (AP) nso svan, 
we see that ` 
l lgu (fa) SM. 
And since 





SJ EOTS) wz 904) >un, 


(i) 


leu (fu—fr) Zl. 


Case B. (3.118) is false. 


we conclude: 


e Here, there exists a sequence: Ui, Uz,’ °°, 0 < Ur < œ, such that 
p (Zuz) >k p(w), (k = 1, Apit ‘). 
Determine corresponding positive numbers c, ¢2,° * + so that 


= Ce p(w) Sy¥(1), z Ce ẹ (2e) = 00. 


We assert that the constants I= 1 and M = 2, and the functions: 





LINEAR METRIC LEBESGUE SPACES. 763 


k-1 ‘ 
Zulks 0<t—% Cn < At, (%=—=1,2,: ++), 
0, otherwise, 


Ale) -{ 


meet the requirements of the theorem. Since 


fÈ) ama’ osm) Sv) Sv), 


we see that 
een l ley (fr) S 2. | 

#(fu(@) — A (2) de = È (u—a)a Ren) = © > YC), 
we conclude: 


ley (fu—fr) 21. 


Case ©. (8.113) is valid; (8.112) is false because there exists 
1,0<1< 1, such that y(1) =0. 


on For this 1 and for M = 1, we assert that the functions: 


ne — {> 9S2<H0, 


0, otherwise, 


"meet the requirements of the theorem. Since ¢(1) = 1, we see that 


Jf sr@)) doy), 
and hence that 


ley (fr) Si. 


f ¢ (22 B®) > 0- v0, 


low (fu—fra) Zl. 


Case D. (3.112) is false because there exists M, 1 < M < œ, such 
that y(M) = œ. g 


For l= 1 and for the above M, we assert that the fùnctions: . 


Since 3. 12 yields: 


we conclude: 


1,0<2—k<), (k= 1,2,- °°), 
f(z) = 0, otherwise, 


meet the requirements of the theorem. Since y(M) = œ, we see that 


leu (fy) SM. - 
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And since 
(fale) —fi(@))de = È (u—2) = @ > H(A), 


we conclude: 
lew (fu—fa) 21. 


THEOREM 3.42. If Lọ y is separable, then Loy has the property S. 
Proof. Assume that L¢,y lacks the property S, but that there exists a 


sequence gi(a), g2(v),° >- dense in Loy. Consider the constant 7 and the 
family {f,(v)} furnished by 3.41. For each f,(v), determine a corre- 
sponding g;(«) such that $ 


l lpp (fa — 9i) < 1/3, 
and write: fi~ g; Now, by 2. 22, 
LS ley (fu — fa) S 21/3 + loy (gu — 95), 


whenever fi~ g; and fa~ gk. Thus, by 2.21, the correspondence between - 
the non-denumerable family and the sequence is one-to-one. This contradiction 
establishes the theorem. 
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THE ISOPERIMETRIC INEQUALITY ON THE SPHERE” 


By Tror Ravé. 


1. Statement and preliminary discussion of results. Reduction to a 
geometrical lemma. 


1.1. Among all simple closed plane curves with given length the circle 
has the greatest area. This classical theorem can also be expressed as follows: 
The area a of the circle with perimeter } is given by the equation 


4ra — B; 


Hence, on account of the extremal property of the circle, we have for every 
simple closed plane curve with length J and enclosed area a the isoperimetric 
inequality in the plane 

40a P, 


where the sign of equality holds if and only if the curve is a circle. 


1.2. Similar considerations, applied to simple closed curves on the unit 
sphere, lead us to surmise the following isoperimetric inequality on the unit 
sphere: if l is the length and a the area enclosed by a simple closed curve on 

‘the unit sphere, then 
a) 4ra— SP, 


where the sign of equality holds if and only if the curve is a circle. 

Since a simple closed curve determines two regions on the unit sphere, 
‘with areas a and 44r-——a respectively, it is interesting to observe that the 
inequality (1) holds for both of these tegions. Indeed, the function 
p(z) = 41a — q? satisfies the equation i 


$ (2) = (4r — 1), .. 


and hence, if (1) holds for one of the two regions determined by a curve,’ 
then (1) also holds for the other region. 


+ Presented to the American Mathematical Society at the meeting in Chicago, 
April, 1935. 7 
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1.3. The inequality (1) has been proved by F. Bernstein for the impor- 
tant special case of curves which can be covered by a hemisphere,? and as far 
as the present author is aware, the general case has not been investigated as 
yet. It is the purpose of the present paper to establish (1) in complete 
generality. 


1.4. In the sequel, C will denote a simple closed curve on the unit 
sphere, 7 the length of O, and a the area of any one of the two regions 
determined by C on the unit sphere. The following two cases exhaust then 
all possibilities. 


Case I. The curve C can be covered by some open hemisphere. 


Case II. There exists no open hemisphere covering C. 


1.5. Case I is settled. by the result of F. Bernstein (see 1.3). While 
it seems that the ingenious method of F. Bernstein does not apply to case II, 
we shall see presently that this case is easily disposed of by means of the 
following lemma. 


LEMMA. If a simple closed:curve C, located.on the unit sphere, has a 
length less than 27, then C can be covered by some open hemisphere. 


_ .1.6. We shall prove the above lemma in § 2. . If this result is anticipated, 
the discussion of case. II in 1.4 is quite trivial. Indeed, if C cannot be covered 
by any open hemisphere, then the length } of C is 2 2r, on account. of the 
lemma. On the other hand, the maximum of the function 


(2) = 40a — x? 
is 


$ (2r), = (2r). 


Hence (1) is certainly satisfied if 1 2 2x, and the sign of equality can hold if 
and only if l = 2r, a = 2r. But then C divides the surface of the unit sphere 
into two regions with equal areas, and consequently C contains two points 
P,, P, which are end-points of the same diameter of the unit sphere.* From 
l —.2r, in connection with the fact that the geodesics on-the unit sphere’ are 


2 Mathematische Annalen, vol. 60 (1905), pp. 117-136. 

3 An open hemisphere is a hemisphere without its boundary cirele, and a closed 
hemisphere is a hemisphere with its boundary circle. 

* Loc. cit. ?. i 
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ares of great circles, it follows then that C consists of two arcs of great 
circles joining P, and P, On account of a= 27 it follows finally that 
these arcs are sub-arcs of the same great circle; that is to say, that C itself 
is a great circle, Ya 

We proceed now to prove the lemma of 1. 5. 


2. Proof of the geometrical lemma. 


2.1. In the sequel, C denotes a simple closed curve on the unit sphere, 
1(C’) denotes the length of C, and it is assumed that 1(C) < 2r.. 


2.2. Obviously, C cannot contain two points-which are end-points of 
the same diameter of the unit sphere. Indeed, if Pı, Pa were two such points, 
_ then both arcs determined on C by Pı, Pe would have a length = 7 and thus 
we should have 1(@) = 2a, while by assumption 1(C) < 2r. 


2.38. Let Ai, As, Az be three points of intersection of a great circle T 
with C. These points determine three non-overlapping arcs T,, T2, Ts on T 
and three non-overlapping arcs Ci, C2, Cs on C, where T,, Cı are the arcs 
bounded by A», As, and so on. Then one of the arcs Ty, To, Ts has a length 
>a. Indeed, if we assume that 


(T1) Sa, WT) S r, (Ts) Sa, 


then T,, T2, T's are all three shortest arcs, on the unit sphere, between their 
respective end-points. Hence 


1(C) = 1(C,) + 1(C2) + 1(Cs) 2 UT) + (Ps) + (Ts) = 2a, 
in contradiction with the assumption that 1(C) < 2a. 


2.4, Denote by O the set of all the points of intersection of a great 
circle T with C. In case S is empty, the conclusion to be stated at the end 
of the present section is obvious. Therefore we assume that S is not empty. 
Then § is a closed set, and the complementary set on T is the sum of nof- 
overlapping open arcs yi, yo, °°. Since the sum of thé lengths of these 
‘complementary arcs is finite, namely £ 2r, there is clearly one among them 
whose length is greater than or equal to the lengths of all the others. Suppose 
the notation is such that 


L(y) = Vy); (n= 1, 2, 3,°~ +). 


Cr 
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Denote by P4, Qı the end-points of yı Then P., Q, are points of § and con- 
sequently of C, and hence (see 2.2) P, and Q, are not end-points of the same 
diameter of Tr. Consequently, (y1) =m. We 
wish to show that I(yi) > m. Suppose, indeed, 
that . : 





(2) Wy) <a. 


Denote by P:*, Q,* the points of T diametric- 
ally opposite to P,, Qi, respectively, and by yı* 
the sub-are of T which is bounded by P,*, Q1*, 
and which does not overlap with yı. On account 
of the assumption (2), such a sub-are y,” does 
exist (see figure) and we have 


b(yi*) =y). 


On account of 2. 2, the points P,*, Q,” are not in the set S. Since S is closed, 
we have therefore vicinities of P,* and Q,” which are free of points of 9. 
Hence, if we first assume that y,” does not contain any point of S, then there 
follows the existence of an open sub-arc ¥ of T which is free of points of g 
and which is longer than y,*. Such an arc 7 would then be comprised in one 
of the complementary arcs yı, y2,° °°, say in yx, and we should have 


Uy) SLF) > Uy*) = 11). 


This contradicts however the extremal property of yı. Secondly, let us assume 
that y.* contains some point R* of S. Then R* is different both from P,* 
and Q,*, since these points are not in S. Hence (see figure) none of the three 
non-overlapping arcs, determined by Pi, Qu E* on T, has a length >v. 
This contradicts however 2.3. Summing up: 





On every great circle T there exists an open sub-arc with a length > a 
which is free of points of C. 


7 2.5. It will be convenient to use the following definitions. A point-set 
3, located on the unit sphere, will be said to possess the property CH if it 
‘can be’covered by some closed hemisphere. The set % will be said ‘to. possess 
the property OH if it can be covered by some open hemisphere. 


2.6. Let X be a closed sub-are of the curve C (the case Y==C is not 
excluded). If % possesses the property CH, then it also possesses the property 
OH. 


` 
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For the sake of brevity of presentation, the closed hemisphere which covers 
3 will be called the southern hemisphere, and the boundary of this hemisphere 
will be called the equator #. On account of 2.4, we have then on the equator 
E an open sub-are 7, free of points of C and consequently of points of 3, such 
that I(7) >~r.: We can choose then on y a closed sub-are y such that 
I(y) =~. Denote by A, B the end-points of y. Then A and B are the 
end-points of the same diameter of the unit sphere. Since y and X are closed 
sets without common points, a slight rotation around the diameter AB will 
carry y into an are y* which has no points in common with 3. Let us denote 
by #* the transform of the equator # under such a rotation. Let us choose 
the sense of rotation in such a way that y* is located on the closed southern 
hemisphere. Then the open, are #* —-y* is located on the open northern 
hemisphere, and has consequently no points in common with 3 which is located 
on the closed southern hemisphere. Since y* also has no common points 
with %, it follows that the great circle #* = y* + (E*—y*) does not 
intersect the-arc $. .Hence X is located on one of the two open hemispheres 
bounded by #*, that is to say 3 has the property OH. 


2.7. Let us now choose a sense on the curve C which we shall call the 
positive sense, and Jet us also choose a point A on O. We shall denote by 
P(s) the point of C at distance s from A, the distance being measured on C 
in the positive sense from A to P(s). Then s varies in the closed interval 


(8) O0SsS1(C) < 20. 


2.8. Let us denote by {s; CH} the set of all those values of s, in the 
interval (3), for which the following assertion is true: the closed sub-arc 
y(s) of C, consisting of all points P(e) such that 0 = os, possesses the 
property CH. The set {s; CH} is not empty, since sufficiently small values of 
s are certainly comprised in {s;CH}. Furthermore, {s; CH} is obviously a 
closed set, and contains therefore a largest number 5. We assert that 
§—=1(C). Suppose, indeed, that 5<1(C). Then the are y(5) is a true 
sub-are of O. Since 5 is in {s; CH}, the arc y(5) possesses the property CH, 
and therefore, on account of 2.6, the property OH also. That is to say, the 
closed arc y(5) can be covered by some open hemisphere. By obvious reasons 
of continuity, the same open hemisphere will also cover the are y(S-+e), 
provided «e > 0 is sufficiently small. Hence, for <> 0 sufficiently small, the 
arc y(§-++ €) possesses the property OH and consequently the property CH. 
This contradicts however the extremal property of 5. Hence §==1((), that is 
to say the whole curve O possesses the property CH and therefore, on account 
of 2. 6 the property OH also. Thus the lemma of 1. 5 is proved. 
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Conclusion. The following general problem arise 
with the topics considered in the present paper. Let 
surface 8, subject only to the usual restrictions of re 
ferential geometry. Denote by a the area and by / thi 
of a simply connected region on S. What is the best 
such regions on S, for ain terms of 1? The reader m 
references indicating the scope of the results obtained 

If the surface S is a plane, then the classical 
4ra = solves the problem. If 9 is the unit sph 
4ra — a S P, as discussed in the present paper. If 
then Carleman proved that the answer is 4ra S P, ti 
(T. Carleman, “ Zur Theorie der Minimalflachen,” M 
vol. 9 (1921), pp. 154-160). If S is a saddle-shape 
if the Gaussian curvature of § is = 0 throughout, { 
4ra SI. And conversely, if the inequality 4ra S I? 
a surface, 8, then the Gaussian curvature of S is necesi 
results are due to E. F. Beckenbach and T. Radó, ‘ 
and surfaces of negative curvature,” Transactions « 
matical Society, vol. 35, pp. 662-674). Obviously 
problems of this nature are yet to be solved. 


THE OHIO Stare UNIVERSITY, 
COLUMBUS, OHIO. 
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THE CONJUGATE CHORD QUADRICS OF A CURVE ON A 
SURFACE. 


By M. L. MacQueen. 


1. Introduction. The projective differential geometry of a surface in 
ordinary space has been greatly enriched by the’ knowledge of a number of 
quadrics that have been associated with a point of a surface. Among these 
quadrics there are the two asymptotic osculating quadrics of Bompiani ;* each 
of these is the limit of the quadric determined by three asymptotic tangents 
of one family constructed at points of a curve O on a surface § at these points 
independently approach P along C. 

Lane? has defined in a similar way two quadrics called angie oscu- 
lating quadrics, replacing, however, in the definition just stated, the three 
asymptotic tangents by three consecutive tangents of the curves of one family 
of a given conjugate net. l 

~ Another pair of quadrics called asymptotic chord quadrics has been 
defined * by Bompiani, these quadrics having a geometrical property in common 
with the asymptotic osculating quadrics, namely, that they contain the asymp- 
totic tangents at the point P on the surface S. An asymptotic chord quadric | 
may be defined as follows: On a surface S let us select a curve C and two 
‘points P and P on this curve. Denote the points of intersection of the two 
asymptotic curves through each of these points by P, and P}. As P approaches 
P along C the asymptotic chord PP, generates a ruled surface which has for 
every position of its generators a well defined osculating quadric. The limiting 
position of this quadric as P— P along C is called an asymptotic chord 
quadric. A second quadric may be defined similarly by considering the asymp- 
totic chord PP». 
It would seem to be of interest to define similarly two quadrics called 
‘conjugate chord quadrics, which are associated with each point of a given 
1E. Bompiani, “ Ancora sulla geometria delle superficie considerate nello spazio 
rigato,” Rendiconti dei Lincei (6), vol. 4 (1926), p. 262. 
2E. P. Lane, “ Conjugate nets and the lines of curvature,’ American Journal of 
Mathematics, vol. 53 (1931), pp. 573-588. Hereinafter referred to as Lane, “ Conjugate 
Nets.” 


° E. Bompiani, “ Sugli elementi di 2° ordine delle curve di una superficie,” Rendi- 
conti dei Lincei (6), vol. 9 (1929), p. 288. 
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curve on a surface sustaining a given conjugate net. For this purpose we shall 
replace the asymptotic curves through P and P, in the definition of an; asymp- 
totic chord quadric, by the curves of each family of a given conjugate net. 

In § 2 we summarize briefly for subsequent use some of the theory of the 
projective differential geometry of a surface in-ordinary space referred to a 
conjugate net as parametric. In § 3, after formulating a definition of the 
conjugate chord quadrics, the equations of these quadrics are found. The 
method which we employ is quite similar to that used by Bompiani in obtaining 
the equations of the asymptotic chord quadrics. Finally, in § 4, we study 
briefly the geometrical properties of these quadrics, our investigation paral- 
leling somewhat that of the conjugate osculating quadrics made by Lane. 


2. Analytic basis. In this section an analytic basis for the projective 
differential geometry of a parametric conjugate net on a surface in ordinary 
space is established. We employ the completely integrable system of dif- 
ferential equations, which are written in a symmetrical form intimately asso- 
ciated with the axis congruence of the net, that define a conjugate net in 
ordinary space, except for a projective transformation. 

Let the projective homogeneous coérdinates «™,- --,a of a point Ps 
on a surface S referred to a conjugate net Ns in ordinary space be given as 
analytic functions of two independent variables u,v. The two osculating 
planes of the parametric curves Cy, Cy at a point Ps on the surface 8 intersect 
in a line defined to be the axis of Ps with respect to the net Nz. If Py is any 
point distinct from P, on the axis and if Py is chosen such that it is the 
harmonic conjugate of Pe with respect to the two foci of the axis regarded as 
generating a congruence when the point P, varies over the surface 8, then 
«and y satisfy a system of differential equations‘ of the form 


Tuu = PL + ATu -+ Ly, 
(1) Cuy = CL + ALy + btv, 
Cov = gu + da, + Ny (LN 0), 


where the notation here employed is similar to that used by Lane in his recent 
book. 

The coefficients of system (1) are functions of u, v and satisfy four in- 
tegrability conditions which we do not need to write here. 

From the equations 


tE. P. Lane, Projective Differential Geometry of Curves and Surfaces, The Uni- 
versity of Chicago Press, 1932, p. 138. 
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(vv) 1 (tev) 2, (Gun) v = (tur) u 


we find ' 
Yu = fe — nt, + sty + Ay, 
(2) 


Yom gx + tay + Nto + By, 
where we have placed 


ÍN = cy + ac + bg — 68 — qu, gL = Cy + be + ap — ca — pv, 


3) —nN = dy + a? — ad — q, tL = ty + ab + 6 — ao, . 
(3) sN = by + ab + c — ôn, nL == by + b? — ba — p, 
A =b — (log N)u, B = a — (log D)e. 


The Laplace-Darboux point invariants H, K, the tangential invariants 
H, K, the invariants 8’, ©’, D of Green, and the invariant r are given in the 
notation of system (1) by the formulas 


H=c+ab ~d K = c + ab — br, 
(4) H =N, K =tL, 
8B’ = 4a — 28 + (logr)», 80’ = 4b — 2a — (log r)u, 
D = — AL, r= N/L. 


The differential equation of the asymptotic curves on the surface 5 is 


(5) L dv? + N dv? = 0. 


Š 


Since the four points 2, au, Ze, y are not coplanar, we shall choose them as 
vertices of a local tetrahedron of reference at Pz. Let the unit point be chosen 
so that a point Y defined by ‘ 


(6) x SER: Uh + ToTu -+ CgTuy + Tay 


has local coördinates proportional to 2,-- ', S4. Later we shall have occasion 
to use the covariant tetrahedron with vertices at the points z, p, o, y for which 


(7) o = Ly — az, p = Tu — bz. 


The points o, p are the ray-points, or Laplace transformed points, of sthe 
curves Cu, Cy respectively, corresponding to the point Ps. « 


3. The conjugate chord quadrics. In order to formulate a definition let 
us consider a surface S referred to a conjugate net Nz, and any curve C on S 
not belonging to Ns. Let Pes and P be two distinct points of the curve O. Let 
P,(P.) be the point of intersection of the u-curve (v-curve) through Py and 
the v-curve (u-curve) through P. As the point-P approaches Ps along C, 
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the line joining P to P,, namely, the conjugate chor 
surface which has for every position of one of its ger 
osculating quadric, The limit of this quadrie as P £ 
is a conjugate chord quadric at the point Ps of the c 
A second conjugate chord quadric is defined in a way s 
by considering the conjugate chord PP». 

In order to find the equations of the conjugate chor 
let us consider a curve C through points Ps and P on 
parametric equations 
(8) i u = u(t), = v(t). 


If the points P, and P of the curve C correspond to the 
and t = ?, and if the codrdinates of points P, P,, and . 
and g respectively, we have 


3 =g t At + Agf?/2+ Agt?/|3 + 
(9) z, =a Rit + Rat?/2 + Ret?/|B + 
Ta = T + Syt + Sot?/2 + Set?/|3 +- 
where g 
A, = uW + 2’, Ag = Burt? + Emt t + 
(10) A; == Puut? + Bouyvw?v’ + BTunrw v? + Torrt”? 
-+ Buy (ue a uv’) A Btv" ae tuu” - 
and 
(11) Ry == yw, Ry = Eut? + eu’, Rs = Luur? 
Ki =E, So = Cert”? + a0", Ss = trv”? 
The formulas for the third derivatives of æ expressed 
of T, Cu, Lr, y are found from system (1) by differenti 
to be 
Tunu = (Pu + ap + fL)e + (au + a + p—nL 
+ shay + (Lu + aL + Ail 
Eum = (Cy + be + ap)x + (au +c -+ ab + aa) 
+ (bu + b?) + aLy, 
Bury = (Cr + ac + bq) + (de + 0?) Bu 
< + (bv + 6 + ab + 08) ay - 
Veiro = (Qo + 8g + gN)a + Natu 
+ (8o 8? + 9+ nN) ae - 


It is evident that the points Y, Y defined by 
(13) X = (2 + 2,)/2, Y =. (ë 


(12) 





Ti 
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are on the conjugate chord PP.. “Any point P¢, except the point F, on the 
line PP, is defined by placing 


‘ 


(4). > b(n) =Z (t) + oF (t) - (p scalar). 


If ¢ is fixed while » varies, the locus of the point Ps is the line PP.. tt t, p 
both vary, the locus of Py is the ruled surface of the conjugate chords of ore 
family ‘(v-curves) relative to the curve C. 

Fixing a generator of the ruled surface by holding ¢ fixed, we observe 
that an asymptotic tangent at a point of the fixed generator of the ruled 
surface, distinct from a rectilinear generator, at the point (t, p) joins the point 
Po to the point dq, if dt/dp is determined by the condition 


(15) | $, pw $t, pidt + 2htpdp | = 0. 


If we vary p, with dt/dp determined by (15), t being fixed, the line joining ¢ 
and dọ describes an osculating quadric along a fixed generator. When t 
approaches zero we obtain the desired quadric at Pp. 

It is easy to verify that condition (15) may be written in the form 


(16) | X, F, X + pY’, ber | dé +2 | X,Y, X, Y | du—0, 


wherein the accents denote derivatives with respect to t. , When t = 0, easy 
calculations yield the following results: 


X =g, Y = av’, A’ = tu + t /2, 
E’ == Buw + tyyv’?/2 + ay" /2, 
(17) X] = Bunt? F EWV + Et? /2 + yu’ + tow” /2, , 
Y” = Eut P + tut v? + Bot? /B + Zal we” + uo’) 
T Totu” F £ a 3. 


On substituting in equation (16) the expression for gz: found from equation 
(14), and reducing by means of elementary properties of determinants, we find 
that the first determinant appearing in (16) may be written in the form 


|X, Y, X + pY’, bee | = | X, F, X + uY’, X” e} pY” | 


a =D + Ep + Pt, 
where : ; 
D=]|X, Y, X, X” |, Fex|X,¥,¥,¥"|, 


19 
ape B=] X,Y, X, Y” | +| X, X, X’, X” |. 


On making use of (17), (1), and (12) we find 
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VX, Y, X’, Y’ | = — Nau'v’?/2, 
D = — (Lu? + Nv?/2) Au, 
E = {N (aw? + aww + uyo /2 —a(Lu? + Nv? /2)w 
(20) — [aL + bNu'd’ + (Ne + 8N + BN) v?/3 + Nv’ Ju’}av?, 
P= {N[ (au + ¢ + ab + aa) wv’ + (ao + a?) u'o”? 4 iNo" 
+ a(u'o” + wv’) ]/2 ı 


— aw [abu + bNu’v’ + (No + 8N + BN)v"/3 + Nov!" |} av", 
where 
A = | 2, tu, tv, Y | £0. 


By means of the results just obtained it is now possible to write equation 
(16) in the form f 
(21) (D+ Ep + Bp?) dt = Nu'v" dp, 
where we have placed. 


D=D/Av’, E = E/Av’, Ë = F/av’. 
The quadric whose equation we are seeking is generated by the point 
- (22) t= kp + do = ko + pidt + pudu (k scalar), 


as » and k vary and if dt/dy is determined by (21). On making use of (14), 
(17), and (21), we find that ¢ can be expressed in the form 


(23) E = k(x + pay’) + Nu'v?| (suw + av’/2) 
F (Emt + Byyv’?/2 + ay’/2)] + (D + Bp + By?) av’. 


Then by use of (1) we find 


E = 20 + Lely F Laly + TY, 
where 
Tı = k + Nuu'v’® (cu! + qv’/2), 
T = Nuw”? (1 + apo’), 
(24) T = kuv + Nu’v’®/2 + Nuu'v’® (bw + 80’ + v/v’) /2 
i + (D+ Bp + Ft)’, 
T, = N8pu’y*/2. 


These are the local coördinates 2,,- ` ', %4 of the point Pr, referred to the 
tetrahedron 2, ty, zo, y with suitably chosen unit point. Homogeneous elimina- 
tion of » and k from equations (24), together with some further simplification, 
the details of which will be omitted, gives the equation of the conjugate chord 
quadric Qu, referred to the tetrahedron T, tu, ty, Y, namely, 
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(25) LAT? + NN? 2o83 — RAAT 304 — RAL Ta + Pa? + Qrt, = 0, 
wherein we have placed A = dv/du, and 


= 2[ (6 + ab — au) + (q 4 a8 — av —a?)A — tN12/3] /x, 
= 2 (N/N — 8/2 + B)a2/3— ad + (log AY’. 


In Grdan to write the equation of the quadric Qe referred to the tetrahedron 
T, p, o, Y, it is not difficult to show that it is sufficient to replace 2, in equation 
(25) by Tı — bTz — aT. On making this substitution and simplifying the 
coefficients by means of (3) and (4) we find the equation of the conjugate 
chord quadric Q, referred to-the covariant tetrahedron s, p, o, y to be 


(26) Lay? + [4(6 + B’/3) + (log Ar/*)’] aes 
— [D/L — 2H /AN + 20K /3L] 22 — Zrt, + AN 22H = 0. 


The equation of the conjugate chord quadric Qu at the point Ps of the 
curve C on the net Ns can be written immediately by interchanging u and v 
and making the necessary symmetrical interchanges of the other symbols. For 
this result we find 


(27) Waa? + [4(C/3 + 2B’) —A (log A1) Jara, 
-+ [AD/L + RX? K/L are 2H/3N |x ae RAD Vy + Ltt = 0, 


4. Geometrical considerations. Let us regard the curve O, employed in 
defining the conjugate chord quadrics, as imbedded in the one-parameter 
family of curves defined on the surface S by the equation 


(28) dv — Adu = 0, 
where A is a non-vanishing function of u,v. Then the differential equation 
(29) (dv — Adu) (dv — udu) = 0 


will represent a conjugate net on the surface S if the two directions defined by 
this equation separate harmonically the two asymptotic directions satisfying 
equation (5). A necessary and sufficient condition for this is 


(80) = — 1r. 


The two curves of such a conjugate net that pass through a point on the 
surface S will be denoted by Ch and Cy respectively, according as the direction 
dv/du has the value A or p. 

The tangent line of the curve O, at the point Pz is given by 
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(31) L4 = T3 — AT, = 0, ; ty 
and that of the curve Cp is 
(32) Ta = Ta + Ara, = 0. 


Inspection of equation (27) shows that the conjugate chord quadric Qu is 
intersected by the tangent plane, z4 = 0, of the surface § in the u-tangent, 
tı = z; = 0, and in a residual line which is precisely the tangent line of the 
curve Cy given by (82). Similarly, the tangent plane intersects the quadric Q» 
in the v-tangent, 7, = tz = 0, and in the same residual line (32). Therefore, 
the conjugate chord quadric Qu (Qo) at every point of a curve C on a con- 
jugate net intersects the tangent plane of the net in the u-tangent (v-tangent) 
and in a residual line tangent to the curve in the direction conjugate to the 
curve C. 

It is well known that a necessary and sufficient condition for a direction 
to coincide with its conjugate is that it be an asymptotic direction. Hence, 
the residual line in which the tangent plane of the net intersects the two 
conjugate chord quadrics at every point of a curve on a net coincides with 
the tangent to the curve if, and only if, the curve is an asymptotic curve on 
the sustaining surface. 

Lane has shown * that the conjugate osculating quadric Qu is intersected 
by the tangent plane in the u-tangent and in the residual line whose equation, 
referred to the same tetrahedron that we are using, is 


(33) Ty = (L— Nd*) a, — 2ALa, = 0. 


Similarly, the tangent plane intersects the conjugate osculating quadric Q» in 
the v-tangent and in a residual line in general distinct from the line (88). 
The two residual lines in which the tangent plane intersects the two conjugate 
osculating quadrics coincide ° if, and only if, the curve Cy is an asymptotic 
curve on S, and in this case the lines coincide with the tangent of the curve. 

The residual line (32) of the conjugate chord quadric Qu coincides with 
the residual line (33) of the conjugate osculating quadric Qu if, and only if, 
14 rr? = 0, i. e., if Cy is an asymptotic curve on S. Therefore, the conjugate 
chord quadrics an@ the conjugate osculating quadrics at every point of a curve 
on a net are intersected by the tangent plane of the net in the same lines if, 
and only if, the curve is an asymptotic curve on the surface; then the lines 
are the u-tangent, the v-tangent, and the tangent of the curve. 








5 Lane, “Conjugate nets,” p. 579. 
' © Tbid., p. 580. 
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We next consider briefly the intersections of the conjugate chord quadrics 
with the two osculating planes z = 0, x2 = 0, of the curves Cy, Cy respectively. 
One of the generators of the quadric Qu, in the osculating plane x; == 0 at‘ the 
point Ps of the curve Cu, is the u- npea, T = T4 = 0. Another generator 
in this plane is the line 


(34) (D + 2K — 2H/3ar) a, — 2L2, = 0. 


In the osculating plane z: = 0, one of the generators of the conjugate oscu- 
lating quadric Qu is found” to be the u-tangent also, and the line 


(35) (D + AK — H/r) a, — 2D, = 0. 


Thus, on comparing equations (34) and (35) we find that the osculating plane 
Ta == 0, at a point Pa of a curve Cy, contains the tangent of this curve as. a 
common generator of the conjugate chord quadric Qu and the conjugate 
osculating quadric Qu at a point Pz of a curve Cy. The other generators, in 
the plane x, = 0, of these two quadrics coincide if, and only if, 


X = —H/3rk. 


As is also true in the case of the conjugate osculating quadric Qu, the osculating 
plane, zs = 0, touches the conjugate chord quadric Qu of the curve Oh in the 
ray-point p of the curve Cy. 

Results similar to the preceding may be obtained by considering the 
quadric Q» and the osculating plane, £a = 0, of the curve Cy. ; 

„The equation of the cone projecting from the point Ps the curve of inter- 
section of the two conjugate chord quadrics Qu, Q» is found by eliminating z, 
from their equations. For this result we find 


L(t — Ate) (a + rAz) + [4(0/3 + AB’) — A (log Ar?) J224 
(36) —A[4(C’ + A83) + (log Ary) J228 
+ 2[AD/L— (H + H/3)/N + °(K + K/3)/L) 2.7 = 0. 


This cone will be tangent to the tangent plane, £t, = 0, along the tangent line 
(31) of the curve Cy in case 1 + 1A? == 0, that is, in case the curve Cy is an 
asymptotic curve. 

It is of some interest to consider the relations of the iwo conjugate chord 
quadrics Qu for the curves Ch, Cp of the two conjugate families. The equation 
of the quadric Qu for the curve Cp, with » determined by equation (30), can 
be written immediately by replacing A by — 1/rà in equation (27). This 
result is found to be 


17 Ibid., p. 580. 
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-Na + [4(8 — rA /3) + (log At? Ju — (log Ar) o/1A] wats 


(3) —3[n + K/AN ~AH/3L joe — AN ave, — 20,0, = 0. 


If T, is eliminated from equations (27) and (37), we obtain the equation of 
‘the cone projecting from the point P, the curve of intersection of the con- 
jugate chord quadrics Qu for the curves of the two conjugate families, namely, 


yey [AC + ra?) 1/8 — 2ra (log Ar¥2) 4 4 (1 — rA?) (log Ar?) o] tata 
(38) +N (1+ 92) aga, + 2(1 + 1a?) (E —H/3)ae2/L — 0. 


This cone is indeterminate in case 1 -+ rà? = 0, that is, when the curve C) is 
an. asymptotic curve. ` In this case the two quadrics (27) and (37) coincide. 
In case 1 -+ rà? 540 and H = 3K the cone (38) is a pair of planes so that 
the two quadrics intersect in two conics. One of the planes is the osculating 
plane, a; = 0, of the curve Cu, and the equation of the other is easily read 
from equation (38). Otherwise the cone (38) is tangent to the osculating 
plane, zs = 0, of the curve Cx, touching it along its tangent line, v3 = Z, = 0. 
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ARITHMETICAL THEOREMS ON LUCAS FUNCTIONS AND 
TCHEBYCHEFF POLYNOMIALS. 


By E. T. BELL. 


1. Introduction and Summary. Any identity in elliptic, or elliptic theta 
functions, is equivalent, to (implies and is implied by) an identity in Lucas? 
functions.or Tchebycheff polynomials with arbitrary complex arguments. We 
first develop an isomorphism between the Lucas functions and cireular functions. 


2. The functions U, V, C, S, T. Principal values of all irrationalities, 
wherever they occur, are to be understood. Let a, 8, z, ù be complex variables 
such that «B(«a— 8) 30. Write b==« + 8, c==af. Then «a, are the 
roots of ; 

(1) y — by + om 0; 
2a = b + (b? — 4c) ¥?, 28 = b — (b? — 4c)+”*: 


The functions U, V, associated with (1), are defined by 
. a — 2 ! 
(2) U (b, C, 2) ge V(b, C, z) = a® +. B*, 
The connection with circular functions mentioned in § 1 will be made 


by means of 
(3) O (u, 2) = $V (2u, 1, z), S (u, 2) = U (2u, 1, z). 
Thus O (u, 2), S (u, z) are associated with — 
(4) ` y? — uy +1 = 0, 
of which the roots are 
p= u + (w— 1), o= u— (wW — 1), 


and we have 





p? — o? 
C(u, 2) = 4 (0. + o*), S(u, 2) = ers : 
Comparing the last with (1), (2), we have the important formulas 
* 
+The functions are the U, V,, of Lucas, American Journal of Mathematics, vol. 1 
(1878), pp. 184-246, 288-321; the arguments are his P, Q, which he restricts to be 
rational. The designation “ Tchebycheff Polynomials” is retained as it appears to be 
accepted, although these polynomials occur in the writings of Vieta, Newton, De Moivre, 
Johann Bernoulli and Euler, to mention only predecessors of Gauss and Cauchy. 
According to Lucas, loc. cit., p. 208, they first appear in Vieta’s Opera, Leyden, 1646, 
pp. 295-299. 
781 
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(5) U (b, é 2) = cP 8 (b/20, z), . V(b, c2) = 26/2 C(b/20'”, z). 


To connect our functions with one usual definition (for example that of 
Polya and Szegé) of the Tchebycheff polynomials we introduce 


(6) T(u, 2) = S(u,z+1), 


which, for z an integer, is a T'chebycheff ‘polynomial. Only one of S, T is 

necessary, as any formula involving either may be restated immediately in 

terms of the other by means of (6). We shall use S in preference to T. 
From (2). we have ; i 


(7) U(b,c,0)=0, U(b,c,1)=1; V(b,c,0) =2, V(b,c,1) =b; 
(8) U(b,c,—z) = — c7 U (b,c, 2); V(b, 6, — z) = c7 V (b, 6,2); 
(9) W(b,c,z+n+2)—bdW(d,¢,2+n+1) + cW(b,c,2+n) =0, 
W=U,V;n—0,t1,42,-°:. 
From (7), (9) the U(b,c,z-+ n), V(b, ¢,z-+ n) can be calculated by recur- 
rence. From these and (3), (4) we write down the corresponding relations 
for O, 8: 
(10) C(u,0)=1, C(u,1) =u; S(u,0)=0, S(u,1)—1; 
(11) O(u,—2) =C(u,z); 8(u,—z) =—S(u,2); 
(12) Z(u,z+ n +2)— uZ (u,z +n +1) +Z(u,2+ 7) =0, 
Z =0, 8; n=0,21,42,--°. 
Let m be an integer > 0. Then, identically, 


cos (m +.2)6— 2 cos 6 cos (m + 1)6 + cos mé = 0, 
sin (m + 2)0 — 2 cos 8 sin (m + 1)6 + sin mô = 0. 


Comparing the first of these with (10), (12), we see that C(u,m) is the 
Tehebycheff polynomial obtained from the expansion of cos m@ in powers of 
cos 0 on replacing cos @by u. From the second, S(u,m-+ 1) is the Tchebycheff 
polynomial T (u, m) obtained on. replacing cos@ by u in the expansion of 
sin (m +- 1)@cse@ in powers of cos 6. Hence, for integer values of m > 0, 
we have the explicit forms 


[LOn-1)/2] —1)r 
pa (—1) 


(13) C (u, m) =m = aoe Ce Qn-2r-1 unr, 
; LGn-1) /2] 
(14) 8 (u, m) =u > (— 1)” ( a ) Qm-2r-1 ym-2r 
r=0 


where [2] is the greatest integer in z. These are in descending powers of u. 
In ascending powers we have 
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(15) C (u, 2m) = ("m S CO 


ms urs, 

m-1 rt =1) sge m+s 28 
(16) C(u, 2m—1) = (—1) Onw are ED ue, 
(17) §(u, 2m) —2(—1)"a'S (— 1)8225 ( me) us, 


m-l 
(18) S(u, 2m —1) = (— 1)" X (~ 1)°2 (m4) u, 
s=0 


To write down the expressions of S (u, n), C(u, n), where n is an arbitrary 
integer (positive, zero, or negative) we refer to (10), (11) and use the 
sgn function, defined for all real values of æ by sgn *« = — 1, 0, 1 according 
as v < 0, v= 0, x> 0. Then 


(19) C(u, n) E C (u, | n |) S (u, n) = sgn n S (u, | n |). 


From (18)-(18) and (5) we have the following reduced forms of the 
U(b,c,m), V(b,¢, m) for all integers m > 0: 


taD] (1) *m 
r=0 m— ?r 


(20) V(b, c, m) = Co) bm-2rer, 
[(m-1) /2] 


(21) U (b, C, m) =b 5 (— Ha ae 
? r=0 


(22) V(b, o 2m) =2(—1)™ m SAP = 


2 H “(mse bsom-s, 





—1 
(23) V(b, c,2m—1) = (—1)"" (2m —1)b = ae CE Phe, 


(24) U(b,¢,2m) = (— 1e S (— 1): (m8) brome, 


m-1 
(25) U (b, c, 2m — 1) = (— 1)” S (e> a) b2sçm-s-1, 
8=0 “8 : 
Corresponding to (19), for arbitrary integers n, 


(26) V(b, c, n) = oem n2 Y (b,c, | n |), eos 
U (b, c n) = sgn n or sen nD? U (b,c, |a |), 


which refer all cases to (20)-(26). As (22)-(25) are merely (20), (21) 
written in reverse order, the numerical coefficients are integers. 
We shall call U (b, c, n), V(b, c, n) the Lucas functions of the arguments 
b, c, of order n. Lucas had occasion to consider his functions only for rational 
(for the most part integral) arguments. The generating functions of Ọ (b, c, n), 
6 


184, : E. T. BELL. 


V(b, c, n) can be written down from (2), if needed; the information given 
by them is, however, more readily obtainable from the isomorphism next noted. 


3. Trigonometric identities. Lucas (loc. cit., p. 189) emphasized the 
connection between his functions and the circular (or hyperbolic) functions, 
and he gave a method for passing from identities in his functions to identities 
in circular functions. The method is also reversible. We shall give another 
way of accomplishing these things, which seems more direct and which is much 
easier to apply. What follows is generalized in § 5. 

Let the n, r; be integers, and let P(z1,* © +, Zet) be a polynomial in 
21,° ts Zet For 0c a < 2/2 let 


P(cos ng,- > +, COS neg, sin rg, > >, sine) = 0 


be an identity in x. Replace sinre by sinwsinrjreser (j—1,---,#). 
The result is an identity in æ for the same range. In this we write 


cos nax = O (u, ni), sin jæ cse @ = S (u, rj), 
u=cost, sing = (1 — u?) (i =1,: s; j=1,; >>, t); 


say the result is R(u) =0. Then R(u) =Q is an identity in u, since R(u) 
is a polynomial in u, (1— u?)™? which vanishes for an infinity of distinct 
values of u. Hence in E(u) = 0 we may replace u by the complex variable w, 
getting the identity R(w) =0 in w. Choose w = b/2¢/ (as in (5)). It 
follows that we can pass directly from the original cos, sin identity P( ) = 0 to 
PC ae) 2o"2V (b, G na) gy (4e — b?) e770 (b, c Ti), °°) = 0. 
This converts the trigonometric identity P( ) == 0 into an identity in func- 
tions U, V with the arbitrary arguments b, c. The process is evidently 
reversible, and we may sum up the simple algorithm in the following table, 
in which n is an integer. (See also § 5.) 








Circular Lucas 

COS NT 40y (b,c, n) 

sin ng ese & i 62-277 (b, c, n) 
š sin & (1 — b?/4e) 2 

cgs x f b/2012 


To pass from a trigonometric identity in x to its correspondent in Lucas 
functions we replace the functions in the first column by their correspondents 
in the second. To pass from an identity in Lucas functions to its correspondent 
in circular functions, we replace V(b, c, n) by 2c™? cos ng, and U (b, cn) by 
c@-?2 sin ng ceses. The last two lines of the table suffice to eliminate b, c 
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from the result, if they are not already absent; if not, the supposed identity 
is untrue. 

We give some simple inb All admit of P Pe From 
(m,n are integers) 


sin (m + n)}s = sin mg cos ng + cos ma sin nz, 
and the table, we have 
2U (b,c, m +- n) =U (b, c, m) V (b, c, n) + V(b, c, m) U (b, c n). 


Similarly 
E -+ 2) @ = cos mz cos ng — sin? v anme Mine 

os (m + n)s = — — = 
tos sing sing ’ 


2V (b,c m +n) = V(b, c, m) Y (b,c, n) + (b — 4c) U (b, c, m)U (b, ¢, n). 
To indicate the inverse process we verify the evident identity 
U (b, 0, an) a7 U(b, C, n) V(b, C, n), 


which is obtained from the first of the above by taking m =n. If the identity 
is true, then i 
c@n-D/2 sin Bng ese s = cD sin ng ese x 2c"? cos ng, 


_ which is sin 2ng = 2 sin ng cos ne, and hence the identity is verified, since the 
steps are evidently reversible. 

The algorithm provides a straightforward way for deriving relations 
between the U, V. Suppose, for example, we wish to sum , ' 


E V(b, c8) 
s=1 


in terms of functions U, V, where p is a positive integer. By the table, this is 
equivalent to summing 


n 
: 2° T, (c?/*)* cos? sa, - 
gal 


expressing the result as a function of sines and cosines, and reapplying the 
table to replace sin, cos by U, V. The special cases of this considered by 
Lucas follow in this way at once. 

The isomorphism expressed in the table also suggests a possible generaliza- 
tion of the U, V which it might be profitable to investigate: the two functions 
U, V are replaced by the four polynomials in sna, cng occurring in the 
numerators and denominators of sn nz, en ng, dn na. When the modulus is 
zero, the polynomials degenerate to the U, V. 
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The isomorphism also leads to the theory of “ division” for the U,.V, 
which Lucas mentions in passing, but on which he did not, apparently, publish 
anything. This concerns the expression of Ọ (b, c, t), V (b, c, t) with ¢ rational 
but not integral, as algebraic functions (in the usual technical sense as in 
complex variables) of Ọ’s and V’s of integral order. As this does not concern 
the application to elliptic functions which we have in view here, we shall not 
go into it. 

If the identities involve several sets of variables 2, bi, c+ and associated 
integers nj, the table is applied to each. There is an example in § 4. 


4. Elliptic and theta identities. It was shown in a previous paper ? that 
any identity in elliptic or elliptic theta functions is equivalent to an identity 
in arbitrary parity functions summed over one or more quadratic partitions 
of integers. The parity functions may be replaced by products of circular 
functions (sines or cosines) having the same parity. This identity is also 
equivalent to the original identity. Transforming the circular identity by 
means of the table in § 3 into its equivalent in U, V functions, we get an 
identity in Lucas functions which is equivalent to the elliptic identity. ‘We 
need give only enough examples ê to illustrate the process. 

From the expansion of 9,/0.?(x) in arithmetical form, as given in M § 10, 
we have 
wv? Pe) 43g” [St cos Se 
. (m = 1,3,5,- -; m= tr, t>0,7>0). 
Hence, using A 
D(z) = Zq” (— 1)” cos 2vx (v=0,+1,+2,:°°), 
pie ii cia by (x), and applying 

= [3 (— 1) Age, (w= 1,43, 5,--°), 
` we have the following identity on equating coefficients of like powers of q: 
Zt cos(t — 7 + 2r + 2v2) a= S (— 1) mane D 2m, mo, 
where the sums refer to all positive integers t, 7, Mı, m2, and to all integers 
vı, va (positive, zexo, or negative) such that, for n a constant integer = 0, 


An + 2 = m? + me? = ir + 2r? + 2y. 


2 Transactions of the American Mathematical Society, vol. 22 (1921), p- 1; 
cited as A. 

*The expansions used are quoted either from the paper cited in the preceding 
footnote, or from my paper in Messenger of Mathematics, vol. 54 (1924), pp. 166-176, 
cited as M. 
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Applying the table in § 3, we have 
Z ielT-t-2v 2v) F(b, C, t + 2v + 2v2) — 25 (— 1) emma AM Ma, 


where the sums are as just defined and b, c are independent complex variables. 
The other identity of this sort is obtained from 7/9 (x), by applying the 
method of A to the expansion in M § 10. 

As a somewhat simpler specimen of the infinity of results obtainable 
from the available expansions we shall state the equivalent of the identity 
[0/9 (£) ]05(a@) == P, using the expansion of #,/3,(%) in M §8. 

Let (— 1 |m), (2 | m) be defined as Jacobi-Legendre symbols when m is 
an odd integer, and write e(n) = 1, or 0, according as n is, or is not, the 

' square of an integer > 0. Consider all the integer solutions, for « constant 
and == 1 mod 4, of 
æ = ir + 4r’ Ga Or? Ove 0), 


and let X refer to all sets of solutions (é,7,v). Then 
43 (—1 |7) (2 | tr) 6-47 (b, c, t—r + 4v) = e(m) (—1 | m2) m, 


Such identities can be given a form analogous to that of the recurrences 
for functions of divisors, of which the first example is due to Euler. Thus, 
from M § 8, we have f 


Fi/a(x) = 23g | x(—1 | 7) cos (=) x ] j 


- where the first 3 refers to o = 1, 5, 9, 13,- + -, and the second to all positive 
integers t, r such that a = tr. Write 








P(b, ca) =3(— 1| rjoy ( b, ¢, t) : 
where 3 refers to ¢, 7, and tr=-a@ (as before). Then the identity 
[3/90 (x) Jo (z) = F is equivalent to l 
23 (— c)” P(b, c, m — 4”) = e(m) (— 1 | m4”) m™, 
where m is positive and, = 1 mod 4, and & refers to v = 0, + 1, +2, °, 
the sum continuing so long as 4y? .< m. j 


To illustrate identities in more than one “variable we take 
f(x, y) = cos éx cos oyy in a theorem in A, 


RSF (d: — da, 81 + 82) — f (di + do, 8: — 82) ] = Zt[F (0, 24) — f (2t, 0) ] 


in which f(s, y) is an arbitrary single-valued function of æ, y satisfying the 
conditions f(z, y) = f(— z, y) = f (£, — y), and the sums refer to all positive 
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integers dı, 8:, dz, 82, t, T such that 2ir = dı, + dzðz; T, dı, 81, do, 8, are odd, 
and tr is constant. The equivalent in Lucas functions is 


S [yr Py." N (a4, Ya, de — 82) V (T2, Yo, 81 + 82) 
— yr ted [2y rd, (44, Ya, da + da) V (E2; Yo, Si — 82) ] 
== 2% [ya V (a2, Yo, 2t) ie Y V (a1, Yis 2t) 1 


$ Generalized isomorphism. Let x be a real or complex variable, and 
z a complex variable. Then the isomorphism may be generalized as follows, 
in which ~ is the sign of 1, 1 correspondence: 


cos z~ 40/2 (2), sin s~ pera? (2), 
V(2) =V (bcz), U(z)=2U(b,c,2), A=A(b, c) =4c—t, 


in which b, c as before are complex variables. For, the variables «, 8 in a 
U, V relation may be replaced by other variables, or by functions of themselves. 
Under the particular transformation a—>«a*, B—> B*, we have, from the 
original isomorphism, 


cos nx ~ fo-n#/?V (nz), sin ng ~ 4o ®?2A (nz), 


as may be readily verified, in which n is an arbitrary integer. Taking n = T 
_ we get the form stated. j 
Let 2,,° © *, 2s be independent real or complex variables, and z1,* ' -, 2s 
independent complex variables. Then, more generally, we have the above 
isomorphism in which now 


s= t o H ts z= z o tas, 


andthe correspondence between the two sets of independent variables is £; ~ 2; 
(j=1,:--,s). This is evident upon mathematical induction on s applied 
to the addition theorems for cos, sin, V, U, and an application of the iso- 
morphism as stated at the beginning of this section. Finally, in the same way, 
or as a consequence, we have the isomorphism in which 


i. L= Mty +: + + she, Z= MZ + + + Ht Nes, 


-® . 
where the ws are integers, and njaj ~ njz; (7 = 1,- +,8). 
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BINARY QUADRATIC DISCRIMINANTS DIFFERING BY SQUARE 
FACTORS. 


By Gorpon PALL. 


1. The problem of finding the number of representations of numbers not 
“prime to the discriminant in an integral quadratic form, or in a genus or order 
thereof, has never been adequately solved. The classical methods depending 
on forms constructed from the roots of certain congruences, subject to con- 
ditions which isolate the forms of a given class, genus, or order, are simple 
enough for numbers prime to the discriminant, but are excessively detailed 
and tedious in general. One reason for these complications is that those 
methods lead first to proper representations, and through them to all, and the 
relations between proper representations in different classes and genera are 
more involved than those for all representations. To avoid the difficulty we 
may attempt to reduce the problem to one in which the order-invariants are 
(so far as possible) free of square factors. 

We treat in this paper binary quadratic forms, our’ principal method 
employing reduction formulae to replace a problem concerning forms of dis- 
criminant pd by a like problem for discriminant d. 

A discriminant d is a non-zero integer congruent to 0 or 1 (mod 4), and 
is fundamental if divisible by no prime p such that d/p? is a discriminant, i. e. 


(1) p> 2 and p? | d, or p= 2 and d==0 or 4 (mod 16). 


Let r(n, d) denote the number of sets? of representations of n in a repre- 
` sentative system of primitive integral binary quadratic forms of discriminant d. 
Then r(n, d) is a factorable function of n, and if p does not satisfy (1), 


(2) r(p%,d) =1 + (d|p) + (4| P) +: + (aj) 
It is also known that 
(8) t(p, d) = 0 if p satisfies (1).? Z 


Consequently a prime is represented in at most One class (and the 
reciprocal class) of discriminant d. On the basis of this property and the 
composition of classes the writer has elsewhere (Pall I and IT) considered the 


+ Pall II, 491; or Dirichlet, 216. - ; 
2 Pall II, p. 493. : i 
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riumber f(n) of sets of representations of n in ‘any integral binary quadratic 
form f, but only partially for n divisible by primes of type (1). 

To any primitive f, of discriminant pd ‘corresponds a form f of dis- 
criminant d such that 


(4) f (p?n) = of (n), for every integer ns 
Here o = pa is defined as follows: 
(5) o=1lifd<—4or dis square, o = 2 if d = — 4, o = 3 if d =— 3; 


and if d is positive but not square, o is the least positive integer such that 
p | Uo, where (tz, ux) denote the successive integral solutions of 


(6) P— dhe = 4. 


In § 5 we shall associate (4) with the Lipschitz correspondence between 
the classes. of discriminants d and p?d.* The formula 


(7) _ A(pPd)/h(d) = {p — (4 | p) }/o, « 


which was the object of Lipschitz’s investigation, can be deduced directly from 
(4) and (9), 4(d) denoting the number of primitive classes of discriminant d.* 

The slight variant of Lipschitz’s method, given in § 2, may be of value. 
Lemma 3 replaces the reference to Gauss’ complicated Art. 162, and finds 
further applications in § 3. 

A primitive ambiguous class of discriminant d has v derived primitive 
ambiguous classes of discriminant p?d, where y is given in Theorem 4.. We 
note in § 3 the following curious corollary: 

Frequently, an ambiguous class C of even discriminant d contains one 
ambiguous form [a,b,c] with b/a even, and another with b/a odd. If 
o= 02,4 > 1 and d= 0, 12, or 28 (mod 32) such forms of both kinds seem 
to exist in every primitive ambiguous class; if d==4 or 8 (mod 16), or 
16 (mod 32), then o = 1, and it is trivial that every primitive ambiguous form 
has b/a even. But: 


(8) if d==0, 12, or 28 (mod 32) and o=1, every primitive ambiguous 
class contains ambiguous forms of only one kind, and there are 
equally many ambiguous classes of either kind. 


3 Pall I, p. 381, II, p. 494. 
* Lipschitz, p. 255. 
š Pall III. 
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Further properties of derived classes appear in section 4. 
Finally we note in section 6 that 


(9) > > r(p?n, pa) = {p— (å | p)}r(n, d), 


which, together with (2) and (3) yields immediately the value of r(p*, d) 
for any p. 

If n has no. factor of type (1), n is represented in at most one primitive 
genus of discriminant d. In any case it is represented equally often in each 
-of the 2+ genera which represent it, specified in § 7. 


2. Binary matrices P and Q are called right-equivalent if PU =Q for 
some unitary integral matrix U; left-equivalent if UP = Q. 


(10) If P= (: a B "Y, Pt denotes the adjoint-transpose (= $ ve ): 
Evidently PU = Q is equivalent to UtPt = Qt, and every P is the adjoint- 
transpose of the matrix Pt of the same determinant. We have 

Lemma i. Every integral matris of prime determinant p is right- 


equivalent to one and only one of the p-- £ matrices 


10 
(11) Py = aa) (x =0,1,---,p—4), P= (5 Je 


and left-equivalent to one and only one of 
1 —x po 
pa gs bard nips Cp tas 
(12) Ps (5 7 (x= 0,1,---,p—1), ` Pp G i 


By fP we denote the form derived. from f= [a,b,c] by applying the 
linear transformation of matrix P. By the associativity of matrix multi- 
plication, f(PU) =fPU. Hence 


THEOREM 1. Let f= [a,b,c] be primitive, b? — 4ac = d £ 0. Every 
form derivable from f by integral transformations of prime determinant p is 
equivalent to.one of the p+ 1 forms. 


(13) fPr = [ap*, (2ax + b)p, ax? + br + c], (x =0,: >, p—- 1), 
fP = [a, bp, cp]. 


Exactly p— (d | p) of the forms (18) are primitive. 


€ Mathews, p. 160; or Smith, pp. 166, 176. 
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The 1+ (d|p) imprimitive forms fPx are give 
(14) ar? + be + c= 0 (mod p) 0S 


if pfta; by «=p and (14) if p|a. In every cas 
primitive fPx is p unless (1) holds, and then p°. 

Let V be an unitary integral matrix. If VP 
VP,, VP = VPU, Pk = PU, K =À. Hence V. 
equivalent in some order to Po,- * +, Pp. This prove 


Lemma 2. If f is replaced by an equivalent for 
of gPa + +, gPp constitute a permutation of the cle 


Lemma 3. Let f and g be integral primitive f 
P and Q integral binary matrices of determinant p. 
and primitive. Then R = (PQt)/p is integral, det 


For choose integral unitary matrices Ọ and V 
UtP = Px and QtV = Px, and set F = fU, g' = gF, 
R’=UtRV, fR =g, f and g are integral a 
fP=fU'P =f Py, gQ = g' VQ = g'Pit. It remai 
not integral, then f/P,' is imprimitive. Now accc 
(8) K=p >À, (y) K< p =à, (8) k= =p, k: 


1 (x—àÀ)/p 1/p — À p K 

a GTA CT Ct 
Let f = [a,b,c]. In cases (a) and (8), 

FPN = [a, — 2ad + bp, adr? — bpr 


and is imprimitive if p | a. If R’ is not integral in 
PR = [a,-- +, ap?/p? + bu/p + c] is integral only i 
same holds for FE == [a/p?,---,---]. In case (y 
imprimitive if p |e, FE = [ap’,- - -, ax? + be/p- 
if p| c 

THEOREM 2. eLet d bea discriminant, p a prin 


The conclusion may be false if fP = gQ is imprimi 
(1) holds, and all we can say is that f and g are deriv 
discriminant d/p”. If the divisor is p, p is represented in 
eriminant d; then the classes of f and g are either identi 
other; this may ke deduced from 


{P,/p = [a/p, b, ep] ~ Lep, —b, a/p] = [e, — b, a] 
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class K of discriminant pd is derivable from a primitive class C of discrimi- 
nant d by an integral transformation of determinant p. (ii) C is uniquely 
determined by K and'p. 


(i) Replace d by p°d in Theorem 1. The imprimitive form fPx is 
unique, and of divisor p°; set fPx = p’f’, whence f is imprimitive and of 
discriminant d. Then 


(16) Pf = f (PeP) = (fPx)Pat— pF Pi, f= f Pit. 


(ii) The uniqueness follows from Lemma 3. 

The proof of the fact that each of the p — (d | p) primitive forms (13) 
is equivalent to exactly e — 1 of the others, is based on the following criterion. 
If fP ~ fQ, {PU = fQ for some unitary integral matrix U; by Lemma 3, 
PUQt/p is au integral unitary transformation A of f into f.+ Then 
U = P'!AQ/p. Conversely, if U == PtAQ/p has all its elements integral, where 
` A is any integral automorph of f, then PU = AQ, fQ = fAQ =fPU ~ fP. 
The general integral automorph of [a, b,c] (assumed primitive) is 


_([4@— bu) = —cu ; 

ve A= ( F(E + bu) 

where (¢, u) runs over all integral solutions of (6). Forming PytAPx (x < p) 
we find only one element not termwise divisible by p, 


(18) A = aux + 4$(t-+ bu). 
To complete the proof of (7) it now suffices to prove 


LEMMA 4. If fPp is primitive, i.e. pẹ a, there are exactly o — 1 values 
x (0S x < p) such that p | A by choice of t, u. 


For by Lemma 2 it will follow for any primitive fPx, that there are 
precisely «1 others equivalent to it in (18), by applying Lemma 4 to fV, 
_ where 


V = E 


ris 
, whence fV P, = fPcU ~ fPx, v=(_; ; A 


If we=0 (mod p), t= + 2 if p > 2, and 
(19) E(t -+ bu) = 4 (P — bu?) = 1 — acu = 1, if p =2, 


whence A == + 1340; disposing of all cases e = 1 in Lemma 4. 
If d= — 4, we have also t= 0, u= + 1. If f= [1,0,1], A= +x, 
fPp ~ fPo, and o = 2 is effective in Lemma 4. 
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If d=—3, f=[1,11], t= +1, u=3 
fPp~fPo~{Pos, o = 8 is effective. 
Finally consider d positive but not square, o > 


(20) Ar = ax + $ (ta + bus). 
whence 
(21) Ube — UA; == Uik tAr — GA; = 


Now p | u; if and only ifo | i. If i= k3£0 (modo) 
and by (21;),-A;== + Ar (mod p). Thus we need cons 
For each such k, A,==0 determines an unique 
A, = Ap 0 for the same x, p | tix by (211), o |; 


THEOREM 3. Setr={p—(d|p)}/o. Era 
in Theorem 2 to each class C. 


3. With these developments freshly in mind ' 


Lemma 5. Let p> 2, p}a, d= b —4ac b 
c= opa >1. Not counting the residue «==— $b, 
of residues x (mod p) for which A= + 1 (mod p) bi 
is 

o—litp| d,2(o—1) if p 


i) Case p>2, p|d. By (6), =R í 
«==—4b/a appears from Aj==1 if j= 2, Ais 
remaining o—1 residues x determined by A; = 
are distinct from each other and from — $b/a: for 
and o $ i— k, (212) shows that A, and — A; are ir 

ii) Case p> 2, p}d. If A= + 1 and A= 
then by (211), vi == = U; + Ux, which is impossib 
[For example, if i+ is even, i=h+1, k 
U4 = Urti, etc. If i-k is odd, transpose a term, 
way. ] 

THEOREM 4.° Let v denote the number of prim 
discriminant pd derwable from a primitive ambiguc 
d, by integral transformations of determinant p. 1 


(22) v=lifp>2,p|d; v=2if p> 


If p= 2 let O contain the form [a,b,c] in which a 
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‘y=0 if d= 0, 12, or 28 (mod 32), c = 1, and b/a is odd; 
(23) v=? if b/a is even and o—1; 
v=1 ifd ts odd, oro > 1. 


We may assume a | b in f. For the theorem to hold, (18) should contain 
vo primitive fPx improperly equivalent to themselves. If fPx == fPxV, where 
V is an integral matrix of determinant — 1, and B, is the matrix 


G b/a ) 
0—17?’ 
then fB, =f, fPx=fB,P.<V. By Lemma 3; if fPx is primitive, BiPxVPxt/p 
is an automorph (17); hence PkVPxt/p is an improper integral automorph B 
of f, and V = P&BPx/p. Conversely, if V = PxtBP,/p is integral for some 
B, fP: V = fBPx = fP, fPx~ fPx. 

The general improper integral automorph B of a primitive form [a, b, c] 
in which a |b is AB;, with A as in (17). Replacing u by — u, we find 


$(t-++ bu) 4b(¢ + bu)/a— cu 
dap (a L | 
The only element of P.tBP, not obviously divisible by p is 
(25) T = au? + (t + bu)x + $(¢ + bu) (b/a) — cu. 


I. Case p'> 2, p|a. Then p|b, phe, and by (14) fPx is primitive 
(kx <p). Now p |d, p}t by (6), p |T if and only if 


k - 4b/a = cu/t (mod p). 
"As t, u range over solutions of (6), u/t has exactly o residues, v == 1. 


II. Case p >?2, p}a. Then fPp is primitive and ambiguous. The 
unique residue «x == — $b/a appears from T == 0 when t= + 2, u== 0; then 
ak? + br -+ c = — 4d/a, and by (14), fPx is primitive if pf d, imprimitive 
if p | d. In the remaining cases, p $ au and 


(26) aul’ = (au + $(¢ + bu) +1) (aux +4(t + pu) —1), 


so that Te 0 if and only if A==+1. The residue «==— $b/a cannot 
reappear, since it implies 4(4? — 1) = — 4 = du’. For d positive but not 
square (22) follows from Lemma 5. Our discussion is now complete also if 
d<-—4 or d is a positive square. If d=— 4, f= [1,0,1], A—x, 
fPe~fPx («=0, 1, p—1, p), and since o =?, v=2. If d—=—8, 
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f= [1,1,1], Am«+1 or«; if now p> 3, fPr- 
p— 1, p, $(p—1)), and since c—3, v2; if 
effective, fP, being imprimitive, v = 1.8 


III. Case p= 2, c= 1 (every u even). Then 
Ts=0/a. Hence y= 0 if b/a is odd and a even, vy = 
(fP2 primitive). If b/a is even, the two primiti 
equivalent (o = 1), y = 2. 


IV. Case p=2, c> 1. Since du? -+ 4 is a sc 
(27) d= 5 (mod 8), 12 (mod 16), or 0 ( 


In these cases, e = 2 — (d | 2) 2vo. Hence v = 
v > 0 since fP, is primitive; if @ is even, d is ever 
forms (13) are equivalent, T = u + b/a (mod 2) is € 


Remark. If y(d) denotes the number of primiti 
d, and d has exactly ¢ distinct prime factors, 


2!-2 if d==4 (mod 16), 
(28) y(d) = 2 2** if d=1 (mod 4), 8 or 12 (3 
2! if d==0 (mod 32). 


Further the number of primitive ambiguous classes c 
to y(d). By (28), 


9 y(4d) = y(d) if d==1 (mod 4), 12 (mo 
Me?) y(4d) = 2y(d) if d==4 or 8 (mod 16), o 


Comparison of these facts with (23) yields (8). 
For example, consider d = — 84. Reduced fon 


fo = [1, 0, 21] and fı = [3, 0,7]; f2 = [5, 4, 5 
From these are derived the following of discrimin: 


2 fo —> (1, 0, 84], [4,0, 21]; fi — [8, 0, 2: 
fo [5, 42,17]; fa—[8, +4 


The least positive non-square d==0, 12, or 28 : 
== 156; the chains of reduced forms are (1, 12, — 3 


8 And in fact, [1, 1,7] is the only primitive reduced fc 
_ "If dis a square double these values for y(d). 
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(2, 10, — 7, 4, 5, 6, — 6, 6, 5, 4, — 7, 10,2; and its negative); -by (8), these 
four classes each contain ambiguous forms of only one type. 


4. The term m-derived classes of C will signify the primitive classes 
derived from C by integral transformations of determinant m. 

For f= [a,b,c] and F —[a,—b,c] it is plain from (13) that 
fP ~ F Po- (0 <x < p), fPo ~ FPo [Pp ~ PP» Hence by Lemmas 2 
and 3 we have: 


(a) if K is a p-derived class of an ambiguous O, so is K~; 
(b) the p-derived classes of a non-ambiguous C are non-ambiguous, and 
are the reciprocals of the p-derwed classes of C~. 


Both (a) and (b) extend at once to m-derived classes. 
The m-derived classes of ( are the same as the (— m)-derived classes 
of C7. 


THEOREM 5. Theorem 2 holds with p replaced by any non-zero integer m. 


5. If in (13), fPp is primitive and pn is represented therein, evidently 
n ig represented in f; similarly for fPx. By induction from mêd to (pm)?d: 
an integral b. q. f. represents every number represented by any of its primitive 
derwed classes [Gauss, D. A:, Art. 166]. ‘ 

Hence, if a primitive fı of discriminant md represents a prime 
q (or —g or +1) represented by f, then fı is a (+ m)-derived form of f. 
For the property f(g) > 0 determines the class of f or its reciprocal. 


THEOREM 6. Let f and f, be primitive and of respective discriminants 
d and p*d, any prime. Then fı is a (= p)-deriwed form of f if and only if 
fı represents pq, where + q is any prime (or 1) represented by f, and if and 
only if (4) holds. 


6. Now (9) is an immediate consequence of (4) and Theorem 3. 


%. Since f represents all integers represented in fı, each p-derived form 
fı of f has all the generic characters of f. An additional character a 


(30) (fi |), (—1] A), (1h) 


of f, occurs only in the following respective cases: 


(31) p>2, phd; p=2, d=4, 8 (16); p= 2, d= 16 (82). 


10 Pall I, 331, II, 494. 


798 GORDON PALL. 


Lemma 6. In the cases (31), among the p— (d | p) primitive forms 
(13) occur equally many having either value + 1 for (30). 


We may suppose æ prime to p. 
i) p=2. The forms (13) are now 
(32) fo = [4a, 2b, c], f= [4a, 4a + 2b,a +b + c], f: = [a, 2b, 4c]. 


We find that if d= 4 or 8 (mod 16), then fa =a (mod 4), and the primitive 
one of fo, fı is = — a (mod 4); if d==16 (mod 82), then fa =a (mod 8) and 
the primitive one of fo, fı is == 5a (mod 8). 


i) p>2 Now A= Rak + b is with « an independent integral variable 
(mod p). If fı = fPp, (fı | p) = (a | p); and for the rest, 


(f| p) = (a | p) Q?—d | p). 
Hence Lemma 6 is a consequence of 


Lemma 7. Let m be an integer, p an odd prime, pẹ m. Then among 
the numbers 
2 —m (A=0,1,- ++, p—1), 


there is one more quadratic non-residue than residue (mod p).™ 


Consider cases (31). Hach primitive genus T of discriminant d has two 
p-derived genera T; (i = 1, — 1) differing only in the value i of (30). Let 
T(n) denote the number of sets of representations of n by a representative 
system of classes of T. By (4) and Theorem 3 


(33) Ti (p’n) = Ta (pn) = 3{p— (å | p)}P(n). 
By (8), if m is prime to p, T: (pm) = 0 (¢—1,—1); while 


(34) , T(m) =T(m), T-:(m) = 0, 
[i= (m | p), (—1 | m), (2 | m) according to (81)]. 


` There remain the cases (cf. (29)) 
(35) p>2, p| ds p—2, d=1 (mod 4), 12 (mod 16), 0 (mod 32). 


The p-derived classes of T form a single genus I’, for which, m and n being 
integers, p$ m, 


u Thus there are 8 = 3{p — (m| P)} non-residues, 8 — 1] residues. This curious 
result must have appeared frequently in related forms, 
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(86) T(pn) = {p— (4 | p)}T(n), (pm) =0, T(m) =T(m). 
By induction from (33) and (86,) we have 


“THEOREM 7. An integer n has equally many sets of representations in 
every primitive genus of discriminant d which represents n. 


To determine these genera we proceed as follows. To begin with, if n’ has 
no prime factors p such that d’/p? is a discriminant, then r(n’, d’) = 0 unless 


(37) pt |n, pwn’, a odd imply (d | p) =0 or 1; 


and then w is represented in an unique genus T of discriminant d’.? 
Generally, let k? be the largest square factor of n for which d/k? is a 
discriminant, and set d = k?d’, n= k?n’. Then n is represented only in the 
k-derived genera of the unique genus (if any) of discriminant d’ which 
represents w. The number of these genera, (87) being assumed, is 2%, where 
4 is the number of odd primes p such that p | k, p}d’; this number being 
increased by 1 if . 


d =1 (4), k= 4 (8), or d = 4 (16), k=? (4); or 
d = 8, 18, 24 (32), k even, or d = 12 (16), k= 0 (mod 4); 


but increased by 2 if d’==1 (mod 4), k= 0 (mod 8), ord’ ==4 (16), ==0 (4). 


McGint UNIVERSITY. 
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ABSTRACT LINEAR DEPENDENCE AND LATTICES. 


By GARRETT BIRKHOFF. 


1. Introduction. In a preceding paper,’ Hassler Whitney has shown 
that it is difficult to distinguish thecretically between the properties of linear, 
dependence of ordinary vectors, and those of elements of a considerably wider 

„class of systems, which he has called “ matroids.” 

Now it is obviously impossible to incorporate all of the heterogeneous 
abstract systems which are constantly being invented, into a body of systematic 
theory, until they have been classified into two or three main species. The 
purpose of this note is to correlate matroids with abstract systems of a very 
common type,? which I have called “ lattices.” ' 

As this correlation is purely formal, the discussion will be descriptive 
rather than detailed. 


2. The fundamental construction. Let us refer to Whitney’s definition 
of a matroid as a set M whose subsets have a numerical rank function with 
certain properties (Rı)-(R). It is easy to define mutual dependence by 
abstraction from the theory of vectors, and to see that if we suppress elements 
of rank zero, and regard mutually dependent elements as merely repeated. 
occurrences of the same element, then we get a matroid M* with the same 
structural properties as M. Moreover M* has the additional property that 
no element is dependent on any other element.® 

Now let us call a subset of M* “linearly complete” if and only if it 
contains all elements dependent on it. By what we have just shown, distinct 
elements of M* are distinct linearly complete subsets. Moreover 


Lemma i. The product N+ N’ of any two linearly complete subsets N 
and N’ of M*, is linearly complete. 


For suppose e any element of M* not in N-N’; by symmetry, we can 
suppose e not in N. Therefore 





1H. Whitney, “Qn the abstract properties of linear dependence,” American Journal 
of Mathematics, vol. 57 (1935), pp. 509-533. His main definition is in his section two, 

2Cf. the author’s “On the combination of subalgebras,” Proceedings of the Cam- 
bridge Philological Society, vol. 39 (1933), pp. 441-464. This article will be referred 
to subsequently as “ Subalgebras.”: 

*This assertion corresponds to S. MacLane’s assumption “without loss of gen- 
erality ” of his conditions (R,)-(R;) im his note on “Some interpretations of abstract 
linear dependence, etc.,” supra. 
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1=r(Ñ +e) —r(N) [by definition of N] 
Sr(¥-N’ +6) —r(N-N’) [by Whitney’s Lemma 4]. 


' Hence r(N-N’-+-¢) 2r(N-WN’) +1, and e is not dependent on N-N’, 
proving the lemma. ` 

. Observe now that M* is itself linearly complete, and has the property 
M*- N = N for any subset N. Finally, the operation of intersection is idem- 
potent, commutative, and associative. Consequently 


THEOREM 1. The linearly complete subsets of M* can be regarded as 
the elements of a new system L(M*), satisfying 


(Lı) Any a of L(M*) and b of L(M*) determine a unique “ product” 
anb in L(M*). 

(Le) ana =a, anb =b aa, and an (boc) = (arb) ve. 

(Ls) There exists a “unit” i [namely, M*] such that a ^ i = a irrespec- 
tive of a. . 

(L,) In any sequence of products a1, Q, ® a2, Q, ^ aa © ag,* * * some two 
terms are equal. [Remark: This is a simple corollary of the 
fact that L(M*) is finite]. 


Moreover distinct single elements of M* appear as distinct single elements 
of L(M*). 


3. An incidental theorem. We shall now prove a result which is obvious 
in the case in hand—provided we define the “join” Nu WN’ of N and WN’ 
directly as the product of all linearly complete subsets containing N and N’. 
(This definition is equivalent to defining N v N” as the set of all elements 
linearly dependent on N-+-N’). The formal proof in abstracto has however 
been included, to give a neat new approach to the theory of abstract lattices.* 


THEOREM 2. It is an abstract consequence of Theorem 1 that any ele- 
ments a and b of L(M*) determine a unique “join” av b with the properties 


* It is extremely useful in applications. For instance, it shoys that if we adjoin 
a purely formal “unity” i, we can subsume the theory of “effective implication” as 
defined by E. V. Huntington in his note “ Effective equality and effective implication 
in formal logic,” Proceedings of the USA Academy of Sciences, May, 1985, under the 
theory of lattices in the finite [hut not the infinite!] case. Viewed in this light, his 
propositions 32, 33, 34, 36, 37 appear as extensions to the infinite case of Theorems 4. 2, 
6.1, 6.2, 6.3 of “ Subalgebras.” A 

With regard to precedence, it was Professor Huntington’s paper which suggested 
Theorem 2 to me originally. 
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(Ls) ao (aub) =av (a°b) =a, 
(Le) aua=a, avb =b va, and av (bvc) = (avd) ve. 


The main thing is to define avb. To do this, note first that i eè a =a 
and inb =b, Second, not that if c^ a = a and c ^ a = a, then 


(cod) naa=cn (oa) =c ^0 =a. 


Therefore if we set co =i, and try to find successiye elements C1, C2, Cs,° * * 
such that C^ a = @, C^ b=b, and yet Co^’ ^er differs from every 
Coat e en c [7 < k], then by (La) we obtain after a finite number of attempts, 
an element d = co ^` -+"%¢n such that (1) d-a==a and d^b==b (2) if 
c* a a =a and c*ab = b, then c*a d= c^- ++ 9c, for some k < n—which, 
since 

c* ad= c*a (d nd) = (0 nd) ad= cn. -eno ndd 


[by iterated use of (Z2)], means c* ^ d = d. 

Conditions (1)-(2) and (La) show that d is determined uniquely by a 
and b; we shall define aub as d. To prove that av b satisfies (Ls)-(Le) is 
now merely a question of substituting from (1)-(2), and using condition (Lz). 

This completes the proof, the details of which the reader should be able 
to fill in without difficulty. 


4, Principal results. But by definition, an “abstract lattice” is any 
system which satisfies (Z,)-(Z2) and (L;)-(Z). Consequently, we have 


THEOREM 3. L(M*) is an abstract lattice. 


Not all lattices correspond to matroids; in particular, every lattice corre- 

sponding to a matroid contains only a finite number of elements. The facts 
as to which lattices correspond to matroids can however be summarized as 
follows. . 
A finite lattice corresponds to a matroid if and only if (1) if b and ¢ 
are smallest distinct elements larger than a, then b vc is a smallest element 
layger than b. (This is the “ dual” [under the inversion of inclusion ®] of the 
abstract property of composition subgroups used in the classic proof of the 
Theorem of Jordan-Hélder) (2) every element can be expressed as the “ join ” 
of elements of rank one. 


5 It being observed that the definition of a lattice is invariant under inversion of 
meet and join. Property (1) amounts in the case in hand to the property that if two 
linearly complete subsets of M* of rank (n + 1) intersect in a subset of rank n, then 
the rank of their join is (n+ 2). 
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Moreover the “ rank” r(N) of any subset N of elements es, - +, €r of M* 
is equal to the length of any chain [in the sense of the Theorem of Jordan- 
Holder] in L(M*), between the lattice-element corresponding to the null 
subset, and the “ join” of the lattice-elements corresponding (under Theorem ` 
1) to the e;. That is, 


` THEOREM 4. The structure of L(M*) determines that of M*—and hence 
‘that of M. 


5. Theoretical consequences. The results of the last sections suggest 
trying to interpret theorems on matroids as theorems on lattices, and con- 
versely. This can be done in at least two cases. 

The less interesting of these is Whitney’s Theorem 3, which may be 
regarded as a reappearance ê of the first formula of Theorem 9.2 of “ Sub- 
algebras.” 

A more interesting correspondence concerns Whitney’s Theorem 15 on 
separability, which is a generalization of a well-known theorem on graphs. 
This theorem may, in the light of the above results, be regarded as a specializa- 
tion of a theorem’ on the “strong” uniqueness of the representation of any 
lattice as the direct product of irreducible (== non-separable) components. 


6. Geometrical correspondence. In another paper, S. MacLane has 
shown that M* also corresponds to a schematic configuration of dimensions 
r(M*) —1, and has pointed out a relationship with projective geometries. 
This defines an obvious correspondence via matroids between “ matroid lattices” 
(or lattices satisfying conditions (1)-(2) of § 4) and schematic configurations. 

In terms of this correspondence, results proved elsewhere ° by the author 
directly imply 

THEOREM 5. A schematic configuration is the direct product of a finite 
number of projectwe geometries and single points, if and only if the dual 
[under the inversion of join and meet] of the corresponding matroid lattice, — 
is again a matroid lattice. 

° This formula very likely has a long previous history. 

7 Proved in the author’s “ On the lattice theory of ideals,” Bulletin of the American 
Mathematical Society, vol. 40 (1934), p. 616, Theorem 2. 

8 Cf, footnote 3, above. A much weaker result of the same sort was obtained by the 
author, in Theorem 5 of “On the structure of abstract algebras,’ to appear shortly 
in the Proceedings of the Cambridge Philological Society. 


°? “ Subalgebras,”. Theorem 10.2, and “Combinatorial relations in projective geo- 
metries,” Annals of Mathematics, vol. 36 (1935), pp: 748-748. 
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(By the “ direct product ” of two projective geometries P and P* is meant 
the system whose elements are the couples (A, A*) [A any m-plane of P and 
A* any m*-plane of P*], and in which (A, A*) lies in (B, B*) if and only 
if A lies in B and A* in B*. This is the inverse of the notion of separation 
into non-separable components mentioned above). 

Theorem 5 and well-known. results 2° show that such schematic configura- 
tions can in general be realized by vectors in spaces whose codrdinates lie in 
suitable finite fields. 


Socrery or FELLOWS, 
HARVARD UNIVERSITY. 


*°0. Veblen and W. H. Bussey, “Finite projective’ geometries,” American Trans- 
actions, vol. 7 (1906), pp. 241-259. 


SOME UNIQUE SEPARATION THEOREMS FOR GRAPHS.* 


By SAUNDERS MacLanz.? 


An abstract graph * is a combinatorial structure which consists of a finite 
set of points or vertices, together with a number of edges. Hach edge joins 
exactly two of the vertices. Such graphs are considered in topology, in the 
study of electrical circuits * and in combinatorial analysis.” Since the structure 
of such a graph becomes involved if the number of vertices is large, it is desir- 
able to have methods of uniquely breaking up a graph into smaller parts or 
components. One such method is that of separating the graph at a single 
vertex. This is possible when the removal of the vertex in question discon- 
nects the graph. The uniqueness of this process has been established by 
Whitney.® 

Similar to the separation at a single vertex is the separation along a 
chain of connected vertices. Consider for example the graph 


`N 
1 3 


HH 


The vertices 1 and 2 together form a chain. If we drop these two vertices and 
all edges involving them, the graph falls into two connected pieces. If the 
separating vertices 1 and 2 be added to each piece, we have the two components 


1 1 3 
O HH 
The seċond component may be further separated by the chain (3,4). This 


‘gives three components, each one a square. Had we instead separated by 
the chain (3, 4) first, the result would have been the same. 


1 Presented to the Society, September 7, 1934. e 

2 Sterling Research Fellow, Yale University. 

3 M. A. Sainte-Lagué, “Les Réseaux,” Mémorial des Soiences Mathématiques, Fas. 
XVIII. 

*R. M. Foster, “Geometrical Circuits of Electrical Networks,” Bell i 
System Technical Publications, Mon. B-653. 

5 E. Netto, Lehrbuch der Combinatorik, 2nd ed., pp. 292-308. 

°H. Whitney, “Non-separable and Planar Graphs,” Transactions of the American 
Mathematical Society, vol. 34 (1932), p. 339. 
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This uniqueness property can be suitably extended: if any graph is sepa- 
rated by chains until the resulting components cannot be further separated, 
then the result is independent of the chains used in this separation. Two 
provisos are needed: 1. all the chains used in the separation must be geodesics 
(§ 3); 2. isomorphic components are considered as essentially identical (§ 4). 

_ The plan of the proof is as follows: it is sufficient to consider any two 
geodesic chains B and C, and to construct a separation 8’ beginning with a 
separation by B, and a separation T” beginning with O, in such a way that 
8’ and T” have the same results. First we use the geodesic property to show 
that B and C form together a symmetric figure. We then construct the desired 
‘separation S as an alternating separation; first separation by B, then by C, 
then by B, and sc on. A slight modification is made to insure that each 
separation is a separation by a single connected chain. The so modified sepa- 
ration S”’ then has the same result as the separation by a similarly constructed 
T’. This is established by showing that each stage of the alternating separa- 
tion 8’ gives a finer subdivision of the original graph than does the preceding 
stage of the separation T”. 

The separation process has two other basic properties: it yields a repre- 
sentation of the original graph (§ 1) and it assists in the choice of complete 
independent sets of cycles (§ 2). 


1. The Definition of Separation.. The graphs as defined in the intro- 
duction will be restricted by requiring that each edge join two distinct vertices 
and that no pair of vertices be joined by more than one edge. We can then 
conveniently represent the vertices by arabic numerals, while each edge may 
be denoted by the pair of vertices which it joins. Two vertices joined by an 
edge are called contiguous. Any symmetric binary relation R(2z,y) in which 
x and y range over a finite class (the class of vertices) can be interpreted as a 
graph by taking £ to be the relation of contiguity. 

Among the subgraphs of a graph G we consider only those subgraphs H 
such that two vertices of H contiguous in G are also contiguous in H. This 
restriction is natural in the relational interpretation. Such a subgraph 
H C. G is completely determined by the set of its vertices. 

If a graph Œ and two subgraphs H, and H, are given, then H, + H: 
denotes the subgraph determined by the set of all vertices present in either 
H, or H., while H, — H, denotes the subgraph determined by the set of 
vertices present in H, but not in Ho. 

A graph with n > 2 distinct vertices 1, 2,- - -, n and with the Gow 


(12), (23),° °°, (n—1, n), (n,1), 


SOME UNIQUE SEPARATION THEOREMS FOR GRAPHS. 807 


is called a circuit. Similarly, a chain is a graph of the type 
(12), (23),°-°, (n—1, n). 


with n > 0 distinct vertices. This chain has the length n, and is said to join 
its end vertices 1 and n: Its vertices are ordered, in that a vertex j on the 
chain is between the vertices i and kifi <j < korki <i 

The separation of a connected graph G by a connected” subgraph H is 
an operation which yields a set of components, each of which is a subgraph of 
G. This set we denote by H XG. To obtain it, dissect the graph. G — H 
into its connected pieces Fi, Fs,---, Fm. The set of subgraphs 


Hı =F, +H, H, =F, 4+ H, sy Hm = Fm + H 
is then the set H X G. These components can also be characterized as follows: 


THEOREM 1.1. If H is a connected subgraph of a connected graph G, 
then every vertex of H belongs to every component of H X G. Every vertex 
of G— H belongs to just one component, and two such vertices belong to the 

‘same component if and only if they are joined in G by a chain containing no 
vertices of H. 


‘Any graph G is represented by the set of its components, in the following 
sense : 


THEOREM 1.2. If H is a connected subgraph of a connected graph G, 
then every vertex and edge of G is-present in at least one component of H X G. 


A set of components H, X G can be further separated by a subgraph H, 
of G if each component of H, X G which contains H, is separated by Ho, 
while the other components of H, X G are left unchanged. The result of 
this separation we denote by H: X Hı XG. The simplest uniqueness 
theorem ® then is 


Turorem 1.3. If H, and H, are connected subgraphs of a connected 
graph G, and if H, and H, have no vertices in- common, then 


f A,X H: X G=H.X AX G. j 
Proof. Denote the connected pieces-of Q — (H, + He) by 


* This assumption here is essential; without it any graph could be separated into 
trivial components. ; 

3 This theorem is essentially a generalization.of Whitney’s results for separation at 
single vertices. 
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A vertex b of H, + H, will be called a boundary vertex of a piece G: if and 
only if b is contiguous to a vertex of Gu. Two applications of Theorem 1.1 
then show that the operation H, X Hz X G yields a component 


(a): H, HH +Y Ga 


the sum being taken over all these pieces G; which have boundary vertices 
both in H, and in Hz, together with several components 


(2) 0 Ai + Gi, 
one for each G; whose boundary vertices are all in H,, and several components 
(3) -Hat Gw 


one for each Ge whose boundary vertices are all in Hz. Since these com- 
ponents, (1), (2), and (8), are symmetric in H, and H+, the uniqueness is 
established. l 

This theorem enables us to define the separation of a connected graph G 
by a disconnected subgraph H. For if H consists of the connected pieces 
|, H, + +, Hm, we set 


HXG=H,X HX: X Hm XG. 


2. Cirewits and Separation. If we consider a graph Q as a one-dimen- 
sional topological complex, then it is known that in this complex we can choose 
a complete set of linearly independent one-dimensional circuits. Separation 
simplifies this choice, for the linearly independent circuits can all be chosen 
from the components after a separation H X G. 

To establish this result for a connected subgraph H, we agree to call a 
circuit C an H-circuit if C—H is connected (in particular, C may be 
contained in H). An H-circuit C may contain no vertices of H whatsoever. 
‘If this is not the case, the vertices of C not in H form a chain with two ends 
a apd b. The remaining vertices of O (i. e., those in H ) form, together with . 
a and b, a second chain with a and b as ends.. Any H-circuit is thus contained 
in at least one component of H X G. 


Lemma 2.1. If a chain B in G contains no vertices of H, and if there 
is a circuit C containing B, then there is an H-circuit containing B. 


° O. Veblen, Analysis Situs, Ist ed., p. 17. 
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‘Proof. If C is not itself an H-cireuit, extend B along C until both end 
vertices are points of H. Then complete the desired circuit by joining these 
ends in H. `’ . i 


Lemma 2.2. Any circuit O in G may be represented as a sum (modulo 
2) of H-circutts. 


Proof. Denote the connected pieces of C — H by By, Bz, © +, Bn. Hach 
B, is a chain, and by Lemma 2.1 is embedded in an H-circuit Ci, so that 
0: — H = B;. The sum 
O -+0 +: -+ Ona (modulo 2) 


XN 


has then no vertices not in H. It can thus be represented as a sum (modulo 
2) of circuits in H; that is, as a sum of H-circuits. These circuits, with the 
Ci, give the representation 7° of C. 


THEOREM 2.3. If H is a connected subgraph of the connected graph G, 
then a complete set S of circuits in G can be constructed from H X G as 
follows: select in each component of H X G a complete set of circuits, com- 
bine all these seis to form a set T, and remove enough circuits from T to make 
the resulting set S linearly independent. 


Proof. The set is complete, for by Lemma 2. 2 every circuit is a sum of 
H-circuits, while any H-circuit is contained in at least one component of 
HXG, If H is a tree (i. e., contains no circuits), the set T itself can be 
shown to be linearly independent. 7 


3. Geodesic Separation. The fundamental problem is to show that the 
result of separation by chains is essentially unique. This is not always true, 
for consider the graph which consists of three chains joining two vertices 1 
, and 2, with the edges 


(13), (82), (14), (42), (15), (56), (62). 


‘If we separate this graph by the chain 1 8 2, we obtain a quadrilateral - with 
vertices 1 2 3 £ and a pentagon with vertices 1 2 3 5 6. If instead we were to 
separate by the larger chain 1 5 6 2, we would obtain “two pentagons, with 
vertices 1 2 3 5 6 and 1 2 4 5 6 respectively. The two results are essentially 


+9 A circuit O contained (in the usual sense) in a graph & need not be a subgraph 
of @ according to our definition; such a QO can however always be represented as a sum 
(modulo 2) of cireuits which are subgraphs. 
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different. This difference arises because the two separating chains 1 3 2 and 
1 5 6 2 have the same ends, but different lengths. 

To avoid the lack of uniqueness we can agree in such a case to separate 
only by the shorter of the two chains; that is, by a “geodesic” chain. In 
general, a chain C is geodesic in a graph G if every other chain contained in 
G and having the same end vertices as C is at least as long as C. Note that 
any subchain of a geodesic chain is geodesic. 

A complete geodesic separation of a graph G will then proceed first by 
separating G by a geodesic chain B, then by separating each resulting compo- 
nent L by some chain B, contained in and geodesic in L, and so on, until 
the final components are no longer separable in this way. The desired unique- 
ness theorem states that any two such complete geodesic separations S and T 
of the same graph G@ have essentially the same result. S will begin with a 
separation B X G, while T starts with a separation C X G. We first investi- 
gate the interrelations of the geodesics B and C. 

This will involve the decomposition of a chain into subchains. A 
representation 

D = Dı 4 Dz 4'4 Dn ) 


is said to be a decomposition of the chain D if each of the graphs D; is a 
chain, if each vertex of D appears in one and only one of the chains D;, and 
if the order of the sum on the right represents the order of the vertices of D. 
This last requirement means that if di, dj, and dy are vertices chosen from the 
three distinct chains D:, D;, and Dz, respectively, then d; is between d; and 
dr in the chain D if and only ifi <j <kork<j<i 


Lemma 3.1. Let B and C be geodesic chains in a graph G, and let f, g, 
and h be vertices belonging to both B and O. If g is between f and h in B, 
then g is also between f and h in C. 


Proof. Since g lies between f and h, there is a decomposition 
B=B,+f+Bet+g+Be+h+ Bs, 


in Which f (likewise g and %) represents the subchain whose only vertex is f. 
If f were between g And h in C, then similarly 


C=C,+9+O+f+0s+h+ Cs 


We thus have two distinct chains 


1 The results cannot be further reduced, for a circuit is not separable by any 
subgraph. 
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f+B:+9 +B: +h 
fth | 


joining the same vertices f and h. Both chains are geodesic, and hence have 
the same length. If the length of each chain B; (or C4) be denoted by the 
corresponding Greek letter, then 


EEN 


A similar argument for the chains joining g to h yields 


yz t1l+ys= Bs. 


Substitution of the second equation in the first gives the contradiction 


(b2 + y2 +2) + ys = ys 
The intersection of two geodesic chains can now be described as follows: 


THEOREM 3.2. Let B and C be geodesic chains in a graph G, and let the 
intersection of B and O consist of exactly n connected pieces A,’ ` ', An 
Then these Ar are chains, and there are two decompositions 


B = B, + 4, + Bo +4 4o +: + «+ Bn + An + Baa, 
C = C1 + 4r + C2 F A +: e HH On H An + Onm 


where the B; and C; are chains, no two of which have a vertex in common. 
Each B; and each O; for j =32,: ; +, n contains at least one vertes. The 
orientation of the A, in both decompositions is the same; that is, we can 
denote the ends of each A, by ag and ex in such a way that ax is contiguous 
to a vertex of By and a vertex of Or, while ex is similarly contiguous to Bra 
and Orn. However, a, need not be contiguous to a void By, ete. Furthermore 


length B; = length O; (7 =2,° -+ n) 


Finally, a verter d on B; (7 =2,: - -, n) is never contiguous to any vertex 


of C: (i74 j). A 


Proof. By suitably numbering the pieces Ax we can obtain the decompo- 
sition of B. A similar decomposition for C is possible, except that the chains 
Ax might appear here in a different order. But since each A; contains at 
least one vertex, any such difference is impossible, by Lemma 3. 1. 

Furthermore, the decomposition of O might offer some A; in an orienta- 
tion different from that in the decomposition of B. Thus A; might have ends 
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ar and en, with a, contiguous to Be and Orn and ex contiguous to By. and 
Ox. We can, assume without loss of generality that k < n, and_we select a 
point d in An. We then have ep between a and d in B, while a is between 
er and d in O, contrary to Lemma 3. 1. , 
Next, the equality of the lengths follows because 


j-1 + By + 4, ej-1 + Cy + ay 


are two geodesic chains with the same ends. Finally, the non-contiguity of 
B; and C; is a consequence of the geodesic property of C. 

The chains A; (k =1,:: +, n), Bi, and O: (t=1,:-++, n+ 1) into 
which B and C have thus been decomposed may be called the atomic chains 
of the figure. No two atomic chains have vertices in common. 


4. Isomorphic Components. Two complete geodesic separations of a 
graph need not give identical results. Consider for instance the graph used 
in § 8. The separation by 132 gave a quadrilateral 1234 and a pentagon 
12856. The separation by the geodesic chain 1 4 2 would give the same 
quadrilateral, but a different pentagon 12456. The two different pentagons 
are nevertheless still isomorphic. 

In general, two graphs are said to be isomorphic 7 if their vertices can be 
put into a 1— 1 correspondence which leaves invariant the relation of con- 
tiguity. It is important to note the effect of separation on isomorphic graphs. 


THEOREM 4.1. If two connected graphs G, and G, are isomorphic, and 
if Gy be separated by a subgraph H., while G is separated by the correspond- 
ing subgraph H», then there is a 1—1 correspondence between the compo- 
nents of Hı X G, and those of Hz X G, such that corresponding components 
are isomorphic. 


. This theorem’is a consequence of the general invariance of any logical 
property under an isomorphism. 


5. Alternating Separation. Let a graph @ and two geodesic chains 
B ard C, with intersections as described in § 3, be given. We proceed to con- 
struct a separation S*, beginning with B X G, and a separation T”, beginning 
with C X G, such that 8’ and T” have the same results. .S’ is to be con- 
structed in stagés of alternating separations by B and by C, as indicated in 


(1) cot OXBXCOXBXG, 


12 Whitney, “On the Classification of Graphs,” American Journal of Mathematics, 
vol. 55 (1933), p. 236. 
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and the first m stages of the separation will be denoted by (C,B)™ X @. T” 
is to have a similar structure. However, the simple alternation indicated in 
(1) is not always sufficient.* Thus it may happen that B X G yields a com- 
ponent L which does not contain all of C, such that the part of C in L con- 
sists of two separate chains D, and D,. Then instead of next separating L 
by O (or, more precisely, by the disconnected graph D, + D2), it is desirable 
to separate L by a graph C’, obtained by adding to D, + Dz enough vertices 
from B to insure that the result C’ is a single chain. Similar modifications 
are to be made at each stage of the alternating separation. 

This modified separation (C, B)” X G will be defined by induction on m. 
At the same time we will establish the following properties of any component 
L of (C,B)™X G: 


5.1. If one vertex of an atomic chain (see § 3, endy D belongs to L 
then D is contained in L; 

5.2. For every j, j ==2,- +, n, either B; or C; belongs to L; 

5.8. For every k; k= 1,: > -, n, Ax belongs to L. 


For m == 1 we define 
(C,B)i X G=BxX G. 


The three properties follow at once from Theorem 1. 1. 

Now let m be even and equal to 2p, and let L be a component of the 
already defined separation (C,B)?”* X G. L is to be separated by the chain 
C, after C has been modified as follows: 


1. If Cis not present in L, drop O, from 0; 

2% If Cas is not present in L, drop Ons from C; 

3. If C; is not present in L (7 = 2,- - -, n), replace O; in O by the cor- 
responding B;. i 


These transformations of C yield a graph Cx, with the following properties: 


.5.4. Cy is a chain, 
5.5. Cy, is contained in L, 
5.6. Cz contains every vertex of C present in L, 
5.7. Onis geodesic. 


The first property is a consequence of the configuration of B and O, as 
described in Theorem 3.2. The construction of Cz, together with properties 


13 Thus if @ has nine vertices and the edges (12), (23), (34), (25), (54), (16), 
(67), (74), (18), (89), (94), and if B and C are the chains 1234 and 254 
respectively, the simple alternating separations 8’ and T’ will not give the same results, 
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5.1 and 5. 2, gives the second and third properties. Finally, to show that Cz, 
is geodesic, note that the first and second operations above transform C into a 
subchain, and thus leave it a geodesic, while, in virtue of Theorem 3. 2, the 
third operation changes neither the length nor the ends of C, and so must 
leave it geodesic.1* Cz is thus geodesic in G, and therefore geodesic in L as 
well. 

(C, B)*? X G is now the set of all components obtained by separating 
each component L of (C,B)*? X G by the corresponding chain Cy. The 
three properties 5.1, 5.2, and 5.3 of the separation are established by using 
Theorem 1.1 and noting that the separator Cy, contains every A; and just 
one of each pair B;, Cj. A component M of (C, B)?” X G which arises from 
a component L of (C, B)? X G by the separation Cz X L is said to have L 
as a parent. Every such component M has at least }* one parent. 

The inductive definition of the alternating separation may be completed 
for the case of odd m by a treatment similar to that for even m, except that 
the letters B and C are to be everywhere interchanged. Thus each component 
M of (C,B)*? X & is to be separated by a suitable modification By of the 
chain B. In any component L at any stage of separation (C, B)” X G both 
the separators Bz, and Cz, can be constructed, although only one is to be used. 

The phenomenon of isomorphic but not identical results discussed in § 4 
can affect but a small part of a component L; that part of Z unaffected in 
this way we will call the body of L. Specifically, the body of E consists of all 
vertices of L, except that B; is to be omitted from the body if O; is not present 
in L, while C; is to be omitted if B; is not present (j = 2, > + n). We will 
denote the body of L by (L). A vertex not in @(L) belongs to both Br, 
and Cz. 

The “ finer separation theorem ” to be discussed in the next section applies 
only 1€ to those components L with Br s4 L and Cr 4 L. Such components 
we call substantial. A substantial component L contains at least one vertex 
not in Bz and one vertex not in Cz. These vertices are useful in establishing 
uniqueness properties. 


- 6. Substantial Components in Alternating Separation. The ultimate 


e 

14 O would not necessarily remain a geodesic were O, to be replaced by B,. For 
this reason, the end chains B, and B,,, cannot be treated in the same way as the. 
intermediate chains B,,- - -, By 

15 Two or more parents for one component can occur; see § 7. 

18 For example, if @ has six vertices and the edges (12), (23), (34), (25), (54), 
(16), (26), while B= 254 and C=1234, then (B,C)? Œ and (0,B)7X G 
differ in that the former has a non-substantial component 1254 not present in the 
latter. 


1 
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agreement of the two separations (0, B)” X G and (B, C)™® X G rests on the 
increasing fineness of the separation. Thus C X BX G, since it involves 
separations by both. C and B, should subdivide @ more finely than C X G 
alone. This “ finer separation theorem ” is 


THEOREM 6.1. If L is a substantial component of o B)” X G 
(m > 0), then there exists a component M of (B, 0)” X G, such that 


1. B(L) C8(M), 
2. M is substantial. 


First note that the following conclusions could be added to those of the 
theorem. 


3. If geL and gC; for some vertex g, then ge M and gX Cu. 
4. The same for Bz and By. 


These follow readily from the first conclusion. By the definition of the body 
of L,geß(L). Hence ge B(M) and geM. Were ge Cnm, then either g e C, 
whence by 5.6 ge Cr, a contradiction, or g e B; for some j = 2,- - -, such 
that C; is absent from M. In the latter case gx% 8 (M), a contradiction. 

The second conclusion of the theorem follows from the third conclusion, 
in virtue of the definition of substantial components. 

The first conclusion itself may be proved by induction on m. If m = 1, 
we need only take M = G. If m>1, we treat the typical cdse of even m. 
We select a parent L’ of the given component L. The induction assumption 
yields a component M’ in (B, C)” X G, with 


B(L') C B(M’). 


The desired component M is now to be found as a component of Cy X M’ 
corresponding to L. Since L is substantial, there is a vertex g in L but not 
in Cz. But L has arisen by the separation Cr X L’, whence 


(1) Cr = Cy. 


Conclusion 3. above gives ge W’, gx Cw. Hence there is exactly one compo- 
nent M of Cy X M’ which contains g. This M, a component of 
(B, C)™* X G, has the desired property 1, for if h e B(L), we prove he B(M) 
by an argument in two cases, as follows. 


Case 1. hx Cz. Then, by (1), A&Cz. But since the vertex g chosen 
above to determine M lies together with h in the component L of Cy X L’. 


8 
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there is by Theorem 1.1 some chain D in L’ which 
no vertices of Cy. By the induction assumption, D 
vertices of Cy. Hence g and h must belong 

M of Cy X M’. Finally, h e M and hs Cw imply he 


Case 2. heCy. It may be that h is in C, o: 
desired conclusion he B(M) is then immediate. O 
there is some j, (j = 2, -+ n) such that he Cj, v 
contained in L. Hence both C; and B; are contaii 
therefore, by the induction assumption, in 6(M’). 
hence C; C M in the separation Cy X M’, while b; 
both B; and C; are in M, C; and therefore h is in B( 

It is also necessary to show that the alternating s 
comes to anend. This is the finiteness theorem. 


THEOREM 6.2. For a given graph G and fixed 
there exists an integer q such that, for all m >q, 


(B, C)” X G= (B,C) x C 
We thus introduce the notation for an “ infinite” se 
(B,C) X G= (B,0)1X ( 


Proof. Any component L in a separation (B,C 
some parent component M by a separation such as £ 
and Bz = By, so that L cannot be further separate: 
chain Bz. If now L should remain unchanged by the 
it must remain unchanged by every subsequent sep 
Bz nor Cy, separates L. That is, if L is separated 
quent stages of separation, then it must also be actu: 
stage. , 

Return to the theorem and take g equal to the 
Suppose that the inequality 


. (B, C)ym x G of (B, c)™ x 


holds for some m = qg. Then there is at least one com 
ferent from one of its parents L, on the right. Der 
of L, by Le, and of L, by Ls, and so on, construct the 


Lo, fy, Lo, sry La 
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Since Ly =b, the remarks of. the preceding paragraph show that each L; is 
different from its parent Lin; in particular, each L; has a smaller number 
of vertices than its parent. Since Lg cannot have more than g vertices, this 
shows that L has no vertices at all, a contradiction.?” 

Any separation H X G is determinate, in that a vertex of G not in H is 
contained in exactly one component of H X G. A useful consequence is 


THEOREM 6.8. If L and N are two substantial components of 

(0, B)” X G, such that 
e B(L) CBN); 

then eg 
L=WN. 


Proof. If L contains a vertex f contained in neither B nor C, then, by 
the determinateness mentioned above, L is the only component of (C, B)” X G 
containing f. Since fe B(L), the result follows. 

Suppose that no such vertex f is present. L consists then entirely of 
atomic chains from B and C. Since L is substantial, it contains either a pair 
of chains (B;,C;) for some j —2,---,n, or else one of the pairs (B1, C1), 
(Bi, Cnr), (Busty C1), (Bnr Cnm). Now there is but one component of 
(C, B)” X G which. contains both B; and Cj, as may be established from the 
determinateness property by induction. Since, by the definition of the body, 
both B; and C; belong. to B(Z) and thus to B(N) if they belong to L, the 
equality. L == N is again established. The other pairs above are treated in 
like manner. neri 

The uniqueness theorem for substantial components now runs as follows: 


THEOREM 6.4. There is a 1—1 correspondence between the substantial 
components L of (C,B)° XG, and the substantial components M of 
(B,C)? X G, such that corresponding components are isomorphic. 


A suitable correspondence between the L’s and the M’s can be defined 
by the relation 


(De ox ` B(L) = (M). ; 


This relation is equivalent to the relation 


R). a. ~ B(L) C B(M), 


“The value of q used here can be decreased considerably by a more elaborate 
analysis, based on the number » of chains common to B and Ọ. 
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for, by the finer separation Theorem 6.1 there exists for each M an N in 
(C, B)® X G with 
B(M) C BWW). 


This, combined with (2), shows that the conditions of Theorem 6.3 hold. 
The conclusion (1) follows at once. The converse, (1) implies (2), is 
immediate. 

Furthermore, (1) is a 1— 1 relation. The existence of an M for every L 
follows from the finer separation Theorem 6.1 and the equivalence of (2) 
and (1). The uniqueness of this W is a consequence of Theorem 6.3. The 
converse properties are established by similar proofs. 

If L and M stand in the relation (1), then they are isomorphic. For 
(1), combined with 5.2 and the definition of a body of a component, shows 
that L and M differ, if at all, only in that, for certain values of j between 2 
and n inclusive, E contains B; but not C;, while M contains C; but not B; 
(or vice versa). If in L we replace each such B; by the corresponding C;, 
or vice versa, we can transform L into M. 

Each replacement B; —> C; in this transformation is an isomorphism. 
Since B; and C; have the same number of vertices, we need only show that 
the contiguity relations of B; and those of C; are the same. In fact, both 
B; and O; are attached to the adjacent chains Aj. and A; in the same man- 
ner (see Theorem 3.2). No other contiguities between vertices of B; and 
vertices of L— B; are possible. For suppose instead that a vertex g of. B; 
were so contiguous to a vertex h of L. This vertex is not in B, for B is a 
chain. If h were in C but not in B, then either he Cj, and both O; and B; 
belong to L, contrary to assumption, or he C; for ij, contrary to Theorem 
8.2. Hence A belongs to neither B nor C, and so he B(L). By (2), 
he B(M). Now in any separation H X G two contiguous vertices such as- 
h and g must be present together in at least one component; in the separa- 
tion (B,C) X G this must be the component M, for h is in only one com- 
ponent. But ged contradicts the assumption: that C; but not B; was con- 
tained in M. The invariance of the contiguity is thus established.* 


Y. Duplicate and Non-substantial Components. In a complete geodesic 
separation § a component may consist of just one edge e. However, the 


18 The isomorphism of L to M is of a special type: any vertex g in L is identical 
with its corresponding vertex in M unless g is not contiguous to more than two points 
in L (alternatively, L is transformed into M by replacing certain “ suspended ” chains). 
The whole investigation could be formulated in terms of this narrower concept of 
isomorphism. 
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same edge e may be part of another component of S. In such a case we agree 
to drop the edge e from the set of components S.` On the other hand, if e 
appears more than once as a component in S, but is not part of any larger 
component, then we agree to count e but.once. This convention *° will not 
alter the fundamental Theorems 1.2 and 2. 3. 

More generally, any set W of components may contain a component L 
which is a “ duplicate ” because it is a subgraph of some other component in 
W. In a chain separation all such duplicate components are chains; hence 
the result of å complete geodesic separation is not altered if all duplicates are, 
dropped as they arise. , ' 

The non-substantial components in a complete separation are either 
duplicates or arise from “bridges.” By a bridge ™ e in a graph G we mean 
an edge which is contained in no circuit of G. 


THEOREM 7.1. If 8 is a complete geodesic separation of a connected 
graph G, then every bridge in G appears by itself as a component in X, and 
_ K contains no other components which are trees. 


Proof. A tree with more than one edge is always separable; hence 
the only trees in § are single edges of Œ. Any edge e of G which is not a 
bridge is contained in a circuit of G. For any separation B X G, e is con- 
tained in a B-circuit (§ 2), and this circuit is contained in some component 
L o£ BX G. Hence e belongs to a component which is not a tree. By 

` induction, e is present in S in some component which is not a tree. Hence if 
e appears by itself in S, it is a duplicate. 

Any bridge e’ of G belongs to at least one component L in S and is a 
bridge in L. Were L to contain any edges other than e’, then L would be 
separable, contrary to the fact that S is a complete separation. Hence *%’ is 
the whole component L. , 

This theorem suggests that the treatment of duplicate components in a 
complete separation can be standardized as follows: Whenever a component 
L with a bridge e arises, then separate L successively by the two end-vertices 
of e. Then e appears by itself as a component. It is a duplicate unless it 
was a bridge in the original graph G. . 


8. Uniqueness Theorems for Chain Separation. 


/ ` 
THEOREM 8.1. Any two complete geodesic separations S and T of a 
connected graph G have the same result, in that there is a 1—1 correspond- 


19 Some such convention is necessary for the uniqueness theorems of § 8. 
2 E. Steinitz und H, Rademacher, Vorlesungen über die Theorie der Polyeder, p. 98. 
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ence between the components of S and the components of T such that corre- 
sponding components are isomorphic. 


This theorem may be proved by induction on the number q of vertices 
in G. An enumeration of the cases shows it to be true for q = 1, 2, 3, 4. 
Assume then that it holds for all integers less than some g. Let the separa- 
tions S and T begin with BX G and O'X G respectively, and construct a 
complete separation S’ beginning with (C, B)® X @. Also construct a com- 
plete separation T’ beginning with (B,C) X G@ and continuing so that 
each substantial component of (B,C)™® X G is separated by T” in just the 
sarne way as the corresponding isomorphic component of (C, B)® X @ is 
separated by 8S’. By Theorem 6.4, (C,B)° X G and (B,0)®X G have 
the same result, except possibly for some components which are non-sub- 
stantial; i. e., which are chains. Thence, by Theorems 4.1 and 7.1, S’ and 
T” have the same result throughout. Now S and 8’ both begin with the sepa- 
ration B X G. We can assume without loss of generality that B X GG; 
we can then apply the induction assumption to each component of B X G 
an= obtain a 1— 1 correspondence between components of S and 8’ which 
are not single edges. The correspondence can then be extended to include 
these single edges (Theorem Y. 1). By a similar proof, 7 and T’ have the 
same result. Hence S, through 8’ and T”, has the same result as does T. 

A similar theorem can be obtained for a complete separation which uses 
gesdesic chains whose lengths are all less than a fixed integer no This 
foows because all the separating chains used in the construction of 
(B,C) X G are at least as short as the longer of the two chains B and C. 

For example, a chain of length 2 is always a geodesic. Hence if a graph 
is separated by single vertices and by edges (chains of length 2) as many 
times as possible, then the resulting set of components is independent of the 
particular vertices and edges used in the separation. In this case correspond- 
ing components are not only isomorphic, but also identical, for two chains 
B and C of length 2 cannot have more than one subchain in common (see 
Theorem 3.2 and the discussion of isomorphic components under Theorem 
6. 4). 

The methods discussed in this paper for establishing the uniqueness of the 
separation of graphs by chains can be applied to study separation by circuits. 
Tze chief problem which arises is the development of a notion of “ geodesic ” 
circuits to exclude the cases in which separation is not unique. 
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GAUSSIAN DISTRIBUTIONS AND CONVERGENT INFINITE 
CONVOLUTIONS. 


By AUREL WINTNER. 


A result of Paley and Zygmund? [3] on Rademacher series suggests the 
following situation: Every symmetric Bernoulli convolution is at the infinity 
at least as strongly damped as a Gaussian distribution function. The object 
of the first part of the present note is the proof of a theorem to this effect. 
.The result implies in particular that every symmetric Bernoulli convolution 
has moments of arbitrarily high order, 


(1) pm($) = do(a), (m=0,1,8: +), 


and that these moments belong to a determined moment problem. As far as 
the asymptotic estimate by means of Gaussian distributions is concerned, it 
cannot be stated that the density of probability is majorized by a Gaussian 
density C exp(— Az”). In fact, there exist symmetric Bernoulli convolutions 
which are nowhere absolutely continuous (cf. [2], Example 6). It will, how- 
ever, be shown that the distribution function itself is 


(2) O(w,(x)) as e>— œo and 1+ O(1—w(x)) as r —> + œ, 
where 


o (2) = (A/r)% f i exp(— au?) du 


is the Gaussian distribution function with a sufficiently small dispersion 
parameter A > 0. Since there need not exist a density, the situation is more 
delicate than in the case of “smooth ” problems of the type of the distribution 
problem of the Riemann ¢-function (cf. [2], Theorem 16). It will turn out 
that it is not necessary to restrict the considerations to the case of Bernoulli 
convolutions. It may be emphasized that the Gaussian distribution function, 
majorizing the convergent infinite convolutions under consideration, Belongs 
to a case of divergence of these infinite convolutions (cf*the end of the paper). 
The proof of (2) requires an adaptation. to convolutions of an argument 
applied by Paley and Zygmund [3] to Rademacher series. The adaptation is 
made possible by the well-known algorithm of convolution moments (cf., e. g., 


1 Numbers in brackets refer to the bibliography at the end of the paper. 
; 821 
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[4]). This algorithm will play the rôle of the algorith 
orthogonal functions of Rademacher. The result (2) for 
convolutions is interesting also in view of a theorem of He 
been shown in [5] that there exists for every e> 0 a 

convolution the Fourier transform of which is 


O(exp (— | #|?*)) 
as t> 0. 
Let 


(3) . Ti; 23° * °;On,° °° 


be a sequence of distribution functions which are, for insta: 
a finite interval. On considering the Fourier transforn 
(“ Faltung ”) 


oL: e on 
and using the notation (1), it is easily shown (cf. [4]) 
pm (ar ** on) = [w(or) + > + alo 


where [ ]” is a symbolical power affecting the » with £ 
words, 
(4) Hm(or ** > on) = X Cig... pi (or) pi (02) 


where the summation runs through all collections (i, j,- > 
integers i, j,- - - for which i+ 7-+---—=m, and Ozz.. 
nomial coefficient 

Cy... = (t+) libPyee-- 
It is easy to see (cf. [3]) that 
(5) Ozizi... SE mO... if ipit 

Let, in particular, 
(6) pom (a1) = 0, Poms (02) = 0, siki s Bomi (On) : 
where m = 0,1,2, 5°. Then from (4) 
Pome (Ci Be E oy) = 0, 


while 
pom (or Bee ee On) == 3 Ozi 2j... poi (o1) pej (0 


where the summation runs through all collections (i 
Qi +2] +: -=32m. Hence from (5) 
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(7) Hom (o2 Beas on) < m™ 5 Cy eek pai (ox) p23 (02) ae {m = 1,2, > ) 


where the summation runs through all collections for which i-+ j +--+ =m. 
Let j l 


(8) on (2) = B(2/bn), (bn > 0, n=1,2,: : Jo 


where B(s), denotes the symmetric Bernoulli distribution function which is 
equal to 0, $ or 1 according as æ lies on the left, in the interior or on the 
right of the interval —1S21. Then (6) is satisfied, while 


Pom(on) = br?” (m = 0,1,2,-- >; w= 1,2) 
Hence from (7) 
pam (os Me -k on) S m” 3 Oi... bb - as 


where the summation runs through all collections of n non-negative integers 
i j,: ©- for which t+ j+: < -= m and so the factor 3 of m™ is the m-th 
power of b,? + ba? +- +--+ bn?. Consequently, 


(9) Pam(or** > + ¥ on) < (Bm)™, (m, n = 1,2,- ) 
where : 


o9 
B = > b,?. 
; nal 
It will be supposed that this series is convergent. This assumption is, ac- 


cording to [2], necessary and sufficient for the existence of a distribution 
function + such that ` 


(10) . o*t * on =T as n—>+ oo, 
i. e, for the convergence of the infinite convolution 
(10a) T=01 *¥ 0*0, 


where on is defined by (8). Now it is easy to see that pom(r) is finite for 
every m and that, furthermore, 


(11). (0 S)pem(r) S (Bm), , (m= 1,2," +). 
In fact, it is clear from (9) and (1) that, for every R > 0, 
` R . ` 
f a?” den (x) < (Bm)™, where ta = 0,8! ©! ay) 
Jr 3 


` Since, from (10), 
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R R 
f 2?” dry (a) > f gm dr(x), n= + o, 
-R -R 


‘in virtue of Helly’s theorem on term-by-term integration, it follows that 


f on dr(2) S (Bm), 
-R é 


which implies (11) by letting R —> + œ. 
The estimate (11) shows that the series 


(>s 
> [pen (r) 7m 
m=i 

is divergent. Hence 


pn (7) = Cm (m =0, 1,2, J; 


is a determined moment problem in virtue of Carleman’s classical criterion. 
It is also seen from (11) and from the convergence of the series 


œ , 
DS m! "Bm, where mim” ~ (2rm)-V2e™, 
m=1 
for sufficiently small values of A > 0 that the series 
2 +00 oOo 
X mm f 2dr (et) = X m A” uom (7) 
m=0 00 m=0 
is convergent, and so 


f exp E AOE 


for every-sufficiently small à > 0. Thus for every s > 0 


const. > f “exp (Au*)dr(u) = exp (iat) f de(u) = exp (Az) [1 — r(x) ], 
or 
1—v7(x) = O(exp(— dAz?)), rt >+ œ, 
while l 
(x) = O(exp(—Az’)), 2>—o 


by reasons of symmetry. This completes the proof of (2), since A is arbitrary 
and ~ 


exp((A— 9e) f erp (— Au?) du < f (A — e)u? — du?) du 


+00 7 
-f exp (— eu?) du — 0, 0<¢>+ 0; 


r 
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* +00 
Í exp (— Au?) du = O(exp(—(A—e)2’)), T- + 00, 
@ 
for every fixed positive e (<A). l 

The above proof applies also in cases where (10a) is not a Bernoulli con- 
volution. In fact, it is suficient to assume that (10a) is a convergent infinite 


convolution of arbitrary symmetric distribution functions on for which 


wo 
‘B+, where B= $ p2(on), 


n=l 
and 


(12) (polon) )” = d"u (0n), (m=0,1,2,:-°35 n= 1,2, > D 
where æ is a sufficiently small positwe constant. 
First, the symmetry of on means, that 
on(2) + on(—2) = 1. 
Since this implies (6), the inequality (7) is applicable. Hence, from (5) 
and (12), , 


n 
Han (or Beeld a0 on) =< mig ( D> p(o) )”, 
j= 
and so j 


(9a) ` wom(or** + ® on) S (Am)”, (m,n=1,2,--°), 
where 


A = aB Z ot Š p(o) 
j=1 


is independent of m and n. The balance of the proof is the same as dbove. 
A sufficient condition for (12) is that 


(8a) on(@) = p(2/bn), (bn > 0, n= 1,2, > J) 


where p(#) is an arbitrary symmetric distribution function the spectrum of 
which is a bounded set and contains at least two points. In fact, the latter 
conditions imply that 


| pon (p) |1” < const, and po(p) 0. ° 
On the other hand, s 


pm (on) = bnum(p) 


by the definition of on. Thus (12) is satisfied. The convergence of 


> oo 
B= b: 


n=1 
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is necessary and sufficient for the convergence of the infinite convolution (10a) 
also when p £ 8. On placing 


a= yV Bm, where By, = by? +- +--+ brf, 


` the finite convolution 
o1(2) +- + #on(2) 


tends, as n—> + œ, to a Gaussian distribution function w —w(y) whenever 
B= +o and b, < const., while it tends to the. distribution function 
(y V B) whenever B< +œ, i.e., whenever (10a) is a convergent infinite 
convolution. 


Tue JOHNS HOPKINS UNIVERSITY. S 


BIBLIOGRAPHY. 


% 





[1] G. H. Hardy, “A theorem concerning Fourier transforms,” Journal of the 
London Mathematical Society, vol. 8 (1933), pp. 227-231. 

[2] B. Jessen and A. Wintner, “ Distribution functions and the Riemann zeta 
function,” Transactions of the American Mathematical Society, vol. 38 (1935), pp. 48-88, 
more particularly § 6. 

[3] R. E. A, C. Paley and A. Zygmund, “ On’some series of functions (1),” Pro- 
ceedings of the Cambridge Philosophical Society, vol. 26 (1930), pp. 337-857, more 
particularly Lemma 2. Also A. Zygmund, Trigonometrical series (1935), p. 124. 

[4] A. Wintner, “On an application of diophantine approximations to the reparti- 
tion problems of dynamics,” Journal of the London Mathematical Society, vol. 7 (1932), 
pp. 242-246. ; 

[5] A. Wintner, “On symmetrie Bernoulli convolutions,” Bulletin of the American 
Mathematical Society, vol. 41 (1935), pp. 137-138. 


ON CONVERGENT POISSON CONVOLUTIONS. 


By AUREL WINTNER. - 


Let - ` 

m=r(x) =r(2;4, g), —o<r< +o, 

where . 
a>0 and 0<q<i, 


denote the one-dimensional distribution function which has at « =0 adr =a 
the jumps 1— g and g respectively. Thus (a) is a step-function.which is 
equal to ` : ' 

0, 1—q or 1, 
according as x is in the interval 


(— ©, 0), (0,4). or (m+ œ). 


Clearly , : 

(1) p(w) = aq, hence p(x) — [m(7)]? = eq (1— 1), 
and : 

(2) > L(t; 7) =1—q(1—e'*), - 


where p(o) denotes the k-th moment 


(1a) mlo) = f do(a) (k=1,8: 5 polo) =), 


and L(t;e) the Fourier transform 


(2a) L(t30) =| Hugi (Hocico), 


of the distribution function e. Poisson’s law of seldom events deals, in its 
classical form? [2], with the limit of a properly reduced convolution of a 
finite number of distribution functions 7. The present note considers infinite 
convolutions of distinct distribution functions m without any reduction, that 


is to say infinite convolutions . A 
(3) mi (2) # ma(z) * a(t) * i ¥aa(2) t, 

where l 

(4) Tn (T) = T (T; An Qn), 


and the asterisk is the convolution operator. 


` 


* Numbers in brackets refer to the bibliography at the end of the paper. 
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It has been shown in [1] that if both series 
oO o0 

6) (on), D {pe(on) — [r (on) J} 
are convergent, then so is the infinite convolution 
(6) ` oi(2) * o(s) +> > 
Now the series (5) take in the case (3) the forms 

f oo >» œ 
(7) > angr, > an?a (1 — gn) 

n=l n=l 


in virtue of (4) and (1), and it is shown by examples like 


(8) a~n, Onal — Gn) =1 (anga ~ 0, 1 —> 00) 


that the convergence of the first series (7) is compatible with the divergence 
of the second series (7). It is nevertheless true that the convergence of the 
first series (7) alone implies the convergence of (3). It is sufficient to prove 
that the convergence of the first series (5) alone implies the convergence, 
even the absolute convergence, ofi (6), whenever no on(x) has a negative w in 


its spectrum. Now in the latter case 


m(on) = f [# | donla), 


and it has been shown in [8] that the assumption 


o0 +00 
= | a | don(%) < + © 
n=L a -00 


always implies the absolute convergence of (6). Hence the situation is this: 


The infinite Poisson convolution (8) is absolutely convergent whenever 


(9) . Žampa < prey 


On the other hand, (9) is not implied by the absolute convergence of (3) ; 


cf. (2) and (14b). 


It will always be supposed that (9) is satisfied. The distribution function 


represented by (8) will be denoted by 


(8a) p = p(z). 
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Thus 
(10) L(t; p) = IL L(t; m) 


according to the general theory [1] of infinite convolutions. It is seen from 
(8) that (9) may be satisfied also when 


(11) an= +o as n> + oo. 


This does not contradict the fact, proven in [1], that the conyergenre of (8) 
implies the limit relation 
( 9a) Tn > ô, 


where 8 denotes the distribution function 
(12) > è(<) = 4 (1 + sgn v). 


In fact, the n-th term of the series (9) is the area of the rectangle which is 
bordered by the curves 
y =m (s) and y= (z), 


and so (9a) is implied by the condition 
(9b) angn—> 0, 


which is compatible with (11). 

In view of Lévy’s deduction [4] of the Gauss law, it is worth while to 
mention that, as a consequence of the convergence criterion (9), there esist 
infinite convolutions such that 


` (18) pilon) =0 and polon) =1 for. every n, 
although (6) is convergent. If (6) is convergent, then the finite convolution 
oi (a) * POLEETIOR 


when reduced to have the dispersion 1, does not tend to the Gaussian distribu- 
tion function of dispersion 1 but to the distribution function (12), for which 
po(8) = 0. Now the Fourier transforms of the distribittion functions 


(18a) | a o(z) and o(a+b) 


are identical up to the factor e**®. Hence, if 


(13b) `! Èb 
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is convergent, the convergence of (6) is necessary and sufficient for the con- 
vergence of the “ translated ” infinite convolution 


oi(a + bs) # oale + be) * 


` Thus the existence of a convergent infinite convolution (6)- satisfying (18) is, 
in view of (1), (9) and (13b), a consequence of the fact that (8) is com- 
patible with (9), the difference of the first moments m of the distribution 
functions (18a) being equal to b in virtue of (1a). 

The addition rule of spectra [1], when applied to (3), shows thak the 
spectrum of (3) always consists of z = 0 and of the closure of the positive 
values 


(14) a + a; tat, 


where i, j, &,- - - is an arbitrary finite collection of distinct positive integers. 
Thus the spectrum of (3) is a bounded set if and only if 


(14a) Sic a: 
F n=i 


a condition implying (9). The smoothness criterion (21), to be proven later 
on, is compatible with (14a). On the other hand, (3) cannot be a continuous 
function if 


(14b) Ega < H o. 


n=l 


In fact, it follows by a complete induction from the definition of a convolution 
as an integral, that the jump of the function (3) at s= 0 is never less than 


il (1 — qn), 


and is therefore positive in the case (14b). Further, it is clear from the 
spectrum rule (14) that the spectrum of (8) is the whole interval [0, + œ], 
whenever ; 


(14¢)" Sak œ- and @n— 0. 


° n=l 


This does not imply the continuity of (3), since (14e) is compatible with 
(14b) and (9). An example to this effect is 


qn = On” = (n + 1), 
Now if both (14b) and (14c) are satisfied. then the discontinuity points of 
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(8) lie dense in [0, + co] in virtue of Teori 85 of [1]. The peen 
of (3) is a sequence of points 


(15) 0,¢1,€2,° © +, Where Cn —> + ‘o, 


if, for instance, (11) is satisfied or if a, is independent of n, conditions 
necessitating (14b) in view of (9). On the other hand, not every distribution ` 
function which has a spectrum of the structure (15) may be represented in 
the form (3). An example to this effect is the Poisson distribution function 
[2], for which cn = n and the jump at s =n (= 0) is (n!e)7. 

An approach to the investigation of smoothness properties of p(x) consists 
of obtaining, if possible, estimates of L(t; p) fort—+-+'0; ef. [7]. In this 
-diréction it will first be shown that if 


+ 0 

(16) È qn’ < + %0, 
n= 
where 
(16a) hE 
and if (9) is satisfied, then 
(17) log | L(t; )| < — CPF) + 4, 
where O and A are positive constants and f(t) denotes the even function 
baan 2 

(18) FO = a Yolen 


The inequality (17) is understood to hold for every t, with the proviso that 
log | L | denotes — œ if L =0. 

` The proof of (17) depends on a combined adaptation of arguments used 
in [7] and [9]. First, l 


(19)  log|D(t;=)| <—g(1—cosat) +8, if qS. 
In fact, 
log | L(t; r)| + g (1 — cos at) 


is the real part of the function E 
log L(t; æ) + g (1 — e%%) 


and'so not larger than the absolute value of this function, hence, according 
to (2), 


co foe] 
= z| q(1— et) KAE (2q)"/n < 88°, 
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if qh. This proves the inequality (19), which is, according to (16a), 
applicable for every q = qnm. Now 


1—cst2CF , 
for some C > 0 and for every ¢ in the interval. -1St1. Hence 
1 — cos dnt = Can?t? 
for every än & 1/| £ |. Consequently, 


qn (1 — COS ant) = È nOn 
amit] 


anjt|S1 E3 


for every t. On combining this inequality with (18) and (19) and using the 
assumption (16), it is seen that 


PREG mm) | < — OPF) +A 


for some sufficiently large A >.0. This implies 
o0 
È log | L(t; n)| < — CPF (t) +A 
< 


in virtue of | L(t; ra) S1 ane therefore completes, aocording to (10), the 
proof of (17). 

Since the spectrum of p(x) lies at the right of the origin, p(w) = 0 for 
z < 0 but not for every x, so that p(x) cannot be regular-analytic along the 
w-axis. On the other hand, it is possible to delimit a class of sequences (4) 
for which p(x) has derivatives of arbitrarily high order for every z. According 
to [7], this will be the case whenever 


(20) L(t;p)=O(exp—|t|”), toto, 
for some y > 0. Now, on using (17), it is easy to prove that if 


(21) g<v<ci<caAty 
and'if (4) is such that 


(22) Wr Lan LA and nÒ < an < nd 


for every 8 > 0 and every n > N = No, then p(x) has for every « derivatives 
of arbitrarily high order, (20) being satisfied for every 


(23) ` y < (1—r)/À 


nN 
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At the first sight, the restrictions (21) seem to be artificial. It turns out, 
however, that the inequalities (21) are about the best of their kind. 

First, (9) and (16) are satisfied in virtue of (21) and (22). Also, (16a) 
is implied by (16) for large n, and since in (28) the sign of equality is 
anyway excluded, no generality is lost by supposing that (16a) holds not only 
for large n but for every n. Thus (17) is applicable. Now from (21) 


2A +r >l; 
hence, as | ¢ | —> 0, 
(24) I maro (yd =B |t eann, 
n-Alt]s1 jA 


where B > 0. Since ô in (22) is arbitrarily small, it is seen from (21), (22) 
and (24) by straight-forward estimates that l 


oT 


On? Qn > | t | -h--) fA 
an|t {$2 


for every e > 0 and for every | ¿| > T = Te Hence, from (18) and (17), 


i log | D(t; p)| < — | ¢ [072A 
for every e > 0 and for èvery | t| > T =T, „This means that (20) is true 
for every y satisfying (28), q. e.d. 

That the inequalities (21) are, in the main, as good as possible, is seen 
as follows. First, y > 1 is impossible for any A, since v > 1 implies (14b), 
hence a discontinuity for p(x). On the other hand, on tetting 


w—>1+0 and 2 >1-+0, 


4 


which is compatible with (21), it is seen that 
(1—v)/A> 1—0, 


while (20) holds for every y satisfying (28). Hence (21) permits in (20) 
every y<1. Now (20) cannot hold in the limiting case y=-1. In fact, 
'(20) with y = 1 implies, as shown in [7], the analyticity of p(s) along the 
x-axis, when, as a fact, p(x) cannot be analytic along the a-axis. This proves ` 
that v < $ is impossible for some A. The assumption $1 '< A -+ v has been 
made in view of (9). Finally, it was necessary to exclude in (21) the equality 
signs, since one had to take care of the small exponents + 6 in (22). 

These considerations hold, of course, also under the restriction A = y, in 
which case (21) goes over into $< v < 1 and the rectangle of small area, 
mentioned in connection with (12), is nearly a square. ` 
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Without using the language of the convolution theory, Schoenberg has 
effectively shown [5] that the distribution problem of the sequence 


(25a) log i—log (1), log2—log $(2),-- -, logn—log¢(n),-- - 
depends on the particular case 


(25) Qu = T/pn~1/(nlogn), an =— log (1—1/pn) ~ qn 


‘of the infinite convolutions treated in the present note, (n) being Eulers 


function and p, the n-th prime number. Schoenberg obtains (10) from a 
direct consideration of Schur and not from the theory of convolutions, An 
application of the theory of convolutions to arithmetical functions which are 
more general than (25a) will be given by Schoenberg in a paper referred to 
in [1]. It is seen from (14c) that in the case (25) the spectrum of p(x) 
is the whole interval [0,-+ œ]. On the other hand, Schoenberg [5] has 
proven in an interesting manner that p(x) has, in the case (25), no dis- 
continuity points. It is not known whether Schoenberg’s p(x) is or is not 
absolutely continuous; the criterion (20) fails, since (25) implies y = à = 1. 
Correspondingly, Schoenberg’s proof for the continuity of p(x) depends on 
arithmetical properties of his an, more particularly on their linear independence, 
and not merely on questions (22) of rough order of magnitude. 

It is interesting that the existence of a rough order of magnitude implies 
a high degree of smoothness for the symmetric case of infinite “ Bernoulli 
convolutions” also. The result of [7] is precisely to this effect but imposes 
a strong restriction of regularity on the increase of the correction factor. The 
method used above admits of a simpler and general treatment if one replaces 
(17) by the corresponding inequality given in [9]. 

In order to prove this, let 8 = (x) be the distribution function which 
has both at z = — 1 and g = 1 the jump 4, i. e., the distribution function for 
which L(t; 8) = cos, and let the sequence {bn} be such that 


(26) ŞS ba? < + œ, where br >O. l 
n=1 


Then the infinite Bernoulli convolution 
(27) a(x) = B(x/b;) * B(x/b2) #5 > 


is convergent and has the Fourier transform 


(28) L(t30) =f cos (But). 
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On placing 
(29) N= J 4, 


bal tft 
it is easy to see that 


(30) L(t; o) = O(exp{— C[N(2¢) — N(4)]}) (t> œ) 


for some C > 0. In fact, N(t) clearly is the number of values n satisfying 
the inequality bn = 1/| t |, where bn > 0. Hence, if t> 0, there are at least 


(29a) N(2t) —N(t) 
| values of n satisfying both inequalities 
(29b) 1/(2t) S ba S1/t. 
Now for all these. (29a) values of n, 
(296) 0:< cos(bnt) S cos $ 
in virtue of (29b). Hence it is seen from (28) that 
(30a) | D(t30)| £ (cos #)Men-weH 


for every t >0. Since L(t;o) and N(¢) are even functions in view of (28) 
and (29), the estimate (30) is implied by (80a), the constant C being the 
logarithm of 1/cos $, and so C > 0. Now (380) ee the desired analogue 
- to (22), and even more: 

If (26) is satisfied and tf 


(31) mõ- bn < nee 


holds for a fixed « > 0, for every 8:> 0 and for every n > K = Ka, then (27) 
has derivatives of arbitrarily high order for every x. Furthermore, (27) is or 
is not regular analytic along the a-axis according asa<1ora>1. On the 
other hand, (27) may possess derwatives of arbitrarily high order for every x 
also in cases where the decrease of bn» is stronger than that allowed by (81), 


an example to this effect being : . 
(32) n= exp(— n") 7 o (0<x<$). 
Finally, in the case ; 

(33) by, = c%, c = Qh (h=1,2 °), 


where the decrease of ba is still stronger, (27) acquires derivatives of arbi- 
trarily high order for every x as f 
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c—> 1—0, i.e, h- + 0, 


` for a fiwed h there being assured the existence of a continuous (h—1)-th 


derivatwe for every z. 


The last result is interesting also because (27) is, according to [8], 
not an absolutely continuous function if 0<¢< 4 (for c = 4 one obtains the 
classical Cantor function). ` l : 

Consider first (31). Since (31) holds for every ô > 0, it is easily seen 
from (29) and. (81) that 


l t | a-<)/a < N(t) < | t [Steere 
for every e > 0 and for every |t| > ZT. This clearly implies 
N(2t) —N (t) > | [or 


for every y > 0 and for every |t| >T =— Ty It therefore follows from 
(80) that 
L(t; 0) = O(exp(—|#|")) 


for every y < 1/a. Thus there always exists a y > 0, and y = 1 is admissible 
whenever a'< 1. Finally, if « > 1, then 


oo 
2 bn < + oe, 


i.e., the spectrum of (27) is a bounded set and so (27) cannot be regular 
analytic along the z-axis. The spectrum of the simplest case, bn = n4, has 
further been discussed in [3]. l 

Consider next (82). The function N (t) is, according to (29) and (32), 
the largest integer not exceeding (log | t])™*, where |t| > 1. A straight- 
forward reduction yields therefore for large values of |¢| the asymptotic 
formula 

N(2¢) —N (t) ~ (K> log 2) (log | t |) 00%, 


Thus, since 0 <x < 4, 
e =N(2t) —N(t) > e* log |t] 
for every e > 0 and for every | ¿| > T =T.. Hence from (30) 
L(t; o) = 0 (| t >) 


for every fixed e > 0, an estimate implying the existence of all derivatives of 
(27) for every z. In fact, it is seen from the inversion formula [4], 


4 
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+00 +00 , P 
o(a) =o(0) + S (rita (1— et) L(t5 0) (f —im f ) 
f _ 700 -0 -T 
of the Fourier transform (2a) that, for a fixed h > 0, the estimate 
(84). L(t; e) =0(| t |*) (t-> + œ) 


is a sufficient condition for the existence of continuous derivatives o (æ) of 
every order k S h — 1. 
The remaining case (33) is now easily treated. In fact, from (28) 

and (33), 

oo 

L(t; o) = [J cos(2-/" t). 

n=1 

Hence 


h- 
(35) L(t; o) =I I] cos(2 2% t), 
j= m=i 


This may be written, in virtue of Vieta’s identity 


oo 
II cos (2° z) = 27 sin z, 
mea1 y 
in the form 
aad 
L(t; o) = JJ (2-4 ¢)+ sin(2-4 t). 
j=0 


Consequently, 
h-i r 
L(t; e) =M0(] t=) =0(] t, 


which completes the proof in view of the criterion (34). 

It may be mentioned that o(s) is, in the case (33), symmetrically conver, 
i.e., such that the derivative o’(z) is a non-increasing function of |s]. In 
fact, uf two distribution functions are symmetrically convex, then so is their 
convolution. Now on denoting by on(x) the s(x) which belongs to (33), it is 
seen from (35) that 


ħh-1 g 
L(t; or) = [ L(2A t; o), 
j=0 
i. e., e 
on(@) = o (2) * o (2t g) + oy (20DA g), 


Thus it is sufficient to show that c (s) is symmetrically convex. Now 
L(t; o) is Vieta’s product and so 


i 
L(t;a) =i sint=4 f etto de; 
-1 
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hence l 
(z) =4 if ļej<1 and o'ı(£) =0 if Je|>1. 


Thus o, (r) is symmetrically convex. 
Similarly, the o(z) belonging to bn = 7 is symmetrically convex, since 
it may be written in the form 


a(x) =o, (£) * o, (878) * o (50) ++. 


This o(x) is regular for every %, since in (81) the correction factors n“? are 


superfluous and so 
L(t; o) = O(exp(—|#|”)) 


holds not only for every y < 1/a = 1 but for y = 1 also. 
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A NOTE ON THE PO INERGENCE OF INFINITE CONVOLUTIONS. 


_ By AUREL WInTNER. 


_ It is known? that the infinite convolution o1 *o2*-- - of distribution 
functions on = on (x) is convergent if and only if the product 


(1) > TE L(¢5e0), where L(t;on) = f> ete don(2), 
n= -%0 

is uniformly convergent in every fixed finite t-interval. This criterion for the 
. convergence of o, *o,*:+- has the disadvantage of involving a variable 
parameter ¢ Convergence criteria which contain only the first and second 
moments of every on have been proven in the paper referred to before, where 
a general theory of o, *o,*- - - also is developed. The object of the present 
note is to point out.a simple convergence criterion which does not contain a 
parameter and applies also when the moments of second or first order do not 
exist. Let 8 > 0 and 


8) 3 Malon) <+ 2, where Molon) = f |æ |? don(2). 


If (2) holds for § = ô, it need not hold for 8< 4, although it requires the 
less of every on the smaller is 8. Now if 0< 81, then (2) implies the 
absolute convergence of o,*0,*: - +. Forif0 < è S 1, then | sin tz | S | ta |è. 
Now | e##—1|S2|sin (a/a. Hence | e#*—1|=2|tx|® Conse- 
quently, since L(0; on) —1, 


| L(t3on) —1|'S sf. 2 | ta |è don(w) =2|t |è Mo(on). 


Hence it is seen from (2) that the product (1) is absolutely and uniformly 
convergent in every fixed finite ¢-interval. Furthermore, (2) implies the con- 
vergence of o, #o2*+- + only when 81. For let on(x) 0 or on(%) =1 
according as «0 or x È 2/n, while on(x) = 1/2 if O0<a@<2/n. Then 
2M5(on) = (2/n)®, hence (2) holds for every § > 1, although 


IL Lit; on) —ILexp (it/m) cos (t/n) 


n=l 


is not convergent for every t. 


THE JOHNS HOPKINS UNIVERSITY. 


1 B. Jessen and A. Wintner, “ Distribution functions and the Riemann zeta-function,” 
Transactions of the American Mathematical Society, vol. 38 (1935), pp. 48-88. 
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DETERMINATION OF A VAN DER CORPUT-LANDAU ABSOLUTE 
‘CONSTANT. 


By RICHARD KERSHNER. 


_ It has been shown by van der Corput and Landau + that there exists an 
absolute constant y with the property that if f(s) be a real-valued function 
possessing in the finite interval [a,b] a second derivative which is nowhere 
less than a fixed positive constant r, then 


S yr’, 


(1) | S cos f(x) dæ 





it being understood that y is independent of [a,b] as well as of f(z). This 
result has several applications in the analytic theory of numbers. Let yo 
denote the least permissible value y. The best estimate of yọ so far known 
seems to be 

Yo SS 82% = 5.657° +. 


We shall determine the actual value of yo by verifying a. suggestion of Wintner 
that the maximum of the expression on the left of (1) occurs when f(z) isa 
parabola such that f” (x) ==r. The precise result is included in the following 


statement: 


Let f(x) be real-valued and possess a second derivative f’ (x) =r > 0 
in [a,b]. Then 





b ` (° Bo f 
| f cos f(x) da sf cos (12/2 +- po) da == yor, 
a -Bo 
where ` 
Bo = [ (7 — 2mo) /r]*, 
the constant? po == — 0.25- + - being determined as the only root of 


s. ` 
1 Cf. E. Landau, Vorlesungen über Zahlentheorie, vol. 2 (1927), p. 60; or E. Landau, 
Hinfithrung in die Differentialrechnung und Integralrechnung (1934), p. 307; also for 
further references E. ©. Titchmarsh, “On van der Corput’s method and the zeta func- 
tion of Riemann,” Quarterly Journal of Mathematics, vol. 2 (1932), p. 173. 
2 The values of # and Y, given here were obtained by interpolation into the table 
of Fresnel integrals included in G. N. Watson, A Treatise on the Theory of Bessel 
Functions (1922), and are correct to + .002. 
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(7e 
f sin (2? + p)dae = 
o : 


in —r/2 S uS r/R, so that 
(at/2-9) 1 
Ji —2vaf cos (a? + po) da = 3.327 
0 ni 


It will be sufficiently clear from the proof that the function 
f(x) = rz?/2 + wo and the interval [a, b] = [— fo, Bo] lead, for any fixed r, 
to a maximum for the expression on the left of (1) which.is unique up to . 
the obviously permissible translations which do not affect the value of cos f(x). 

The method of van der Corput and Landau consists, in the main, in 
introducing f(v) as an independent variable and applying the second mean 
value theorem. In the present paper we shall work directly with elementary 
properties of the cosine curve. In fact, the proof follows directly from the 
following lemma. 


Lemmas. Let f,(x), fe(x) be real-valued and possess first derwatives 
Fale), falx) in the intervals [a, b1], [a, b2] respectively. 


Suppose that Da 
G) _ fila) = f(a) 


and denote this common value by u. Let & be the integer for which 


(k—1/2)r Sp < (k + 1/2)r 

and suppose that 

(ii) f(b) = fa (b2) = (k + 1/2)r. 

Let 

(iii) F(z) >0ina< tS b, Fale) Pe bo, 
and let 


(iv) fla) = f(a) = 0. 
Finally, let 
(v) Faa) 2 P(e) . 


for every v, in [«, bı], where Tt = 2, 2 (1) denotes the uniquely determined 
point of [a, ba] for which 


f(e) shte- 


[This function za (%,) exists and is unique in [a, 02] by virtue of (iii)]. Then 


< 


(2) 











f "paha 





feos fe(v) da 
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Proof. We notice first that these conditions cannot all be satisfied unless 
be = bı In fact, an application of the mean value theorem of the differential 
calculus to the inverse functions of f,(#) and f(s) shows that the function 
(a1) defined by , 


o (21) = t2 — T1 F= Ta (21) — 2 


is a monotone, non-decreasing function of 2, in [a, bı] by virtue of condition 


(vy). It is also clear from (iii)-(v) that l 
(8) as f(z) = fe (x) in [a, b]. 


In the sequel we shall suppose that k.=— 0. This is permissible, since 


| f cos f (x) de 


for any integer k. 

We now consider the cases p = 0 and a < 0 separately. 

‘If a = 0, then (2) is trivial, for cos v is non-negative and decreasing in 
[0, 1/2], so that (3) implies 


cos fa (x) s cos fa (z) in [a, bi]. 





= | f cos (e) — kejas 


Consequently 


f” cost(o)ja =f" cos fa (x) dx =" cos fı (x) dx > 0. 


If a < 0, then there exist, by virtue of (i)-(v), constants C1, C2, d, such 
thata<o<d< tg < ba, d < bi, and 


(4) faloa) =fa(ce) =0, f1(d) =—f2(d). 


Since cos æ is increasing in [—7/2,0] and decreasing in [0, 7/2], it is clear 
from (3) and (4) that 


(5) cosfi(w) = cos fa (w) in [a, d], cos fr (%) S cos fa (x) in [d, b1]. 
Furthermore, from (i) and (4), 
cos f(a) = cos fe (4), cos fı (d) = cos fa (d). 


Hence, on denoting by A, (> 0) the area of the region bounded by the two 
curves 
y—cosfi(z) in [ad], y= cos f(z) in [a d], 


and by Az (> 0) the area of the region bounded by the three curves 
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y = cos f(x) in [db]; y= cosfa(x) in [d,b.], y=0 in [bn del, 
we clearly have 


f ostia f” cos f, (£) da = A,— Aj. 


Consequently, if we call A; (> 0) the area of the region bounded by the three 


_ curves 


y=cosfi(v) in [c,d], y = cos f(x) in [d, cz]; . y =1 in [er ce], 
then e 

(6) f EN dos f * cos fı (2)de —= (Aa + 4s) — (41 + As) 

But A, + As is precisely the area of the region bounded by the three curves 
y = cos fı (£) in [a c], y = cos fa(x) in [a,c], “y=1 in [a, dl; 
and A, ++ As is the area of the region bounded by the four curves | 


y = cos f(x) in [cn bi], y = cos fa(x) in [¢2,b2], y =1 in [ee], 
y =0 in [b be]. 


Since (xı) is a'monotone, non-decreasing function on [a, b1], it follows that 


A, + 4s S (c2 — ¢1) (1 — cos y) S e — i 
and 
Az + Áa Z Co — Gy. 


Thus the expression on the right of (6) is non-negative, and (2) follows. . 

- We now proceed with the proof of the theorem stated at the beginning. 
We may divide the interval [a,b] into two parts corresponding to F(s) S0 
and f(x) 20 and notice that it is clearly sufficient to prove the following 
theorem. l 


Turorem. If f(x) is a real-valued, monotone, non-decreasing function 
possessing a second derivative f” (x) 2=r> 0 in [a,b], then 


J cos f (x) da | sf cos (12?/2 + po) da = yo/2r% 


where Bo, po, Yo are the absolute constantis defined above. 





Proof. It is obviously no restriction to choose a = 0. Also, on placing 
f(0) = u, we may suppose, exactly as in the proof of the lemma, that 
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i) rn — a/p < rf? 
` Let - 


[0,0] = È [8s Bia] 


' be a subdivision of [0, b] where the division points 8; are determined by 


(8) 8 =0; Sma =b; f(8;) = (j — 1/2)r (j =1,2, >>, m) 
so that if æ is in [8;, 841] then 
(J — 1/2) Sf) < (j + 1/2)r: 
[It f(b) S 7/2, we put =b, and the inequality (11) reduces to 
b & 
| ÍS cos f (x) dx f, cos f(x) dx 
o 


Since f'(x) is non-negative and increasing throughout [0,6], conditions 
(i)-(v) of the lemma are seen to be satisfied by the pair of functions 


fale) = f(x + 8). — 83) — r; fe() = f(a) 


s , Which is obvious. ] 











in the pair of intervals 
[a, b1] = [8), 8422 — Sir + 8]; La, b2] = [r Sja], 


for (j = 1,2, <, m— 2). Hence 


| S, cos f(a) a 


Although the lemma is hot applicable in the case j =m — 1, it is quite 
obvious that (9) holds also for this value of j. In fact, we could extend the 
region of definition of f(x) to [0, ®ma] where 


Vma = Sma = b, f (8m) = (m + 1/2)r; 


öne a? 
>| T cosf(ejde | (j=1,2,-++,m—2). 
j+ 





and show 


| f cos f(a) de 


We now write 


(10) f cos j(a)dom f” costae + 3 f” cos f(x) da 


and Sotie that the expression on the right is an alternating . sum, since 





s | i: “cos f(x) da | Ss | o cos f(x) dx 
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cos f(s) is of different sign in two successive subintervals [8;,8j.:] and 
[ii 8442]. Further, if we exclude the first term of this expression, the 
remaining m terms are of decreasing absolute value by (9). , Hence, on placing 


` & 8a 
u= f cos f(x) dx > 0, uz = f cos f(z) dz < 0, 
o Vö 


we obtain 
b 
E =f cos f(x) da = u, + te > us 
; 


and consequently 


f cos f(x) da S cos f (x) dæ 


We now show that the conditions of the lemma are satisfied by the pair 
of functions : 


fal) =F (2); fe(w) =10*/2+yp 
in the pair of intervals 


i [a, bs] = [0,31]; [a,b] = [0, 8]; where 8 = [(r— 2p) r}%, 


if one chooses the integer k occurring in the lemma as zero. In fact, (i) is 
obviously satisfied since f,(0) = u by the definition of ». Condition (ii) is 
satisfied since f:(8:) —2/2 from (8). The assumption of monotony of f(x) 
insures conditions (iii), (iv) of the lemma, since r > 0. In order to verify 
that (v) also is satisfied we write 


fi" (2) =r + 9(2), 
so that g(x) 2 0 in [0, b] by assumption. This gives 


(11) Smard , 


ôi 
Í cos f (x) da 




















\. 


fale) =ret f° g(t)dt+ 120), 
where f’,(0) = 0 by the monotony of f(a) in [0,6]. Also 
fila) =r f" g(dtdy+ ferme + 
Thus the definition fə(£2) = fı (21) of zz leads to 


2 am oy 2 % 
m=i et ff" gard + roo |: 
o 0 1 
and by substituting this into f'a (x) = rx we check that 
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f(s) = f(t), 


which is (v). The lemma then gives 





(12) e, | f” costas 


where 


Z f cos (72/2 -+- ») da, 


B= [(r— ?u)/r]*. 


It is ak! shown that 


»» (18) | ie “eos{f (a -+ 8) — r}dx | Ss for" o cos (== i 


The two inequalities (12) and (18) together with (11) give 








(14) EA cos f (#) dz 


where H (p) is independent of r, since 


S max H(p) /29%, —27/2S p< w/2 


— £8 
H(n) = 2Vr f° cos'(rat/2 + u)ds, B= [(w—2p)/r]%. 
0 
It may be shown by direct calculation of H” (p) that there exists one and 


only one maximum point for H(z) on the range [—-7/2, 7/2], say at the 
point u == po where po satisfies the equation 


(1r/2—y9) % 
f . sin (2? + po) dr = 0. 
0 


Then if we choose p = po, the inequality (14) must hold for all functions f(z) 
satisfying the conditions of the theorem, and 


H(p) =v na (2? + po) da 
is the desired least permissible value yo of all numbers y satisfying (1). 


e i 
THE JOHNS HOPKIŃS UNIVERSITY. 
s 


SPECTRAL THEORY FOR A CERTAIN CLASS OF NON-SYMMETRIC 
COMPLETELY CONTINUOUS MATRICES. 


` 


By ANNA PELL WHEELER. 


‘Tn ‘this paper ve consider the problem of the ‘existence of characteristic 
numbers of a matrix A, which has real elements qix satisfying the condition 


(a) Gs = mi th >1;  u=— tn 1 >1;° 


and which is completely continuous + with respect to the Hilbert space, i. e., 
the space of vectors X == (z1, %2: - -) such that X | æ; | < œ. A vector of 
the Hilbert space shall be called an H-vector. As is to be expected, the char- 
acteristic numbers are not all necessarily real nor simple poles of the resolvent. 
The convergence of expansions in terms of characteristic vectors is established 
for certain iterated matrices of A. 


1. Character and existence of characteristic numbers. We shall denote 
by AX the linear transformation “(2xaixa%) of the vector X = (21, ta > >). 
So the system of linear equations 


(l) AL, = Qut — = Des Tx, 

f fos) , 
(12) AW, = liti F È lintr, +> 1, 
can be expressed by 
(1) AX = AX. 


If the equations 
ANY = AY, 
: (2) XY + AX ‘eis AX," 


dig 1): a 1 
yn + AX re) — AV or ly 


have solutions XY, X@,---X© in the Hilbert space, but the (r +1)-th 

equation does not have a solution in the Hilbert space, the characteristic 

number A shall be said to be of rank r with respect to X;, or simply of rank r. . 
If the system (1) has a solution X for A, the adjoint system 


1 Hellinger-Toeplitz, “Integralgleichungen und Gleichungen mit unendlichen Un- 
bekannten,” Enzyklopddie der Mathematischen Wissenschaften, Bd. Il, Heft 9, p. 1400. 
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\ 
(3) AX* = A’X* 
has a solution X* == (—4,,a2,---). The case in which a characteristic 
number of A is of rank > 1 with respect to X can arise only when 


a) (TE) =a 4+ Eat m0. 


There can be only one characteristic number of rank > 1. Assume that both 
A and p are of rank > 1 with respect to X and F respectively. These vectors 
satisfy the conditions l 


(5) (X, Y*) = 0, (X, X*) =0, (Y, Y*) = 0, 
and from (5) it follows that 
(6) — (he, +p)? +È (es + ly)? = 0 


for all & and 7. If now k and l are so chosen that the first term of (6) 
vanishes, then all the other terms must vanish, and the vectors X and Y would 
not be linearly independent, and hence could not belong to different charac- ` 
teristic numbers. A characteristic number cannot be of rank > 1 with respect 
to two different vectors X and Y, for again the conditions (5) would hold. 

A characteristic number cannot be of rank > 3. If the system (2) had 
solutions X, X@, X@, X9, then (XM, XM*) —0, (XP, XW*) = 0, and 
(X®, XO*) == 0. From the third equation of (2), 


(XO, X2) + A(X *, XM) = (Za AX®) = (X®, AXD) 
come (X®, XM) + A(X), Z+), 


and therefore (X, X¥®*) —0. It follows as in the two previous cases that 
X® and X® cannot be linearly independent. That a characteristic number 
may be of rank three is easily shown by special cases. There can be at most 
one pair of conjugate imaginary characteristic numbers. For, let A,A and 
m m be two pairs of conjugate imaginary characteristic numbers, and let X, Y 
and ¥,¥ be the corresponding characteristic vectors. Then (X,X*) = 0, 
EA ¥*) = 0, (X, ¥*) = 0, and if the constants k = k, + the, l= 1, + ila 
are chosen so that ka, + ly, = 0, the two vectors X and Y cannot be linearly 
independent. We haye the following theorem. 


TuEorem 1. If the matrix A satisfies the condition (a) and is a com- 
pletely continuous matria with respect to the Hilbert space, there can be no 
more than one characteristic number of rank greater than unity, no charac- 
teristic number of rank greater than three, no characteristic number of rank 
greater than one with respect to more than one vector, and no more than one 
pair of conjugate imaginary characteristic numbers. 
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For i, k > 1 the matrix (ax) is symmetric and completely continuous with 
respect to the Hilbert space and hence has characteristic? numbers ga, which 
are all real, and Japa? < œ. Let La be the corresponding characteristic 
vectors, and we may assume that they form an orthonormal system, 
(La, Lg) = Sag. The solution of (12), regarded as a non-homogeneous system 
in s, t> 1, is given by 


Balai X; lakak 
2 





(7) ATi = Tli + t: X —— M, id 
a À — Ha 
The substitution of (7) in (1) gives for z, +0, 
6 val 5, laits ) 
(8) D(A) = (A — u) +E tE = = 0, 
2 a — Ba 


a necessary and sufficient condition which A must satisfy to be a characteristic 
number of A. The function D(A) is continuous in the intervals 


Har +e SASpa—e, «> 0 


and changes sign between pa-ı and pe. Therefore there exists at least one 
characteristic number for A between two consecutive positive or two consecu- 
tive negative numbers xa. Hence the matrix A has real characteristic numbers 
except perhaps when the matrix (aix), t, k > 1, has only one or no charac- 
teristic numbers, or only one positive and one negative. In these three 
exceptional cases the equation (8) reduces to an algebraic equation. It can 
easily be shown that if the only root of (8) is zero, it is of rank greater than 
unity. In the sequel zero will be referred to as a characteristic number only 
if it is of rank greater than unity. Hence 


THEOREM 2. If a matrix A is not the zero matris, satisfies the con- 
ditions (a) and is completely continuous with respect to the Hilbert space, 
then it has at least one characteristic number. 


2. Form of the expansion. “If the vectors Tp and Tg belong to different 
characteristic numbers, 
(9) (Tr Ta) = 0. ° 


Whenever two vectors satisfy (9), and (Tp, Tp*) = 0 or a negative value, 
then (Ta To) must be positive, for otherwise constants cı and ca not both 
zero could be chosen so that %i(¢itps + Cotai)? would be zero or negative. 
Hence if Tp and T, belong to a characteristic number of rank unity, it may be 
assumed that 


2 Hellinger-Toeplitz, loc. cit., p. 1553. 
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(10) (Lp, Ta) = = 8h, 


where the minus sign holds for only one vector. Also if A is of rank > 1, 
linear combinations T, of the solutions of (2) can be formed so that they 
satisfy (10). : 

If Aq is a characteristic number of rank unity, let 


(11) E (Z, X').— dp È + (TH, X) (Toi, X’), 


where the 7,“ form a fundamental system of characteristic vectors for Àa, 
and the minus sign in (11) occurs before a term only if'in that term the Tp 
satisfies (Tp, T,*) =— 1. f 

If A, and À; form a pair of conjugate imaginary characteristic numbers, 
let , 
(12) E(X, X) = + [ai (T™, X) (TO*, X) + (To, X) (P0, X)], 


where (TM, Pwr) — 0 ‘and (TO, TH*) = 1. 


If Xm is a characteristic number of rank r > 1, let 
(18) Bn XX") = $ cpa To™, X) (Lo™*, X’), 
; pal i 


where T,™ are linear combinations of the solutions of (2) which satisfy 
(10); AT'p = Xgepql'g'™ 3 Cpg == Cap; and the determinant | cpg | 0. 
If à= 0 is a characteristic number of rank r > 1, let 


(14) E(X, X’) -5 + cpa (Tp, X) (Lq*, X^), 


where the Tp satisfy (10); AT ® = ZaCp Ta; Cpa = Cap; and the 
determinant | cpg | = 0. ' 

The matrices Ep, Hi, Em, Hy are mutually orthogonal. In considering 
the expansion of A(X, X’) the question of convergence enters only if there 
is an infinite number of characteristic numbers of rank == 1, for then there 
would be an infinite series of the form 


(15) ` x B(X, X). 
. 2 
We shall now prove the following theorem. 


THEOREM 38. If the matrix A satisfies condition (a), is completely con- 
tinuous with respect to the Hilbert space, and tf the series (15) a to 
a completely continuous bilinear form, then 
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(16). .. A(X, 2’) = È E(X, X’) + E(X, X’) + En(X, X) + Bo(X, X). 
2? : 
for any H-vectors X and X’. 


Let B(X, X’) be the bilinear form formed by the difference of the two 
sides of (16). By hypothesis B is completely continuous, and the elements bix 
satisfy condition («). Hence by Theorem 2 if B is not the zero matrix, there 
exists at least one ‘characteristic number. Let. Fp, Fi, Fm, Fo Up bear the 
same relation to B as By, Hi, Em, Eo Tp do to A. The vectors Tp are 
orthogonal to B and therefore to all the vectors Up, and hence to the F's. 
On the other hand the Up satisfy AUp = BUp so that the Up are linearly 
dependent on the Tp, and there is a contradiction. It follows that B is the 
zero matrix and the theorem is proved. 


3. Convergence of the expansion. The iterated matrix A = (3jaijajx) 
is completely continuous with respect to the Hilbert space, and satisfies the 
condition («).' If A540 is a characteristic number of rank r for A, then A? 
is a characteristic number of rank r for A®, and if A is a characteristic 
number for A, with Up as a characteristic vector, then + A% or — 2%, or. 
both are characteristic numbers of A, with u or u%-+ Au as characteristic 
vectors. If A==0 is a characteristic vector of A of rank r, then à = 0 is a 
characteristic number of rank r—1 of A®. The matrix A® is not the zero 
matrix unless à = 0 is the only characteristic number of A and is of rank S 2. 
Similar results hold for the iterated matrices A ; in particular zero is not a 
characteristic number of A™ if n> 3. 


THEOREM 4. If the matrix A satisfies the condition (a), and is com- 
pletely continuous with respect to the Hilbert space, and if the vector 


Ps : 
(17) XO = (1, È E (Gribyshe/o0)) 
does not satisfy l 

(18) (X, 6) m 0, 

and ; . 

(19) AX 0 ° 


then the right hand side of 
(20) A(X, X) = $, Ey (X, X) + By (X, X’) 
: + En (X, X) + Bo (X, X’) 


converges absolutely, and to the left hand side for any two H-vectors X and X’. 
If the vector X does satisfy (18) and (19), then the right hand side of 
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(21) A(X, X’) = 2, (X, X) + HM (X, X) + Em (X, x’) 
converges absolutely, and to the left hand side for any two H-vectors X and X'. 


To prove the absolute convergence of (20), it is sufficient to show that 
the matrix * (àptpi) is completely continuous. Only those terms in Wp for which 


o 
(22) (Tp T“) = 2 tpi” oe tp? = l 


need be considered. And from (22) it follows that the matrix’ (Aptp:) is com- 
pletely continuous if tp; is bounded, for then Jipàp’tpi? converges. Assume 
first that the A» are all distinct from pa., The components of the vectors Tp 
are given by 


(23) n= | on +E Meee, i>a, 
P q — Pa: 


where Cp = Jelp, and the substitution of (23) in (22) gives 


S yi? — 5 Cg? Cè 
24 t — 1 —— > —; | & 1. 
Sa a ge ae |= 
The sequence tp, is bounded unless 
(23) oo Stas? —= Ec, 
and 


26 lim } ——*—,; =], 

we , ao 
for some subsequence tp. We wish to show that under the conditions (25) 
and (26), the vector X¥ of (17) satisfies (18) and (19). The condition 
(25) says that the vector X satisfies all except possibly the first equation 
of (19). From (26) we obtain 


C 2 
27 g4 gil 
(27) > S h 
and hence the absolute convergence of 
. e 2 
(28) 2S See. 
q Pa g 


The equation (8) can now be written 


(8) DQy) =i EE a E 


3 For convenience the superscript a is omitted from t,;‘®. 
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On account of (26) and (er ) the coefficient of Ap in the last term of (8°) is 
bounded and therefore ` 


Ca 
(29) . ay = > P. 
a Fa 


which expresses the fact that X satisfies the first equation of (19). In 
virtue of (29) the equation (8°) takes the form 


8” ai eo eÊ ) = () 
n 7 h ( z (Ap — Ha) pa 
and this combined with (26) and (27) gives 


(30) 2i = 
q P 


which says that the vector X% satisfies (18). This completes the proof of 
the first part of the theorem. l 

For the second part of the theorem, it is sufficient to prove the complete 
continuity of the matrix (Aptp:) under the conditions (25) and (26). From 
(8”) and (30) 


Cg? 


81 ee 
os 2 (Ap — pa) ta? i 
and hence 
32 sÊ iny OO cr 
(32) > (Ap — pa)? 1=2 (Ap — pa)? 2g : 
=y ee AË 
i e n) A È cf 


on account of (31) and (8). And since tp: is the reciprocal of (32) under 
(25) and (26), it follows that 


M tor? S È cr, 
q 


This shows that the matrix (Aptp;) is completely continuous, and the second 
part of the theorem is now a consequence of Theorem 3. 

It remains to prove the theorem for the case in which an infinite number 
of A’s are equal to yg. ‘Let the other characteristic numbers of the *matrix 
(aix), i k > 1, be denoted by py. Since Ca = Yelgiat, = 0, the system (1) 
has the solutions Vp = (0, ly, lp2,- © -) for which the matrix vg; is bounded 
and Agvgi is completely continuous. If other solutions Tg exist for À = pg, 
the complete continuity of Agtgi and Aq*tg; can be shown in the same way as 
above. 


Bryn MAWR COLLEGE. 


ON SUMMATION OF DERIVED SERIES, OF THE CONJUGATE 
FOURIER SERIES.* 


By. A. F.. Movrsunp. . 


1. Introduction. This paper is a continuation of an earlier paper in 
which we give theorems concerning the summability of the r-th, r = 0, derived 
series of the conjugate series of the Fourier series generated by a Lebesgue 
integrable function. Our principal results are three theorems concerning the 
effectiveness of the N., summation method ? for the summation of the 7-th 
derived series of the conjugate Fourier series. These theorems and the prin- 
cipal theorem of our earlier paper * contain, as special cases, results, some of 
which are new, for the Bosanquet-Linfoot and Cesàro summation methods.‘ 
The case r = 0 gives us three well known and one new theorem concerning the 
Cesiro summability of the conjugate Fourier series. 


2. N otation. Throughout this paper we consider f(x) to be Lebesgue 
integrable on (— m, m) and periodic of period 27. We use, as far as possible, ' 
the notation of I; and in addition set: 


(2.1) B(s) = f "| Ar(s)|/s" ds, 
A*,(s) = f *A+(s)ds, í 
B, (8) = f] 4*+(8) 1/5 ds; 


C, (r even) 


2.2 C= dr 
(PeR O, — A*r (m) = cot s] (r odd) ; 


* Presented to the American Mathematical Society, October 27, 1934. 

1A. F. Moursund, “On summation of derived series of the conjugate Fourier 
series,” Annals of Mathematics (2), vol. 36 (1935), pp. 182-193. Throughout this 
paper the ‘paper cited here will be referred to as I. 

2 A’ F. Moursund, “ On the Nevanlinna and Bosanquet-Linfoot summation methods,” 
Annals of Mathematics (2), vol. 35 (1934), pp. 239-247 (Section IT). 

3 Loe. cit. +, Theorem 10. 1. 

4The question of inclusion of other methods by the Ne, method is discussed in 
loc. cit. ?, Section II. 

s See § 2. To avoid confusion, the functions there designated by A* (s) and B,(n) 

should be designated by other letters, and the functions F; (ns) and eA (ns) should be 
designated, respectively, as F (ir -+ 1,ns) and G@ (i, r+ 1, #6). 
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s D;(n) (reven)- , - 
(2. 3) D*, (n) -| S$ r! g . qzi 


D, (n) — eola CFG HH! a Iaa 
qr-2i~ -1 , 
X aa Ger ara 008 NS + Z sin “J. (r odd); 


=a cot s/2 


(2.4) f* (e) =— lim a f 4*,(8). 
and , 
(2. 5) Pip = f? gor 


G (4, p, v) =f a(i)tt a = t sin vf dt. 


on = are s/2 ds — C*, 3 


3. Hxpressions for on (x) and Nz,on™ (2). In § 3 of I we showed that 
(3.1) ajal A a EDA. 
on (2) = f Ael) $= 6(s, n)ds— Or + Dr(n). 
Proceeding as we did there in deriving (3. 6), we ‘have’ 
te w ‘ dr roe i 
(8.2) Naon? (2) = Í. n Ans) gy 006 3/2 ds — Cr 
1 ; ifn? d i 
+f (tae f Ar(s) E O(s, nt) ds 
r-1 7} i 6 CT : ` dr~ . $ 
` —2 iei L Son +f, | A,;(s)/s ara cot s/2 F (i, r, ns) ds 
SEESE A ST A/s cots/2 Eir, ns) 
— (s)/s* cots 1,7, ns) ds 
1/n? L. ÍS K 
ue Ar(s)/s" @ 
ES + LC ES JAY atr n)a 


cs f ar(t) Dy (nt) dt 








- T dr ž 10 
= Í. Ar(s) Æ cot s/2 ds — 0, + SIi. 
t/n? ds" i=l k 


Upon integrating (8.1) by parts we obtain, with the aid of Lemmas 3.1 
and 3. 2 of I, 


(3.8) . o(a) —— f "A*,(8) Ta 6(s, n)ds —C*, + D*,(n). 


Our use of (3. 3) is analogous to our use of (3.1). 


856 j A. F. MOURSUND. 


4. Lemmas. In proving our theorems we use, in addition to the lemmas 
.of I, the following lemmas.° 


LEMMA 4.1. Forv on (0,00) when 0St<p and on (0,4) when 
i= p 
F(t, p, v) = Pi,(v) — Pi,(v) 
G(4, p, v) = Qi, (v) — Qi (0) 
where the P’s and Q’s are bounded monotone decreasing positive functions of v. 
Lemma 4.2. For A sufficiently large and v È A, 
| F(p,p,»)|, | @(p, pv) | SK/v + Zelo) 
where K is a constant. 


Proof. For v-sufficiently large . 
1 d? 
| F(p, p, v)| = S ap (t) t? Jp cos vt dt | 


Le -p [én(#) t] cos vt dt | <K/v+Z)(0). 





The proof is similar for G(p, p, v). 
Lemma 4.3. F(p, p,v) and G(p,p,v) >0 as v—> œ. 


The functions which we consider in the remaining lemmas of this section 
are defined by (3.2). ' 


Lemma 4.4. Wherever f(x) exists J, and Jr—>0 as n—> œ for a 
fized A. 


Lemma 4.5. Ata point where A,(s) = O(s"), as s —>0, Js and Ja > 0 
as A, n—> œ for a fixed sufficiently small 8. 


Proof. Using Lemma 4.2 we have, for a fixed sufficiently small 8, 


€ In proving the lemmas we use properties of the N, method, loc. cit. 2, Section II, 
without further referring to them. The proof of Lemma 4.1 iis like the proof of 
Lemma 6.3 and (6.1) of I; that of Lemma 4. 4 like that of Lemma 8.2 of I. In the 


œ 
proof of Lemma 4.5 the last term > 0 as A, n> because f Z,„(s)/sr ds exists. 
: Cc 
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Te S2 fÀ | An(s)|/seL/nst + Zens) (sas 


IEZA M yeast f’ Z,(ns)/s ds | 
—of ya+f” Z, ne) —0(1) as A, n> ©. 
Similarly J, — 0. 


Lemma 4.6. At a point where B(s) = o(s), as s —> 0, Js and Jg—>0 
as ò — 0 and n -> œ for a fixed sufficiently large A. 


Proof. Integrating by parts we have 


[3152 (0 148) 1/8 [E/ns? + Zr (ns) /s]äs 
— 2B, (DAEA + Zot) ] a, 4+ 2K/n Í, A B,(s)/s+1/s* ds 
—[ f. B,(s)/s 2’-(ns) ds + S, B,(8)/sZ-(ns)/s ds | 
—0(1) +001) +0(2)%(n8) |?” +0) fi Za(ns)/s as 


= 0(1) as 80 and n> œ. Similarly Js = 0 (1). 
LEMMA 4.7%. J, and Jo—> 0 as n—> œ for a fixed 8. 


Proof. The lemma is a consequence of Lemma 4. 3. 


5. Theorems concerning the existence of f* (x) and the behavior of the 
functions defined by (2.1). In §9 of I we gave suffcient conditions for the 
existence of. f(?(x).7 We consider here some further consequences of these 
conditions. 


THEOREM 5.1. If f(a) is such that d™4f(x)/de' is of bounded varia- 
tion on (—m, m) then, as s—>0, Ar(s) =0(s") and B,(s) =0(s) almost 
everywhere. 


Proof. By Lemma 7.6 of I Ar(s) == o(s") when d'f (x) /da* exists. The 
theorem follows for when d™f(x)/ds™ is of bounded variation d'f (x) /da* 
exists almost everywhere. 


j T 
TIn Lemma 7.8 and Theorem 9.3 of I the integral af dr/dsr®,(s) cot s/2 ds 
€ 


` 


should be replaced by f cot s/2 d[dr-1/dsr-16,(s)]; the existence almost everywhere 
. € 


of the limit as e 0 depends on Plessner’s proof of the existence of F(s) rather than 
on his proof of the existence of f(a). 
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nona 5.2. Wherever the generalized der wative fir PAN) ewists 
A,;(s) =0(s7) and B,(s) —o(s), as s—>0. 


Proof. Wherever f+? (x) exists we see using Definition (2.1) of I that 


Ar(s) = (—1)"/a[ fe (a). + w(a, s) Js 
where w(z,s) —> 0 as s—>0. The theorem follows.® 


THEOREM 5.3. The existence of f (x) implies the existence of i tr) (2), 
but the converse is not necessarily true.® 


THEOREM 5.4. A*,(s) =0(s") wherever A(s) =0(s*) and B*,(s) 
=0(s) wherever B,(s) = o(s), but the converse is not necessarily true. 


Proof. Wherever B,(s) = o(s) 


BY, (s) S fue as f’ | A-(t)| dt sf B, (s)/s ds = o (8). 
; 0 y 2 oo. 
The rest of the proof is left to the reader. 


6. Summability theorems. In this section we give our principal theorems 
and, for convenience in reference, state also the principal theorem of I. We 
assume, as everywhere in this paper, that-the function f(s) which generates 
the series under consideration is Lebesgue integrable on 1 (= m,m) and of 

period 2r. 


THEOREM 6.1. The Nz, sum, of the r-th (r= 0,1,2, ++, p), derived , 
series of the conjugate Fourier series is f (x) wherever that limit exists and, 
as s — 0, either Ar(s) =0(s") or Br(s) = o(s). 


THEOREM 6.2. The Nz, sum of the r-th (r=0,1,2,:--,p—1), 
derived series of the conjugate Fourier series is f(x) wherever that limit 
exists. 


Proof of Theorems 6.1 and 6.2. Theorem 6.2 is Theorem 10.1 of I. 
Referzing to the proof of that theorem and (3.2) we see that at a point 
where f(a) exists Je,J2, Js, and Jip — 0, respectively, like K,, K2, Ks, and 
Ke—0. When, also, either A,(s) =0(s") or B,(s) = o(s) it follows from 


8 In fact A,(s) =O(sr+1) and B,(s) =0(s?). 

? See B. N. "Prasad, s Contribution à PÉtude de la Série Conjuguée d’une Série de 
Fourier,” Journal de Mathématiques Pures and Appitinses (9), WoL 11 (1932), pp. 
153-205 (p. 178). ae a 
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“Lemmas 4. 4, 4.5, 4. 6; and 4.7 that Jato J, inclusive, —> 9. Whence, as do 
corresponding functions in the proof of Theorem 10. 1, 


Ne ron (2) and Neon (x), p. >r, i? (2) as n> co, 
This completes the proof of Theorem 6. 1. 


` Tunorem 6.3. The Nz, sum of the r-th (r—=0,1,2,---,p—1), 
derived series of the conjugate Fourier series is f* (a) wherever. that limit 
exists and, as s—> 0, either A*,(s) = 0 (8°) or B*,(s) = 0(s), 


Tuuorem 6.4. The Nz, sum ‘of the ‘rth (r=0,1,2,--~,p—2), 
derived series of the conjugate Hoes ier series is f* (zx) wherever ihat limit 
exists. 


Proof of Theorems 6. 3 and 6. 4 are similar to those of Theorems 6. 1 and 
6.2. We first form from (3.8) expressions for the Nz, and’Nz,,, transforms 
of oy” (x) which are similar, respectively; to (3.2) of this paper and (3. 6) 
of I; next ald lemmas similar to the lemmas of § 5 of I, replacing A,(s) 


by A *,(8), o> 5 r 
proofs of Theorems 6. 1 and 6. 2.*° 


Z eot s/2 by ~~ cot s/2, et cetera ; and then proceed as in the 


% Theorems for Bosanquet-Linfoot and Cesiro summability. By choosing 
_ the functions 
(7. 1) Bap(t) = G (1 — t)** (log C/1 — t)-8 


with @ > p or « = p, B > 1, and G = G (a, 8, C) such that 


1 
f, Bao(t)at—1; 
X 0 
and 


(7.2) . (p + è) (1 — t)r 


with 8 > 0, respectively, as kernels for the Nz, method we obtain theorems for 
the Bosanquet-Linfoot and Cesaro methods from the theorems of § 6.1** 


10 As a consequence of the Riemann-Lebesgue theorem Lemma 6.5 of I remains 
valid' when z, a(t) is replaced by 2,(t).- Bence terms arising from D*,(n) >0 like 
those arising from D,(n). 

44 See loc. cit. 2, Section II. The Cesàro method theorems are obtained as a result 
of the equivalence of the Riesz and Cesaro methods. : 
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Among the theorems thus obtained are three well known theorems con- 
cerning the Cesaro summability of the conjugate Fourier series** and the 
following new theorem. 


THEOREM 7.1. The conjugate Fourier series is swmmable (0,2 +8), 
for every 8 > 0, to ay 
T 
€ 


P (2) = lim — 1/4 | { f" [fle +t) — f(e — t) Jat } osc? /2 ds 


wherever that limit exists. 


, 


Theorem 7. 1 is related to the third of the Cesaro method theorems men- 
tioned above (Prasad’s theorem) like the second is to the first. 


THE UNIVERSITY OF OREGON, 
EUGENE, OREGON. 


12 See -E: W. Hobson, The Theory of Functions of a Real Variable, vol. It (2nd 
Edition), p. 697, for. the first of these theorems which is the standard (0,8), 5 > 0, 
summability theorem for the conjugate Fourier series; for the second see R. E. A. C. 
Paley, “On. the Cesiro summability of Fourier series and allied series,” Proceedings 
of the Cambridge Philosophical Society, vol. 26 (1930), pp. 173-203 (Theorem 2 with 
a = 0); and for the third see Prasad, loc. cit. °, Theorem IV. 


A CERTAIN MIXED LINEAR INTEGRAL EQUATION. 


By Ovrve MARGARET HUGHES. 


Introduction. The purpose of this paper is the development of a spectral 
theory for. the linear functional transformation 


' 1 
(1) Tf(2) = MK (a, £) (£) + f° K(@ 8) f(s) as 
of real-valued functions f(x), continuous on the interval Z (0 = s < 1), where 


(a) The kernel K (x, s) is real, symmetric* and continuous on the square 
ROS@S1,0Ss}). 


(b) é is a given fixed value of the variable of integration in J. 


(c) M is a known negative constant. 


W. A. Hurwitz? has obtained some alternative theorems for such trans- 
formations. For M positive or zero the above problem reduces respectively 
to a Kneser weighted problem è and to the well-known Fredholm problem; 
more recent works * include both of these as special cases of a general spectral 
theory for linear symmetric functional transformations. They do not cover 
the case however with which we are concerned, since under the given hypothesis 
characteristic numbers of the integral equation 


(2) | Au(2) = MK (a, 8)u(€) + -È K(x, 8) u(s)as 


may be imaginary or zero, and may be poles of the resolvent of order greater 
than one. The following simple examples illustrate these possibilities : 


+A definition of symmetric functions is given on page 871. 

2 W. A. Hurwitz, “ Mixed linear integral equations of the first order,” Transactions 
of the American Mathematical Society, vol. 16 (1915). e 

3A. Kneser, Die Integralgleichungen, Rendiconti, vol. 14 (1914). Also his Die 
Integralgleichungen und ihre Anwendungen in der Mathematischen Physik, 2 umge- 
arbeitete Auflage (1922). . i 

tJ, von Neumann, “ Allgemeine Bigenwerttheorie Hermitescher Funktionalopera- 
toren,” Mathematische.Annalen, vol. 102. Also M. H. Stone, “ Linear transformations. 
in Hilbert space and their applications to analysis,” Colloquium Lectures of the American 
Mathematical Society, vol. 15 (1932). 
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He. 1. If K(z,s) = zs, M =— 1/3, é= 1, then uls) = g is a char- 
acteristic function corresponding- to the characteristic number, a =0 of the 
first order. 


Ex. 2. If K(a,s) =1—4as, M = — 1/3, £= 1, then u(x) =1— 2a- 
is a characteristic function corresponding to A = 1/3 ‘of order two. | 


` Ee. 3. IEK (s,s)=1— gzs, M =—1,é—1, then u(c) = [(—5)#— 2] 


+82 and ü(s) = — [(—5)* +2] + 3z are conjugate imaginary char- 
acteristic functions corresponding respectively to the conjugate imaginary 
characteristié numbers A = [(— 5)* -+ 21/6, à = — [(— 5)* —2]/6. ' 


We adopt the notation 


Prema +f 9(s) ds, 


thus the iraneformation (t) ane integral equation (2) are now written ~~ 
Tf(2) = ae K(x, 8) f(s) ds 
a(z) = f K (z, s)u(s)ds. 


‘The operator i we name the M-iritegral, and for convenience we name 


the corresponding operation M-integration. The M-integral is a special in- 
stance of the Stieltjes integral, and we shall assume its elementary properties 
throughout this paper without enumerating them. 
In Section I we begin by defining an M-orthonormed system of functions, 
that is, orthonormed with respect to the M-integral, and which reduces, for 
M = 0, to an ordinary orthénormed system. In laying down this. definition 
allowance must be made for the fact that the M -integral of a positive function 
may be negative, and it is on account of this property that we are unable to 
generalize the fundamental inequalities of Bessel and Schwarz. In the same 
section we establish the existence of a complete M-orthonormed system. 

- The complete J{-orthonormed system forms the starting point for the 
solution of our problem. We use it to pass from the integral equation (2), 
following the classic method, of Hilbert, to a system of equations in infinitely 
many variables, which has been solved by A. Pell-Wheeler.= This furnishes a 
proof of the existence of characteristic numbers for the integral equation, and 
also an expansion theorem. The results are given in Section II. 


5 A. Pell-Wheeler, “ Spectral theory for a certain class of non-symmetrie completely 
continuous matrices,” American Journal of Mathematics, vol. 57 (1935), pp. 847-853. 
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Section I. M-ORTHONORMED SYSTEMS. 


1. Preliminary definitions. The functions 


$1(2), $2(z),° g “s $a (2);: “> 


finite or infinite in number, form an M-orthogonal system if they satisfy the 
conditions i 


ETOILE i*j. 


They form an M-orthonormed system if 
+o ; i RT 
f oi(2) oj (2) de = + eij; , bij = { : 1%] 
> =). 


A system of functions {¢,(x)}, continuous on J, is M-closed if there exists 
no function f(x), continuous on J, which is M-orthogonal to all the fonewons 
of the system. ' 

An M-orthonormed system of functions {¢n(x)}, continuous on J, is 
M-complete if, for all possible functions f a continuous on J, the functions 
$n of the system satisfy the relation 


32 (fim) ST 


the negative sign in fhe summation occurring when and only oe the galie 


of n is such that f pr? = — 1. 


2. Construction of an M-orthonormed system. Let {fn(x)} he | a a set of 
functions, infinite in number, ‘which satisfy the conditions 


(a) They are continuous on J. 
(b) They are linearly independent on I. 
(c) Atleast one function of the set does not have the value zero at x = £. 


(a) Da(f) #0, .  (n=1,2,-">), 


$ 
where E is the n-rowed determinant with general element mt f fifi 
(i J= i, 25° “> n). 
From this set of functions we build up ty the method of determinants 
an BM-orthonormed system {¢,(2)} as follows: 
11 ; 
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ah] E [te ; 
pa = En (f)/V + Dna(f) Da (f) (n = 2,3: +), 


where En (f) is the determinant derived from Da (f) by replacing the elements 
of the n-th column, reading downwards, by fı f2,: * *, fne The positive (nega- 
tive) sign is to be used if the product of the determinants under the radical 


(a) 





sign is positive (negative), and in the case of n= 1 if Í TA is positive 
(negative). 

It can be easily verified that the system {¢,} thus defined satisfies the 
definition of an M-orthonormed system. Hach œn» is expressed linearly and 
homogeneously, with constant coefficients, in terms of the functions fi, fes *' t s fns 
and conversely. 

The functions ġ» are real and Santia on I. They are furthermore 

e linearly independent there; for, suppose there exist constants Cn, ‘not all zero, 

such that l 


P 
2 Capa = 0; 


A O throughout by gn and epee nea over I leads to Cn == 0 
(n= 1,2,-- +, p), a contradiction. 

Conversely, from an M-orthonormed system of continuous functions {dn} 
it is possible to construct an orthonormed set {fn} of the form 


fa = X, Cohr 
p= 


where the cp are constants, not all zero. This property is an immediate | 
consequence of the linear independence of the n, just proved. 
The fa may be transformed into an orthonormed system of functions 
which satisfy the four conditions specified above, and since such. a transforma- 
+ tion simplifies considerably the expressions for ¢» we shall assume it has been 
previously carried through; then formula (1a) reduces, after expansion of the 
` determinants to the alternative form , 








h= l 
Ve (1 sae 








Pnr == > (n = 2,38,-- +), 
EES are rr 7 
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The subscript indicates that the value of the function is to be taken 
at z= é. : 
It is desirable at this point to introduce the following abbreviations: 


d z : Š ` 
A,(2) = 2 fuefi (2), -Ao(x) =0, 
Pp = (1 + MAp) (1 + MAp), (p= 1,2," °°). 
Then formula (1a) assumes the final abridged. form | 


may LAC: + MAn) — MfneAns 


1 n 
8 j Vat Pan 


We are able to make certain general deductions concerning the sign of Pr. 
There are two possibilities : 


; (a) Pn is positive for all n. Then 1+ MAng is also, since otherwise P, 
would be negative. Whence 


Ant <—1/U, : E E 


Since An,¢ is monotonic, increasing and bounded; lim Ang exists and is finite. 
n=00 
This is a necessary condition that Pa > 0 (n =1,2,: > -). 

(b) Pn is. positive for all values of n except: one, say N, which satisfies 
the inequality i : 
© —MArag < M <—1/Ane N>1 
or 

MU < —1/áxg N=1. 
ac ete, à 


In this case Py is negative. A sufficient condition for the existence of such 
a value N of n is that lim Ang = o. a l 


REO $ s t 
Pa cannot be negative for more than one value of n under any circum- 
stances, for if N is the first value of n for which Pa < 0, we have . 


L + MAy, < 0, 
1+MAne<0, >N, 


n= (1+ MAng) (1 MAng) >0, n>N. 
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8. M-completeness of the system (1c). From the foregoing results we 
obtain 


THEOREM I, If the functions fa satisfy the four conditions of § 2, then 
the set {gn} given by (ic) can contain at most one parieton satisfying the 


relation : 
f e = — İ. 


In order to facilitate the proof of the next theorem we first introduce the 


Lemma.. If the set {fn} is complete, then a necessary and sufficient 
condition that 


(2) | tim (Sf its (Sii) 


n=00 1 + “ILMA: Ang 


s 


is that lim Ang = œ, where f is an arbitrary function continuous on I. 
n=00 


(a) Necessary condition. From the A ET inequality ` we find 


ME ]ne fm] svaevE (Say 
for all n, and all no functions f, and therefore 


IW 3 (fit): 


If lim Anz is finite, then from (2), lim f fån = fg for all f under con- 
n=00 n=00 
sideration, and hence l 


im | Staa | [VEC fis) =al S e 


For a suitable choice of f this limit can be made greater than any arbi- 
trarily assigned positive number,® which contradicts the assumption that 
lim An, be finite. . 
n=00 





Vane | f fn 











° For example, define f(s) =F 7 (%) as follows: 


Fp (e) =0, . . eo a o OaS (n—1)Eln 
= ng]; + Qn) ise oy - +e (n— iijn aos 
DE + (=DD -> > ẸK a< (nf + 1—$)/n 
=0 . . oe.) (n€+1L—E) eel, 


£540 or 1l. As n increases, Sf f? decreases, but f(E) = 1 for all n. If <0 or 1 this 
definition needs to be modified somewhat. 
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(b) Sufficient condition. If f fA» approaches a finite limit with in- 


creasing n, the sufficiency of the,condition, is self-evident; it remains then, 
to investigate the-case where this limit is infinite. To this end it suffices 
to prove that 


lim f fAn/Vdne = 0. 


n=00 


This fraction may be written in the form 
frees m : eee n Sk 
J HN Aarm Bite f tty Vac + È te Sth Vane n>m 
` = FUT: 


Application of the Lagrange- Canchy se eae to the second term on the 


right gives 
< [WV È Pus Pe VS (Si) z( Sey 


i=zm+1 


| Spe S/V Ea 





S1-¢/2 for m> Ni, n>m.. 
If we take a fixed value for m > Ni, then 








| È fae S HNT = [ max | fae | ' max 


| S th | Vase] 


(¢=1,2,- + -,m). 
S¢/2 for n > N: > Ny. 


It follows that 





ETIE 





= | Sta J H/V [<e aam 
which completes the proof of the Lemma. 


- Tuxorem I. If the set {fn} of §2 is complete, then a necessary and 
sufficient condition. that the system {pn} defined by (1c) be M-complete is that 


lim An, Sra s 
n=00 . 


“If we substitute the given ‘expression for n in the series 


Ze (J) 


7 
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we get 


Sa ( S te) ELA + dace) [ite — Mine [Pde | /Pa 


— S [Pepnet + aMttaete {1+ Marae) S tie—Mine S tar } 


+4 H Manae) Stia Ming ffs |/Pn 


The sum §, of the first p terna of this serjes is 


Sp [dore t n f taS (S pie eer) 


<a $ (te S ith) (tre f fh) (A + Mae). 


This ‘expression can be simplified by a suitable combination of terms to give 
— ( f tast) 
s= — r aUa + Ue. 


If we now take the limit of both sides of this equation and apply the Lemma 
and the hypothesis on the system {fn} we obtain the required result: 


tim p= S (fF) =E ( S HY + ante 
= f prue SP 


THEOREM. III. If the systems {pn} and {fn} are M-complete and com- 
plete respectively, then {dn} is M-closed. l 


To prove this theorem we assume the existence of a continuous function 
y(x) which is M-orthogonal to all then. It is accordingly M-orthogonal to 
all the fn, i.e. 


SPS viet theta =o, one te eres 


If either or both of M and ye are zero then y = 0. If not, we have 


(Some Š Pae 
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The series on the left is convergent, that on the right divergent by 
Theorem II. Hence the assumption is incorrect ‘and {en} is M-closed. 


- 4. The case of zero denominators. The investigations so far have pro- 
ceeded on the assumption that none of the denominators of (1a), or, what 
comes to the same thing, none of the factors P, of (1c), is zero. Obviously 
Pa may be zero for one or more values of n. We now show that this con- 
tingency may be overcome by redefining the functions $n in terms of the fy. 

We first replace all conditions made hitherto on these fa by the following: 


~ 


(a) They are continuous on T. 
(b) They are orthonormed, on I. 
(c) The system {fa} is complete. 
(d) lim Ang = œ. 


n=00 


If the first denominator in: (1c) to vanish is that of ni, then 
1 + MAng = 0. 


Thus fm, £ 0, but any or all of fig (1 Si S m— 1) may 'be zero. Also by 
condition (d) above, there exists a function f; (t > m) of the set {fn} such 
that fig 40. Let fma (¢ Z 1) be the first such function of the set, i. e. 


fig =0 (m<i<m++q), fomo % 0. 


Then the set of functions ọn (1S <n< m) whose “values are given by 
(1c), § 2, and the functions 


dn = fan (mS n Sm +q— 2?) 


are M-orthonormed on I. For each œn of this set P» is positive. 

If we express dmig-1 aNd mig each as linear combinations of the m + q 
functions fı (15S im +q), and impose on them the cohditions of 
M-orthonormality, we arrive at the expressions 

: bmg = TS 


Pma = FS : i : 
where 2 


r = | (Fme + Pemo) Sff + (f?in,é — PP maa &) Cf mt fan 


+ 207f im tf (mse, tfma ]/26f m, ef omsa & 
s = [Fnk = fifi + Pmefm\/ 2cf? 0, feno, 
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The constant c may not have the value zero, but otherwise it is arbitrary ; 
for simplicity it will be taken equal to unity. Also 


If we now take for ¢, (n> m + q) ‘the values given by (1c), § 2, the 
system {ġn} thus constructed is M-orthonormed on J, and can have no zero 
denominators. - 

Moreover foe =+1 for all values of n except one, either 
n=m+gq—lorn=m-+4q. 

Theorems I, II and III are valid for the system {¢n} just obtained. We 


present here the proof of Theorem II only, as the others offer no difficulty. 
If Sn represents the sum of the first n terms of the series 


(a) Sff te) 


then 
2 migip ` 
Smia — Sma = "S Pa d ( J tma —fe) | FP migy,€ > Pie 
i=zmig+ . i=zm+g 
=” (Say + Íp pa, 
A a aoe 
where 


= [ete Ste f i (Shu Sn) |] See 


izmtqtl izm+g+l izm+q 


Since lim Ip = 07 we have 
p=00 


s 2 
lim (Smia — Sma) =R (S fAme—te) | Peemot + $ (f ffs) i 
p=0 i=m+q+i 

The sum of the first m + q terms of the series (3) is given by 


Snia [ J thor —fe || Pme tE (S ih) + ane 
aaee (Steen 
"—aftme (tne f fe + femme S time) ( f tAni— re) 
— Fine (fme— Pomond)( Ste) 


— 2m ef meat f fm f fina | | Pm ef mart. 


7 Cf. proof of Lemma, § 3. 
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Combining these results, we have after’ cancellation 


St (ft) =f rt me SP. 


We are now justified in stating that if a set of functions {fn} exists which 
satisfies the four conditions enumerated above, then it is always possible to 
construct from it an M-complete, M-closed system {x} of continous functions: 
which are linear combinations of the fn, of the form 


Dn 
dn = = mif is 
An example of such a set {fn} is a by the npag of trigonometric 
functions . , 
{fn} = 1, 2% cos 2ng, 2% sin me, 2% cos 4ara, 2% sin 4ra, - 
In concluding this section we assemble the salient facts obtained so 
far in the 


THEOREM IV. For every M there exist M-complete, M-closed systems 
{on} of functions which are continuous and M-orthogonal on I, and such that 


$ p 
f on? = + 1, where the negative sign occurs for one and only one value of n. 


Section IJ. EQUATION with SYMMETRIC KERNEL. 


1. Preliminary definitions and propositions. We turn now to the equation 


(ys o ru(z) — f E(e,s)u(s)ds, 


in which the kernel K (z, s) is a continuous symmetric 8 function on R. 

By a characteristic number of equation (1) is understood a value of the 
parameter A for which the equation has a continuous solution u(x) not 
identically zero on I. l 

In a similar fashion we employ the ordinary definitions of char acteristic 
function, pole of the resolvent, order of a pole, etc., with the understanding 
that they refer to equation (1) unless definitely stated otherwise. 


Lemma. If K(«,s) is symmetric on R, then -e 


SS FOR G9 (0) asda f” SIOE, 2)9(e) dade 


for all continuous functions f and g, and conversely. 


®K(e#,s) is symmetric on’ R if K(a,s) = K(s,a) on R, otherwise it is non- 
symmetric. : 
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The first statement in the Lemma is readily verified. To prove the con- 
verse we assume that K (x, s) is not symmetric, and arrive at a contradiction. 
Application of the hypothesis to the equality gives 


fo [f Ee, s) —K(s, 2) }g(s) as | de =0. 


Let {¢n()} be an M-closed system of continuous functions. ‘If we take 
f(z) equal, sequentially, to these functions ¢,, then 


Sm@[ fae) —Ko)}9(2)8] a=, aeg. 


This is impossible, in view of the closure of the system {¢,}, unless 


{Ke s) —K(s, x) }g(s)ds = 0. 


If we take g(s) equal, sequentially, to the same functions œn (8), ond regard x 
as a parameter, then a similar process of Teasoning gives 


K (a2, s) —K(s,v) =0 on R, 
i.e., K(x, s) is symmetric on R. 
2. Properties of characteristic numbers. 


THEOREM I. If the kernel K (a, s) of (1) is symmetric on R, and if 
U;(%), U(x) are characteristic functions of K(x,s) for M, àz respectively, 
(Ar ¥ dz), then u (£) and uals) are M-orthogonal on I. 


For, following Poisson’s method of proof for the ordinary integral equa- 
tion, we obtain 


i $ % * 
At S U(X) U2 (a) dt = f f Ug (£) K (z, $)u,(s) ds dx 
z * x À ` 
Àz f W (2) Ue (s) da = f f Uy (£) K (a, $) us (s)ds dz, 
hence, if we subtract these and apply the preceding lemma we get 


Ai foul) Uz (x) dx == dg fue) Ue (a) de, M 3E ào 
and from this follows l 


w 
f Uy (T)u(z)dz = 0. 
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Tarorem II. A suficient condition that all of the charactéristic num- 
bers of equation (1) for a symmetric kernel K(a,'s) be real is that K (z, 8) 
satisfy the inequality - 

* ik > 
f Í f(a) K (a, s)f(s)ds dz <0 or >0° 


for all continuous functions f 3£0 on I. 

Assume that u(x) = v(x) +-iw(z) isa complex characteristic function 
corresponding to A540. Multiply (1) throughout by the conjugate char- 
acteristic function (s) == v(x) —iw(x) and M-integrate with respect to a. 
We get 


À f f(x) u(x) da == - f’ sf uK, Dulas dx 
= SS (2) K(x s)u(s)ds dx 4 SS w(s)K( one da 


+ 2M[o(€é) ` f K(x, Q)o(2)de + w(é) fz (z, 9w(2)ds] 
4 UK (E 6) WE HoE] 
Since f u(x) u(a) da is real, and the might- -hand side is real, a sufficient 


condition that A be real is that I du ~ 0, or that the expression on the right 
be different from zero. This is satisfied if 


% [FF -- ` 
f f fK >0 or <0 
for all continuous functions f 340 on I, which was to be proved. ` 


COROLLARY I. Ifin the pure integral equation 


(2) — n6(2) = § K(x, 8)4(3) as 


° For example, if the system {%,} is M-closed on I, and if 
e 


“K(a,8) =E Snl@ on (8) 
n=l n 


the 7,7 so chosen that the series converges uniformly on T, then 


% * 
f fas (fr, æ) =o, 
n=l Ap 


the equality sign holding only if f = 0. 
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the kernel K(x, s) is positive” and if the characteristic functions $a of (2) 


form a complete orthonormed system for this K (x, s), and are such that 


n 
lim 2 pat = %, 
i n=00 a=1 


then the characteristic numbers of (1) for the same kernel are real. 


Thé proof is based upon two theorems of Mercer’s *° by which we may write 

K (2,8) = E papa (2) $o(5); 
the characteristic numbers po of (2) being all positive. Then 

* * oo % 2 

S S Het Soa (J Toa). 
a a=1 
The series on the right may be zero only if f = 0, since otherwise 
$ 
f fpa = S fee + Miebae—=0, (a= 1,2,°**), 


ae | fa) = fe È pas 


a=1 


the series on the left of the last equation is convergent, that on the right 


divergent, hence 
% $ 
EE 


the equality holding only if f == 0; therefore the characteristic numbers of (1) 
are real by the previous theorem. 


CorotLary 2. A sufficient condition that all of the characteristic num- 
bers of equation (1) for a symmetric kernel K(a,s) be real is that K (a, s) 
satisfy the inequality 


e 
10 We use here Mercer’s definition of a positive function: -A symmetrie function 


K (a, s) is positive if 
f f fKF = 0 


for all continuous functions f. See Phil. -Trans. Royal Soc. A, vol. 209 (1909), 
pp. 417-444, oe 
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S f EEEE s) —E(6 £E UW) f(s) ds de <0 


for all continuous functions f 40.4 
For the inequality of Theorem II is true io: all FE) if its discriminant 
is negative, i. e., if 


wel f £@,or(@)d|—KEow f a j(e)K (as) f(s)ds de <0, 
henee if 

Sf KK @OKGs) —KGOK (es) ]f(2)f(s)ds de < 0 
for all continuous f £ 0. 


Tuxorem III. EXISTENCE THEOREM. Every symmetric kernel has at 
least one characteristic number. 


To facilitate the proof we first introduce the following definition: 


A matrix A = (a;;) is M-symmetric if it is symmetric except for one 
row, say the N-th, and its corresponding column, and if the elements ay; and 
ain of this row and column satisfy the relations 


"ayi = — Ain, tÆN. 


As was stated in the Introduction we use Hilbert’s method +? for passing 
from an integral equation to a system of linear equations in RRT many ` 
unknowns. 

Let {ġn} be an M-complete system of the type defined by foul (1c), 
Section I. Multiply equation (1) throughout by ¢i(x), M-integrate with 
respect to x, and apply Theorem IT,** Section I; this gives . 


11 An example: ot such a kernel is 
f ` Rec) nee) sin n (v — &) 


Ela, s) =n l + S 2 > 
n=1 Ny 
since 


Re ee eee 


=—3 a( fre sinn(o—#) ) < 0 for f 340. 


a= ™m 
13 Hilbert, Grundziige einer allgemeinen Theorie der linearen integral-Gleichungen, 
pp. 186-188. l l 
13 In Section I we assumed implicitly that the arbitrary function f was real. 
There is nothing in the proof of Theorem II, Section I, which will not be'valid if f 
is a continuous complex function. f 
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à f Ee SË f ku l i 
-ġ+ S S Eor fuse, (i=1,2,; °). 


If we introduce the substitutions 


fbau—, i S f eton = ux D 


the above equations are replaced by the linear system 

- oO 
(3) ANG =2 QigTK, (i = 1, &; SA ‘), 
in the infinitely many unknowns ti. 


If we let the z; represent the components of a vector æ in a space of 
infinitely many dimensions, then « is a vector of the Hilbert space, for 


hence 


g 


X, z;žı converges. 
i 


The matrix of (3) is M-symmetric, and it is completely continuous. 


To prove the latter property it is sufficient to demonstrate that Pia is 


' convergent. 
By definition 


Beene [S S seen]: 


If Theorem II, Section I is applied twice to the series on the right of this 
equality we obtain successively 


3 [ i Cia f [ Sox} 2 [ F finra] 2 
LS Sonex] o 
° par S f oxKby | 


co 
“A vector «== (w,) is said to belong to the Hilbert space if $| a,%, converges. 
¿=l 


. oO 
35 Hilbert, Grundzüge, Kap. XI, p. 147 f. The convergence of S\a*,, is a necessary 


iK=1 
and sufficient condition for the complete continuity of the matrix A. 
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ss) $ 2 
The series > [ f oik | is uniformly convergent, since it converges 


¿=l 
to the continuous function 


S'er S'] 


‘and since the terms of the series are positive.*® 
Application of Theorem IT, § 3 of Section I to this series yields 


ES TS ea} SILST- SS Es al 


co 
hence $, a?ix is convergent. 
4K=1 


It has been proved?” that a system of equations of the type (8), the 
‘matrix of which is M-symmetric, has at least one characteristic number. Let 
æ then, be a characteristic vector of (3) belonging to the Hilbert space. The 
series 


G (Zee S Kor 


is absolutely and uniformly convergent on J. This follows at once if we apply 
the Lagrange-Cauchy inequality to the series obtained from (4) by omitting 
those terms, at most two in number, which correspond to complex values of A. 
Denote the sum of the series by =e): 


u(t) = > + gg f Kor, 


multiply i equation throughout by $i (a); and M iite with ee: ‘0 T; 


then 
af” gu — 3 + ae f fe oikor. 


Since, by hypothesis, z is a characteristic vector of the system of linear 
equations (3) we have . 
f * 
Tı = f piu, 


Au(s) =+ Suse f Ke, s)$r{s) ds 
2s f "K(@, s)uls) ae. 


and therefore 


1: E, W. Hobson, Phe Theory of Functions of a Reat Variable, Sec. Ed., vol. 2, p. 116, 
* 37 A, Pell-Wheeler, loc. cit., Theorem II. 
18 Of. p. 878. 
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Thus a unique correspondence has been established between characteristic 
vectors of (3) and characteristic functions of the integral equation (1). The 
symmetric kernel K(a,s) of (1) has therefore at least one characteristic 
number, which was to be proved. 

In the Introduction examples were given of emacs with zero and imagi- 
nary characteristic numbers, and of characteristic numbers that are not simple 
poles of the resolvent. : There are-however, certain restrictions that.can be 
made on them. ae 4 

It can easily be proved +° that one characteristic number .may be zero, that 
two may be imaginary (conjugate), the rest being real, that a characteristic 
number can not be a pole of the resolvent of order greater than three, and that 
there can not be more than one which is not a simple pole of the resolvent. 
A necessary condition that A be not a simple pole of the resolvent of equation 


* 
(1) is that È u = 0. 


3. Expansion theorem. Our problem is this: to determine sufficient 
conditions upon a continuous function g(s) iù order that it may be expressible 
in the form 


g(@) = 2 Cala (T), 


where the ua are the characteristic functions of the integral equation (1) for 
the symmetric kernel K (a, $). ` : 

Certain functions Ua(z) *! will be introduced corresponding to a char- 
acteristic number Am which is not a simple pole of the resolvent. These func- 


tions satisfy the relations 
* ; 
S UaU g = + eag 


$K0.=3 ries | eee | 0, Am 0, 


` 


f KU. = ea 2 CapU B, | Cap | = 0, àm = 0. 


A. Pell-Wheeler has proved 1° that the iterated matrix AM == (at?) is 
developable into the following series: 


4 
(5) aX 3 B®, 
j= 


19 A. Pell-Wheeler, loc. eit., Theorem I. ‘ 

20 That the condition is not sufficient is illustrated by Example 1, Introduction. 

21 These functions U, are analogous to the so-called. “ principal functions ” of the 
Fredholm theory. 
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where #,“ is that part of the expansion corresponding to real characteristic 

numbers A, which are simple poles of the resolvent, and is an absolutely con- 

vergent series; H,‘* contains those terms corresponding-to imaginary A; B® 

those terms corresponding to A40 not a simple pole of the resolvent; and 

E,® those terms corresponding to A = 0 not a simple-pole of the resolvent. 
The expressions written out in full for £; are 


EL = > em Aa Sais taK, 
a . 


the sa being characteristic vectors. for the matrix A, and also A™, and satis- 
fying the relations 
(Sas*g) = Dy SaiS* pi = Œ Cap; 
B® = + (Atsis* x + MIiS* x), 
where ` i 
(s5*) = 0, (ss*) = + 1; 

B” =s Ant 3 se CapSaiS pr, = | Cap | Æ 0, ' (a, B TE 1, 2 or 1, 2, 3), 

[7 


where ; 
(8a8*p) = Æ lap, > a‘ sax = m* > CapspK 3 


B® =z t CapsaiS* px; | Cap =0, . (4 P=1,2 or, 1, 2,8), 
&, . 


where ‘ i = 
(Sa8*g) = oh Caps 2 ae Sax = —y Be CapSBK- 


From (5) we have 


(6) SaQeys = X [DE )ziys, 
: i iK PEER gee tas 


the series being absolutely and uniformly convergent for all vectors æ and y 
of the Hilbert space. This condition is satisfied if we take 


om {Fe and y= Sa 


the functions f and g being continuous ¢ on ee Substitute these values i in (6), 
and the expression on the left- becomes : . 


Ragewe— s+ f f T “hf” gor 
ze ye KM fg, 


by Theorem II, Section I. | 
12 
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‘If-we make the same substitutions in the right side of (6) we obtain 


2 Fayre = = + gt x z f tds Si > + f as S 99 


=E En f af f uag, 
id series being E A 
EBM — + [ME fun (HE [ube f gr 
HE S ap (fd [toe f oer] 
=a (a f Sig +i fu f"); 


and the remaining terms of (6), corresponding to a characteristic number not 
a simple pole of the resolvent, are respectively 


2 Bo riye = Ant D E Cap Bi Saiti D Spx, | Cap | £ 0, 
a, KJ 
-00 D EO tyr = D + Cap X Saiti D 8*pxyx, | cap | = 0. 
iK aß 4 K 


The vectors Sa appearng in these two expressions are equal to the same 
linear combinations of characteristic vectors for Am as the functions Ua, intro- 
duced above, are of the characteristic functions of (1), corresponding to the 
, same Am; and the conditions imposed upon the sq lead, under the transformation 


to the conditions imposed upon the Ua. The converse is also true. Hence 
x * : 
D Ee tiyr = Ant z E Cap f Uaf f Teg, | Cap | 0, 


* * 
EBM aye Yeas f Uff Vag, | cap | 0. 


Combining these results, we ‘have 
* AX + * 
(7) > f f K@fg = + àt f uf f Uag 
° / * * a * * 
s(x fuf utaf u fa) 
+o * ; 
+ Ant > = cop S Uaf f Ugg 
aß 
* + 
+E cas f ot f Ugg. 
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Saat (fous y 


converges for all continuous functions v(x), then the series 


E + Ma ta’ (T), 
a 


Since the series 


and hence the series 
* 
D E Aata f Ug 


converges absolutely and uniformly. 
Set ` 


(8) h(a) — {x07 [ Ereti "(tens (xu f f me 
+30 f S “ywa ) +3 E AmtcapUa f [KU 
-+ > a casa f f ieue | . 


If 1 is an arbitrary continuous function, then 
* * pe % * pk i 
f m= f f Kof — [sat f lua f f fK ug 
a 
% >% * = * e * 
(xf u f f {Kout S u f f jKa ) 
i * + $ 
E E Antag f IUa f f {KOU 
aß 


* * * 
+E tap {We ff OTe. 
ap 


Since the right side of this equality is zero from (7), it follows that 
h==0 by the Lemma, Section IT. 
If we now choose g such that 


$ . 
g(a) = [KF : 
and make the substitution in (8), we have an expansion of g in the form 
* * * 
ge) =E= te f gia = (ua f gua + ta f gi) 


+3402 [" 90e. 
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In conclusion: we set forth the 


THEOREM IV. Every function of the form 


g(a) =f K(x, s)F(s) ds, 


where f (s) is an arbitr ary function continuous on I, can be expressed i in the 
form of an absolutely and uniformly convergent series: 


9(2) =Z £ tale) f gua + B(x), 


where the ua are characteristic functions of the integral equation (1), and 
E(x) consists of a finite number of terms arising from the existence of char- 
acteristic numbers which are conjugate imaginary, or zero, or are poles of the’ 
resolvent of order greater than one. , 


BRYN MAWR COLLEGE. 


ON THE EXPANSION OF HARMONIC FUNCTIONS IN SERIES 
OF HARMONIC POLYNOMIALS BELONGING TO A 
SIMPLY CONNECTED REGION.* 


By O. J. FARRELL. 


1. Introduction. In his address ? to the American Mathematical Society 
on the approximation of harmonic functions by harmonic polynomials and by 
harmonic rational functions Professor Walsh included a treatment of ex- 
pansions in given ‘regions in terms of a particular set of harmonic polynomials 
belonging to that region. Among the results reported in this connection was 
a theorem of his own to the effect that if C bea simple finite analytic curve in 
the (x, y)-plane, then there exist harmonic polynomials {pn(z,y)} such that 
of f(x,y) is defined and continuous on O and on C is of bounded variation 
then f(x,y) can be developed into a series 


(a) flay) =Š aplay) 


which converges uniformly in the closed interior of C. Series (a) thus repre- 
sents a function harmonic interior to C, continuous in the corresponding 
closed region, and having the value f(x,y) on C. There exist continuous 
functions {qn(z,y)} on O with which the polynomials {pn(2,y)} form a 
biorthogonal set: 


0, if km 
J. Pel, y)qm(2, 9)E8— A se em, 


The coefficients of (a) are gwen by the formulas . 


m= f f(e y)g(e 9) ds. 
The functions {qn(x, y)} depend on O but not on f(a, y). 


If the curve C of this theorem is the unit circle, the situation is classical ; 
` and if polar codrdinates (p, p) be introduced in the (xs, y)-plane, tHe func- 
tions {pn(#,y)} may be chosen directly as the set of harmonic polynomials 
{p" cos ng, p” sin np}. For the Fourier development of f(a, y) on the unit 


1 Presented to the American Mathematical Society, December 27, 1929 and 
September 7, 1934. 
2 Walsh, Bulletin of the American Mathematical Society, vol. 35 (1929), pp. 499-544. 
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circle gives rise at once to a series in terms of these functions, and this series 
converges uniformly throughout the closed interior of the unit, circle. 

The report of the theorem just quoted was followed by mention of the 
fact that the theorem would lend itself readily to generalizations. It is the 
purpose of the present paper to contribute one such generalization as follows: 


Turorem I. In the (a, y)-plane let G be a limited simply connected 
region whose boundary B consists wholly of simple? boundary points and is 
also the boundary of an infinite region. Let the region G be mapped con- 
formally onto the interior of the unit circle in the w-plane, w =o + iy’ = pèt, 
by means of an analytic function w = ®(z), z = x + iy, and denote by Cy the 
transform in the (x, y)-plane of the circle p = p in the (2’,y')-plane. Then 
there exist harmonic polynomials {pn (z, y)} and a series of functions {qn(x,.y) } 
continuous and biorthogonal on every curve Cy, 0 < p < 1, to the polynomials 
Kona 9)}: 
0, if kam 


1, if k==m. 


Sq, 2% Y) Ym (a, yY) ds = { 


If f(a, y) is an arbitrary function harmonic in G, and if Cy be the transform ` 
of an arbitrarily chosen circle p = m, 0 < u <1, then the series 


o Save), m= f f(a v)a0(2, 9) as, 


converges to f(x, y) continuously + in G. If f(x,y) is harmonic interior to 
Cu, then the formal expansion (1) of f(z, y) found by integration over Cw, 
0< pp’ <p, converges to f(x,y) continuously in the region interior to Cy. 
If f(a, y) is merely known to be defined and continuous on Cy, then the formal 
expansion (1) of f(x,y) found by integration on Cy is summable (C1) to 
f(x,y) uniformly on Cy, hence summable (C,) uniformly on and within Op, 
thus furnishing a solution of the Dirichlet problem for the region interior to 
Cy and the boundary values f(a, y). 


If the region G of Theorem I happens to be the interior of the unit circle, 
the situation is again the classical one, and the functions {p,(z, y)} may be 


3A boundary point is simple if it is contained in just one primend. See Cara- 
théodory, Mathematische Annalen, vol. 73 (1913), pp. 321-370, §§ 44-46. 

* A series is said to converge continuously in a region if in any closed subregion 
the series converges uniformly. See Walsh, Transactions of the American Mathe- 
matical Society, vol. 33 (1931), pp. 668-689, § 2. 
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taken as the harmonic polynomials {p” cos nd, p” sin nd}. The curves Cp are 
now the circles p = p, 0< <1; and the biorthogonal g-functions are the 
functions. {(1/ap™**) cos nd, (1/xp"**) sin nd}. 

To obtain Theorem I we first consider (in Theorems II and III below) 
expansions of functions harmonic within the unit circle in the (x, y’)-plane. 
These expansions are not in terms of harmonic polynomials but in terms 
of a set of harmonic functions {p’n(2’, y’) } which approximate to the functions 
{(1/x*)p" cos np, (1/24)p" sin no}. If the approximations be taken suf- 
ciently close, an arbitrary function f(s’, y’) harmonic within the unit circle 
can be expanded into a series in terms of the functions {p’,(2’, y’)} where the 
coefficients of the expansion are found with the help of a biorthogonal set of 
functions by integration over an arbitrary circle yp : p—=p,0<p<1. The 
region G of Theorem I is then mapped onto the interior of the unit circle in 
the (a’, y’)-plane of Theorem III and by means of the properties of the con- 
formal map the result of Theorem III yields its analog in the (a, y)-plane and 
gives us Theorem I. 


2. Developments within the unit circle. The point of departure here is 
the following specialization of a theorem of Walsh: ë 


Tuxorem Il. Let the functions {an(w)}, w = x + iy’ = pett, be ana- 
lytic for | w| S 1+ e, «> 0, and such that for | w| S 1 + « we have 
(2) ! | wn (w) — (1/) w” | S n, (n=1,2, °), 
where the series Xen converges and the sum of the series Xen? is less than 
 1/4r. Let 
(3) (wv) aos P(r, y) — 1/ (27r) 

ma(w) = Pon (2’, y’) + ip’ ans (2’, y’), (n = 1,2,- -) . 

Then there exists a set of functions {q'n(w’, y’)} defined and continuous on the 
unit. circle y : p==1 and such that 


picts P 0, if ks 
S Edad {0 ee 


Any function f(z’, y) which is continuous and of bounded variation 6n y can 
be developed into a series 


() Fy) —Zawesy), w= f PE), 


5 Proceedings of the National Academy of Sciences, vol. 13 (1927), pp. 175-180, 
Theorem 3. 


886 : 0. J.. FARRELL. 


which converges uniformly throughout the closed. interior of y, thus defining 
a function harmonic for p < 1, continuous for p S 1, and equal to F(x,y) 
on y. If F(x,y) is merely known to be continuous on y, then the formal 
development (4) of F(x,y) on y is summable (C1) to F(x,y) uniformly 
on y, hence summable (C,) uniformly on and within y, thus furnishing a 
solution of the Dirichlet problem for the region interior to y and the boundary 


- values f (2, y’). 


It is seen at once that Theorem II differs from the result as given by 
Walsh only in that the functions {p’n(2’, y’)} have been specialized. For ‘if 
an(w) is analytic in the closed interior of the circle p = 1 + e, the real and 
imaginary parts of z»(w) are harmonic in this closed region. And inequalities 
(2) imply the original inequalities (5) of Walsh’s Theorem 8. For it follows 
from (2) that 


| P'am l yy) — ER cos Np |s SEn 


| Pons (2’, y) — (1/r)p" sin nd | S ën ‘(mom 1, 2,°° +). 
And if the & of (2) be identified with the en required by’ Walsh by rene 
En = éon = Conus (N = 1,2," > +), we have, since e = 0, 


00 
Sg? — Sat 2 SH! < 1/2z. 
n=l 


n=l n=2 
Theorem II will now be applied to prove the following theorem. 


Tuorem III. For |w|<1 let the functions ma(w) (n—1,2,° °°), 
be analytic and such that 


(5) | an (w) — (1/a4) wt | E Aen (n=1,2 °); 


where à is any fixed positive number less than unity, and where the €n satisfy 
the hypotheses of Theorem II. Suppose further that w,(w) has a zero of 
order n at the origin. Let the functions {p'n(2’, y’)} be defined as in (3) of 
Theorem II. Then there exists a set of functions {q’n(z’,y’)} which are 
continuous and biorthogonal to the set {p'n(2’, y’)} on every circle yp : p = m, 
O<cyw<cl: 

š 0, if km 
1, if k= m, 


S PAEA d= | 
H 


where o denotes arc length along yp. If F (£, y) is any function harmonic 
within the unit circle y, then.the series 


(6) Zapasy) w= f PEES), 
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converges to F(x,y’) continuously thruout the interior of y. If F (£, y) i 
harmonic interior to yu, then the formal development (6) of F (2, y’) found 
by integration over yw, O'< u’ < p, converges to F(x,y) continuously in- 
terior to yp. If f’(2’, y) is merely known to be defined and continuous on yp, 
then the formal expansion (6) of F (2, y’) on yp is summable (C1) to f’ (2, y) 
uniformly on yp hence is summable (O1) uniformly on and within yp, thus 
furnishing a solution of the Dirichlet problem for the region interior to yp ` 
and the boundary values F (2, y’). 


` To prove this theorem we shall show first that if p be chésen arbitrarily 
between zero and unity, there is a positive e’ such that 


(7) | xn (uw) — (1/0 Se, (w|i He. 
From (5) it follows that 
| mn (w/w — 1/7 | Sr*e,/|w |", > w0, [wl <l. 


Moreover, since an(w) has a zero of order n at the origin, the function 
* Gn(w) = ma (w) /wW” —1/x4. when properly defined at the origin is analytic 
‘everywhere within the unit circle. The inequalities (5) may be written 
| w"'gn(w) |/rA"en E 1, jw} <1, 

whence by Schwarz’s Lemma 

| wgw) AnS jw |w[ <1, 
that is 

| wrga (w) |/A”én E 1, Jw| <i. 


By repeated use of Schwarz’s Lemma we finally get 
| gn (w) | E N €n, Jw| <1. 


Since this last inequality holds for all w of modulus less than unity, it will 
hold when w is replaced by pw, 0 < p < 1. Accordingly we have 


| wn (pw) /w"w” — 1/7 | SS Nên, ple] <i, 


> or 


| mn (no) /a"— (Y | Srl wl wl <1. 


The quantity A*é, | w |” is not greater than é, if | w| < 1/A. If then we choose 
a positive ¢ such that 1 -+ ¢’ is less than the smaller of L/A, and L/ i, we have 
the desired inequalities (7). 
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` Let f’(2’,y’) be a function harmonic within the unit circle. Choose a 
number » between zero and unity. By Theorem II the function F (ux, py’) 
admits an expansion 


(8) F (ez, wy’) = bipi (ut, py’) + H bang onler, wy’) /p” 
+ Bons Ponsa (ut, ey) [pm a eRe 


which converges uniformly in the closed interior of y. Moreover, there exists 
a set of functions {gn(«’, y’)} continuous and biorthogonal on y to the set 


ps pa’, vy’) > ve ? Don ( ux’, ey’) /B", Poma (ye, py’) / pe", Pas ey 


and the coefficients of (8) are given by 
emf PUL, lyi. 


But (8) is equivalent to a development of f (x, y’). converging uniformly on 
and within yp, namely, 


ios) 
(9) PLY) = Rapley) ae J. P (asy) gP (2, y) do, 
= i 
where the functions {gn (2, y’) } are defined by the relations 
el (2, y) = Gan (2’/p, Y/B), qin r, Y) = Gen (L/f y'/p)/pr. 


Hence for each value of a, 0 < u < 1, there is a set of functions {qn (2’, y’)} 
continuous and biorthogonal to the set {pn (2, y) } on the circle yp. And if 
we let g’n(2’,y’) be identified on each circle yp with gn” (2’, y’), we obtain 
a set of functions {q%n(2’,y’)} continuous and biorthogonal to the set 
{p'n(2’, y’)} on every circle yp: p=pO<w<l. i 
We have yet to show that the expansion (6) formed for a chosen value 
of » converges continuously thruout the interior of y. Let S be any closed 
subregion of the interior of y. There is some number v, 0 < y < 1, such that 
‘both S and yp are interior to the circle yv : p =v. Then j’(2’,y’) admits 
an expansion 
e [se] 
(10) PLY) Egry) =f PEE, ae: 
which converges uniformly on and within yy and hence uniformly in § and 
on yp. But (10) must be the same development as (6). For multiplication 
of these two series thru by q”.(2’, y’)do and integration term by term over yp 
gives the equality of a, and gr- 


THE EXPANSION OF HARMONIC FUNCTIONS.- à '889 


‘This completes the proof of Theorem III for the case where f’(2’,y’) is . 


harmonic interior to the unit circle. The remaining two cases. are handled 
in similar manner. 


3. Proof of Theorem I. An arbitrary region of the type described in 
Theorem I can be mapped conformally onto the interior of the unit circle in 
the w-plane of Theorem III by means of analytic functions w = (z) and 
z2==W(w). The function w == (z) may be defined on the boundary B of G 
so as to be continuous in the closed region G+ B. We shall suppose that 
this has been done: Moreover each of the functions 


wn/at = [B(z) ]*/x4 (n= 1,2,°° +), 


can be approximated uniformly in the closed region G-+B as closely as 
desired by a polynomial P,(z),® and when this approximation is taken suffi- 
ciently close Pn(z) will have by Rouché’s theorem’ precisely n zeroes in G. 
Moreover, these n zeroes may be made to coincide ê at the point of G which 
corresponds by the map to the origin in the (x, y’)-plane. Let the polynomials 
. {P,(z)} be so chosen and also so that 


| Pu(z) —[®(z)]"/a4| S Aam zin G+ B, 


where €, are those of Theorem III. Consequently inequalities (5) will hold 
for |w| <1, if we identify the functions {+,(w)} with the transforms of 
_the polynomials {P,(z)}. Accordingly the harmonic polynomials {pn(z, y)} 
are to be chosen as the set of real and imaginary parts of the polynomials 
{Pn(2)} so that their transforms may be identified with the harmonic func- 
tions {p’n(#’, y/)} of Theorem-ITI. $ 


Theorem I now follows from Theorem III by virtue of the conformal map. > 


For if f(x, y) is harmonic in G, its transform F(x’, y’) is harmonic within the 
unit circle y, and so f’(2’, y’) may be expanded into a series in terms of the 


“Farrell, American Journal of Mathematics, vol. 54 (1932), pp. 571-578, Lemma 
in § 5. 

7 See Bieberbach, Lehrbuch der Funktionentheorie, vol. 1, p. 185. The application 
of Rouché’s theorem here is almost immediate. The function © Q, (2) = (1/78) [8 (z) Je 
is certainly zero nowhere on the boundary of G. And if the approximating polynomial 
Pj(z) be chosen so that | P,(z)—@,(2)|< l/r} for æ on B, then we bave 
| Pa (2) —@, (2) | < |, (2)| for 2 on B. It follows then by the theorem of Rouché 
that the two functions @,(z) and ©, (2) + [P, (2) —®,(z2)] have the same number of 
zeroes in G, which means that P,,(z) has just n zeroes in G. 

8 See Walsh, Transactions of the American Mathematical Society, vol. 26 (1924), 
pp. 155-170, p. 164. 
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functions {p’,(2’, y’)} where the coefficients of the expansion are found by 
integration around an arbitrary circle yy. The series converges continuously 
within y. This means that f(x,y) may be expanded into a series in terms of 
the harmonic polynomials {pn (z, y)}, where the series converges continuously 
in G. In like manner the remaining two cases of Theorem I are readily 
verified. The functions {g¢n(v,y)} of Theorem I are to be defined by the 
relations l 
qn( 2, Y) = Y''n(2’, Y) do/ds, 


where the equation refers to points of Cu and ya which correspond under the 
conformal map, and where o and s denote arc length along yp and Cy 
respectively. 
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carn PROBLEMS IN THE THEORY OF CLOSEST 
APPROXIMATION. 


By PauL G. HoEL. 


Introduction. This paper is concerned with properties of minimizing 
sums for integrals containing the m-th power of the error of an. approximation, 
primarily for values of m< 1. By a minimizing sum is meant a linear com- 
bination of a set of n suitably restricted, linearly independent functions 
5,(@), 82(@),* * +, Sn(x) which minimizes the integral 


GP J w(x) Fæ) — yla) |” da, 


where w(x) is a suitably restricted weight function, m is a given positive 
constant, y (2) = c81 (8) + C282(2) +--+ ++ CaSa (£) is an arbitrary linear 
combination of the s’s, and f(v) is a given suitably restricted function not 
identically equal to a linear combination of the s’s, to which it is dened to 
approximate by means of the ys. 

Three ‘properties of minimizing sums are considered here. The first two 
are extensions, with appropriate modifications in statement, of properties of 
minimizing polynomials which are well known for an exponent m > 1, while 
the discussion of the third is believed to be new for m =1,.as well as for 
m<1. The paper is divided into three sections corresponding to these three 
properties. ` 

Throughout this paper, except where explicitly stated ae: the 
function f(x) and the properly independent functions s; (x), s2(#), +>, Sa(®) 
are assumed to be bounded and measurable on the interval (a,b), and the 
weight function w(x) to be summable and non-negative on (a,b), but 
positive over a subset of positive measure. The functions s; (x), s2(£),* © *, Sn(w) 
are said to be -properly independent on (a,b) if every linear combination of 
them, in which the coefficients are not all zero, is different from zero on á 
subset of positive measure. Under these restrictions, it can be shown by the 
usual methods of proof? that there exists at least-one linear combination of 
the s’s which, minimizes (1). Let ¢m(#) denote such a. minimizing- sum. 
For m <1 there is not in general a unique minimizing sum; ‘therefore, it 
will be assumed that m(x) represents ay one of the minimizing sums, if 
more than one exists. 7 


1 Presented to the American Mathematical Society, June 23, 1933. 
3 See, for example, D. Jackson, “ A generalized problem in weighted approximation,” 
Transactions of the American Mathematical Society, vol. 26 (1924), pp. 133-154; p. 187. 
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1. The orthogonality property. The purpose of this section is to demon- 
strate that the orthogonality property of a minimizing sum holds, within 
certain restrictions, when the exponent m = 1. In the case of m > 1, D. 
Jackson ë has shown that this property is both necessary and sufficient for a 
continuous minimizing sum of a continuous function. Here the condition will 
be shown to be a necessary one for this more general class of minimizing sums 
and functions, but naturally under more severe restrictions when m= 1. 

. rn LE (®) —$m(2) |” 

THEOREM 1. For m <1 the expression w(x) eae a pro- 
vided that both it and the expression with w(x) deleted are summable on 
(a, b), is orthogonal over the interval (a,b) to every linear combination y(x) 
of the s’s; that is, 


fo oe LR tet yede mo. 


b 
Proof. Let I(h) -=Í w | r— hs |” da, where r == f — ọm, $ is any one 
a 


of the s’s, and h is a constant. Then J(0) represents the minimized integral. 
Without restricting the problem, it may be assumed that | s(x)| = 1, for the 
assumption can be realized by defining a new set of s’s which are the proper 
constant multiples of the old set. Now form 

Ih) 10). eats Pe" 
(2) Se a i w i dx. 
Let #,, #., and E, be the subsets of (a,b) for which respectively r > 0, 
r<0,andr=0. Then me derivative of [(h) at the point k = 0 will exist 
and will be given by 


oO 0) 


(3) ` (0) =lim lim lras dene ll 
R=0 


h=0 Er Eg+Eg h 


dx, 


if the limit exists for the integrals over #,, E2, and E; separately. Only the 
limit as h approaches zero through positive values will be discussed, but the 
method is identical for the limit from the left. 

From the hypothesis of the theorem that | r|"/r is summable on (a, b), 
it follows that the measure of the set F, is zero. Consequently, the integral 
over Æ, vanishes and its limit is zero. 

In considering the integral over Hy, let hi, ho, * © >, ha, + + be an arbitrary 
set of positive numbers for which lim A; = 0. Let g:, ga` - +, gi," - denote 


1-00 


8“ On functions of closest approximation,” ibid., vol. 22 (1921), pp. 117-128; p. 126. 
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the corresponding values of the integrand in (3). This set of functions is a 
sequence which satisfies the following three conditions almost everywhere on Fi. 
(a) For every value of hi, gi(z) is obviously summable on #,. 
(b) lim ngs (x) = g (x), if, by definition, g (£) = — w(x) ms (x) [r(x)]™". 


For, if zo ieee an arbitrary point of E., it is possible, from the definition 
of the set H,, to select an h; so small that hi < r(a)/2. Then for h S hi, 
since | s(a)|S1, | r(a) —hs(a)|" = [r(z0) —hs(zo)]” is a positive 
differentiable function of h; consequently, i 


Enl 1 (Zo) E [™ — | rao) |” 


bi 





= 2 —hs(z)]" } = — me (zo) [r (20) ]". 


This limit holds in particular as h approaches zero through the succession of 
values hi; therefore, 


lim gi (20) = — w (xu) ms (20) [7 (20) I" = g (%0). 


©) | g(x) | S G(x), if, by definition, G (s) = 10w(a)[r(x)]"". For, 
when r(x) > 2h; and hh, the law of the mean may be applied to the 
expression below, considered as a differentiable function of h, to give 


(4) |r—hs |*—|r |” = [r— hs]” — [r]” = — msh[r — 6,hs]™", 
0<A <1. 


Furthermore, [r— 6,his]"* < [r/2]" < 2[r]™. Consequently, because 
of (4) 


| g(x) | = | wms[r — bihis] |S 2mw | s | [r] S 2w[r]. 
When r(x) S 2h, 


| r — his m—[r |" ] — p Lab”: 


4 


| gi(x)| =W E + (@hs)™ < 10w[r]”-. 





Hence (c) holds for all z and i, where G(x), by E is summable on F. 
Now, by a well known theorem on Lebesgue intęgration, the fact that 
{gi(x)} satisfies the above three conditions justifies the limit 


— his [™—| r |™ 
5 E ge Ie 
( ) 470 VY Er ; hi 


dz = — m f ws[r]” dex. 
Ey 


Since {h;} is an arbitrary sequence with limit zero, (5) implies that 


894, PAUL G. HOEL. 
lim P i a lene Ka in do——m f ws[r]™ da. 
10 JH, 
The methods used to obtain this limit may be applied to the integral in 
(3) over Æ, to obtain a similar result. Combination of these three limit 


results gives, 
, Bg ttl 
ro =a fi ws —— oe ee mf ws —m f ws —— dx 
Q 
Now I (h) is a continuous funtion of h which has a minimum at h —0; 
and since it possesses a derivative at that point, the derivative must vanish 
there. Since s represents any one of the s’s, this means that 


Fd 
f WS; 
ub mee 


which is equivalent to the vanishing integral of the theorem,- 

For m==1 the details of the proof are simpler while the theorem 
hypotheses merely require that the measure of F; be zero. 

If.w(x) is positive on (a,b), in addition to its original restrictions, 5 
Theorem 1 will be found to hold without the summability restriction | on | è ae hes 

‘It should be noted in the case of polynomial approximation that when 
the orthogonality property holds, it gives at once the information that r(«) 
must possess at least n sign-changes in .(a, b); since otherwise y(x) could be 
chosen as a polynomial of degree S n— 1 with the same sign as |r |"/r to 
contradict the theorem. With n replaced by 2n + 1, the same statement can 
be made concerning trigonometric approximation. ad 





= 0 ‘(i= 1,2, n), 





2. Zero multiplicity bounds of the error function f(x) —¢m(t). This 
section is concerned with polynomial approximation to a continuous function. 
When f(z) is continuous and m > 1, it is known‘ that the error function 
corresponding to a minimizing polynomial of degree n— 1 changes sign at 
least n times in the interval. When f(s) is continuous and. m == 1, it is 
known * that the error function changes sign at least n times or else vanishes - 
over a set of positive measure. When f(z) -is analytic and m < 1, it is known € 
that the sum of the myltiplicities of the zeros of the error function must be at 


* Loc. cit., “ On functions of closest approximation.” 

5D. Jackson, “Note on a class of polynomials of approximation,” Transactions of 
the American Mathematical Society, vol. 22 (1921), pp. 320-326.. - 

°D. Jackson, “Note on the convergence of a sequence of approximating poly- 
nomials,” Bulletin of the American Mathematical Society, vol. 37 (1931), pp. 69-72; p. 72. 
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least n. The problem here is to make as definite a statement as possible when - 
m <1 and f(z) is assumed to be merely continuous. 

In this section let w(x) be bounded, in addition to previous restrictions. 
As before let r(x) = f(x) —¢m(x) denote a minimizing error function, where 
now ¢m(x) represents a minimizing polynomial of degree = n— 1. Since 
r(x) need not have zeros of definite multiplicities, a similar concept will be 
introduced by means of the following definition. 

If a, is a zero of r(x), gx will be called its multiplicity bound provided 
that for every g > gr there exists a positive constant 3, such that the inequality 


(8) | r(x) | = | e—ay |2 
holds for all valueg of x for which | — Tr | <8, while if g < ge no such 


8, can be found. It can readily be shown that there exists a unique gr, finite 
or infinite, for every zero of a continuous function. 


THEOREM 2. For 0< m <1 the number of zeros and (1— m) times 
the sum of the zero multiplicity bounds of r(x) must add up to at least n. 


f , Assume the theorem to be false. Let ¢ represent the number of zeros and 

u the sum of the zero multiplicity bounds. Then ¢+ (1— mju <n. Let 
Tı, oy” * +, Tt denote the zeros and qi,q2,-° *, qi the corresponding multi- 
plicity bounds. It is possible then to construct a polynomial p(x) of proper 
degree which has the same sign as r(x) everywhere in (a, b), with | p(x)| = 1 
in (a, b), and with zeros of multiplicity px satisfying the relation 


(9) Qe(1—m) —1 < SE qe (1—m) +1. 
More explicitly p(x) is expressed by 
P(@) = C(a— a) (a — Ta): - » (r — s)”, 


where C is a constant. The range of two units in the inequality (9) makes 
it possible to choose px odd or even according as r(x) does or does not change 
sign at = £u From (9) it follows that 


(10) EeS3(a—m) +S (—muticn . 


This inequality shows that p(x) is of degree =n—1. Now form 


b 
J(h) -Í w | r—hp |” dz, 


(11) IŒ) —I(0) = [wl] r—hp |» —| r ae, 
13 
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where h is a positive constant to be specified later. Let Hı, Eo, and Es be the 
subsets of (a, b) for which respectively | r | > 2h| p|,h|p|/2S|r|S 2h | pl, 
and |r| <h|p|/2. By construction, p(x) has the same sign as r(a) ; 
consequently integral (11) is non-positive over the sets #, and Ez and non- 
negative over Fs. Moreover, since J (0) is the minimum value of (1), integral 
(11) must be non-negative for every A. Hence 


f, ellie le ldo f, wel e r — hp dae. 


A contradiction will be obtained by showing that there exists a value of h 
for which this inequality is reversed. It will suffice to prove that 


(12). f, w[]| r |” — |r — hp \"]da > Í, wt | r— hp |” — | r |”]dz. 
The mean value theorem may be applied to the integrand on the left to give 


|r |"—|r—hp |" = mh | p |[] r | — bh | p|] (0<&<1), 
=mh | p| |r [P1 — 8A | p|/|r|]™* > mh | p| |r jm. 
Hence, 


f w[| r |” — | r— hp |"]dc = mh Í, w| p| ‘|r lt de. 
Ja a 


Consider the integral on the right of (12). Since |r| < > | p|/2 on Fs, 


Sethe hp im | + Paes f wl hp [mae 
ig “AS Ez 


By combining these two results, it is seen that (12) is true if 


*. (18) mf wlel [rimde> fw] p| [hp im da. 


Let h be given a sufficiently small positive value hy such that the set Ey 
will contain a subset of positive measure on which w is positive. The function 
|p| |r |” has but a finite number of zeros; consequently the integral on 
the left of (13) is positive with A so chosen. Let its value be denoted by K/m. 
Since the measure of F, is non-decreasing as h decreases, this integral is non- 
decreasing as h decreases. That means, for h< ho, 


(14) m f, w|p| |r de =K (h) =E > 0. 
Over the set Fa, | hp | >2]r|; hence 


lp] [apj <p] |x= <]p] rpe, 
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and 
(15) Si wll lipides f w| p| |r l de. 


The integrand on the right becomes infinite only at the zeros of r(x). There- 
fore to prove that the integral exists, it will suffice to show that it converges 
at any such zero zs in #3. The demonstration follows. 

It is possible from (9) to find a positive number p < m such that 
Pu > Qe(1—m)—1-+p. If «> 0 is chosen so small that e(1— m) <p, 
then . 
(16) , Pe > (Me + ¢)(L—m) —1. 


From definition (8) there exists a 8. < 1 such that | r(x) | = | z — ay |ue for 
|—a, | < õe Moreover, from the definition of p(s), there must exist a 
positive constant R such that | p(x)|SR|c—a, | for |r—a% < 8e- 
f Conbinetien of these last inequalities gives 


(17) |p| |7 [7S E | c—ay |00 mo for | e—a | < be 


_ From (16) it follows that the exponent in (17) is > — 1. Consequently the 
integral on the right of (15) converges at z, and hence throughout Es. In 
view of (14) and (15), it is evident that (13) is true if 


K> f w| p| |r | de. 
Es 


If now h is allowed to approach zero, the measure of H, approaches zero; 
and therefore this last integral approaches zero with h. But K is independent 
of h; consequently an k can be selected so small that the inequality holds. 
This proves the theorem. 


CoRoLLARY 1. If the number of zeros is not more than nm, the sum of 
the zero multiplicity bounds must be at least n. 


THEOREM 3. If every qu < 1/(1— m), the number of sign changes of 
r(x) in (a,b) is at least n. 


Proof. Here a(i — m) +1 <2 and qg(1— m) — 1 <0; hence, from 
(9), 2e = 1, if r(x) changes sign at 2, and Pe = 0, if it does not. If the 
theorem is assumed to be false, (10) becomes 3p, = f= and the proof 
follows from there on as in Theorem 2. Under this hypothesis, there can be 
only a finite number of roots since at a limit point of roots gy is infinite. 


- THEOREM 4. The conclusions of Theorems 2 and 3 and Corollary 1 hold 
if w(x) is not bounded but is such that w(x) | r(x) |" is summable on (a, b). 
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Proof. The details of the proof are identical with those of the above 
theorems through (15), after which the conclusion follows readily from the 
added summability hypothesis. ' 


3. Continuity of coeficients. The problem of determining the behavior, 
of a minimizing sum as the exponent m becomes infinite has been investigated 
in several papers.” The main result of these investigations has been to show 
that in the case of polynomial approximation to a continuous function the 
minimizing polynomial, for m —> œ, approaches the Tchebycheff polynomial 
of best approximation as a limit. However, no attention seems to have been 
given to the corresponding problem of determining the behavior of a mini- 
mizing sum as the exponent m approaches`a finite value. The purpose of this 
section is to investigate that problem to the extent of showing that under 
suitable restrictions the coefficients of a minimizing sum are continuous func- 
tions of the exponent m. 

In addition to the original set of restrictions, let w(x) be non-vanishing 
almost everywhere on (a,b). It will be assumed that | f(x)|<1, since if 
the condition is not fulfilled originally, the said coefficients merely need to be 
multiplied by a suitable constant factor. It will also be assumed that f(a) ` 
and the s’s form a set of n + 1 properly independent functions; for, otherwise, 
the minimizing sum is identical with f(x) almost everywhere on (a,b), for 
every m, and the problem of dependence on m becomes trivial. First, a neces- 
sary lemma will be proved. 


Lemma. The absolute values of the coefficients of om(x) have an upper 
bound independent of m for «== m= f, where « and 8 > a represent any two 
‘positive numbers. 


e b 
Proof. Let J represent the’integral (1) and =f w(x) | 8(x) |” dz, 
where (s) is an arbitrary linear combination of f(s) and the s’s with its 


least upper bound == 1. Then, by the same proof as that given in a paper by 
D. Jackson,’ it can be shown that 


(18) | cy |S B(J/An)™, 


where B is a constant depending only on f(s) and the s’s, and Am is the 
minimum value of J.°When J = Am, | €s | 5 B ; otherwise, | c | = B(J/Am)™*; 
and so in all cases 


7G. Pólya, “Sur un algorithme ... ,” Comptes Rendus, vol. 157 (1913), pp. 840- 
843; D. Jackson, loc. cit., “On functions of closest approximation”; J. Shohat, “On 
the polynomial of the hest approximation to a given continuous function,” Bulletin of 
the American Mathematical Society, vol. 31 (1925), pp. 509-514. 

® Loc. cit., “© A generalized problem in weighted approximation.” 
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(19) |e |S BLL + (J/Am)¥*]. 
For a fixed 6, since | 8 | <1, | ð |” is non-increasing as m increases, for 


d 
each z, and so w | 0 |” dz is a non-increasing function of m. Hence, for 
Q 


b b 
every 9, f w | 0 |” dz = f w | 0 |8 dz = Ap. Therefore An = 
a a 


When only minimizing sums are considered, 


J= f wifo des f'w| fides f’ wde, 


since | f(x)| 5 1 and zero may be regarded as a particular linear combination 
of the s’s. 

When these inequalities are applied to (19), | cx| for ¢m(a) will be 
found to have an upper bound independent of m over the range («, 8). 

As a consequence of this lemma and the fact that f(a) and the s’s are 
bounded, there must exist a K > 1 independent of m such that 
(20) | f(t) —¢n(x)| < K fora Sm S Bp. 


THEOREM 5. The coefficients of dm(x) are continuous functions of the 
exponent m for every value of m > 0. 


Proof. When m > 1, ¢n() is uniquely determined for each value of m. 
When m= 1, in the absence of further restrictions, this is not necessarily the 
case. The property of continuity then requires special explanation, which will 
be given later. Introduce the notations: 


I(m, om) — f° (2) | f(@) —dn(e)|" dre f’ w |r|” de 
b “o 

Im o) — f w(2) [f(@) —bn(2)|t de= fw |r |e da 

Ilm 8) = f° w(x) [F@) — y (a) |* de= f° w | 2] de 

Im) = f° w) | F(2) — or (2) |" de= f° waje de 

Since I(m,c™) and I(, c”) are minimized values for exponents m and u 

respectively, . 
(21) T(m, œ) SI(m, c);  I(m œ) E Im ™). 


Consider the difference 


[Im 08) —I(m, |=| f wl] 2 e—a de |. 
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This difference does not exceed a quantity which may be written as 


b l : b 
(22) f wjapljap—il]dn or f wla] lle lr*—1| de, 
a Z a 


according as u> m or p < m. Both of these integrals have the limit zero 
as p approaches m. This ‘is shown as follows. ' 
Let e be any positive quantity such that eo = («/4W)*/* <1, where 


<b 
w—f w(x\de. Let H,, E», and Bs be the subsets of (a,b) for which 
@ 


respectively | | = eo e < |z| 51, and |z|>1. Choose |p»—m|< a/2 
‘and consider for p < m the last integral in (22) in the three parts corre- 
sponding to these three sets. For the first part 


f w|i] dex f w |z |” da 

E Ey 

=f w| a | des eel? f w dt S jå. 
E E ` 


For the second and third parts, because of (20), 


Í w|aļjljepr—ijas E f w | |z |7 —1 | de. 
Ez+Es Ez+Esg 


The two parts of the integral on the right satisfy the inequalities 


f w || Z [rx — 1 | w= f w[i — | z [me] da S (1 — lel) W. 

Ez Es 

Í, w |] eme —1] i= f w[| 2 [me —1]de< (Kimi —1)W. 
8 3 


Identical results hold for the first integral in. (22). Combination of these 
results gives 


| I(u, ct) — I (m, c) | S 6/4 + WEEL (1 — eola) + (Kiem —1)]. 


Since e and K are independent of | »— m |, the second term on the right 
can be made <= ¢/4 by a sufficiently small choice of | p— m |, say 8. Hence, 


(23) ` | T(m g") — 1 (m, of) | S«/2 for | a—m | < è. 


Since m and u may take on any positive values, they are interchangeable here; 
hence, 


(24) | I(m, c”) — I (u, 0”) | 5 e/2 for | ~—m| <è. 
When » differs from m by less than 8, (21) and (24), and (28) and (21) 
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combine to give the inequalities I(p, c) S I (m, c”) SI(m, c™) 4-«/2 and 
I(p, c) = I(m, ct) — e/2 2 I(m, ce”) —/2. These are equivalent to 


(25) | I(u, ct) —I(m, om) | </2 R for |p—m| <8. 


Finally, combining (23) and (25) gives: |I(m, c”) —I(m,c*)| Se for 
|p—m |< 8 But this says that : 


(26) lim Z (m, c”) = I (m, c”). 
pom 


The continuity proof results in interpreting this limit as follows. Let 
pi (t= 1,2, - +) be an arbitrary set of values of » such that lim m; = m. 
4900 


Then from (26) 
(27) lim I(m, c) = I (m, c™). 
4-900 
When m > 1, there corresponds to each value of p; a unique set of 
coefficients co“, which may be thought of as the codrdinates of a point in an 
n-dimensional space. From the lemma, these points are bounded and thus give 
rise to at least one limit point as t becomes infinite. Since [(m, c") is a 
continuous function of cë, the limiting value of Z (m, c#+), as i becomes infinite, 
is the value taken on for the set corresponding to a limit point. But uniqueness 
for m > 1, because of (27), requires that the set of coefficients corresponding 
_to a limit point be identical with c™. Hence, there can be but one limit point, 


and lim c”: == ¢™, Since p; is an arbitrary set approaching m, this is sufficient 
i300 


to prove continuity because it implies that 


(28) l ~ lmæ =”. 
wom 

When m1, the functions I(m, c”) and c# are to be thought of as- 
multiple valued functions of » possessing as many values as there are mini- 
mizing sums for that exponent. The reader will find, upon carefully examining 
the details of the last paragraph, that the same type of argument applies to 
arrive at (28), the limit to exist in this multiple valued sense. Here the 
continuity referred to in the theorem means that for every e:> 0 there exists 
a ô> 0 such that for every p for which | »—m| < 8, every u will have 
coefficients differing from those of some one of the ¢, by less than e. 


Rosé POLYTECHNIC INSTITUTE. 


REGULAR CONVERGENCE AND MONOTONE 
TRANSFORMATIONS. 


By G. T. WHYBURN. 


In a recent paper * the author defined the concept of regular convergence for 
a sequence of sets relative to 7-dimensional cycles. A convergent sequence of 
closed sets [An} is said to converge regularly relative to r-dimensional cycles, 
or simply r-regularly, provided that for every « > 0 there exist positive num- 
bers 8 and N such that if n > N then any 7-dimensional complete (Vietoris) 
cycle in A, of diameter < 8 is ~ 0 in a subset of A, of diameter < e. It was 
shown that in the case of every type of set there studied (i.e., simple arcs, 
simple closed curves, topological spheres and closed 2-cells), regular con- 
vergence relative to 0-cycles for a sequence [An] yields as a limiting set A 
a set either of the same topological type as the members of the sequence or a 
set which can be produced by an upper semi-continuous decomposition ? of 
such a member into continua. In other words, the limiting set is always of 
such a nature that it can be represented as the image under a monotone trans- 
formation * of a member of the sequence. This suggests the possibility of an 
intimate connection existing between regular convergence and monotone trans- 
formations, and in the present paper a theorem giving the exact nature of this 
telationship will be established (see Theorem 2 below). 

We shall assume that all sets considered are imbedded in a compact metric 
space. The distance between two points v and y is denoted by p(w, y), the 
diameter of a set X by §(X) and the e-neighborhood of a set X by Ve(X), i. e., 
V.(X) is the set of all points y such that for some ve X, p(z, y) <e We 
use the arrow —> to indicate convergence rather than to show bounding rela- 
tionships. Thus An —> A means that lim-sup An = lim inf An = A. All our 
cycles are non-oriented. A complete (Vietoris) 7-dimensional cycle will be 
denoted by y”. A closed set A is said to be locally y*-connected * provided that 


+Seeemy paper “On sequences and limiting sets,” Fundamenta Mathematicae, 
vol. 25 (1935). é 

2 See R. L. Moore, “Foundations of point set theory,” American Mathematical 
Society Colloquium Publications, 1932, Chapter V. , 

3 See C. B. Morrey, American Journal of Mathematics, vol. 57 (1935), pp. 17-50, 
particularly p. 26. 

“Compare with Alexandroff, Annals of Mathematics, ser. 2, vol. 30 (1928), p. 181; 
and Lefschetz, “Topology,” American Mathematical Society Colloquium Publications, 
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for every « > 0 there exists a è > 0 such that any y” in A of diameter < 8 is 
~0 in a subset of A of diameter < e For a systematic treatment of the 
combinatorial notions used the reader is referred to the papers of Vietoris and 
Alexandroff.® 


THEOREM 1. If the sequénce of closed sets [Ay] converges to the limiting 
set A regularly relative to s-cycles for every s<S1, then A is locally y’"-connected. 


Proof. By virtue of a previous theorem of the author’s © we have only to 
show that for e > 0 there exists a d > 0 such that, for any ¢ > 0, positive 
numbers ô and N exist such that ifn > N, then any r-dimensional -cycle in Ay 
of diameter < d is 0 in a subset of A, of diameter < e. To this end let 
e > 0 be given. By virtue of the r-regular convergence there exist positive 
numbers d and N, with 3d < e/3 such that if n > N, then any y" in A, of 
diameter < 3d is ~ 0 in a subset of A, of diameter < ¢/3. 

Now let e > 0 be given and let & = min (e, d). By virtue of the (r —1)- 
. regular convergence, there exist positive numbers §,-; and Nr-ı such that if 
n > Nra then any y"* in An of diameter < 38,., is ~ 0 in a subset of An 
* of diameter < ô.. Likewise, by virtue of the (r—2)-regular convergence, . 
using 5,., we have positive numbers r-z and N,- such that if n > Nra then 
any y’~? in An of diameter < 3êr-z is ~ 0 in a subset of An of diameter < 3,1. 
Similarly, using 8,2, the (r — 3)-regular convergence gives us numbers r-z 
and Nr-s, and so on. Continuing in this way we reach numbers 8, and Ne such 
that if n > No, then any y° in A, of diameter < 38, is ~ 0 in a subset of A, of 
diameter < ê. We may suppose the 8’s chosen so that 8, > 8r >- -e > bo 


Let us now take è == 8 and N = $ N;. We shall show that this choice of 8 


and N satisfies the required conditions for the given e relative to d and e. 

To this end let n be any integer > N and let O” be any r-dimensional 
é-cycle in A» of diameter < d. Let A = (£o, T1, ` `, 2r) be any 7-simplex in 
.Ct, Now since $(A) < &, it follows by O-regular convergence that each 
1-dimensional side (a, 2;) of A bounds a 1-dimensional semi-cycle’ 2; in An 


1930, pp. 91-92. See also the author’s paper in the American Journal of Mathematics, 
vol. 56 (1934), pp. 133-146. ; ° 

5 See, for example, Vietoris, Mathematische Annalen, vole97 (1927), pp. 454-472, 
and Fundamenta Mathematicae, vol. 19 (1932), pp. 265-273; Alexandroff,. loc. cit., 
pp. 101-187, and Mathematische Annalen, vol. 106 (1932), pp. 161-238. 

° See my paper “ On sequences and limiting sets,” loc. cit., Theorem (1.4). 


"If s>0 and Z= (2,,2,,---) is a complete cycle of dimension s—1, then 
by an s-dimensional semt-cycle bounded by Z** is meant a sequence of s-dimensional 
complexes Cs = (c,, ¢,,- - +) where c, is a o,-complex bounded by z,, where o,>0 and 


for 7 sufficiently large, in the sense that if K, is 


where, for any given e > 0, Op Op 
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of diameter <8, Now for each 2-dimensional side (£i, %;,%) of A, 
Cijk = iy + Lik + Tyr is a y* in Ay of diameter < 38,. Hence by 1-regular 
convergence, since N > Ni, it follows that ci, bounds a 2-dimensional semi- 
cycle xij, in A, of diameter <8. Similarly, for each 3-dimensional side 
(Zis Biy Wey Vm) OË A, Cajtem = Lijer + Zijm + Liem + Linm is ay? in Ay of diameter 
< 38. Thus cijim bounds a 3-dimensional semi-cycle Lijem in A» of diameter 
< ês. Continuing in this manner wwe eventually obtain, for each (r—1)- 
dimensional side (Lis Zin’ °°, Zi) Of A ay", Cisi... 4,, IN An of diameter 
< 38,2. By virtue of the (r— 2)-regular convergence, since N > N,- this 
y"? bounds an (r—1)-dimensional semi-cycle 2i,i,...i,, in An of diameter 
K ôr- Then C2... r =È Zisi... irs IS a y7 in An of diameter < 38,1. 
Accordingly it bounds an r-dimensional semi-cycle t2...- in An of diameter 
<8, The sum of all such semi-cycles 2,,.,., for all r-simplexes A in C7 is 
ay’, say Z, in An of diameter < d+ 28, = = 3a. Furthermore, if we write 
Z == (2, 22° © +) as a y”, it is readily seen that we have Cr ~~ ze in a subset 
of An of diameter < d + 28, S 3d < ¢/3, for every k. Whence, O” ~ zx for 
all k, since 6, Se. 

Now since 8(Z) < 3d and since n >N >N, it follows by r-regular . 
convergence that Z~ 0 in a subset of An of diameter < e/3. Thus for k 
sufficiently large, we have zy ~ 0.in a subset of An of diameter < ¢/3. There- 
fore we: have OF ty 0 in a subset of A» of diameter <e, as was to be 
proven. 


Coronnary. Under the hypothesis of Theorem 1, A is locally y*-connected 
for everysSr. 


Definition. If A is compact and metric and the transformation T(A)=—= B 
is continuous, then T is said to be r-monotone provided that for each b e B all 
the connectivity (Betti) numbers of 7-*(6) of dimension <r vanish. For the 
case r == 0 this reduces to the ordinary monotone transformation as defined by 
Morrey (loc. ctt.). 


THEOREM 2. Let the sequence of r-monotone transformations T,(A)= Bn 
converge uniformly to the limit transformation T(A) =B. In order that the 
sequegce [Ba] converge to B s-regularly for every s Sr it is necessary and 


sufficient that T be wmonotone and that B be locally y*-connected for every 
scar. 


Proof. To prove the conditions necessary, suppose that Ba —> B s-regularly 


any s-dimensional complex of sufficiently small norm bounded by z; + z; 


the s-cycle 
Ei, +o, +, aj bounds an (s + 1)-dimensional e-complex. i 


44j? 
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for every s & r. Lets be any integer =1, let b e B, let K = T> (b) and let 
e > 0 be given. We shall show first that every yin K is ~ 0 in V,.(K). 

Now there exists a neighborhood R of b such that D (B: Ë) C Ye(K). 
There exists an integer N, such that for every n > Ny, To? (Bn: È) C Ve(K). 
Also, by virtue of the s-regular convergence, there exists an N, such that for 
every n > No, T,(K) C R and every y® in Tn(K) is ~0 in Ba: R. Now let 
C be any y in K. Let n be a fixed integer > N, +N. Then T,(C) is a 
yin Ba: RB; and since T,(C) C T,(K), we have T,(C) ~0 in Ba: Ë. Now, 
taking B,-R=& and T,7(B,-#) —=KCYV-.(K) and applying Vietoris’ 
result (10),® it follows that since T,(C) ~0 in Bn: È, C must be ~ 0 in 
Tn (Bn: È). Whence, O ~ 0 in Ve (K). 

Now from this it results at once that any such cycle C in K must be ~ 0 
in K. For let O = (a, 2,: > -) and let e > 0 be given. By what was just 
shown it follows that for k sufficiently large, ze bounds an «/3-complex K,*** 
in Veza (K); and clearly this complex projects by an ¢/3-projection ° into an 
, ecomplex Ks? in K bounded by 2x. Thus we have shown that any complete 
cycle C in K of dimension =r is ~ 0 in K, and accordingly T is r-monotone. 

Finally, that B is locally y’-connected for every s = r is a consequence of 
Theorem 1. Hence the conditions are necessary. 

To prove the sufficiency of the conditions, we suppose the sett: It 
follows that for some s <r, some e > 0 and some infinite sequence of integers 
(mna) we have carriers On C Bm, of complete s-dimensional cycles Zn such 


that Cn — b e B but such that for no n is Zn ~ 0 in any subset of Bm,’ Voe(b).. 


We note first that if Wa (£) = TaT > (x), for each ve B, then [Wn(x)] 
converges uniformly to the identity transformation W (s) =s on B. Now 
for the given e, let us determine § < e as given by the local y’-connectivity 
of B. Then by the uniform convergence Wa (£) —> W (x), it follows that there 
exists an N such that if n > N then Wa(x) C Vayo(x) for every ee B. This 
gives 


(i) Wal B+ Vaye(b)] C Ve(b) and Wa[Bn- Vs2(b)] C Vo(b) ; 

and since e > 8, we have likewise 

(ii) Wu[B: Ve(b)] C Voe(b). E 
x ; 


Now let us determine an integer & so that my > N and Cy C Va;.(b). Then 
since Or C Bm, (i) gives Wr, (Ce) C’Vs(b). Now by Vietoris’ result (6) 


8 See Mathematische Annalen, vol. 97 (1927), p: 469. 
° That is, for each vertex æ, in K s+t which is not already in K, we substitute a 
point x of K with p(s, 2) < &/3. 


\ 
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[loc. cit., using R = Or and K = 7" (Cx) 1; it follows that To ( 
s-dimensional complete cycle Z's “such that Tm, (Zr) ~ a i 
T (Z) C Va(b), it follows that T (Z) ~0 in B: V(b). Th 
r-monotone, it follows by Vietoris’ result (10) (loc. cit.) thi 
T*[B-V.(b)]; and by (ii) and the continuity of Tm, it 
Tm (Z'n) ~ 0 in Bm' Voe(b). But since Zg ~~ Tm (Zr) 
Cr C. Bm,' Va(b), this gives Z,~0 in Bm,’ Voe(b), contrary t 
Thus the supposition that the conditions are not sufficient lead: 
diction, and the theorem is proven. 


COROLLARY. If the sequence of r-monotone transformation: 
converges uniformly to the limit transformation T(A) = B and 
ys-connected for every s = r, then T is r-monotone. 


For, in the case of a sequence of the type [B, B, B,- - -], 
seen that s-regular convergence of the sequence and local y%-conm 
set B are equivalent. 


Note. Let r—0 and let us suppose all the transformations 7 

2 are homeomorphisms. Consider the following choices for A: (1 
(0,1), (2) the circle z? -+ y?==-1, (8) the sphere s? + y? + 
(4) the closed circular region a? -+ y?=:1. Then the seque 
respectively, a sequence of (1) simple arcs, (2) simple closed cur 
logical spheres and (4) closed 2-cells. Now Theorem 2 tell us tł 
0-regularly, then the transformation T(A) == B is monotone (=! 
and thus by known results,*° in these cases, B is respectively, a (¢ 
(b) simple closed curve, (c) cactoid, (d) hemi-cactoid. Thus it 
at first glance that we have obtained the principal end-results o] 
paper “On sequences and limiting sets” (loc. cit.) by direct ¢ 
the more general Theorem 2. However, this is far from the c 
order to obtain these conclusions about B in the cases (1)-(4), th 
r “transformation ” representations T'n(A) = Bn of the sets . 
set A are entirely superfluous. It may very well be possible, given 
convergent sequence [Ba] of sets of types (1)-(4), to introdu 
formation representations in such a way as to get uniform conv 
until this can be demenstrated, the direct methods employed i 
paper, even though restricted for the present to the lower di 
much more effective in treating cases such as the ones here. exem 
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19 See Moore, loc. cit, and Morrey, loc. cit. 


ON SOME ASYMPTOTIC RELATIONS FOR THE CHARACTERISTIC 
VALUES OF THE ELLIPTIC DIFFERENTIAL EQUATIONS. 


- By H. L. Kratz. 


Let 


L(u) = A(z, 9) Uss + 2B (z, Y) usy 
+ (2, Y) Uy + D(a, y)ua + E (a, y) + F (2, y)u 


be an elliptic differential expression defined in the region T which is bounded 
by a simple closed curve R. We assume that Æ has a continuously turning 
tangent and that the coefficients A(x,y),B(x,y),--*+,F(2,y) have con- 
tinuous partial derivatives of the first three orders in T + R. 

Let Ar, àz ‘+ (MÆ Ain) be the ©. V. (characteristic values) of the 
differential system i 
(A) Lu = M, Mv = àu 


Lule, y)onR = fr]... y) on R =0, 
where M is the operator adjoint to L and each O. V. is counted a number of 


times equal to its multiplicity. 
In this paper we propose to show that? 


This result was proved by Geppert? [8] for the case A = C = 1, B = 0, and 
then from this result of Geppert’s it was shown by Gheorghiu [4] that if 


61,02, © * (| os| S| oim |) are the O. V. of the system 
(B) Lz -+ oz = 0 
[z]z = 0, 
the series 
o 1 
r= | on ze l a 


converges for every «> 0. We shall show that this result is also true for the 
general case. 


1 = is read “is asymptotically equal to.” 
2 See the bibliography at the end of the paper. The number in square brackets 
indicates the particular article referred to. 
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Discussion of the system (A). By a solution of (A) we shall mean a 
pair of functions satisfying (A) and possessing continuous partial derivatives 
of the first two orders in T -+ R. These functions also satisfy the integral 
equations 
u(y) =A ff P(e yén) 1) dean 
(0) 7 
v(z, y) =À ff T(E, 1, 2, y)ulé 7) dédn, 

T 


and as well the, equations 


naf J Denema natty; 
T, (2, Y, €,9) = SS T(z, Y, T, SJE (É, 9,7; s)drds, 


v(a, y) ==)? ff T; (2, Y, £, n)v(é n) d&dn ; 
T(z, Y, é 7) = Sf T(r, s, vy) T(r, s, é n) drds, 
T 


where T(z, y, é n) is the Green’s function (or extended Green’s function) of 
the operator L'with the boundary condition. [T (æ, y, §7)] PE 0. The 


existence of such a function has been proven by Girard ([5] see especially 
page 222). 

‘E. Schmidt [8] has shown that the C. V. of (C) are positive and that 
‘the corresponding solutions build a complete set. Hence any piecewise con- 
tinuous function can be approximated in the mean by a Fourier series of the 


. {tn} or {Vn} where Un, On are normalized, ( f f Un dedy = 1 ) , char- 
T 
acteristic functions corresponding to An. 


THEOREM. The ©. V. of (A) are identical with the C. V. of 
MIu— Xu = 0 


(D) [u]z— [Lu] —0, 
and 
(D^) i LMv — Xv = 0 


[ole = [Mv]r =.0. 
Moreover the multiplicity of each C. V. is the same. 


By a solution of (D) or (D’) we shall mean a function satisfying the 
system and possessing continuous partial derivatives of the first three orders 
and piecewise continuous derivatives of the fourth order. 
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The solutions of (A) have continuous derivatives of the first four orders 
(Hopf [6], p. 210) ; accordingly, we may operate with W and L respectively, 
which shows that the solutions of (A) satisfy (D) and (D’). ` 

Now suppose that à” is a C. V. of (D) but not of (A). Then 


ML — ru’ = 0 
M Lun — n?n = 0. 


Multiply the first by un, the second by w’, subtract and integrate, then 


“0= Sf [und Lw — w M Lun] dedy — (An? — X°?) f f ‘uw dedy, 
T T f 


f f unw dedy = 0. 
r 


Since the set {un} is complete, it follows that w = 0 and X is not a C. V. 
Suppose now that associated with the C. V. à, there are n linear in- 


dependent normalized (ff Un? dedy s=1) solutions of (D) namely 


Ur, Uo, * *,Un, and ¢ (t&n) linear independent solutions of (D’ J 
Vi, Vo, * *, Vi. We shall produce n linear independent solutions of (A) which 
will show that the multiplicity is the same throughout. 

Let 


Fg | 
tis = Us, Ts —2 QsjVj,  @sj = (1/A) ff vj;L (us) dady. 
= A À 
We wish to show that (üs, Us) is a solution of (A). Set 
t 
fs — Dis ioe XVs — Lus —À 2> AsjVjy 


gs = Müs — Als = = sj M (vj) — Mis. 


Then 
Mfs=—Ags, ` LMfs =N fs, 
Lgs = Afs : MLgs: = Nge. 


EEP (— Js, fs) is a solution of (A) and h. is a solution of (D’) and 


we must have fs = 5 asjvje Then 
ja 1 


Asi = SS fevjdady = SS P > aj vivedædy 
= J f 0; Ledady ke ai n 
T 
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Since fs == 0 we must have gs = 0 and then (üs, Us) are solutions of (A). 
Moreover we must also have n = ż, for otherwise there would exist non-zero 


kid 
constante {c;} such that $ cd; = 0, and then 
j=l 


. 0 = ŞS Mt: = 1S Citi, 
which is a contradiction. äi 7 

The maximum-minimum property of the Q. V. In the following theorem 
(Courant-Hilbert [2, p. 826]), we use ¢ to denote a general function having 
continuous partial derivatives of the first three orders in T + E and piecewise 
continuous partial derivatives in T. 


THEOREM. Let &,,:--+,&-1 be arbitrary piecewise continuous func- 
tions in T, and let 9(&, 2° + +, &n-1) be the lower bound or minimum of 


K= f TECO 
P 


for all admissible functions ẹ satisfying 


o doi 


ff 7 = 0 E E. 
T ' $ 


[¢]z= 0. 


Let ìn be the n-th C.V. of (D). Then ìn? is the mavimum value which 
g (u £2,° * >, &n-1) can assume, and this maximum-minimum value will be 
taken for & = Uy, Éz = Us,* ` +, €n-1 = Un-ty $ = Un. 


The Euler equation of this Calculus of Variations problem is 
MIu—)’u = 0, and this equation must of course be satisfied by the mini- 
mizing function. We would not change the lower bound by demanding that 
[L(¢)]z==0, because (Geppert [3]) we can approximate every ¢ by an 
admissible function y such that [L(y¥)]z—0' and K(@) differs from K (y) 
by an arbitrarily small amount. 

To prove the thearem consider 


w(P) = È ou (P), (u (P) =u(2,9)). 


The {c:} can be determined so that w(P) is an admissible function. Then 
using Green’s formula we have 
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K (v) = J f [L(w)] do = S S wMLwds = Seek ae 


Arono 
g lén és + + én) SE K (w) SA’. 
Now take é = t É = Ua * *, Én-1 = Un- The funċtion ¢ generates 
the series 


co 
$(P) ~ Z puu (P), on SS puido). 
a 
Making use of'Parsevalľ’s identity and the identities 


S f fade = È fags, J f iM ids = E f PTEE PEET T 


we have, since pı = ¢2 =` ` * = ya = 





~ 5.00 
=> j = 2 2 >. na i? =s ne 
K(¢) [fe ol Lede Zà pe ZA a A 


` But for $ = Ur we have K(¢) = An”, which completes our proof. 


Transformation of K (¢). Lichtenstein ['7, p. 38] considered the expression 
Li (w) = A,Wee + 2ByWay + Crwyy + Diwa + Eywy + Fw l 
where 4,0, — B? =1. H showed that functions X (2, y), Y (x,y) exist 
which are solutions of (0/02) (AUes + BiUy) + (0/0y) (BUs + CiUy) = 0, 
and which transform the region in a one to one manner into the region 7”, 
` so that, setting w(x, y) = W(X, Y) 
Lı (w) = L’,;(W) =8(Wxx + Wry) + D'Wx + PWy+ FW 
= ÁX + 2B,X X; + OXF, 
D’ = {Dı — (Aı)e — (Bı)y}X r + {E1 — (Bre Ci )v} Ey 
E = {Dı — (A1)s — (Bı)y} Ya + {E1 — (Bi)a— (C1) 9} Yy 
F =F. , . 





These functions X (x, y), Y (x,y) must have continuous partial derivatives of 
the first four orders (Hopf [6], p. 210). The Jacobian of the transformation 
is ô, and ° 

dædy = (1/8)d4X4Y (è > 0). 


Setting a = (AC — B?)*, A, = A/a, Bı = B/a,- - . , F, = F'/a, we can write 


K($) = f. f 2IL (4)] dzay. 
T 
14 


912 f H. L. KRALL. 


Thus the transformation gives us 


r 


K(¢) rea! K(®) — Sf (27/8) (rx + byy + D’éy + dH ®y + E’S)*dXdY 


T 


ESS aE 


where 
p(z, y) =8(X, Y), 8(&) = p#(txx + Prr) + abz + bby + fë, 
pé — ad%,. b = aB" /%, . 
a= aD'/%, f = ak’ /8%. : 


In the new variables the conditions on ¢ become 


SJ stdo—~ f f peaxay = O Taisi, 

T p 

ff odo— | f pbé,dXdY = 0 (i =1,2,--+,n—1), 
e ‘ 


j T 


[ble = [P]er = [L($)]z = [L (8) ]r = 0. 


Accordingly 
Àn? = Maximum-Minimum K (ẹ¢) 


where the admissible functions ® satisfy the above conditions, 
In the same manner as before we can show that the {àn} are the C. V: 
of the system 
MLV — X° pU —0 
(E) [U]e = [L (U) ]e =0 
M = operator adjoint to &. 


Our proof of the maximum-minimum property required that the set {Un} 
of characteristic functions of (E) be complete. This completeness follows 
from the fact that the system (E) is equivalent to the integral equation 


pP) =x S SÒS S ee wee, w)dow | o(Q)T() aoe 
T e Tr i 


where G(P,Q) is the Green’s function (ordinary or extended) of the 
operator L. 


An asymptotic relation for the C. V. We start with a discussion of the 
system 
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A(pA W) — pW =0 


Memia AAE 


(F) 
where the p and p are defined above, and of course are greater than zero in T”, 
Then 


,? == Max-Min H(®) = Max-Min f f p(A®)*dXaY 
r 
where the admissible functions ® satisfy the same conditions as before. 

* Let A(z) denote the number of C. V. less than or equal, to 7. Now if 
p(P) is replaced by p’(P).where p’ = p the minimums h(&, &,-* -, &n-1) 
of H(®) cannot be decreased. “Hence ln? = h(W1, We, + +, Wn-1) cannot be 
decreased and A(J) cannot be increased. If p(P) is replaced by p’(P) where 
P Sp we introduce &’ = ko where k is such that 


j= ff p 8? do = k? ff p Pde S k? ff pdo = k’. 
T’ F id Te 


Consequently k 21 and 
o H(&) =H (8) Z H (8). ` 
Accordingly 1, cannot be decreased and A(l) cannot be increased. 
We now use the following lemma (Courant and Hilbert [2], p. 330). 


Lemma. Let T,,72,--- be non-overlapping sub-regions of T and let 
Ap, (1) designate the number of C. V. less than or equal to l for the region 
Ti, then 

A(l) = Ar (l) + 4r) Hii 


We divide T” up into a network of squares T; of side 8. In square T; 
replace p by its maximum pyx, and replace p by its minimum pm,, then An, (1) 
cannot be increased. Accordingly if A'r, (l) refers to 


pit AAS — Pom, = 0 

[®]z— [A®]r—0, 
we must have 
Az, (1) 2 A’r,(1). 


e 
But thié last system is equivalent to the system 


Ad—1 4/2 pao 
PM: 


[S]e = 0, 
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and we have (Courant and Hilbert [2], p. 355) 
‘my, (L) = Èf Pie 
An) = av l 


Al) + O e 
Sat Vine SS Viet 


To obtain an asymptotic lower bound for J, set 


S= Vip D(e) -ff EAEE. 


Tq 
then 


VE) =y f f pando ff oraz] f 
T 


= | D(®) + ff ®&(Sxbx + E 
pr 





VH(S) 2 | D(®)|— ®(Sxybzx + Syðri 
| SS x yy 
. VA(e) 2 D(®) —c D(e)* (c =a positive < 


Let tm be the maximum-minimum value of D (8) 
functions @ are continuous and have piecewise continuou 


satisfy 

f f pdo =1 

gq” É à 
f f pbéido = 0 i (i= 
mpe 


. [P]er =0. 
This D(@) can be approximated by D(®) where & is s 
former class. Hence rn is the n-th C. V. of the system 
(S6¢x) x + (Sôr) y + rp9 = 0 
[O]z = 0. 


We have the relation (Courant and Hilbert [2], p. 355) 


CHARACTERISTIC VALUES OF ELLIPTIC DIFFERENTIAL EQUATIONS. 915 


a drn . 
| SS (0/8) de. 


Now 
© Vh(&, éz, én-1) = Lower Bound V H(®) = Lower Bound [D(#)—cD(#)*]. 


If we draw the graph of the curve’ y—«— ca we see that the lower 
bound on the right is either less than zero or is taken on when D(®) is least. 
Hence if n is sò large that rn > ¢?, we can find a set of {&} so that lower 
bound of D(&) is greater than c? and for this set, the lower bound will be 
taken on when D(®) is least. Thus for s = n we have 


l= Max-Min VH (®) 

= Minimum VA(¢) for & = 6 (i= 1,2, +, 8—1) 
= Minimum [D (8) — c D()*] for é=0  (i=1,2, <, ,s—1) 
= D (0s) — c D (0s) = rs — er 


b= ree 
epee 
P 
Vig : 


We have the result 


N 


rn 
ln = ae 
SiGe 
P m P 
Now we return to the system (E) and look for the extremal of 


K(8) -ff [8(8)]? do. ` 
i‘ 


Let ¢ represent a constant depending on a, b, f, p and p, then 


ff 2apbx (Ab) do Soff dx do f f (aw)* do} 
A A 


j S c D(3)* H(8)% 
. SS apne (A®) do | <cH()% f . 
Sn 


iff 2ab@xPyde 
ve 


Making similar estimates for the other terms in K we obtain 











seff (Gx? + Sy) do £ c D (8). 


T 
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K(&) = H (8) + O(D% H%) + 0(H*) +6 
But 
VE = D—c D% = (D%— 6/2)? — eè 
D = 0 (H%) 
and 
K(®) =H (8) + 0(H%), 


The terms in the expression 0(H%) are algebraic, 
derivative dK /dH will be positive for H sufficiently large. 
N exists such’ that for H >N, the minimum of K (®) 
H(®) takes on its minimum. 

Using k(é:, &,° © <, Én) to denote the minimums of J 
bering that 


Av? = k (0, U2," t3 Un-1) 
ln =h (Wr, Wa > *, Waa) 


we have for n sufficiently large 


— 0 (lp) = b(W, Wa: a) Wai) S k(U, U2, 1 Hg U. 
Mi Sh (Un Un t, Una) HOCU U2,° + -, 
S17 + 0 (43%), 


wherefore 
Ànr= l 


Myo cele me dg 
© SS Nga l 


But p= 1/8, p= «s, «= VAC — P, dady = (1/8)dX. 
forming w the variables z, y we have 


An e » dady =a P 
S Sv VAC — B 


Consideration of the system (B). 


e La+oz=0 
(B) s [z]z = 0. 


The solutions 2, (7, y) satisfy the integral equation 


en(2 9) = on | È DC 9, & n)an (E n)dédn 
T 
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Hence the {cn} are the zeros of the Fredholm determinant relative to the 
kernel T(x, y,é 7). .The C. V. An are the zeros of Fredholm determinant 


relative to the kernels T; (z, Y, é 4), T(z, y, én) associated with T(a, Y, 7). 
Gheorghiu [4, p. 29] has proved that if the series 5 (1/2) converges, 
n=l 
the series $ (1/| on |*) must converge, where of course the terms containing. 
n=l . 
oi ==.0 are omitted from the series. Setting «= 1 -+ e we have the result, 


fae] fa 
È (1/| on |**) . 
n=l 
converges for every e > 0. 
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GEGENBAUER FUNCTIONS WITH A NEGATIVE INDEX. 
By MAURICE DE DUFFAHEL. 


Gegenbauer polynomials, which play a rather important part in several 
problems (for instance in the potential theory and harmonic analysis), are 
defined by the expansion 


co 
(1 — 20a + a?) = X aC,” (x) 
n=0 
where v is a positive number. Ca” (x) is a Gegenbauer polynomial of order n, 


with the superior index v. It can be expressed (omitting a constant factor) 
by means of a Gauss hypergeometric series as 


F(—n/2, n/2 +r; 1/2; 27) 


if n is even, with a similar formula when n is odd. 
Let us now suppose that v is a negative number. Writing v = — m, we 
see that the hypergeometric function, 


F(—n/2, n/2—p; 1/2; 2), 
is definite, even if p is an integer; but, in this case, the expansion 
(1 — 2ae + a°)“ 


becomes improper, giving rise to a limited number of terms. The poly- 
nomial corresponding to the hypergeometric function, and which we shall name 
C,-*(x), cannot therefore be attached to the said expansion. Now the question 
is, which generating function shall we have for this new polynomial? 
The answer is, On” (z) or Cn“(x) comes from the generating function 
(1 — 2aax + a)” log (1 — Ras + @?). 


In order to establish this result, let us begin with p =i Starting from 
(1 —2aa®+ a?) log (1 — Zas + a?) = 3 atPp (£), 
we find readily that P, satisfies the recurrence-formulae 


NP, = DP 4 — Plana 
Plas — P'an == (1 — 2) Pa; 
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hence the differential equation 
(1— 2") Pn + Pn + n(n —2) Pn =0. 
But the differential equation for Gegenbauer polynomial Cy” is 
| (1— 2%) y” — (w + Lay + n(n +-v—1)y=0 
and we obtain the differential equation for P, by taking in the latter y==— 1. 
So, omitting a constant factor, we infer immediately that 
Py = Cr (2). 
Coming now to the general case, if we have l 
(1 — 2aa + a)" log (1 — ae + a?) = $ a” Pat (2), 
we can write " . 


(1 — Raa + a?)#* log (1— 2aa L a?) = & (1 — 20a + a?) a"Pra" (x) ; 


hence 
Pf = P,# oe 20P Hy + Pas. 


This being exactly one of Gegenbauer’s recurrence formulae, we see that 


Pr? ce On’ (2), 
and so on. 
+ $ # + ro 


This result can be used to find solutions of the partial differential equation 

with two variables 
l A---AAU =0 
or 
A?Ọ = 0, 
where 
AU = PU ĝe + PU Ay’. 

For, if we write 
u =z + iy v =t — Ù, 
the equation becomes . 
3U /ðurð =0 o 


of which the general solution is 
U(2,y) = V (u, v) = wF (v) + oG (u), 


F and G being arbitrary functions. 
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Let us take 
F(v) =v? log v, G(u) = uP log u, 
so l l f 
U = wv? log w, 
or 
© U(a,y) = (æ + y?)?* log (2 +’). 
This is a solution of A?Ọ = 0, and it is clear that 


; omy /da™ 
is also a solution. 
So also is the function 


CDT P Ele a)? + "Plog [(2— a)? + y")). 





Um (2, y) = 
But we can write, using Taylor’s formula, 
[(e—a)? + y] log [(¢— a)? +] = X a"Un(a, y). 
m 
Now suppose that we are on the circle 


Caa a ia C 
This formula becomes . 


(1 — 2ax + a)r log (1 — Ras 4- a?) = X aU m 


so that Um becomes identical to a Gegenbauer function with a negative index, 


here 
Om? (2). 


Gegenbauer functions with a negative index are therefore p-harmonic 
functions, in the xy-plane, and on the circle a? + y? = 1. 


This fact is analogous to the fact of Legendre polynomials being harmonic 
functions, for space, on the sphere s? + y? -+ £2-=1, and Hermite two- 
variable polynomials being harmonic functions, for a a on the 
hypersghere z? + y+ (2+ 22 —1. 


e 
STAMBOUL, TURQUIE D’EUROPE. E 


NOTE ON POTENTIAL THEORY IN 2-SPACE. 
By J. J. L. HINRICHSEN. 


In this note the elegant elementary methods developed by ‘Schmidt? and, 
applied by him to Newtonian potentials are extended to obtain the properties 
near the acting masses of the integrals defining the potentials of simple surface, 
double surface, and volume distributions in n-space. 

The integrals by means of which we shall define surface and volume 
potentials in n-space (n > 2) are the following: for a simple distribution of 

density f(a1,° ` `, 2n-1) on a surface g: 


(1) Vés +b) =f f(l/m*)dos 


for a distribution of density p(a1,+ * ` £n) throughout a volume G: 


(2) A(éy* + $s) = S, p(1/r)dr; 


and for a double surface distribution of moment f (13° © * M1) ON Q: 


(3) W(é,° * + &n) -f f (1/r)do. 


Here do and dr represent the differential elements of surface and volume 
respectively, while the simple integral signs are used to denote the (n— 1)- 
and n-fold multiple integrals. Also 


7? = = (& — 2)’, 


and 8/dv represents the derivative in the direction of the normal to a. Exterior 
to the acting masses, these integrals define analytic functions of é, + & which 
satisfy Laplace’s equation in n-dimensions: 


Vu > (Pu/ðé) = 0. 
i=l 


1E., Schmidt, “ Bemerkung zur Potentialtheorie,” pp. 364-383 of Mathematische 
„Abhandlungen H. A, Schwarz gewidmet, Berlin, 1914. Methods related to those of 
Schmidt are used by M. M. Sullivan in a paper entitled “ On the derivatives of New- 
tonian and logarithmic potentials near the acting masses,” Transactions of the American 
Mathematical Society, vol. 85 (1933), pp. 187-171. 
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We shall investigate the behavior of these integrals as the point (&,- © £n) 
approaches the distribution. , 

Let us assume that the surface atari. the distribution or hounding 
the volume containing the distribution is finite and integrable. We shall 
suppose that the surface point P in whose neighborhood the potential is to 


' be investigated is.a simple point and that the surface has a continuous normal 


at P as well as in a certain neighborhood of P. That is to say, we assume 


‘the possibility of cutting from the surface a piece a which by proper choice 
-of rectangular coördinates may be represented by: 7 


(4) Tn = F (21, * ` Eni); 


where F, ôF /ðx; are continuous for | z; | S a, a > 0 and i = 1, 2,- (n— 1). 
Also «æ shall contain P but not on its boundary, that is for P; |m:| <a. 
Finally the remaining part of the surface after cutting out « cannot contain F 
either as a boundary or interior point. Since the potential at P of the 
remaining part of the surface is analytic, we need only investigate the potential 
of the distribution on «œ for the neighborhood of P. 
We shall assume Green’s theorem in n-dimensions: 
OX: 4 ‘ aa ; . 
pr m, =T > X, cos (v,2;)do, (inner normal). 
G izr ae y ist i 
Then in a manner similar to that used for the Newtonian case, we can show 
if @(a1,° * ` 2) is of class 'C”? throughout the region G and its boundary y: 





(5) T > ia, dz; (4) r= f iale ) do 


r (n—2) Helén- én) 
eee Bae) 


(o 
and if is of class 0”, 
1 7 1 ô 
(6) f= Vir =— | gre r ae + F e z(=) = 


` : i — (=!) BCA ey 
0 





The first, second or third value in the braces is to be chosen according to 


? By a function of class C we mean a function which is continuous together with 
its partial derivatives up to the i-th order inclusive. 
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whether P is a point interior to G, a a honnsiry. point, or an exterior point 
respectively. Here 
2 (Rar) 09/2 
: 1-3°5---(n—1) 
(7) N= (2a) eia 
2-4-6: - (n—2) 


if n is odd, 


if n is even. 

The lemmas corresponding to those given by Schmidt may be established 
for n-space by the same methods as for 3-space. It will be found that regard- 
less of the position of the point P, i ; 


J, rr) de S Ky 
T 

f (1/12) dr S Kav? 
T 

f. (1, yn-2) de = Ky Joi a 
8 


where Kı, K, K, are constants dependent on n, v is the n-dimensional volume 
of the region T, and J denotes the (n — 1)-dimensional volume of the pro- 
jection of S on the é, &,- - -&:+.-space. By means of these lemmas, it is not 
. difficult to show that with a bounded density, the potential of a simple surface 

distribution (1) is everywhere a continuous function of the position of the 
point P even when the point lies on the surface or on its boundary. Likewise 
the same procedure may be followed to show that with a bounded density, the 
potential of a finite volume distribution (2) and its first derivative is every- 
where continuous,—also at a point of discontinuity of the density and on the 
boundary of the volume,—and the first derivative is obtainable from the 
integral defining the potential by differentiating under the integral sign. 

Consider now the piece of surface g defined by (4) with a double spread 
of moment f(a1,° ` *`Ln-1). Let us suppose that the functions f and F are of 
class O’. Choose % so large that the entire piece of surface a lies between the 
two planes £n = + h without having points in common therewith. The space 
bounded by tn = = h, tı = + a (t=1,2,- : -n— 1), is then divided into , 
two parts T, and T; by æ. Let the positive normal on, point towards T, and 
yı denote that part of the boundary of T, which is made up of planes bounding 
the n-dimensional parallelopiped. 

We shall apply Green’s theorem (5) to the region T, and the function 
f(a: *%n+) which is defined inclusive of the boundaries of T;. Upon 
introducing W defined by (3), we obtain 
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wee fF ph (2b T SILA 
(8), AURES Si dv (5) i T = ic ral 4): ji 
l (n— 2) H Fl: br) 
n—2 
gy N f (éo + + Ena). 
0 





a + 


. On applying our earlier results to the integrals appearing in (8), we find that 
the potential of a double distribution (3) has continuous limit values on both 
sides of the surface which from the side of the negative to the side of the 
positive normal has a break of (n—2%) Mf. On the surface itself, the 
defining integral has the value of the arithmetic mean of these two limit values. 


Let us now suppose the function F to be of class C’” and f to be of class O”. 
Let T be the p = (n— 2)-dimensional manifold bounding « Then Stokes’ 
theorem in n-space * may be written: 


Í, Xs... sp d (Ts, ` ` Lep) -f Xs... spa (Bs, * i * Lema)» 


where 
Xs Son == Xo... berie Plega Sereno S24 +> Sp IX sispai8s OD oe oof tb wie end ZOR Spp 
; on OL e504 020, GEZA ITs, 
In the left member sı, * - ` Sp are umbral and sı < S2 < ' `- < Sp While in the 
right member 81,° ` 'Spı are umbral and sı < 82 <'' < Sy. Here 
51, Se," * ` Sp'are any p numbers chosen from 1, 2,- - -” and 
Xer... 8485... 8p = — Xo... 85 84... 8p i 


For our purpose it is convenient to define 


0 ; if s:1,° * * Sp contains f, 
(— 1) #*4 f cos (v, ga) (1/7?) if s,,° * +8» does not contain 
X sisa... sp = Jj and Sp >j, 
(— 1)ë+i-1 f cos (v, £a ) (1/7?) if sı' + *sp does not contain 
j and 5 <j. 
Here j,51,° ` *Sp, Šp contains 1,2,---n, and (v, ®s,) represents the angle 


between the normal to æ and the z,,-axis. Upon substituting, we find it neces- 
sary to gonsider two cases, 1) n odd and 2) n even. Here as well as later 
we shall denote a funcion which is analytic provided that the point P does 
not lie on the boundary T of the piece of surface « by R.* 


® We shall adopt the notation of F. D. Murnaghan, Vector Analysis and the Theory 
of Relativity (1922), p. 38. Also see H. Poincaré, “Sur les résidues des intégrales 
doubles,” Acta Mathematica, vol. 9 (1887), p. 321. ` 

‘Even though two functions are not identical, if they have the above-mentioned 
property, they will both be denoted by R. 
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For case a we find 


where ° 


fi =È {cos (v, 2) 2 [F cos (v, 1) ] — cos (v, 23) E [f cos (v, a1) ]}. 
For the second case it is convenient to re-define the function f by setting 
F=f $ (— 1)? cos? (n, 21), 
tt 


and then to remove the bar from the new function. We so obtain: . 


-oy z il ~ ð 1 
(9) g 357 Í, fi ae do f fi cos (v, æ) Fm (=) do — R, 


where 
A n “i a : f cos-(v, Ti) 
fi = { (— = al cos (v, t) Tay > (— 1)? cos? (v, xi) 


a ( foes oa) 
+ (—1)™ cos (v.23) F |S (— 18 cos? (v, a4) } 


q= 
and 


k cyt 
f= Š (—1)* cos? (y, #2) * 


Applying our previous results to (9) and (9), we find that the derivatives 
OV /0é; (j = 1, 2,- > +2), have continuous limiting values on both sides of the 
surface a The formulas for the break in limit values take on a simple form 
when the &n-avis is chosen parallel to the normal through the point. Then 
we find dV /dE; (j =1,2,- > -n— 1), to be continuous while 6V/0in has a 
break of — (n—2) H f in going from the side of the negative to the side 
of the positive normal. 

Now let the functions F and f be of class O”. If we apply Green’s 


theorem (6) to the region T, and the function f(@,,* * + @n+) defined in T, 
inclusive of its boundaries, we obtain å E 

n- 92 
(0) w= J 1 DELY aps +f a za © ae a cos (n, 214)do + R 


Gay ares 3 Én) 


+4 FOU s éna). 





ee 
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Upon analyzing the integrals in (10), we conclude that the derivatives OW /06; 

(j==1,2,: > -n), have continuous’ limit. values on both sides of « The 

formas for the break in limit values take on a simple form when the tp-axis 

is chesen parallel to the normal through the point. Then we obtain: 

(n—2) H (f/r) (j =1,2,; -~ n— 1), in going from the side of the 

negatwe to the side of the positive normal. The derivative in the direction 
*of the normal is continuous. 

Let G be any region in n-space satisfying the conditions of Green’s 
theorem. Let the boundary y consist of y, and « defined by (4) and let the 
density p(21,- * -@) be of class O’ interior to and on the boundary of G. 
Then if A is defined by (2), it may be shown that 


ôA dp i ‘ 1. 
(11) BE —So i akr. p cos (v, 23) 9 dot B 


We are now prepared to state the three general theorems. 


THeorem 1. If F is of class C™, p is of class C%, then A together 
with ~ts partial derivatives up to the k-th order inclusive are continuous both 
inside and outside of G and have continuous limit values on both sides of the 
bouncing surface a. 


THEOREM 2. If F is of class OC, f is of class OC, then V together 
with -ts partial derwatives up to the k-th order inclusive have continuous limit 
values on both sides of the surface a. 


THEOREM 3. If F is of class C%™, f is of class Cur), then W together 
with -ts partial derivatives up to the k-th order inclusive have continuous limit 
values on both sides of the surface a. 


We have already outlined the proofs of these three theorems for k = 1. By 
means of mathematical induction and the identities (11), (9), (9’) and (10) 
we can show that these theorems are true for all values of k. 

The formulas (11), (9) and (10) also yield the results for the successive 
breaks. For example, from (11) we may read off the breaks in the (a + 1)-th- 
order derivatives of the potential of a volume distribution on the boundary 
surface in terms of the breaks in the n-th-order derivatives of the potential 
of a volume distribution and the breaks in the n-th-order derivatives of the . 
potertial of a simple surface distribution. Equations (9) and (9) give the 
breaks on the surface in the (n -+ 1)-th-order derivatives of the potential of a 
simp-e surface distribution in terms of the breaks in the #-th-order derivatives 
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of the potential of a simple surface distribution and the breaks in the n-th-order 
derivatives-of the potential of a double distribution. Finally from the breaks 
in the (n + 1)-th-order derivatives of the potentials due ‘to a volume dis- 
tribution and the breaks in the (n + 1)-th-order derivatives of the potential 
due to a simple surface distribution, we can find the break on the surface of 
the (n + 1)-th-order derivatives of the potential due to a double surface 
distribution. : s 
Thus for example, if the a-axis is chosen parallel to the normal to the 
surface at P, we obtain the following breaks in the second-order’ derivatives 
PA/DE x: ` 
0 ae if kn, 
— (n— 2) H p cos (v, 2) if k =n. 
If we define. gjy = (0/d2) (cos (v, æ;)), then &in=0 and the breaks in 
8V /0&;0& are found to be: ` 


— (n — 2) H fajr if j,k An and n is odd, 
(—1) 4? (n— 2) N fam : if j,k An and n is even, 
— (n—2) H (ôf/ðz;) itjAkean, >o 
(n—2) HFS aus if j—k—n. 
Likewise the breaks in 0°W/0&;0& may be obtained: 
| (n—2) H (GF /Aerj8er) if j,k én, 
n-1 
— (n—2) HS (Af/d2i) tiz if j k =n, 
n-i 
— (n—2) H F (f/r?) if j= k =n. 


`` Finally from the breaks in 0°?A/dé;?, we find that for an interior. point 
of the region GŒ, 
V*A=— (n—2) Hp 
which is Poisson’s equation in n-dimensions: It is to be noted that for n = 3 
these results reduce to those given by Schmidt. 
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THE: GENERALIZED DOUBLE PENDULUM. 


By G. Banzy PRICE. 


Introduction. The dynamical system formed by suspending a simple 
pendulumn from the bob of another simple pendulum and allowing the two to 
move in a vertical plane under the attraction of gravity is called a double 
pendulum [87; no results of this paper are used in the present treatment of 
the problem]. The following obvious generalization will be called a generalized 
double pendulum: a heavy particle of mass m, moves on a fixed, simple closed 
curve C, in a vertical plane and carries without rotation and in the same 
vertical plane a second simple closed curve C2, on which a second heavy particle 
of mass Mma moves. The meanings of the terms n-pendulum and generalized 
n-pendulum are clear from these definitions also. 

The purpose of this note is (1) to use the generalized n-pendulum to 
illustrate certain results in the general theory of reversible dynamical systems, 
and (2) to establish in the large a result for the generalized double pendulum 
which so far in the general theory has been established only in the small 


_ (see section 3 below). 


1. The equations of motion. Take axes in the plane of ‘OC, and C, with 
the &-axis directed downward and the £,-axis to the right. The curves O1, C2 
are defined parametrically by 
(1) » OL: & = qi (u), Cy: &=yi(v), (t= 1,2), 


where @,(u), yi(v) are analytic and periodic with periods wu, w». Further- 
more, u and v are arc lengths on C, and C2: 


(2) (tutu) =1, (yoyo) =1, 
where the notation is explained by 


__ Ws 82, . Wz zə 
(8) a (wuz) = z m Tpu w` 





P 
The coördinates of m, and m, are respectively 
& = ri (u), éi = ri (u) + y:(v), (i= 1,2). 


1 Numbers in brackets refer to articles cited in the bibliography at the end of 
this note. 
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Then T and Ọ are 


T = [ (my + ma) /2] [W + 2m (ayy) u'r! -+ mv’), 
= (mı + me) g[e2(u) + my2(v)], 


where m = m/ (m, +- m2). Then the equations of motion : in the Lagrangian 
form give ` 


y” == sam (uyo) (CunYv) w? — M (Euy) V? + g[u P — M (Luyo) yo), 


(4) 


i 1 — m (Tuyo)? 
of? a EEU? + mhao) (a) 0? + J — (Bapo) tu] 
1 mha) 


Now (auyv) is the scalar product of two unit vectors by (2) and (3); 
then since 0 < m < 1, we see that the denominators-in (5) are positive. Then 
the equations of motion for the generalized double pendulum are analytic for 
all values of (u,v). 


2. Application of general theory. The generalized double pendulum is 
a reversible dynamical system with two degrees of freedom; we shall show now 
how certain results in the general theory of such systems can be applied to it. 

There are two characteristic surfaces associated with the problem. The 
first of these is given by [5, equation (7)]. The system can be interpreted as 
the motion on this surface of a particle of unit mass under the action of forces 
derived from U in (4). The equations of this surface in (Tu +, 24) 
space are ` 

Ti = mihai (U), Tisz = me"4[2,(u) + ys (0) ], 


~ where (t= 1,2). Since a;(w), yi:(v) are periodic, the first characteristic 
surface is homeomorphic to a torus. For the ordinary double pendulum it can 
be shown that this surface is a surface of revolution. 

The second characteristic surface enters through the Principle of Least 
Action. It is defined by 


(6) ds? = (U +h)T dt’, 


and the orbits for a given value of k can be interpreted as geodesics on this 
surface [2, pp. 36-39]. Now for h sufficiently large, (UV -+ h) is positive for 
all values of (u,v); then since (6) is invariant under the group ‘of trans- 
formations 


& == U + Non, T = V F newn, 


s 


where n, na are'any integers, we may consider that the second characteristic 
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surface is closed and homeomorphie to a torus. Then if the energy of the 
generalized double pendulum is large enough so that motion is possible over 
the entire first characteristic surface, the minimum and minimax methods 
[1, Part IIJ and their extensions [4] establish immediately the existence of 
an infinite number of closed periodic orbits. 

Now the generalized double pendulum has a certain number of positions 
of equilibrium corresponding to.a point on Ci with one on C, at which the 
tangents to these curves are horizontal. There are at least four positions of 
equilibrium since each curve has at least one maximum and one minimum.. 

Assume now that 


(7) @u)o= 0, (Jo <0, (Wo™)o—= 0, (Y) 0 <0, 


where the subscript zeros indicate that the derivatives are evaluated for 
u==v==0. Then C, and Cs have maxima for u = v == 0, and (0,0) is a 
position of stable equilibrium. We shall assume also that the parameters 
(u,v) are chosen in such a way that they increase as (C1, C2 are described in 
the positive sense, where the rotation which carries the positive é-axis into the 
positive é,-axis is positive. Then from (2) and (7%) we have (2ujv)o = 1; 
and the expansions of T, U about (0,0; 0,0) are 


iss = [(m, + ma) /2] [W + mwe + mo] +- 
= E(m + me) g/21E(2 out + m(y)0 04] + 


Then it is possible to introduce principal codrdinates [6, chap. Vi] (qi, q2) 
so that T, U become 

(9) T= (gè +g), 

U = (args? Hg) >, 


' where 


ei) + (y )o] 
a? ETEL) + (oq Jel? — Emn e R a TA 


Since (7) holds and 0 < m < 1, we see that neither A, nor Az is zero, that 


both are pure imaginary, and that in general 
e 
(11) Ar Æ Àz 





It is now possible to apply the results of [5]. We introduce the parameter 
pasin [5, section 3]. Since M, Àz are pure imaginary, the limiting integrable 


system a= 0 has two fundamental periodic orbits 0,°,.02°. It follows from 


Xy 
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(11) and [8, section 5, Corollary 1] that at least one of these orbits can be 
continued analytically for u > 0. Also the surface of section can be con- 
tinued afialytically, and the results of [5, section 10] can be applied. As 
long as the surface of section SS exists and the region of motion R is homeo- 
morphic to a circular disc, there are at least two periodic orbits which join 
two points of the oval of zero velocity Z. Poincaré’s Last Geometric Theorem 
can be applied at least if both 0,° and O,° can be continued analytically; thee 
rotation numbers ag and «p are functions of u and the curves C,, C2, and 
we may conclude that at least for p> 0 but small there exists an infinite 
number of closed periodic orbits. i 

Suppose now that the curves C}, C2 have the symmetry specified by the 
hypotheses l 
(12) @,(— u) = — T, (4), 91(—) =— y (v), 

ta(—u)= (u), y(—v)=  ga(v). 


Then from (4) we find that the system is symmetric in the origin on the 
characteristic surface. Furthermore, this symmetry is retained when principal 
coördinates are introduced; hence, the results of [5, section 11] can be applied. 
The ordinary double pendulum has the symmetry (12). 

There are also positions of equilibrium at which 2 and y® have 
opposite signs. Then (10) shows that one of the multipliers A,’, A.” is 
positive and the other negative; hence, the limiting system »==0 has one 
periodic orbit, which can be continued analytically for y > 0. Ife and yo 
are both positive, then M, A»? are positive, and the limiting system has no 
periodic orbits. 

The theorems of [5, section 5] yield entirely similar results for the 
generalized n-pendulum. 


3. On the existence of a periodic orbit joining two points of the oval 
of zero velocity. The following question naturally arises: can the periodic 
orbits O,, O2 [5, section 10] be continued indefinitely, or do they exist in the 


` small only? We shall not attempt to answer this question, but we shall 


establish the existence in the large of at least one periodic orbit joining two 
points of the oval of zero velocity Z for the symmetric generalized double 
pendulum. j 

First we introduce the notation 





(Wazo) * = 











em tee nye a ge R E 
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Then from the first relation in (2) we find that 
[yo — (Buyo) tu] = ta (ufo) *. 
Then the second equation in (5) becomes 


(18) ` aS (@uuyo)u? F mM(Euyov) (Tuyo) 0? F getu? (uyo)* 
1— M (Luyo)? 





We now assume that our generalized double pendulum is symmetric in the 
origin, i. e., we assume: that (12) holds. Then there is a position of equi- 
librium at (0,0), and we assume that it is stable as specified by (7). Let 
G be defined as the connected region of the (u,v) plane about the origin in 


| which the following hypotheses are satisfied: 


(14) (Turan) > 0, — (YoY) > 0; 
(15) tu <0, yo? <0; 
(16) un == 0 only for u=0, 


we =0 only for v0; 


(17) (Tuto) > 0. 


: All of these conditions are satisfied at (0,0), and there exists a connected 
' region @ containing the origin in which they are satisfied. 


The tangents to C1, Cz are ti: (au), te: (Yv). Let @ be the angle from 

' é to t Then (tuy») = cos 9 and (Tuys) sin 0. Furthermore, we find 

from (2) that the vectors nı, na with the direction cosines (uu) /(2uuCun)®, 
` (You) / (Yow) are normal to Oi, Cz. 


i Lemma 1. In the region G 


(LuuYv) aoe (Tuyo) 
(Tuutuu) ” (YorYov) É 





= (oar) * — gin l. 


The -axis is directed downward, bia we have agreed to consider the 
rotations positive which carries the positive &,-axis into the positive £-axis. 
‘Then at (0,0) we find that the angles from ¢, to n; and ta to na are 7/2. Then 
‘because of (2) and (14) these angles are 7/2 throughout G. Then the angle 
from n, to tz is (@— 2/2), and (2uuyo) /(tuuvTun) = cos(@—-x/2). Also the 


angle from t, to ns is (6+ 4/2), and (Tuyo) / (Yoyo) = cos (6 -+ 2/2). 
The lemma follows. 


e 
. 
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Lemma 1 enables us to write the equations of motion (5), (13) in G 
in the form 


m Sin O[ (Tuutuu) £ cos ĝu”? 
” r E (Yoyo) w°] — gim cos byo ta] 


Pom 1— m cos? 8 
(18) 
w» [ (Guu®uun)#u’? + mM (Yoyo) ® cos Ov’? — jae sin o 


1 — m cos? 0 


Lemma 2. In the region G 


Atuntfo)* __ (Yootu)* 
(Tuutuu) K (YovYov) inr 
This lemma is proved by straightforward methods, using the facts stated 
in the proof of Lemma 1 about the angles between n; and ti. 


Lemma 3. The part of the curve sin 6== (auyv)* = 0 which les in G 
consists of a single branch whose slope is everywhere positive, and which passes 
through the origin and divides G into two parts. 


The fact that the curve sin 0 = 0 passes through the origin follows from 
(7). The slope of sinô =0 is dv/du—— (Senso) */(@uYuo)*, and by 
Lemma 2 this is 

z (Lutun) ® . 

19 = 

CR (Yootfov) 
hence, in @ the slope is always positive. Because of (15) and (16) the curve 
crosses the v-axis at a single point only in G, and this crossing is at the origin. 
The curve is analytic at every point of G and has no multiple points. The 
single branch through the origin therefore extends into the first and third 
quadrants and continues with a positive slope until it passes out of G.. 


THEOREM 1. If h is chosen sufficiently small so that the region of motion 
R is homeomorphic to a circular disc and lies in G, every orbit crosses the 
curve sin 0 = 0 an infinite number of times. 


First, we notice from (17) that —m/2 < 0 < 2/2 in G. Furthermore, 
sin 6 is positive in G above the curve sin 0 = 0 and negative below it. Then 
since (15) holds, and since FẸ lies in G, we see from (18) that v” — N sin 9, 
where Ņ is a function which is negative at all points of Æ. The theorem 
follows. 

Assume henceforth that h is chosen so that the hypotheses of Theorem 1 
are satisfied. Then È lies in G, contains the origin O, and is bounded by a 
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simple closed curve Z. Let X be the point in the third quadrant at which 
sin 0 = 0 crosses Z, and Y the point at which the positive v-axis crosses Z. 


. Let the region of R defined by wu 0, sin 6 = 0 be designated by S. Then 8 
' is bounded by the segment OY of the v-axis, the arc XY of Z, and the are OX 


of sin 6 = 0. 
LEMMA 4, In the region 8 


— gl cos 0yr? — ty] = 0, 


' and the equality holds only at the origin. 


From (7) and (16) we see that 7 > 0 forw<0 and y,®'< 0 for 
v>0. By (1%), cos@ > 0 everywhere in G. Then the desired inequality 
holds at all points of § in the second quadrant including the positive v-axis 
and the negative u-axis except for the origin, at which the equality holds by 
(7). It remains. therefore to establish the inequality in the part of S in the 
third quadrant. f 

Now since yy“? > 0 for v'< 0, and since 0'< m < 1, we have 


= [my cos O6— 2, ] >— [ao cos 0 — ty] 
forv < 0. Now by using (2) we find that 
[yo cos 0 — ty] = yo sin 0. 


Then since yo (< 0 in G by (15), and since sin 6 > 0 in S except on the 
boundary OX, where it vanishes, the desired inequailty follows. 
From Lemma 4 and (18) we see that in § we can write w” = M, where 


' MZ 0, the equality holding only at the origin. In S, therefore, the equations 


, (20) 


of motion take the form 
u” = M, 
v” — N sin 6. 


THEOREM 2. If h is so chosen that R is homeomorphic to a circular disc - 


: and lies in G, there exists at least one periodic orbit which joins two points 


of Z; the two points o% Z lie im the second and fourth quadrants respectively, 


and the orbit crosses sin 0 == 0 at the origin and only at this point. 


Consider the orbit which at time ¢ = 0 passes through an interior point P 
of the are XY of Z. As long as it remains in S, the equations of motion can 
be written in the form (20). Then 
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i t 
v= f M dt, v= f N sin 8 dt, 
oO 0 


and u’ > 0, v’ < 0 for ¢ > 0 and thereafter until the orbit has passed out of 8 
` across XOY at Q. The slope of this orbit is therefore negative in S except 
possibly at P, and it is surely negative at Q. Now by Lemma 3 the slope of 
XO is everywhere positive; hence, the orbit is not tangent to XOY at Q,- 
and @ varies analytically with P. : 

Let r be a codrdinate which specifies the position of P on Z, r varying 
from 0 to 1 as P varies from X to Y. Also let s be a codrdinate which specifies 
the position of Q on XOY, s varying from 0 to 1 as Q varies from X to Q, 
and from 1 to 2 as Q varies from O to Y. Then as shown above, s = f(r), 
where. f(r) is analytic for 0< r < 1. Since the slope of the orbit is every- 
where negative in S except possibly at P, we find lim s = 0, 2 as r approaches 
0, 1 respectively. Then since the curve s = f(r), 0'< r.< 1, is continuous, 
it has at least one intersection with the line s = 1. a 

We have thus shown that there is at least one point P, say P:, for which 
the corresponding Q is at the origin O. Now the system is symmetric in the 
origin as specified by (12) by hypothesis; hence, the image in the origin 
of the orbit which joins P; to O is also an orbit OP» [5, section 2, Theorem 4], . 
and the continuation of P,O. Then P,OP, is a periodic orbit which joins 
. two points of Z [5, section 2, Theorem 3] and crosses sin 6 = 0 at the origin 
and only at this point. Since the slope of P,O is everywhere negative except 
possibly at P,, we see that P, is in the second quadrant and P, in the fourth. 
Also the orbit is without double points. The proof of the theorem is complete. 

The theorem which we have just proved does not show that the periodie 
orbits belong to a group of periodic orbits obtained by analytic continuation 
with » (which is essentially the energy constant) as the parameter. Certain 
results in the large on the analytic continuation of periodic orbits are known 
[7, 8, 9], but they do not suffice to prove the existence of a periodic orbit with 
unrestricted variation of p. 


THE UNIVERSITY OF ROCHESTER, 
ROCHESTER, NEw YORK. 


BIBLIOGRAPHY. 





l. Birkhoff, “ Dynamical systems with two degrees of freedom,” Transactions of 
the American Mathematical Society, vol. 18 (1917), pp. 199-300. 

2. Birkhoff, “Dynamical systems,” American Mathematical Society Colloquium 
Publications, vol. 9 (1927). g 


.936 & G. BALEY PRICE. 


3. Cederberg, “On the solutions of the differential equations of motion of a double 
pendulum,” Augustana Library Publications, No. 9 (1923), Augustana Book Concern, 
Rock Island, Illinois. f 

4. Morse, “The foundations of a theory in the calculus of variations in the large,” 

i Transactions of the American Mathematical Society, vol. 30 (1928), pp. 213-274. 
f 5. Price, “ On reversible dynamical systems,” Transactions of the American Mathe- 
matical Society, vol. 37 (1935), pp. 51-79. 
6. Whittaker, Analytical Dynamics, 3rd edition (1927), Cambridge University 
*Press. 
7. Poincaré, Méthodes Nouvelles de la Mécanique Céleste, vol. 1 (1892), vol. 3 
' (1899). 
8. Wintner,  Beweis des E. Strémgrenschen dynamischen Abschlussprinzips det 
' periodischen Bahngruppen im restringierten Dreikérperproblem,” Mathematische Zeit- - 
schrift, vol. 34 (1931), pp. 321-349. 

9. Price, “On the Strémgren-Wintner natural termination principle,” American 

Journal of Mathematics, vol. 55 (1933), pp. 303-308. 


SPACE CURVES BELONGING TO A NON-SPECIAL LINEAR LINE 
COMPLEX. 


By ©. R. WYLIE, Jr. 


: Introduction. By a“ curve belonging to a linear line complex” is meant 
a curve all of the tangents to which belong to a linear line complex. Such 
curves exist, and have been the subject of a number of papers. 

In his Doctor’s Dissertation in 1877, Picard? cited an example of a sextic 
of genus one which belonged to a linear complex. In 1892, however, Steinmetz ? 
erroneously concluded that curves of a complex had to be rational and moreover 
could have no cusps. Then in 1907, Snyder ° demonstrated a 1:1 correspondence 
between curves belonging to a linear complex and curves lying on a quadric 
cone. Since curves of every genus can be found on a quadric cone this result 
confirmed Picard and refuted Steinmetz. Finally in 1925, Loria * reproduced 
the argument and conclusions of Steinmetz without perceiving the error. 

From this point the present paper proceeds to an alternative development, 
of the mapping relation between curves of a complex and curves on a quadric 
cone, derives the general parametric equations of such curves, deduces certain 
of their metrical properties, cites examples of curves of every genus which 
belong to a complex, proves that such curves may have any preassigned self- 
dual singularity, studies the n — 3 : »— 8 correspondence on complex curves 
_ with particular reference to a certain pair of sextics, and treats of the two 
families of rational sextics having six inflexions, those which belong to a linear 
complex and those which do not. 

In order to find the parametric equations of complex curves it is necessary 
to have equations whereby the point common to two consecutive intersecting 
line can be found when the Pliicker codrdinates of the lines are given as 
functions of a single parameter. These equations are 


1E, Picard, “Application de la Théorie des Complexeg Linéaires a Vittude des 
Surfaces et des Courbes Gauches,” Annales de cole Normale, 1877. ' 

2 O. P. Steinmetz, “ Curves which are self-reciprocal in a linear nul-system,” Ameri-" 
can Journal of Mathematics, vol. 14 (1892), pp. 161-185. 

3V, Snyder, “ Twisted curves whose tangents belong to a linear complex,” American 
Journal of Mathematics, vol. 29 (1907), pp. 279-288. 

4G. Loria, Curve Sghembe Speciali, vol. 2 (1925), p. 21. 
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pty == Py,P'43— PrgP'x2 
Ea == Po P23 — Posh”. 
pee Para BP ee 


pt, = PaP’ + PoP’ is + PopP 2 


dAPin(t) 
dt 


1. Itis well known from line geometry that there is a 1: 1 correspondent 
' e between the lines of S; and the points of a hyperquadric V4? of Ss. Moreove 
the surface of tangents to a curve in Sz is represented in Ss by a curve whic 
lies with its tangents on V,?. If the curve in 9, belongs to a linear comple 
which is not spécial its image in Ss lies with its tangents in the section of V, 
by a hyperplane S, which is not tangent to V,?. If in such a hyperplane th 
image curve is projected from a point on the V,”, intersection of V,? and S, 
onto an S there is obtained a space curve whose tangents all meet a fixe 
conic, and whose osculating planes therefore are all tangent to the same conic 
This conic is the image in the projection of the quadric cone cut from V; 
by the tangent S, at the center of projection. By duality in space this cor 
figuration is sent into a curve lying on a quadric cone. 
To find the equations of curves of a complex let 


Vè = PiP + Pis Pa + PrsPos = 0 

be the Plücker identity and _ 

Ka = Pas + 2P = 0 
be the linear complex containing the original curve. Then 

Va? = PypP 4 — $P 15 + PiP os = 0 
and if the center of projection is 

| Py, Pim Pu — Pum Put 

and Pa = 0 


the 8, of the projection, the conic, image of the cone of singular elements i 


{ PiP sa — P71, = 0 

. Pi = 0 
Then ° 
Pga — t Pis + Pio — f (t)Pu = 0 


or Prot Pig: Psat Pudi t: 1: 0. 


represents a family of planes all of which are tangent to this conic. Th 
parametric point equations of the cuspital edge of this family of planes ar 
the Pliicker codrdinates of the tangents to the original curve. These are 


Pe A, 
a 
a 
Í 


Weie 


curvature of a complex curve is 


\ e : 
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‘Pra f—tf + hep’ 


Pa =— f Hi 
P= 1 
O gp 


Pa = — f +4? 


whence from equations A the parametric point equations of the original curve are 


zı = — t 

Tz = — 4f 
B: 

t; = —f 

z, = 1 


If f is an implicit, function of ¢ so that (f, t) = 0 these equations become 


` gs, =T L/f + 3104/08 
` Tz = ĝp/ Ot 
L, = p/f. 
In each case ‘the genus of the curve is the genus of the function connecting 
f and ¢. ae 


2. The parametric plane equations of these curves each contain the factor 
fF”, hence f”’==0 is the condition for an inflexion. The condition for 
stationary planes reduces to f7? 0. Hence, The stationary planes of a curve 
belonging to a linear complex coincide in pairs at the inflexions. 

If we put | 


so that we have the metric case, we find by elementary calculations that the 


Be. pa wi 
tm shox, VEE ETP 


5B, Segre, “ Sulle Curve le cui Tangenti Appartengono al Massimo numero di Com- 
plessi Lineari Independenti,” Memorie dell’ Accademia dei Lincei, series 6, vol. 2 (1928), 
pp. 578-592. 
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s, the arc length parameter. ‘The torsion reduces to the simple form 


pee See 
hp o P4447) 
Thus, At every real finite point the torsion 1/o of a curve belonging to a linear 
complex is f 
0< i/s E4. 


From this formula it is easy to deduce that the only curves of constant torsion 
belonging to a linear complex are helices on circular cylinders having OY as axis. 


3. If in equations O, we put ọ == f= — ap“ — bt =0 we have the 
curves 
t, = — (2p + 1)t (ate -p bip) Paer] 
ta = 4a(3p + 1) + $b(3p + 2)¥ 
Ta == — a (p + 1)? — bpt 
T, = (2p + 1) (ate + btr) Erer, 


These are of order 5p +2 and of genus p. Hach has a point of type 
'(pp+1, p) at (1,0,0,0) and a point of type (p +1,p,p +1) at 
(0,0,1,0). They lie on the ruled cubic surface 


Ly (2234 — ALT + Ati) — p{ar, = bas) (82,2, a Los) == 0. 


If more generally we put p = bfEN — atn — 1 = 0 where L > K and 
‘L is prime to K, we have the curves ` 


T, = — KbtfEN 

T = fa (2K — L)N 4K 
Ta = — Latin - 

Ta = KbfENA, 


(LN —1) (KN —1)— (N —1) 


These are of genus E and of order KLN? 


except when K = 1 and L= 2, in which case the order becomes 2N* — N. 
These curves have a singularity of type [(L—K)N, (2K —L)N, (L—K)N] 
at (0,190,0) when L < 2K; they are non-singular when L = 2K, i.e. when 
K =1, L = 2; and the} have a singularity of type [KN, (L—2K), KN] at 
- (0,1,0,0) when L > 2K. For proper choices of K, L, N, these singularities 
can be made to represent any arbitrary self-dual singularity, say (s, t, s). Hence, 


€M. F. Egan, “The linear complex and a certain class of twisted curves,” Pro- 
ceedings of the Royal Irish Academy, vol. 29 (1911), pp. 33-72. 
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Curves can be found belonging to a linear complex and having any preassigned 
self-dual singularity counted any number of times. 


4, Curves belonging to a linear complex have an n— 3 : n— 3 corre- 
spondence on them generated by the residual intersections of the curve and 
its osculating planes, and the points of contact of the osculating planes drawn 
to the curve from its various points. This correspondence is‘always composite, ‘ 
having at least one bilinear factor.” 


o Hin equations O, we choose ¢ to be either 
fPf—40+ci=—0 or P—48+d=—0 


so that it is harmonic or equianharmonic respectively, the resulting curves are 
sextics of genus one, and the 3: 3 correspondence defined on them by 


$ x, (t)ui(s) —0 x, the parametric point equations 
m (¢—8)® u, the parametric plane equations 


factors rationally into three bilinear factors, In each case these factors with 
the identity form a group of order four leaving the curve invariant. The 
points of each curve are thus arranged in tetrads such that the osculating 
plane at any one of them passes through the other three. The tetrads must 
consist then of collinear points, so that each curve has a regulus of quadri- 
secants, among which are three bitangents. These are the simplest irrational 
curves analogous to the rational quintic discussed by Egan.* 


5. In 1877, Picard °_showed that if a rational curve belonged to a com- 
plex it had to have 2(n — 3) inflexions. In 1901 Grace *° attempted to prove 
the sufficiency of this necessary condition. His argument was faulty however, 
and Egan pointed out the error and gave an example of a sextic with six 
inflexions which did not belong to a linear complex. Gherardelli +? elaborated 
this by showing that there were two classes of rational sextics, one of which 
consisted of curves belonging to a complex, the other of which consisted of 


TA. Terracini, “Sulla Riducibilita di Alcuna Particolari Corrispondenze Alge- 
briche,” Rendiconti Circolo Matematico di Palermo, vol. 2A (1923), pp. 112-443. 

8 M. F. Egan, loo. cit. 

° E. Picard, loc. cit. 

1 J. H. Grace, “Curves in a linear complex,” Proceedings of the Cambridge Philo- 
logical Society, vol. 11 (1901), pp. 182-134, 

“M. F. Egan, loc. cit. 

12 Q. Gherardelli, “Le Sestiche Sghembe Razionali con Sei Flessi,” Rendiconti 
del? Accademia det Lincei,” series 6, vol. 2 (1980), pp. 178-179. 
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` curves not Tene to a complex; He derived the first family of curves 
projecting the rational normal sextic Te of S, onto an Ss from a plane meeti: 
six osculating planes of Te, which plane did not lie on the V;’, fundament 
-far the polarity determined by Te. The second family he derived by pr 
jecting Ts from a plane meeting six osculating planes of T, and lying on t) 
fundamental hyperquadric V,”. Curves of this second family he showed ha 
' e their inflexions coplanar, and the osculating planes at.the inflexions concurren 
_ In the present paper the first class of sextics is obtained by sectioning tl 
V;! of osculating planes to Te with an S, through two osculating rays of I 
which are not coplanar, and the second class is obtained by sectioning the ‘V2: 
of tangents to T, with an S; in general position, in each case interpreting th 
curve of intersection as a configuration on the fundamental hyperquadric V, 
of line geometry. These results will not be developed here. 
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